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FOREWORD 

MODERN  industry  is  characterized  by  the  extent  to  which 
scientific  research  and  technique  based  on  precise  study  have 
contributed  to  its  progress.  So  complete  has  been  the  adaptation 
of  and  reliance  on  scientific  research  in  many  industries  that  it  is 
difficult  at  this  time  to  visualize  the  state  of  affairs  of  two  or  three 
decades  ago,  when  substantially  all  industry  on  its  technical  side  was 
dependent  for  advancement  on  cut-and-try,  rule-of-thumb,  methods 
of  development.  Today  in  many  industries  the  management  would 
not  think  of  embarking  on  a  new  project  without  consulting  their 
research  engineers. 

Many  industries  have  proved  the  benefits  to  be  derived  from  the 
utilization  of  that  crganized  knowledge  provided  both  in  the  fields 
of  the  physical  sciences  and  in  those  newer  fields  which  have  to  do 
with  psychology  and  economics.  There  are  still  greater  numbers  of 
industrial  organizations  where  the  adoption  of  scientific  methods  has 
been  slow.  However,  the  time  will  undoubtedly  come  when  every  in- 
dustry will  recognize  the  aid  it  can  derive  from  scientific  research 
in  some  form  as  it  now  recognizes  its  dependence  for  motive  power 
on  steam  or  electricity  rather  than  on  muscular  activity. 
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Upwards  of  one  hundred  years  ago  there  was  adopted  in  earnest 
by  scientific  men,  principally  in  university  laboratories,  the  program 
of  searching  deeper  into  the  unknown,  to  discover  new  principles  and 
new  relationships  of  a  kind  which  had  at  the  time  very  little  apparent 
practical  interest  to  mankind  as  a  whole. 

Out  of  this  work,  and  in  time,  have  grown  entirely  new  industries. 
From  the  fact  that  these  industries  sprang  directly  from  the  research 
laboratory,  it  was  inevitable  that  they  should  be  conspicuous  because 
of  the  number  of  their  men  trained  in  the  methods  of  scientific  re- 
search. Equally  inevitable  was  it  that  these  new  fields  of  endeavor, 
originating  as  they  did  and  being  staffed  as  they  were,  should  be  the 
ground  where  industrial  research  would  find  its  first  and  largest 
development.  And  not  the  least  of  the  advantages  which  obtained 
in  these  newer  industries  was  the  absence  of  age-long  traditions  tend- 
ing to  ultra-conservatism  as  to  new  undertakings,  and  more  par- 
ticularly as  to  the  employment  of  the  new  types  of  mind. 

The  results  up  to  the  present  indicate  clearly  that  the  electrical 
and  chemical  fields  in  industry  as  we  know  them  today,  are  the  places 
where  the  greatest  advances  have  been  made  in  the  utilization  of 
research  methods  and  research  men.  Other,  older  and  more  basic 
industries  are  rapidly  following  the  general  path  marked  out  by  the 
successes  already  obtained  in  these  fields.  Hence,  it  is  expected  that 
shortly  all  industrial  activities  will  be  based  on  the  results  obtained 
by  trained  investigators,  using  the  tools  of  modern  scientific  in- 
vestigation. 

Just  as  applied  electricity  is  a  leading  exemplar  of  the  benefits  to 
be  obtained  by  an  intelligent  use  of  scientific  knowledge,  so  electrical 
communication  of  intelligence  is  a  leading  exemplar  in  the  field  of 
applied  electricity.  This  branch  of  applied  electricity  is  a  pioneer 
among  those  recognizing  the  practical  value  of  scientific  research. 
It  is  interesting  to  note  that  electrical  communication  is  credited 
with  having  organized  a  research  laboratory  prior  to  the  first  university 
course   in   electrical    engineering. 

More  than  ever  before,  the  communication  engineer  must  seek 
exact  solutions  of  his  problems.  If  his  results  do  not  always  attain 
the  certainty  he  desires,  the  reason  is  the  absence  of  complete  knowl- 
edge with  regard  to  one  or  more  essential  facts.  But  true  knowledge 
of  what  things  limit  the  solution  of  a  problem  is  frequently  more 
than  half  the  battle  of  obtaining  the  missing  facts.  Sometimes  these 
unknown  facts  can  be  obtained  by  a  search  through  the  remoter 
parts  of  the  vast  scientific  storehouses  which  have  been  built  in  times 
past.     Frequently,  however,  the  search  discloses  the  entire  absence 
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of  the  thing  sought  for,  and  new  researches  are  begun  with  definite 
ends  in  view.  Thus  it  has  come  about  that  the  communication 
engineer  has  become  an  original  investigator  and  is  extending  the 
boundaries  of  human  knowledge  and  supplementing  the  advances  of 
pure  science  to  find  solutions  for  his  various  and  sundry  problems. 

Hence,  while  well  equipped  physical  and  chemical  laboratories  are 
still  a  necessary  part  of  the  communication  engineer's  equipment,  he 
is  equally  active  in  pushing  his  investigations  in  many  other  direc- 
tions. Questions  involved  in  the  making  of  proper  rate  schedules  and 
adequate  fundamental  plans  for  new  construction  are  originating 
profound  researches  in  such  fields  as  political  science,  psychology  and 
mathematics.  A  casual  examination  of  recent  technical  literature 
dealing  with  electrical  communication  would  show  articles  which 
touch  upon  almost  every  branch  of  human  activity,  which  we  designate 
as  science. 

With  this  intense  and  growing  interest  in  the  proper  application  of 
scientific  methods  to  the  solution  of  the  problems  of  electrical  com- 
munication, it  is  natural  that  a  widespread  desire  should  have  arisen 
for  a  technical  journal  to  collect,  print  or  reprint,  and  make  readily 
available  the  more  important  articles  relating  to  the  field  of  the  com- 
munication engineer.  These  articles  are  now  appearing  in  some 
fifteen  or  twenty  periodicals  scattered  throughout  the  world  and  in 
the  majority  of  instances  receive  their  first  and  last  printing  in  these 
widely  separated  mediums.  The  need  already  felt  for  such  a  journal 
will  grow  keener  as  new  developments  extend  the  scope  of  the  art  and 
the  specialization  of  its  engineers  of  necessity  increases.  It  is  hoped 
that  the  Bell  System  Technical  Journal  will  fill  this  need,  and 
as  implied  above,  it  is  intended  that  the  range  of  subjects  treated  in 
the  Journal  will  be  as  broad  as  the  science  and  technique  of  electrical 
communication  itself. 

While  many  of  the  articles  which  will  appear  in  the  Journal  will 
be  original  presentations  of  some  phase  of  the  research  or  develop- 
ment or  other  technical  work  of  the  Bell  System,  it  is  not  intended 
that  the  Journal  should  be  the  sole  means  by  which  this  work  is 
presented.  Just  as  in  the  past,  original  articles  and  papers  will  con- 
tinue to  be  presented  before  various  societies  and  in  different  technical 
and  non-technical  magazines.  Moreover,  the  Journal  will  reprint 
articles  on  important  research  and  development  work  in  the  communi- 
cation field  generally  so  that  the  results  of  such  work  may  be  given 
greater  publicity  and  become  of  greater  value  to  communication 
engineers. 


A  New  Type  of  High  Power  Vacuum  Tube 

By  W.  WILSON 

Synopsis:  The  type  of  vacuum  tube  described  in  the  present  article  is 
likely  to  become  one  of  the  most  remarkable  devices  of  modern  electrical 
science.  Vacuum  tubes  capable  of  handling  small  amounts  of  power  have 
been  extensively  used  during  the  past  few  years  as  telephone  repeaters 
and  as  oscillators,  modulators,  detectors  and  amplifiers  in  radio  trans- 
mission and  other  fields.  Practically  all  such  tubes  have  depended  upon 
thermal  radiation  from  the  plates  to  dissipate  the  electrical  energy  which 
the  device  necessarily  absorbs  during  its  operation.  With  present  methods 
of  construction,  and  using  glass  for  the  containing  bulb,  a  fairly  definite 
upper  limit  can  be  set  for  the  power  which  a  radiation  cooled  tube  can 
handle;  as  the  author  points  out,  this  limit  gives  a  tube  capable  of  delivering 
about  1  to  2  k.  w.  when  used  as  an  oscillator. 

Contrasted  with  this,  one  of  the  water-cooled  vacuum  tubes  described 
herewith,  although  scarcely  two  feet  in  length  and  weighing  only  ten 
pounds,  is  capable  of  delivering  100  k.  w.  of  high  frequency  energy.  Another 
tube  of  similar  construction,  but  somewhat  smaller  in  size,  and  capable  of 
delivering  about  10  k.  w.  is  also  described.  It  is  expected  that  these  water- 
cooled  tubes  will  find  important  applications  in  radio  telephony  and 
telegraph  v. 

Although  the  principle  of  operation  of  the  water-cooled  tube  described 
in  this  article  is  identical  from  an  electrical  point  of  view  with  that  of  the 
small  tubes  which  are  now  so  very  familiar,  their  practicability  has  only 
been  made  possible  by  a  new  and  striking  development  in  the  art  of  seal- 
ing metal  to  glass.  In  the  case  of  the  100  k.  w.  tube  the  seal  between  the 
cylindrical  copper  anode  and  glass  portion  is  3.5  inches  in  diameter. 

The  remarkable  character  of  these  copper-in-glass  seals  is  evidenced 
by  the  fact  that  they  do  not  depend  upon  a  substantial  equality  between 
the  coefficient  of  expansion  of  the  metal  and  glass.  To  Mr.  W.  G.  Hous- 
keeper  of  the  Bell  System  Research  Laboratory  at  the  Western  Electric 
Company,  goes  the  credit  for  developing  the  copper-in-glass  seals.  As 
the  article  brings  out,  Mr.  Houskeeper  has  also  invented  means  for  sealing 
heavy  copper  wire  and  strip  through  glass  in  such  a  way  that  the  best 
vacua  can  be  maintained  under  wide  changes  of  temperature. — Editor. 

THE  development  of  wireless  telephony  and  the  use  of  continu- 
ous wave  transmission  in  wireless  telegraphy  have  led  to  the 
general  adoption  of  the  vacuum  tube  as  the  generator  of  high  fre- 
quency currents  in  low  power  installations. 

The  ordinary  form  of  vacuum  tube  is,  however,  ill  suited  for  the 
handling  of  large  amounts  of  power,  and  at  the  large  wireless  stations 
where  the  plant  is  rated  in  hundreds  of  kilowatts  either  the  arc  or 
the  high  frequency  alternator  is  used. 

The  undoubted  advantages  to  be  derived  from  the  use  of  vacuum 
tubes,  especially  in  the  field  of  wireless  telephony  where  the  output 
power  must  be  modulated  to  conform  to  the  intricate  vibration  pat- 
tern of  the  voice,  has  led  to  a  demand  for  tubes  capable  of  handling 
amounts  of  power  comparable  with  those  in  use  at  the  largest  stations. 

That  the  development  of  such  tubes  was  of  great  importance  was 
recognized  by  the  engineers  of  the  Bell  Telephone  System  in  the 
early  days  of  the  vacuum  tube  art.     The  experiments  at  Arlington, 
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Virginia,  in  which  speech  was  first  transmitted  across  the  Atlantic 
to  Paris  and  across  the  Pacific  to  Honolulu,  required  the  use  of  nearly 
300  of  the  most  powerful  tubes  then  available,  each  capable  of  han- 
dling about  25  watts,  and  the  difficulties  encountered  in  operating  so 
many  tubes  in  parallel  gave  added  impetus  to  the  development  of 
high  power  units. 

It  is  the  object  of  the  present  paper  to  deal  with  the  various  steps 
in  the  development  of  high  power  tubes  as  carried  out  in  the  Bell 
System  research  laboratories  at  the  Western  Electric  Company. 

The  usual  type  of  vacuum  tube  consists  of  an  evacuated  glass  vessel 
in  which  are  enclosed  three  elements,  the  filament,  the  plate,  and  the 
grid.  When  the  tube  is  in  operation  an  electron  current  flows  between 
the  filament  which  is  heated  by  an  auxiliary  source  of  power  and  the 
plate,  the  magnitude  of  this  current  being  controlled  by  the  grid. 

The  passage  of  the  current  through  a  thermionic  tube  is  accompanied 
by  the  dissipation  in  the  plate  of  an  amount  of  power  which  is  compa- 
rable to  the  power  delivered  to  the  output  circuit  and  which  manifests 
itself  in  the  form  of  heat.  This  causes  the  temperature  of  the  plate 
in  the  usual  type  of  tube  to  rise  until  the  rate  of  loss  of  heat  by  radia- 
tion is  equal  to  the  power  dissipated.  Some  of  the  heat  liberated  by 
the  plate  is  absorbed  by  the  walls  of  the  containing  vessel  which  con- 
sequently rise  in  temperature.  These  factors,  together  with  a  con- 
sideration of  the  size  of  plate  that  can  be  conveniently  suspended  inside 
a  glass  bulb  and  the  size  of  glass  bulb  that  can  be  conveniently  worked, 
set  a  limit  of  about  1  to  2  k.  w.  for  the  power  that  can  be  dissipated 
in  the  plate  of  a  commercial  vacuum  tube  of  this  type.  The  plates 
are  generally  constructed  of  molybdenum  or  some  other  refractory 
metal  and  the  containing  vessel  made  of  hard  glass. 

The  use  of  quartz  as  the  containing  vessel  offers  certain  advantages 
which  tend  to  raise  the  power  limit  somewhat  and  this  material  has 
been  used  for  power  tube  purposes  in  England. 

It  is  apparent  then  that  in  the  development  of  vacuum  tubes  capa- 
ble of  handling  large  amounts  of  power  means  other  than  radiation 
must  be  used  for  removing  the  heat  dissipated  at  the  plate,  and 
development  of  tubes  along  these  lines  was  undertaken  by  Dr.  E.  R. 
Stoekle  and  Dr.  O.  E.  Buckley. 

Dr.  Stoekle  had  already  worked  for  some  years  on  the  problem  of 
removing  the  heat  dissipated  at  the  anode  of  a  thermionic  tube  by 
making  the  anode  a  part  of  the  outside  wall  of  the  vessel  and  thus 
making  it  possible  to  convey  the  heat  directly  away  from  it  by  means 
of  circulating  water.  This  was  clearly  the  right  principle  but  as  is 
obvious  to  those  who  are  familiar  with  these  devices,  great  difficulties 
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presented  themselves  in  the  mechanical  construction  of  large  tubes 
in  which  vacuum  tight  joints  must  be  made  and  maintained  between 
glass  and  large  masses  of  metal.  The  importance  of  the  problem, 
however,  was  such  that  Stoekle  and  Buckley  pushed  on  in  the  face  of 
difficulties  to  the  construction  of  tubes  which  could  handle  kilowatts 
where  previous  tubes  could  only  handle  watts. 

A  step  in  the  direction  of  overcoming  these  difficulties  was  made  by 
Messrs.  Schwerin  and  Weinhart,  who  were  working  with  Dr.  Buckley 
on  the  problem,  and  who  suggested  that  the  anode  might  be  made 
in  the  form  of  a  tube  or  thimble  of  platinum  sealed  into  a  glass  vessel 
and  kept  cool  by  passing  water  through  it. 


Fig.  1 


This  suggestion  led  to  the  development  of  a  tube  which,  although 
not  the  one  finally  adopted,  is  discussed  in  some  detail  since  it  was  the 
first  one  to  be  pushed  to  such  a  point  as  to  give  promise  of  economical 
commercial   manufacture. 
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The  tube  is  shown  in  Fig.  1.  The  anode  consists  of  a  platinum 
cylinder  A,  7"  long  and  .625"  wide,  which  is  sealed  into  the  center  of 
the  glass  cylinder  B.  The  end  of  the  platinum  cylinder  remote  from 
the  seal  is  closed.  The  anode  is  surrounded  by  the  grid  C  and  by 
the  filament  D,  which  are  supported  by  the  glass  arbors  E.  The 
current  for  the  filament  is  led  into  the  tube  through  the  platinum 
thimbles  F. 

The  anode  is  kept  cool  by  means  of  a  supply  of  water  passing  into 
the  anode  through  the  tube  G  and  leaving  by  the  tube  H. 

A  number  of  tubes  having  this  general  type  of  construction  were 
made  up  and  it  was  found  possible  to  dissipate  as  much  as  15  k.  w. 
in  the  anode. 

As  soon  as  the  pressure  of  work  more  directly  connected  with  the 
necessities  of  the  war  would  permit,  Mr.  W.  G.  Houskeeper  and  Dr. 
M.J.  Kelly  undertook  the  further  improvement  of  the  water-cooled 
tube,  the  former  assuming  the  task_  of  developing  the  mechanical 
structure,  and  the  latter  that  of  determining  the  electrical  design  and 
the  process  of  tube  exhaust. 

Mr.  Houskeeper  adopted  into  the  construction  of  the  tube  a  remark- 
able type  of  vacuum  seal  which  he  had  previously  developed.  These 
seals  are  made  between  glass  and  metal  and  can  be  made  in  any  desired 
size.  They  are  capable  of  withstanding  repeated  heating  and  cooling 
over  wide  ranges  of  temperature,  from  that  of  liquid  air  to  350°  C, 
without  cracking  and  without  impairment  of  their  vacuum  holding 
properties. 

It  is  no  exaggeration  to  say  that  the  invention  of  these  seals  has 
made  possible  the  construction  of  vacuum  tubes,  capable  of  handling 
in  single  units,  powers  of  any  magnitude  which  may  be  called  for  in 
wireless  telegraph  and  telephone  transmission. 

The  underlying  principle  connected  with  the  making  of  this  seal 
consists  in  obtaining  an  intimate  connection  between  the  glass  and 
metal,  either  by  chemical  combination  or  by  mere  wetting,  and  in  so 
proportioning  the  glass  and  metal  portions  of  the  seal  that  the  stresses 
produced  when  the  seal  is  heated  or  cooled  will  not  be  great  enough  to 
rupture  either  the  glass  or  the  junction  between  the  glass  and  metal. 

The  three  principal  types  of  seals  developed  by  Mr.  Houskeeper 
are  known  as  the  ribbon  seal,  the  disc  seal  and  the  tube  seal. 

If  a  copper  ribbon  is  directly  sealed  through  glass  it  is  found  that 
the  glass  and  copper  adhere  along  the  flat  faces  of  the  seal  but  that 
ruptures  occur  along  the  edges  as  shown  in  Fig.  2  (a).  This  is  due  to 
the  fact  that  as  the  seal  cools  after  being  made,  the  glass  in  contact 
with  metal  is  capable  of  resisting  the  shearing  and  tensile  stresses 
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that  occur  along  the  faces,  while  the  glass  wrapping  round  the  edges 
of  the  ribbon  is  called  upon  to  withstand  much  greater  tensile  stresses 
and  gives  way.  If  the  edges  of  the  ribbon  are  sharpened  as  shown  in 
Fig.  2  (b),  a  tight  seal  results,  the  reason  being  that  the  forces  of 


a 


b 


Fig.  2 


adhesion  between  the  glass  and  copper  acting  along  the  flat  contact 
faces  are  sufficient  to  stretch  the  thin  copper  at  the  edge  and  prevent 
its  drawing  away  when  cooled.  There  is  a  definite  relation  between 
the  elastic  properties  of  the  metal  and  glass  and  the  angle  of  edge 
that  can  be  used  for  a  successful  seal. 

By  proper  shaping  of  the  metal  ribbon,  seals  have  been  successfully 
made  up  to  very  large  sizes.  Some  of  these  are  shown  in  Fig.  3,  the 
the  largest  in  the  photograph  being  about  1  in  width,  and  capable 
of  successfully  conducting  a  current  of  150  to  200  amperes. 

The  principles  involved  in  the  making  of  the  disc  seal  are  the  same 
as  those  involved  in  making  the  ribbon  seal.  If  a  metal  disc  is  sealed 
wholly  into  glass  the  edges  must  be  sharpened  or  the  glass  and  copper 
break  away  from  each  other  as  in  the  case  of  the  ribbon  seal. 

In  the  general  use  to  which  these  seals  are  put  there  is  no  necessity 
for  having  the  glass  surround  the  circumference  of  the  copper  disc 
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and  the  necessity  for  sharpening  the  edge  is  obviated  by  allowing  the 
glass  to  adhere  to  the  flat  portion  of  the  disc  only,  care  being  taken  to 
prevent  its  flowing  around  the  edge.  It  is  necessary  to  have  a  ring 
of  glass  on  both  sides  of  the  seal  in  order  to  equalize  the  bending  stresses 
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Fig.  4 
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which  would  otherwise  tend  to  break  the  glass  and  copper  away  from 
each  other.  Successful  disc  seals  have  been  made  with  copper  up  to 
1-10"  thick.  There  is,  of  course,  a  certain  maximum  thickness  that 
can  be  used  for  a  seal  of  a  given  diameter  and  it  is  preferable  to  keep 
well  below  this  limit. 

The  seals  shown  in  Fig.  4  close  the  ends  of  glass  tubes  to  the  other 
ends  of  which  are  sealed  pilot  lamps  for  the  purpose  of  testing  the 
vacuum.  Tubes  sealed  in  this  way  have  been  kept  a  number  of 
years  without  any  impairment  of  the  vacuum. 
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Fig.  5 


The  third  type  of  seal  and  the  most  important  in  connection  with 
the  present  problem  is  the  tube  seal  shown  in  Fig.  5.  This  furnishes 
the  means  of  joining  metal  and  glass  tubes  end  to  end  and  is  used  in 
the  water-cooled  tube  to  attach  the  anode  to  the  glass  cylinder  which 
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serves  to  insulate  the  other  tube  elements.  As  in  the  case  of  the 
disc  seal,  it  can  be  made  either  with  the  edge  of  the  metal  not  in  con- 
tact with  the  glass,  as  shown  at  A,  or  with  the  metal  sharpened  to  a 
fine  edge  which  is  in  contact  with  the  glass.  The  glass  may  be 
situated  either  inside  or  outside  of  the  metal,  see  B  and  C. 

The  first  thermionic  tubes  in  which  these  seals  were  embodied  were 
made  of  copper  and  were  designed  to  operate  at  10,000  volts  and  to 
give  about  5  k.  w.  output.  £ 

A  photograph  of  one  of  these  tubes  is  shown  in  Fig.  6;  and  the 
filament  grid  assembly  is  shown  in  Fig.  7. 


Fig.  6 


The  anode  consists  of  a  copper  tube  1.5"  in  diameter  and  7.5"  long. 
A  copper  disc  is  welded  to  one  end  forming  a  vacuum-tight  joint. 
The  other  end  which  is  turned  down  to  a  knife  edge  is  fused  directly 
to  a  glass  tube. 
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The  filament  grid  assembly  consists  of  two  lavite  discs  D  and  E, 
spaced  5  apart  by  a  seamless  steel  tube.  The  grid  F  is  made  in  the 
form  of  a  helix,  and  is  held  in  position  by  allowing  the  ends  of  the  lon- 
gitudinal wires,  to  which  the  turns  of  the  helix  are  welded,  to  pass 
through  holes  in  the  lavite  blocks  D  and  E.  The  filament  G  is 
mounted  between  hooks  fastened  to  the  lavite  blocks  and  is  kept 
taut  by  the  springs  H.  The  grid  lead  is  shown  at  J,  and  the  filament 
leads  at  K  K.  In  this  tube  platinum  seals  are  used  for  the  lead  wires. 
The  use  of  the  springs  H  make  it  necessary  to  supply  the  filament 
with  current  from  the  opposite  end  of  the  assembly  and  this  is  done 
by  passing  the  current  through  the  steel  support  tube  and  returning 
it  through  a  lead  passing  through  this  tube  and  insulated  from  it  by 
a  quartz  tube. 

The  whole  assembly  is  carried  by  two  supports  B  B.  These  sup- 
ports are  welded  to  a  corrugated  nickel  collar  A  which  grips  the  glass 
stem  C. 

The  pumping  of  these  tubes  at  first  presented  considerable  difficulty, 
chiefly  on  account  of  the  large  amount  of  occluded  gas  contained  by 
the  metal  parts.  This  caused  the  time  of  pumping  of  the  tube  to  be 
very  long  and  a  dangerous  warping  of  the  internal  structure  developed 
owing  to  the  fact  that  during  exhaust  the  tube  elements  are  maintained 
at  a  much  higher  temperature  than  they  are  subjected  to  during  nor- 
mal operation.  The  trouble  was  overcome  by  heating  the  various 
parts  of  the  tube  to  as  high  a  temperature  as  possible  in  a  vacuum 
furnace,  prior  to  the  final  assembly,  and  thus  getting  rid  of  a  large 
amount  of  the  occluded  gases.  The  anode  was  preheated  before 
the  glass  seal  was  made  and  the  whole  filament  grid  assembly  was  pre- 
heated just  before  it  was  mounted  on  the  glass  stem.  The  preheating 
of  the  parts  brought  about  an  enormous  reduction  in  the  time  re- 
quired for  pumping  and  gave  a  much  more  uniform  product. 

Although  successful  from  the  standpoint  of  operation,  this  tube 
had  several  undesirable  features  that  it  was  thought  well  to  eliminate. 
In  the  first  place  the  welding  of  the  end  into  the  tube  was  not  particu- 
larly desirable,  and  in  general  any  troubles  that  occurred  due  to  leaks 
in  the  metal  could  be  traced  to  this  point.  Further,  in  the  assembly 
of  the  tube  there  were  a  very  large  number  of  welds  to  be  made 
which  constituted  points  of  weakness  at  the  high  temperature  neces- 
sary lor  the  evacuation  of  the  tubes.  It  was,  therefore,  decided  to 
go  to  a  type  of  tube  in  which  the  anode  would  be  drawn  in  one  piece 
and  in  which  as  many  welds  as  possible  would  be  eliminated  in  the 
assembly  of  the  internal  elements.  At  the  same  time  it  was  considered 
desirable  to  go  to  a  somewhat  larger  type  of  structure  in  which  high 
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tension  insulation  could  be  more  easily  provided  and  a  larger  tube 
was,  therefore,  designed  capable  of  delivering  10  k.  w.  to  an  antenna 
at  a  plate  voltage  of  10,000  volts. 

The  final  form  adopted  for  this  tube  is  shown  in  Figs.  8  and  9. 


Fig.  S 


The  anode  A  is  drawn  from  a  piece  of  sheet  copper  and  is  9"  long 
and  2"  in  diameter.  The  copper  flare  B  is  turned  down  to  a  sharp 
edge  and  a  glass  bulb  C  sealed  thereto.  The  grid  and  plate  assembly 
is  shown  at  D.  The  structure  is  supported  by  four  molybdenum 
rods,  which  are  threaded  and  secured  by  means  of  nuts  to  the  lavite 
pieces  E  and  F.  The  filament  is  made  of  19.5"  of  .025  pure  tungsten 
wire  purchased  from  the  General  Electric  Company  and  is  formed 
and   secured   to   two  of   the   molvbdenum   rods  at   G  and   H.     The 


14 


BELL  SYSTEM    TECHNICAL   JOURNAL 


power  consumed  in  it  during  operation  is  .75  k.  w.  It  is  guided  by 
the  hooks  J.  The  filament  leads  are  shown  at  K,  K  and  are  led 
through  the  glass  by  the  copper  disc  seals  L,  L.     The  grid  is  a  molyb- 


Fig.  9 


denum  helix  and  is  supported  by  the  molybdenum  rods  M  which  are 
fixed  to  the  lavite  block  E  and  slide  on  the  outside  of  the  lavite  block 
F.     The  whole  structure  is  mounted  on  the  flare  R  by  means  of  the 
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nickel  collar  N  and  the  support  rods  P.  The  grid  lead  is  brought 
out  through  the  tube  Q.  The  tube  is  completed  by  sealing  together 
the  flare  R  and  the  bulb  C. 

In  this  tube  all  welds  except  those  in  the  collar  N  are  eliminated, 
the  assembly  being  bolted  together.     The  drawing  of  the  anode  does 


Fig.  10 


away  with   the  leaks  that  were  troublesome  in  the  older  tubes  and 
the  manufacture  of  the  tube  can  be  carried  out  with  certainty. 

With  this  tube  as  much  as  12  k.  w.  have  been  obtained  in  an  arti- 
ficial antenna  working  at  12.000  volts.  This  power  was  obtained 
at  a  frequency  of  600.000  cycles  corresponding  to  500  meters  wave 
length.  The  difficulties  of  obtaining  this  amount  of  power  at  this 
frequency  using  a  number  of  smaller  tubes  in  parallel,  are  obvious 
to  anyone  who  is  acquainted  with  the  problem.  On  a  D.  C.  test  the 
anode  was  found  to  be  capable  of  dissipating  26  k.  w.  when  cooled 
with  water. 
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The  success  which  had  attended  the  development  of  a  tube  of  this 
high  power  capacity  indicated  the  possibility  of  constructing  still 
larger  tubes  and  it  was  decided  to  proceed  with  the  development  of  a 
tube  capable  of  delivering  at  least  100  k.  w.  into  an  antenna. 

The  development  proceeded  with  a  few  minor  alterations  along  the 
lines  of  the  smaller  tube,  nominally  rated  at  10  k.  w.  and  the  100  k.  w. 


Fig.  11 

tube  as  now  developed  is  shown  in  Figs.  10  and  11.  The  anode  which 
is  made  of  a  piece  of  seamless  copper  tubing  closed  by  a  copper  disc 
welded  into  the  end,  is  14"  long  and  3.5"  in  diameter.  The  filament  is 
of  tungsten  and  is  .060"  in  diameter  and  63.5"  long.  The  current 
required  to  heat  it  is  91  amperes  and  the  power  consumed  in  it  6  k.  w. 
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The  filament  leads  are  of  copper  rod  one  eighth  of  an  inch  in  diameter 
and  are  sealed  through  1"  copper  disc  seals.  The  grid  is  of  molyb- 
denum and  is  wound  around  three  molybdenum  supports. 

The  handling  of  the  parts  of  this  tube  during  manufacture  presents 
a  task  of  no  mean  magnitude  and  numerous  fixtures  have  been  devised 
to  assist  in  the  glass  working.  It  has  been  found  necessary  for  in- 
stance to  suspend  the  anode  in  gimbals  during  the  making  of  the  tube 
seal  owing  to  its  great  weight,  and  special  devices  have  been  made 
to  hold  the  filament  grid  assembly  in  place  while  it  is  being  sealed  in, 
otherwise  the  strains  produced  by  its  weight  cause  cracking  of  the  seal. 

The  significance  of  this  development  in  the  radio  art  cannot  be 
overestimated.  It  makes  available  tubes  in  units  so  large  that  only 
a  very  few  would  be  necessary  to  operate  even  the  largest  radio  sta- 
tions now  extant,  with  all  the  attendant  flexibility  of  operation  which 
accompanies  the  use  of  the  vacuum  tube. 

From  the  standpoint  of  wireless  telephony  the  development  of  these 
high  power  tubes  gives  us  the  possibility  of  using  very  much  greater 
amounts  of  power  than  have  ever  been  readily  available  before.  The 
filaments  in  these  tubes  have  been  made  so  large  that  the  electron 
emission  from  them  will  easily  take  care  of  the  high  peak  currents  ac- 
companying the  transmission  of  modulated  power. 

The  100  k.  w.  tube  by  no  means  represents  the  largest  tube  made 
possible  by  the  present  development.  There  is  no  doubt  that  if  the 
demand  should  occur  for  tubes  capable  of  handling  much  larger 
amounts  of  power  they  could  be  constructed  along  these  same  lines. 


Direct  Capacity  Measurement1 

By  GEORGE  A.  CAMPBELL 

Synopsis:  Direct  capacity,  direct  admittance  and  direct  impedance  are 
defined  as  the  branch  constants  of  the  particular  direct  network  which  is 
equivalent  to  any  given  electrical  system.  Typical  methods  of  measuring 
these  direct  constants  are  described  with  especial  reference  to  direct  ad- 
mittance; the  substitution  alternating  current  bridge  method,  due  to 
Colpitts,  is  the  preferred  method,  and  for  this  suitable  variable  capacities 
and  conductances  are  described,  and  shielding  is  recommended.  Proposed 
methods  are  also  described  involving  the  introduction  of  electron  tubes 
into  the  measuring  set,  which  will  reduce  the  measurement  to  a  single  setting 
or  deflection.  This  gives  an  alternating  current  method  which  is  com- 
parable with  Maxwell's  single  null-setting  cyclical  charge  and  discharge 
method.  Special  attention  is  drawn  to  Maxwell's  remarkable  method 
which  is  entirely  ignored  by  at  least  most  of  the  modern  text-books  and 
handbooks. 

THE  object  of  this  paper  is  to  emphasize  the  importance  of  direct 
capacity  networks;  to  explain  various  methods  of  measuring 
direct  capacities;  and  to  advocate  the  use  of  the  Colpitts  substitution 
method  which  has  been  found  preeminently  satisfactory  under  the 
wide  range  of  conditions  arising  in  the  communication  field. 

About  thirty  years  ago  telephone  engineers  substituted  the  so- 
called  "  mutual  capacity  "  measurement  for  the  established  "  grounded 
capacity  "  measurement;  this  was  a  distinct  advance,  since  the  trans- 
mission efficiency  is  more  closely  connected  with  mutual  capacity 
than  with  grounded  capacity.  Mutual  capacity,  however,  can  give 
no  information  respecting  crosstalk,  and  accordingly,  about  twenty 
years  ago,  I  introduced  the  measurement  of  "  direct  capacity  " 
which  enabled  us  to  control  crosstalk  and  to  determine  more  com- 
pletely how  telephone  circuits  will  behave  under  all  possible  con- 
nections. 

For  making  these  direct  capacity  measurements  alternating  cur- 
rents of  telephone  frequencies  were  introduced  so  as  to  determine 
more  exactly  the  effective  value  of  the  capacity  in  telephonic  trans- 
mission, and  to  include  the  determination  of  the  associated  effective 
direct  conductances  which  immediately  assumed  great  importance 
upon  the  introduction  of  loading. 

Telephone  cables  and  other  parts  of  the  telephone  plant  present 
the  problem  of  measuring  capacities  which  are  quite  impossible  to 
isolate,  but  which  must  be  measured,  just  as  they  occur,  in  associa- 
tion with  other  capacities;  and  these  associated  capacities  may  be 
much   larger   than   the  particular  direct  capacity  which   it  is  neces- 

1  This  article  is  also  appearing  in  the  August  issue  of  the  Journal  of  the  Optical 
Society  of  America  and  Review  of  Scientific  Instruments.  An  appendix  is  added  here 
giving  proofs  of  the  mathematical  results. 
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sary  to  accurately  measure,  and  have  admittances  overwhelmingly 
larger  than  the  direct  conductance,  which  is  often  the  most  important 
quantity.  This  is  the  interesting  problem  of  direct  capacity  measure- 
ment, and  distinguishes  it  from  ordinary  capacity  measurements 
where  isolation  of  the  capacity  is  secured,  or  at  least  assumed. 

The  substitution  alternating  current  bridge  method,  suggested  to 
me  in  1902  by  Mr.  E.  H.  Colpitts  as  a  modification  of  the  potentiometer 
method,  has  been  in  general  use  by  us  ever  since  in  all  cases  where 
accuracy  and  ease  of  manipulation  are  essential. 

After  first  defining  direct  capacities  and  describing  various  methods 
for  measuring  them,  this  paper  will  explain  how  this  may  all  be  general- 
ized so  as  to  include  both  the  capacity  and  conductance  components 
of  direct  admittances,  and  the  inductance  and  resistance  components 
of  direct  impedances. 

Definition  of  Direct  Capacity 

It  is  a  familiar  fact  that  two  condensers  of  capacities  d,  C2,  when 
in  parallel  or  in  series,  are  equivalent  to  a  single  capacity  (d  +  C2) 
or  C\  Ci/(C\  +  C2),  respectively,  directly  connecting  the  two  terminals. 
These  equivalent  capacities  it  is  proposed  to  call  direct  capacities. 
The  rules  for  determining  them  may  be  stated  in  a  form  having  general 
applicability,  as  follows: 

Rule  i.  The  direct  capacity  which  is  equivalent  to  capacities  in 
parallel  is  equal  to  their  sum. 

Rule  2.  The  direct  capacity  between  two  terminals,  which  is 
equivalent  to  two  capacities  connecting  these  terminals  to  a  con- 
cealed branch-point,  is  equal  to  the  product  of  the  two  capacities 
divided  by  the  total  capacity  terminating  at  the  concealed  branch- 
point, i.e.,  its  grounded  capacity.- 

These  rules  may  be  used  to  determine  the  direct  capacities  of  any 
network  of  condensers,  with  any  number  of  accessible  terminals  and 
any  number  of  concealed  branch-points.  Thus,  all  concealed  branch- 
points may  be  initially  considered  to  be  accessible,  and  they  are  then 
eliminated  one  after  another  by  applying  these  two  rules;  the  final 
result  is  independent  of  the  order  in  which  the  points  are  taken;  all 
may,  in  fact,  be  eliminated  simultaneously  by  means  of  determinants2; 
a  network  of  capacities,  directly  connecting  the  accessible  terminals, 
without  concealed  branch-points  or  capacities  in  parallel,  is  the  final 
result.  Fig.  1  shows  the  two  elementary  cases  of  direct  capacities 
and  also,  as  an  illustration  of  a  more  complicated  system,  the  bridge 

3  See  appendix,  section  1,  for  a  discussion  of  determinant  solutions. 
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circuit,  with  three  corners  1,  2,  3  assumed  to  be  accessible,  and  the 
fourth  inaccessible,  or  concealed.  Generalizing,  we  have  the  following 
definition: 

The  direct  capacities  of  an  electrical  system  with  n  given  accessible 
terminals  are  defined  as  the  n(n  —  i)  J2  capacities  which,  connected 
between  each  pair  of  terminals,  will  be  the  exact  equivalent  of  the  system 
in  its  external  reaction  upon  any  other  electrical  system  with  which  it  is 
associated  only  by  conductive  connections  through  the  accessible  terminals. 

~1 -^  C,+C< 


(j)    "Z~$   -   © — ii — © 
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c,       c 


r2 
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Gi3+— c- — \     /  c23  + 


Fig.  1 — Equivalent  Direct  Capacities.     G4  =  CM  +  CM  +  C3i  =  Grounded  Capacity 

of  Branch-Point  4 

The  total  direct  capacity  between  any  group  of  the  terminals  and  all 
of  the  remaining  accessible  terminals,  connected  together,  is  called 
the  grounded  capacity  of  the  group. 

This  definition  of  direct  capacity  presents  the  complete  set  of  direct 
capacities  as  constituting  an  exact,  symmetrical,  realizable  physical 
substitute  for  the  given  electrical  system  for  all  purposes,  including 
practical  applications.  Direct  capacities  are  Maxwell's  "  coefficients 
of  mutual  induction,"  but  with  the  sign  reversed,  their  number  being 
increased  so  as  to  include  a  direct  capacity  between  each  pair  of 
terminals. 

In  considering  direct  capacities  we  exclude  any  direct  coupling, 
either  magnetic  or  electric,  from  without  with  the  interior  of  the 
electrical  system,  since  we  have  no  concern  with  its  internal  structure; 
we  are  restricted  to  its  accessible,  peripheral  points  or  terminals; 
some  care  has  been  taken  to  emphasize  this  in  the  wording  of  the 
definition. 
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Additive  Property  of  Direct  Capacities 

Connecting  a  capacity  between  two  terminals  adds  that  capacity 
to  the  direct  capacity  between  these  terminals,  and  leaves  all  other 
direct  capacities  unchanged.  Connecting  the  terminals  of  two  distinct 
electrical  systems,  in  pairs,  gives  a  system  in  which  each  direct  capacity 
is  the  sum  of  the  corresponding  two  direct  capacities  in  the  individual 
systems.  Joining  two  terminals  of  a  single  electrical  system  to  form 
a  single  terminal  adds  together  the  two  direct  capacities  from  the  two 
merged  terminals  to  any  third  terminal,  and  leaves  all  other  direct 
capacities  unchanged,  with  the  exception  of  the  direct  capacity 
between  the  two  merged  terminals,  which  becomes  a  short  circuit. 
Combining  the  terminals  into  any  number  of  merged  groups  leaves 
the  total  direct  capacity  between  any  pair  of  groups  unchanged,  and 
short-circuits  all  direct  capacities  within  each  group. 

These  several  statements  of  the  additive  property  of  direct  capaci- 
ties show  the  simple  manner  in  which  'direct  capacities  are  altered 
under  some  of  the  most  important  external  operations  which  can  be 
made  with  an  electrical  network,  and  explain,  in  part,  the  preeminent 
convenience  of  direct  capacity   networks. 


Fig.  2 — Colpitts  Substitution  Bridge  Method  for  Direct  Capacity 

Since  the  additive  property  of  direct  capacities  is  sufficient  for 
explaining  the  different  methods  of  measuring  direct  capacities  we 
may  now,  without  further  general  discussion  of  direct  capacities,  pro- 
ceed to  the  description  of  the  more  important  methods  of  measurement. 
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Colpitts  Substitution  Bridge  Method,  Fig.  2 

The  unknown  direct  capacity  is  shifted  from  one  side  of  the  bridge 
to  the  other,  and  the  balance  is  restored  by  adjusting  the  capacity 
standard  so  as  to  shift  back  an  equal  amount  of  direct  capacity. 
The  method  is  therefore  a  substitution  method,  and  the  value  of  the 
bridge  ratio  is  not  involved.  Both  the  standard  and  the  unknown 
remain  in  the  bridge  for  both  settings,  so  that  the  method  involves 
transposition  rather  than  simple,  ordinary  substitution. 

Details  of  the  method  as  shown  by  Fig.  2  are  as  follows :  To  measure 
the  direct  capacity  Ci2  between  terminals  1  and  2  connect  one  terminal 
(1)  to  corner  ^of  the  bridge,  and  adjust  for  a  balance  with  the  other 
terminal  (2)  on  corner  £?and  then  on  C,  while  each  and  every  one  of 
the  remaining  accessible  terminals  (3,  4,  .  .  .  )  of  the  electrical  system 
is  permanently  connected  during  the  two  adjustments  to  either  corner 
^Por  (P .  If  the  direct  capacities  in  the  standard  condenser  between 
corners  C?  and  &  are  C'\  C"  in  the  two  balances, 

C12  =  C"  -  C 

and  if  the  bridge  ratio  is  unit}3, 

Cu  -  Cu  =  a  +  c  -  2c0, 

where  C0  is  the  standard  condenser  reading  when  the  bridge  alone 
is  balanced. 

Two  settings  are  required  by  this  method  for  an  individual  direct 
capacity  measurement,  but  in  the  systematic  measurement  of  all  the 
direct  capacities  in  a  system  the  total  number  of  settings  tends  to 
equal  the  total  number  of  capacities,  when  this  number  becomes  large. 
The  number  of  settings  may  always  be  kept  equal  to  the  number  of 
capacities  by  employing  an  equality  bridge  ratio,  and  using  the  ex- 
pression for  the  direct  capacity  difference  given  above.  The  same 
remarks  also  hold  for  the  group  of  direct  capacities  connecting  any 
one  terminal  with  all  the  other  terminals. 

In  general,  ground  is  placed  upon  corner  C  of  the  bridge,  but  is 
transferred  to  corner  3>,  if  it  is  connected  to  one  terminal  of  the  re- 
quired direct  capacity.  The  arbitrary  distribution  of  the  other 
terminals  between  corners^?  and  (?  may  be  used  to  somewhat  control 
the  amount  of  standard  capacity  required;  or  it  may  be  helpful  in 
reducing  interference  from  outside  sources,  when  tests  are  made  upon 
extended  circuits.  The  grounded  capacity  of  a  terminal  or  group  of 
terminals  is  measured  by  connecting  the  group  to  C°,  and  all  of  the 
remaining  terminals  together  to  3>. 

*  Se^  appendix,  section  2. 
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The  excess  of  one  direct  capacity  Ci2  over  another  C56  is  readily 
determined  by  connecting  terminals  1  and  5  to  corner  2>,  terminals 
3,  4,  7,  8,  .  .  .  to  corner  Cor  (?,  and  then  balance  with  terminals  2 
and  6  on  (T  and  (P ,  respectively,  and  repeat,  with  their  connections 
reversed . 

Potentiometer  Method,  Fig.  3 

The  required  direct  capacity  Ci2  is  balanced  against  one  of  its 
associated  direct  capacities,  augmented  by  a  standard  direct  capacity 


Potentiometer  Method  for  Direct  Capacity 


C,  and  the  measurement  is  repeated  with  the  required  direct  capacity 

and  standard  interchanged.     Let  R',  R"  be  the  resistances  required 

in  arm  (^3$  oi  the  bridge  for  the  first  and  second  balance,  then,  S 

being  the  total  slide  wire  resistance  and  G\  the  grounded  capacity 

of  terminal  1 :4 

R' 
C\i  =    157/  C  , 


G1  = 


R' 
S  -  R' 
R" 


a. 


This  ratio  method  requires  for  the  bridge  a  variable  or  slide  wire 
resistance  and  a  constant  condenser,  and  it  may  be  employed  as  an 
improvised  bridge,  when  sufficient  variable  capacity  is  not  available 
for  the  Colpitts  method.     Not  being  a  substitution  method,  however, 

4  See  appendix,  section  3. 


24 


BELL   SYSTEM    TECHNICAL   JOURNAL 


greater  precautions  are  necessary  for  accurate  results.  There  must 
be  no  initial  direct  capacity  in  arm  (? 3)t  or  a  correction  will  be  re- 
quired. Possibly  variable  capacity  ratio  arms  would  be  preferable 
to  resistances. 

Null-Impedance  Bridge  Method  for  Direct  Capacity,  Fig.  4 

Assuming  that  the  electron  tube  supplies  the  means  of  obtaining 
an  invariable  true  negative  resistance,  Fig.  4  shows  a  method  which 
determines  any  individual  direct  capacity  from  a  single  bridge  setting. 
The  bridge  arms  are  replaced  by  a  Y  network  made  up  of  two  resist- 


@— ^0 


© 


Fig.  4 — \ul!-Impedance  Bridge  Method  for  Direct  Capacity 

ances  R,  R  and  a  negative  resistance  —  R  2;  the  V  has  then  a  null- 
impedance  between  corner  £8  and  corners  Ct \  (?  connected  together5. 
The  three  terminals  1,  2,  3  of  the  network  to  be  measured  are  con- 
nected to  corners  3>,  (?,  3i  and  a  balance  obtained  by  adjusting  the 
variable  standard  condenser  C .  Then  C\i  =  C  regardless  of  the 
direct  capacities  associated  with  Cvi  and  C,  since  these  capacities 
either  are  short-circuited  between  corners  SB^  (f 'or  $,  (?  or  are  between 
corners  <5o,  3>  and  thus  outside  of  the  bridge. 

Correct  adjustment  of  the  negative  resistance  may  be  checked  by 
observing  whether  there  is  silence  in  telephone  To  after  the  balance 
has  been  obtained.  Assuming  invariable  negative  resistance,  this 
test  need  be  made  only  when  the  bridge  is  set  up,  or  there  is  a  change 
in  frequency.  The  bridge  may  be  given  any  ratio  Z\  Z2  by  employing 
a  Y  made  up  of  impedances  Zu  Z->,  and  —  Z\  Zi  {Z\  +  Z2). 

s  See  appendix,  section  4,  which  also  describes  a  transformer  substitute  for  the  Y 
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Maxwell  Discharge  Method6,  Fig.  5 

Connect  the  terminals  between  which  the  direct  capacity  G2  Is 
required,  to  A,  B  and  the  remaining  accessible  terminals  of  this 
electrical  system  to  D.  The  adjustable  standard  capacity  is  C  and 
any  associated  direct  capacities  in   this  standard  are  shown   as   C", 


Fig.  5 — Maxwell  Discharge  Method'for  Direct  Capacity 

C" .  If  C12  is  a  direct  capacity  to  ground,  interchange  C  and  G2. 
Balancing  involves  the  following  repeated  cycle  of  operations: 

1.  Make  connections  1,  2,  3  and  7  for  an  instant  (thus  charging 
C12,  C13,  C"\  C  and  discharging  the  electrometer). 

2.  Make  connections  4,  5  and  then  6  (to  discharge  condensers  Cu, 
C",  mix  charges  of  C12,  C  with  polarities  opposed  and  connect 
electrometer). 

3.  Adjust  C  to  reduce  the  electrometer  deflection  when  the  cycle 
is  again  repeated. 

When  a  null  deflection  is  obtained  CVi  =  C";  the  required  direct 
capacity  is  equal  to  the  standard  direct  capacity  irrespective  of  the 
magnitudes  of  the  four  associated  direct  capacities.  If  all  capacities 
are  free  of  leakage  and  absorption,  this  remarkable  method  accurately 
compares  two  direct  capacities  by  means  of  a  single  null  setting,  and 
it  requires  the  irreducible  minimum  amount  of  apparatus. 


Balanced-Terminal  Capacity  Measurement,  Fig.  6 

This  is  defined  as  the  direct  capacity  between  two  given  terminals 
with  all  other  terminals  left  floating  and  ignored,  after  a  hypothetical 
redistribution  of  the  total  direct  capacity  from  the  given  pair  of 
terminals  to  every  third  terminal  which  balances  the  two  sides  of  the 
pair.  The  balanced-terminal  capacity,  as  thus  defined,  is  equal  to 
the  direct  capacity  between   the  pair  augmented  by  one-quarter  of 

6  Electricity  and  Magnetism,  v.  1,  p.  350  (ed.  1892). 
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the  grounded  capacity  of  the  pair,  neither  of  which  is  changed  by  the 
assumed  method  of  balancing. 

As  illustrated  in  Fig.  6,  terminals  1,  2  are  the  given  pair  and  terminal 
3  includes  all  others,  assumed  to  be  connected  together.  A  bridge 
ratio  of  unity  is  employed,  and  the  entire  bridge  is  shielded  from 
ground  with  the  exception  of  corners  (?,  2)  which  are  initially  balanced 


Fig.  6 — Bridge  for   Determining  Hypothetical   Capacity   Between   Two  Terminals 
with  Other  Terminals  Balanced  and  Ignored 


to  ground  within  the  range  of  variable  condenser  /.  The  following 
two  successive  balances  are  made: 

1.  With  contacts  a,  a'  closed  and  b  open,  balance  is  secured  by 
varying  condenser  /  (the  total  capacity  of  which  is  constant) 
giving  the  reading  C  for  its  direct  capacity  in  parallel  with 
terminals  1,  3. 

2.  With  contacts  a,  a'  open  and  b  closed,  balance  is  obtained  by 
varying  condenser  II,  obtaining  the  reading  C"  for  its  direct 
capacity  in  (?3). 

If  C'0,  Co  are  the  corresponding  readings  without  the  network,  the 
balanced-terminal  capacity  Cb  and  the  grounded  capacity  unbalance 
of  the  given  pair  of  terminals  are:7 

Cb  =  2(C"-  O, 
G2-G1  =  2  (C  -  C0). 

7  See  appendix,  section  5. 
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Any  failure  to  adjust  condenser  /  to  perfectly  balance  the  given 
pair  of  terminals  will  decrease  the  measured  capacity  C&.  This  fact 
may  be  utilized  to  measure  the  capacity  with  the  second  bridge  ar- 
rangement alone  (contacts  a,  a'  open  and  b  closed)  by  adjusting  con- 
denser /  so  as  to  make  the  reading  C"  of  condenser  77  a  maximum. 
This  procedure  presents  no  difficulty,  since  the  correct  setting  for 
condenser  /  lies  midway  between  its  two  possible  settings  for  a  balance 
with  any  given  setting  of  condenser  77;  furthermore,  C"  is  not  sensi- 
tive to  small  deviations  from  a  true  balance  in  C. 

Balanced-terminal  capacity  is  of  practical  importance  as  a  measure 
of  the  transmission  efficiency  to  be  expected  from  a  metallic  circuit, 
if  it  is  subsequently  transposed  so  as  to  balance  it  to  every  other 
conductor.  In  practice,  when  the  unbalance  of  the  section  of  open 
wire  or  cable  pair,  which  is  being  measured,  is  relatively  small,  it  is 
sufficient  to  set  condenser  I,  once  for  all,  to  balance  the  bridge  itself 
and  ignore  the  unbalance  of  the  pair.  This  favors  an  unbalanced 
pair,  however,  by  the  amount  (Go  —  Cn)2/4  (G12  +  Gqd)  where 
G12  +  Gqd  is  the  grounded  capacity  of  the  pair  augmented  by  that 
of  the  bridge.8  For  rapid  working,  condenser  77  is  graduated  to  read 
2C"  and  by  auxiliary  adjustment  C'0'  is  made  zero,  so  that  the  re- 
quired capacity  is  read  directly  from  the  balance. 

Additional   Methods   of   Measuring 
Direct   Capacity 

Measurement  of  the  capacity  between  the  terminals,  taken  in 
pairs  with  all  the  remaining  terminals  left  insulated  or  floating,  gives 
n(n  —  l)/2  independent  results,  from  which  all  the  direct  capacities 
may  be  derived  by  calculation  of  certain  determinants9.  Practically, 
however,  we  are  in  general  interested  in  determining  individual  direct 
capacities  from  the  smallest  possible  number  of  measurements,  and 
the  first  step  is  naturally  to  connect  all  of  the  remaining  conductors 
together,  so  as  to  reduce  the  system  to  two  direct  capacities  in  addi- 
tion to  the  one  the  value  of  which  is  required.  Three  measurements 
are  then  the  maximum  number  required,  and  we  know  that  two,  or 
even  one,  is  sufficient  if  particular  devices  are  employed. 

The  three  measurement  method  of  determining  direct  capacities 
from  the  grounded  capacities  of  the  two  terminals  taken  separately 
Gi,  Gi,  and  together  Gn,  is  given  by  Maxwell.10  If  G\  =  C',  Gn  = 
C  +  C",  and   G2  =  C"  +  C 

8  See  appendix,  section  6. 

9  See  appendix,  section  7. 

10  Ibid.,  p.  110. 
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then 


Cu  =  h(Gl  +  G2-  G12) 
-  l  C" 


which  indicates  a  method  by  which  large  grounded  capacities  can  be 
balanced  against  three  variable  capacities,  only  one  of  which  need  be 
calibrated,  and  that  one  need  be  no  larger  than  the  required  direct 
capacity. 

Two-setting  methods,  as  illustrated  by  the  Colpitts  and  potentio- 
meter methods,  rest  upon  the  possibility  of  connecting  one  of  the 
associated  direct  capacities  between  opposite  corners  of  the  bridge 
where  it  is  without  influence  on  the  balance,  and  not  altering  any 
associated  direct  capacity  introduced  into  the  working  arms  of  the 
bridge.  Numerous  variations  of  these  methods  have  been  considered 
which  may  present  advantages  under  special  circumstances.  Thus, 
if  conductors  1,  2,  3  of  Fig.  7  are  in  commercial  operation,  and  it  is 
not  permissible  to  directly  connect  two  of  them  together,  a  double 
bridge   might   be  employed   with   a   testing  frequency  differing  frcm 


Fig.  7 — Double  Bridge  for  Direct  Capacity 


that  of  operation.  A  telephone  is  shown  for  each  ear,  and  a  constant 
total  direct  capacity  is  divided  between  the  three  branches  in  the 
proportion  required  to  silence  both  telephones. 

One-setting    methods    attained    ideal    simplicity    in    the    Maxwell 
discharge  method,  but  we  found  it  necessary  to  use  alternating  current 
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methods,  and  here  negative  resistances  make  a  one-setting  method 
at  least  theoretically  possible,  as  explained  above.  Of  possible  varia- 
tions it  will  be  sufficient  to  refer  to  the  ammeter  method  Fig.  8.    Termi- 
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Fig.  8 — Ammeter  Circuit  for  Determining  Direct  Capacity 

nals  1  and  2  of  the  required  direct  capacity  Ci2  are  connected  to  the 
voltmeter  and  ammeter  terminals,  respectively,  and  all  other  terminals 
go  to  the  junction  point  at  3.     Then 


W2    — 


2t/£' 


provided  the  ammeter  actually  has  negligible  impedance.  The 
method  is  well  adapted  for  rapid  commercial  testing.  The  ammeter 
impedance  may  be  reduced  to  zero  by  a  variable  negative  impedance 
device  (  —  Z),  adjusted  to  reduce  the  shunted  telephone  to  silence. 

Shielding 

In  the  discussion  of  the  bridge,  it  has  been  assumed  that  the  several 
pieces  of  apparatus  forming  the  six  branches  of  the  bridge  have  no 
mutual  electrical  or  magnetic  reaction  upon  each  other,  except  as 
indicated.  In  general,  however,  a  balance  will  be  upset  by  changes 
in  position  of  the  pieces  of  apparatus,  or  even  by  movements  of  the 
observer  himself,  whereas  these  motions  cannot  affect  any  of  the 
mutual  reactions  which  have  been  explicitly  considered.  The  skillful 
experimenter,  understanding  how  these  variations  are  produced  by 
the  extended  electric  and  magnetic  fields,  will  anticipate  this  trouble 
and  take  the  necessary  precautions,  possibly  without  slowing  down  his 
rate  of  progress. 

Where  hundreds  of  thousands  of  measurements  are  to  be  made, 
however,  substantial  savings  are  effected  by  arranging  the  bridge  so 
that  reliable  measurements  can  be  made  by  unskilled  observers,  and 
here  it  is  necessary  to  shield  the  bridge  so  that  any  possible  movements 
of  the  observer  and  of  the  apparatus  will  not  affect  the  results.  Mag- 
netic fields  of  transformers  are  minimized  by  using  toroidal  coils 
with  iron  cases.     Electrostatic  fields  are  shielded  by  copper  cases; 
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the  principles  of  shielding  were  explained  in  an  earlier  paper,11  Fig.  13 
of  that  paper  showing  the  complete  shielding  of  the  balance  as  con- 
structed for  the  measurement  of  direct  capacity  by  the  Colpitts 
method.  Over  five  million  capacity  and  conductance  measurements 
have  been  made  with  the  shielded  capacity  and  conductance  bridge 
and  in  a  forthcoming  paper  Mr.  G.  A.  Anderegg  will  give  details  of 
actual  construction  of  apparatus  and  of  methods  of  operation  as  well 
as  some  actual  representative  results. 

Direct  Admittance  Measurements 

For  simplicity,  the  preceding  definitions  and  methods  of  measure- 
ment have  been  described  in  terms  of  capacity,  but  everything  may  be 
generalized,  with  minor  changes  only,  for  the  definition  and  measure- 
ment of  direct  admittances  with  their  capacity  and  conductance 
components.  The  essential  apparatus  change  is  the  addition,  in 
parallel  with  the  variable  capacity  standards  employed,  of  a  variable 
conductance  standard,  which  shifts  direct  conductance  from  one  side 
of  the  bridge  to  the  other,  without  changing  the  total  reactance  and 
conductance  in  the  two  sides  of  the  bridge.  This  may  be  practically 
realized  in  a  great  variety  of  ways  as  regards  details,  which  it  will 
suffice  to  illustrate  by  Fig.  9.  where  C",  C",  C"   G' ,  G" ,  indicate  the 
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Fig.  9 — Variable  Direct  Conductance  and  Capacity  Standard  for  Direct  Admittance 

Bridge 

continuously  variable  capacity  and  conductance  standards""with 
enough  step-by-step  extensions  to  secure  any  desired  range. 

For  the  continuously  variable  conductance  standard  a  slide  wire  is 
represented,  with  a  slider  made  up  of  two  hyperbolic  arcs  so  pro- 
portioned that,  as  the  slider  is  moved  uniformly  in  a  given  oblique 
direction,  conductance  is  added  uniformly  on  the  left  and  just  enough 
of  the  wire  is  short-circuited  to  produce  an  equal  conductance  de- 
crease on  the  other  side.  The  arcs  are  portions  of  the  hyperbola 
xv  =  (L2  —  S2)  4,  where  L,  5  are  the  total  length  of  the  wire  and  of 
the  portion  to  be  traversed  by  the  slider,  and  the  coordinate  axes  are 

"The  Shielded   Balance,  El.  W.,  43,   1904   (647-649). 
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the  slide  wire  and  the  direction  of  the  motion  of  the  slider  as  oblique 
asymptotic  axes.12  L  =  GS/g  =  4  G  ' p(G2  —  g2),  where  G  is  the 
total  conductance  and  (G  =*=  g)/2  the  limiting  direct  conductance  on 
either  side. 

If  an  ordinary  slider  replaces  the  hyperbolic  arc  slider,  and  the 
scale  reading  is  made  non-uniform  so  as  to  give  one-half  of  the  differ- 
ence between  the  direct  conductances  C?  to  2)  and  (?  to  3),  the  con- 
ductance standard  will  still  give  absolutely  correct  results  with  the 
Colpitts  method,  provided  the  bridge  ratio  is  unity.  This  simplifica- 
tion in  connection  with  the  balancing  capacity  /  of  Fig.  6  would, 
however,  not  be  strictly  allowable.  For  improvised  testing  we  have 
found  it  sufficient  to  use  two  equal  resistances  (R)  with  a  dial  re- 
sistance (/-)  in  series  with  one  of  them,  and  take  the  defect  of  con- 
ductance introduced  by  the  dial  resistance  as  equal  to  r,  R2  or  to 
10-2r,  10-V,  r,  micromho  according  as  R  was  made  10000,  3162, 
or  1000  ohms.13 

For  a  step-by-step  conductance  standard,  Fig.  9  shows  a  set  of 
10  equal  resistances,  connected  in  series  between  corners  «  ,  (?,  to 
the  junction  points  of  which  there  is  connected  a  parabolic  fringe  of 
resistances,  the  largest  of  which  is  2.5  times  each  of  the  ten  resistances. 
With  this  arrangement  the  direct  conductance  in  C?3)  may  be  ad- 
justed by  ten  equal  steps,  beginning  with  zero,  while  the  conductance 
in  (°2)  is  decreased  by  equal  amounts  to  zero.  The  total  res:stance 
required  for  this  conductance  standard  is  only  21  25  of  the  resistance 
required  to  make  a  single  isolated  conductance  equal  to  one  of  the 
ten  conductance  steps;  the  ratio  may  be  reduced  to  1/2  by  doubling 
the  number  of  contacts,14  and  using  onefringe  resistance  for  all  posi- 
tions. Resistance  may  be  still  further  economized  by  using  as  high  a 
total  conductance  as  is  permissible  in  the  bridge,  and  securing  the 
required  shift  in  conductance  from  a  small  central  portion  of  the 
parabolic  fringe. 

Fig.  9  shows  the  variable  capacity  standards  as  well  as  the  variable 
conductance  standards  and  a  few  practical  points  connected  with  the 
capacity  standards  may  be  mentioned  here. 

The  revolving  air  condenser  standard  has  two  fixed  plates  connected 
to  &  and  (?,  so  that  the  capacity  will  increase  as  rapidly  on  one  side 
as  it  decreases  on  the  other  side.  Since  perfect  constancy  of  the  total 
capacity  is  not  to  be  expected,  on  account  of  lack  of  perfect  mechanical 
uniformity,    the   revolving   condenser   should    be   calibrated    to   read 

12  See  appendix,  section  8. 

13  See  appendix,  section  9. 

14  See  appendix,  section  10. 
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one-half  of  the  difference  between  the  capacities  on  the  two  sides,  as 
explained  above  in  connection  with  conductance.  The  capacity 
sections  employed  to  extend  the  range  of  the  revolving  condenser 
include  both  air  condensers  C  and  mica  condensers  C",  the  latter 
being  calibrated  by  means  of  the  air  condensers  and  the  conductance 
standard. 

A  novel  feature  of  our  standard  air  condensers  is  a  third  terminal 
called  the  leakage  terminal,  and  indicated  at  L  in  Figs.  4,  9.  Attached 
to  it  are  plates  so  arranged  that  all  leakages  either  over,  or  through, 
the  dielectric  supports  from  either  of  the  two  main  terminals,  must 
pass  to  the  leakage  terminal.  There  can  be  no  leakage  directly 
from  one  of  the  main  terminals  to  the  other.  There  is  thus  no  phase 
angle  defect  in  the  standard  direct  capacity  due  to  leakage,  and  that 
due  to  dielectric  hysteresis  in  the  insulating  material  is  reduced  to  a 
negligible  amount  by  extending  the  leakage  plates  beyond  the  dielec- 
tric, so  as  to  intercept  practically  all  lines  of  induction  passing  through 
any  support.  This  leakage  terminal  is  connected  to  corner  C  of  the 
bridge;   in  the  revolving  condensers,  it  is  one  of  the  fixed  plates. 

Direct  Impedance  Measurements 

The  reciprocal  of  a  direct  admittance  is  naturally  termed  a  direct 
impedance;  substituting  impedance  for  capacity,  the  definition  of 
direct  capacity,  given  above,  becomes  the  definition  of  direct  im- 
pedance. The  complete  set  of  direct  impedances  constitutes  an  exact, 
symmetrical,  physical  substitute  for  any  given  electrical  system. 
Direct  impedances  are  often,  in  whole  or  in  part,  the  most  convenient 
constants  since  many  electrical  networks  are  made  up  of,  or  ap- 
proximate to,  directly  connected  resistances  and  inductances.  To 
make  direct  impedance  measurements  which  will  not  involve  the 
calculation  of  reciprocals,  we  naturally  employ  inductance  and  re- 
sistance standards  in  series,  the  associated  direct  impedances  being 
eliminated  as  with  direct  capacities. 

Conclusion 

It  has  been  necessary  to  preface  the  description  of  methods  of 
measuring  direct  capacities  by  definitions  and  a  brief  discussion,  since 
direct  capacities  receive  but  scant  attention  in  text-books  and  hand- 
books. By  presenting  direct  capacities,  direct  admittances,  and 
direct  impedances  as  alternative  methods  of  stating  the  constants  of 
the  same  direct  network,  employed  as  an  equivalent  substitute  for 
any  given  electrical  system,  it  is  believed  the  discussion  and  measure- 
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ment  of  networks  has  been  simplified.  In  another  paper  the  terminol- 
ogy for  admittances  and  impedances  will  be  still  further  considered, 
together  with  their  analytical  correlation. 


APPENDIX 

In  explaining  the  different  methods  of  measuring  direct  capacities 
it  is  necessary  to  start  with  a  clear  idea  of  what  direct  capacities  are, 
and  to  make  use  of  the  additive  property,  but  it  is  not  necessary  to 
go  into  any  comprehensive  discussion  of  direct  capacities.  Accord- 
ingly, the  mathematical  treatment  of  direct  capacities  has  been  reserved 
for  another  paper,  but  it  seems  desirable  to  append  to  the  present 
paper  proofs  of  the  analytical  results  given  in  this  paper,  since  the 
method  of  approach  giving  the  simplest  proof  is  not  always  perfectly 
obvious. 

(1)     Reducing    the    number    of    terminals    which    are    considered 

accessible,  by  ignoring  terminals  p,  q,  r, changes  the  direct  and 

grounded  capacities  from  (Cy,  G{)  to  (dj ,  G<),  the  latter  being  ex- 
pressed in  terms  of  the  former  as  follows: 

C  ij  L  ip  C  iq 

W>  ^P  ^Pq 

<sjq  e-  pq  ^Jq 

Ch  =— 


Gt,   —  Ct, 


-  c 


ri 


G,   —  —  di 

where  C,',-  is  given  by  lormula  above  and  G,  =  —  Q,-. 

To  check  these  formulas  note  that  on  substituting  (G,-,  —  C#)  for 
Maxwell's  (giit  g#)  in  his  equations  (18)15  the  coefficients  form  an 
array  in  which  the  grounded  capacity  G,-  is  the  ith  element  in  the  main 
diagonal  and  —  Cv  is  the  element  at  the  intersection  of  row  i,  column 
j.  The  array  may  be  supposed  to  include  every  terminal  symmetrically 
by  considering  the  earth's  potential  as  being  unknown  and  writing 
down  the  redundant  equation  for  the  charge  on  the  earth.  Let  the 
charge  be  zero  on  terminal  j  and  on  all  concealed  terminals;  let  there 
be  a  charge  on  terminal  i  and  an  equal  and  opposite  charge  on  all  the 
remaining  accessible  terminals,  connected  together  to  form  a  single 
terminal  k.     Now  taking  the  potential  of  j  as  the  zero  of  reference 

"Ibid.,  p.  108. 
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and  calculating  the  potentials  of  i  and  k  and  then  allowing  the  direct 
capacity  between  j  and  k  to  become  infinite,  the  direct  capacity 
between  terminals  i  and  j  is  Q,  =  —  Lim  (Cjk  Vk  F,-).  This  gives 
the  above  formula  for  C  ,  with  —  Ca  as  a  special  case.  This  method 
is  an  electrostatic  counterpart  of  the  ammeter  method  shown  in 
Fig.  8  on  page  29. 

If  there  is  but  one  ignored  terminal  the  determinant  solution  takes 
on  a  simple  form  from  which  Rules  1  and  2  and  Fig.  1  may  be  checked. 

If  all  but  two  terminals  are  ignored  the  equivalent  direct  network 
is  reduced  to  a  single  direct  capacity.  When,  for  each  pair  of  termi- 
nals, this  capacity  Gy  is  known,  from  measurements  or  from  calcu- 
lations, the  direct  capacities  between  the  terminals  may  be  derived 
by  means  of  the  following  formulas 


C    =  2  — 

Gi   =  -  Cti  =  -  2 
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where  Dij  is  the  cofactor  of  the  element  in  row   i  column  j  of  the 
determinant 


D  = 


which  has  zeros  in  the  main  diagonal,  a  border  of  ones  in  the  last 
row  and  column,  while  the  other  elements  are  5^  =  1  Q,-,  that  is, 
the  reciprocals  of  the  given  capacities.  The  S's  form  a  complete 
symmetrical  system  of  network  constants;  Maxwell's  coefficients  of 
potential  pa  with  the  two  suffixes  the  same  are  the  same  quantities, 
but  he  employs  only  those  coefficients  of  this  type  which  are  associ- 
ated with  the  earth,  his  system  being  completed  by  adding  the  co- 
efficients with  different  suffixes.  By  starting  with  Maxwell's  results 
the  above  formula  may  be  deduced,  but  more  direct  proofs,  both 
physical  and  mathematical,  will  be  given  in  the  theoretical  paper 
referred  to  at  the  end  of  the  present  paper. 

The  purpose  of  this  section  of  the  appendix  is  achieved  if  the  de- 
terminant solutions  are  made  so  clear  as  to  be  available  for  use  in 
any   particular   case. 

(2)  Starting  with  the  bridge  alone  balanced  at  reading  C°  the  other 
two  settings  involve,  in  the  capacity  standard,  increases  in  the  direct 
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capacity  on  the  left  of  (C  —  C  )  and  {C"  —  C°),  with  equal  decreases 
on  the  right.     Therefore 

C12  +  Cu  +  (C  -  C°)  =  -  (C  -  C°)  +  c13 

C14  +  (C-  C°)  =  -  (C-  C°)  +  cu  +  c12 

and  adding  gives  the  value  of  (C13  —  Cu). 

(3)  The  condition  of  equal  impedance  ratios  on  the  two  sides,  as 
required  for  a  balance,  gives,  for  both  the  switches  up  and  down, 

R'  (G,  -  Ci2  +  C)  =  (S  -  R')  Cn, 
R"  Gt  =  (S '  -  R")  C, 

respectively,  from  which  the  expressions  for  Cn  and  Gx  follow. 

(4)  The  Y  of  Fig.  4  has  unusual  properties  because  the  total 
conductance  connecting  the  concealed  branch-point  of  the  Y  to  the 
three  bridge  corners  £?,  -5^,  C  is  zero.  Thus  the  conductance  between 
any  one  corner  and  the  remaining  two  corners  joined  together  is  infinite, 
or  in  other  words,  the  Y  acts  as  a  short  circuit  under  all  these  three 
conditions.  On  the  other  hand,  if  corner  Ct ',  Stf,  or  C  is  left  floating 
and  ignored  the  conductance  between  the  other  two  corners  is  2/R, 
1/2R  or  2/R,  respectively,  and  the  Y  is  not  a  short  circuit.  These 
statements  are  verified  at  once  by  applying  the  familiar  expressions 
for  resistances  in  parallel  and  in  series. 

On  account  of  the  unusual  behavior  of  the  Y,  even  when  taken 
alone,  it  is  not  immediately  apparent  how  it  will  affect  the  operation 
of  the  bridge  of  Fig.  4  with  direct  capacities  between  corners  (?£$ 
and  SSC .  For  this  reason  it  is  highly  desirable  to  find  an  equivalent 
network  the  behavior  of  which  is  more  readily  comprehended.  It  is 
not  feasible  to  employ  the  delta  network  which  is  equivalent  to  the 

Y  for  this  has  indeterminate  characteristics,  being  made  up  of  three 
infinite  conductances,  only  two  of  which  have  the  same  sign.  We 
may,  however,  make  use  of  the  Y  which  is  equivalent  to  the  original 

Y  and  direct  capacities  CAB  and  CBC  taken  together.  This  is  found  as 
follows:  Any  admittance  delta  may  be  replaced  by  a  star  having  ad- 
mittances equal  to  the  sum  of  the  products  of  the  delta  admittances 
taken  in  pairs  divided  by  the  opposite  delta  admittance.  Applied  to  the 
delta  of  Fig.  1,  we  find  that  the  star  that  is  equivalent  has  the  capacities 

5 


Cl4 

C24 

C34 

+  Gi 

C23 

Cu 

= 

S 

C34 

Cu 

+  G4 

Cu 

Cm 

— 

5 
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where 

S  =  Cn  Cn  C34+ Cn  C24  (Cn  +  C23)  +  C<nCzi{C\i-\-  Cn)  +  C34  C14  (C12  +  C23) 

-f-  Gi  (C12  C23  +  C23  Cn  +  C12  C13), 

which,  upon  substituting  the  value  of  G4,  is  the  sum  of  16  terms,  each 
of  which  is  the  product  of  three  capacities,  every  combination  of  three 
capacities  being  included  except  the  four  cases  in  which  the  three 
capacities  would  form  a  closed  circuit.  By  allowing  the  capacities 
to  be  complex  quantities,  any  admittances  are  covered  by  the  formulas. 
If  GA  =  0 

U    __     1 24    _     C-34    _  O 

C14  C24  W4  C14C24C34 

or  the  new  Y  arms  present  the  same  ratios  as  the  original  Y  arms 
taken  alone;  that  is,  the  direct  capacities  CAB,  CBc  of  Fig.  4  have 
no  effect  on  the  bridge  ratio.  Thus  the  constancy  of  the  bridge  ratio 
holds  for  all  null-impedance  bridges  regardless  of  the  ratio  Z1/Z2  and 
of  the  nature  of  the  direct  admittances  from  corners  A  and  C  to  B. 
If  G4  =  0  and  also  C24  =  Cu  and  Ci2  =  0,  then 

C[i    =    C24   =    —   i   C34    =    C14  +   h   (C13   +    C23). 

Applying  this  to  Fig.  4,  which  is  possible  since  the  bridge  ratio  is 
unity,  we  find  that  the  three  arms  of  the  equivalent  Y  may  be  con- 
sidered as  being  made  up  of  resistances  and  capacities  in  parallel. 
The  resistances  are  R,  R,  —R/2  and  the  associated  capacities  C,  C, 
'  —2C,  where  R  is  the  original  resistance  in  the  Y  and  C  is  one-half  the 
sum  of  the  two  actual  direct  capacities  from  SS  to  <^?and  from  iS'to  C . 
The  equivalent  bridge  thus  obtained  has  ratio  arms  made  up  of 
ordinary  resistances  and  capacities  and  therefore  Fig.  4  used  as  a 
bridge  can  present  no  unexpected  characteristics;  the  negative 
resistances  and  capacities  of  the  equivalent  Y  merely  affect  the  current 
supplied  to  the  bridge. 

An  ideal  transformer,  if  such  a  device  existed,  might  replace  the  Y, 
for  it  would  maintain  a  constant  ratio  between  the  currents  in  the 
two  windings  and  act  as  a  short  circuit  when  the  bridge  is  balanced. 
To  determine  the  error  when  an  actual  transformer  with  impedances 
Zp,  Zs,  ZPs  is  employed,  take  the  general  expression  for  the  ratio 
of  the  capacities  derived  above  which  is 

C14  _   C34  Cn  -f~  G4  Cn 
C'{\       Cn  C34  -{-  G4  C23 

Change  to  admittances  by  substituting  Y  for  C  and  G  throughout. 
Assume  the  transformer  replaced  by  its  equivalent  conductance  star 
so  that 
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1 


Yu  = 
Y2i  = 


Zp  -\-  Z.ps 

1 
Zs  t~  Zps 


F34  =    —  -=-,  and  by  addition 

£ps 


F4    = 


72     _    y     7 

£*>  bs  ^  b  *->  s 


(Zp  +  Zps)  \ZS  -\-  Zps)  ZPs' 

Substituting  these  values  the  expression  for  the  actual  ratio  of  the 
bridge  arms  becomes 

Yii  =  Zs  +  Zps  +  (Zp  Zs  -  Z%)  Y13 

^24  Zp  -J-  Zps  -\-    {Zp  Zs  Zps)    Y 23 

(5)  When  the  bridge  alone  is  balanced  at  readings  CJ  and  C'0' , 
let  Cqd  and  Gcd  be  the  direct  capacity  between  corners  (?  and  2>  and 
the  total  direct  capacity  between  these  corners  and  ground.  Since 
Gcd  is  balanced,  the  effective  direct  capacity  between  corners  (?,  2) 
when  earth  is  ignored,  is  by  Fig.  1,  (Ccd  +  Gcd/4).  Now  connect  the 
three  terminals  1,  2,  3,  as  shown  with  direct  capacities  Cn,  G\  —  Cn, 
Gi  —  C\i\  G\,  Gi  being  the  grounded  capacities  of  terminals  1  and  2. 
The  first  balance  with  the  reading  C'  requires  the  equality  of  the 
total  capacity  added  on  each  side,   i.e., 

G\  —  C\i  -\-  (C   —  Co )  =  Gi  —  C12  —  \C   —C0) 
or 

G2  -  Gi  =  2  (C  -  Co') 

For  the  second  balance  ground  may  again  be  considered  an  ignored 
terminal,  and  since  terminals  1  and  2  have  been  balanced  to  ground, 
and  their  total  direct  capacity  to  ground  is  Gu  —  G\  +  Gi  —  2Cn, 
the  effective  direct  capacity  added  to  the  bridge  between  corners 
(?  and  3)  is  Cb  =  C12  +  Gi2/4.  Equating  the  added  capacities  on  the 
two  sides  of  the  bridge  when  balanced  at  the  reading  C" ,  we  obtain 
Cb  =  2  (C"  -  C0'). 

The  direct  capacity  between  C  and  S),  when  ground  is  considered 
an  accessible  terminal,  is  assumed  to  be  absolutely  independent  of 
the  setting  of  the  condenser  /.  To  actually  meet  this  condition  will 
require  some  attention  in  the  design  of  the  variable  condenser. 

(6)  Here  the  bridge  itself  is  supposed  to  have  equal  direct  capaci- 
ties from  corners  (P  and  5>to  ground,  while  the  added  terminals  1  and  2 
have  different  direct  capacities  to  ground,  the  difference  being 
(Gi  —  Gi),  while  the  total  direct  capacity  to  ground  is  (l712  +  GCd)- 
Now  two  capacities  in  series  may  be  replaced  by  their  product  divided 
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by  their  sum,  which  is  equal  to  one-fourth  of  the  sum  minus  the  square 
of  the  difference  divided  by  four  times  the  sum.  The  correction 
due  to  the  difference  is  thus  (G2  —  Gi)2/4(C7i2  +  Gcd)>  as  stated. 

(7)  These  determinants  are  given  at  the  end  of  the  first  paragraph 
of  this  appendix.  These  expressions  for  the  direct  capacity  are  of 
more  special  interest  in  the  analytical  discussion  of  networks. 

(8)  Assume  that  a  wire  resistance  is  to  be  employed  and  that  a 
sliding  contact  is  to  intercept  such  an  amount  of  resistance  that  the 
equivalent  conductance  will  vary  directly  with  the  motion  of  the 
slider  carrying  the  contact  point.  Then  if  the  wire  is  straight  and  the 
intercepted  portion  is  of  length  x  and  the  slider  motion  is  rectilinear 
and  its  extent  is  y  the  relation  which  holds  between  them  is  xy  =  con- 
stant, the  value  of  the  constant  depending  upon  the  units  employed. 

In  the  paper  it  is  assumed  that  the  total  conductance  G,  the  total 
shifted  conductance  g,  and  the  resistance  of  unit  length  of  the  slide 
wire  p  are  given ;  the  total  length  of  wire  L  and  the  portion  traversed 
by  the  slider  S  are  then  calculated.  The  arc  employed,  for  each 
half  of  the  slider  of  Fig.  9,  extends  equally  both  ways  from  the  vertex 
to  the  points  where  the  values  of  x  and  y  are  (L  ±  S)/2,  on  the  hyper- 
bola xy  =  (L2  —  52)/4.  Substituting  for  L  and  5  the  values  given 
in  the  paper,  it  will  be  found  that  this  range  of  *  actually  gives  the 
range  of  conductance  (G  ±  g)/2,  as  required. 

(9)  The  exact  defect  in  conductance  is 


1  1  r  r   /  r 

R  ~  R  +  r  ~  R(R  +  r)   ~~'~  ~R?\         ~R 


+ 


(10)  At  mid-point  the  total  conductance  due  to  the  five  resistances 
(R)  on  each  side,  taken  in  parallel,  is  2/5R  and  to  give  this  same 
conductance  an  end  fringe  must  have  the  resistance  2.5R.  Assume 
a  parabolic  fringe  having  the  resistance  (5  —  n)2  R/10  at  the  point 
connected  to  (?  and  C  hy  resistances  nR  and  (10  —  n)R.  This  gives 
a  Y  network  and  by  Fig.  1  the  equivalent  direct  conductances  are 
(10  -  n)  2oR,  n/25R,  (5  -  n)2/250R  between  2><?,  2)(°,  C?C  re- 
spectively. The  sum  of  the  first  two  is  constant  and  the  first  de- 
creases by  equal  steps,  of  \j2oR  each,  to  zero  as  the  second  increases. 
The  parabolic  fringe,  therefore,  gives  the  required  conductances. 

The  total  resistance  in  the  chain  of  ten  resistances  is  10R,  in  the 
fringe  Hi?,  and  in  the  largest  single  fringe  2.5R.  With  the  complete 
fringe  the  total  required  is  (10  +  11)  -R  =  21R;  with  a  single  fringe, 
subdivided  as  required,  only  (10  +  2.5)  R  =  12. 5R  is  required. 
Compared  with  25R,  which  would  be  required  for  one  of  the  con- 
ductance steps,  these  resistances  are  21/25  and  1/2. 


The  Relation  of  the  Petersen  System  of  Grounding 

Power  Networks   to   Inductive   Effects   in 

Neighboring  Communication  Circuits 

By  H.  M.  TRUEBLOOD 

THE  purpose  of  this  paper  is  to  present  a  simple  theoretical  treat- 
ment of  those  features  of  the  Petersen  method  of  grounding  a 
power  network  which  are  of  principal  interest  from  the  standpoint 
of  inductive  effects  in  neighboring  communication  circuits.  In  this 
method,  the  neutral  of  the  system  is  grounded  through  an  inductance 
which  is  in  resonance,  at  the  fundamental  frequency,  with  the  total 
direct  capacity  of  the  system  to  ground.  The  theory  of  the  behavior 
of  a  power  system  thus  grounded  at  times  of  accidental  faults  to 
earth  has  been  developed  by  Petersen  in  a  paper  published  in  1919, l 
in  which  the  results  of  field  tests  and  of  operating  experience  with  an 
installation  in  Germany  are  also  described.  The  method  has  also 
found  application  in  other  places  in  Europe,  chiefly  in  Italy  and 
Switzerland.  It  does  not  appear  in  any  of  these  cases  that  inductive 
interference  was  a  factor  requiring,  or  at  any  rate  receiving,  consider- 
ation. In  fact,  it  does  not  seem  that  either  Petersen  himself,  or  other 
engineers  in  Europe  who  have  made  use  of  his  scheme,  have  considered 
it  except  as  a  method  of  protecting  power  systems  from  the  effects  of 
accidental  grounds. 

The  features  of  the  method  that  are  of  interest  from  the  viewpoint 
of  inductive  interference  relate  both  to  normal  operating  conditions 
ot  the  power  system  and  to  the  phenomena  which  occur  when  a  phase 
of  the  system  is  grounded.  With  regard  to  the  former,  it  is  principally, 
though  not  entirely,  the  effect  of  the  neutral  reactor  on  the  harmonics 
of  frequencies  within  the  voice  range  that  require  examination;  with 
respect  to  the  latter,  the  things  of  chief,  though  not  exclusive,  import- 
ance, are  the  ground  currents  and  unbalanced  voltages  to  ground  of 
fundamental  frequency,  which  are  possible  sources  of  disturbance 
in  exposed  communication  circuits. 

These  features,  particularly  those  concerned  with  effects  at  funda- 
mental frequency,  are  more  or  less  closely  related  to  questions  of 
primary  importance  from  the  standpoint  of  power  system  operation. 
It  is  impossible  that  this  should  not  be  the  case.  Accidental  dis- 
turbances of  a  character  which  may  interrupt  service  or  endanger 
apparatus  or  equipment  in  a  power  system  may  produce  inductive 

1  \V.  Petersen,  Elektrotechnische  Zeitschrit,  40,  pp.  5-7  and  17-19,  1919;  Sci. 
Abs.  B,  Nov.  29,  1919. 
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disturbances  in  neighboring  communication  circuits,  and  the  question 
of  grounding  the  neutral,  in  whatever  manner,  or  of  leaving  it  isolated, 
exists  because  of  its  bearing  on  the  avoidance  or  limitation  of  such 
power  system  disturbances.  Thus  a  method  of  grounding  the  neutral, 
or  any  other  method  of  power  system  operation  designed  to  limit  the 
extent  or  the  severity  of  accidental  disturbances,  must  necessarily 
possess  importance  with  respect  to  inductive  effects  in  exposed  com- 
munication circuits. 

It  does  not  seem  necessary,  therefore,  to  apologize  for  the  discussion, 
in  the  first  section  of  the  paper,  of  the  behavior  of  the  power  system  at 
times  of  faults  to  earth.  In  this  section,  an  explanation  is  given  of 
the  principal  characteristic  effect  of  the  reactor  which  differs  in  some 
respects  from  that  set  forth  by  Petersen  in  the  paper  already  referred 
to.  The  matter  of  transient  over-voltage  on  a  non-grounded  phase 
is  also  examined  in  this  section,  and  the  bearing  of  these  and  the 
earlier  considerations  on  inductive  effects  is  discussed. 

In  the  second  section  of  the  paper,  the  behavior  of  the  power  system 
with  reactor  under  normal  operating  conditions  is  discussed  with 
reference  to  noise  and  other  inductive  effects  in  neighboring  com- 
munication circuits. 

1.     Effects   with   a   Grounded    Phase   on   the 
Power  System 

1.     Action  of  Coil  in  Suppressing  Arcs  to  Ground 

Referring  to  Fig.  1,  in  which,  and  in  the  following  discussion  it  is 
assumed  that  the  three  admittances  to  ground  are  equal,  the  ad- 
mittance current  through  the  fault  from  the  two  sound  phases  is 


Fig.  1 — Single-Phase  System  with  Neutral  Grounded  Through  Reactor.    Admittances 
to  Ground  Assumed  Balanced 
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Y  Y  Y  , 

£    =    -Q-  (£oi    —   -E03)    +  "o    (£<)2    —    £03)    =    "o     (£oi   +   £02    —    2£02), 

=  T£3o  =  (g  +  jCu)  £30.  (1) 

The  current  through  the  coil  and  fault  is 

T      -  -^30   _  £30  /         _    •    j    \ 

In    -      y        -        2     1     ,,2  7-    2  Vr"  JULn), 

or,  neglecting      "      in  comparison  with  unitv, 

t  -^30     /  •    r    \ 

£'  =     2f  2  (r«  —  JuL-n). 

Thus  the  total  fault  current  is 

7. +  7.  -  J, -*£  +  -Jk +,•(.*--»-)]. 

and,  if  the  coil  is  adjusted  for  resonance,  • 

1  =E4°  +  Jb)- 

-*s(Jf-  +  X\.  (2) 

On  comparison  of  this  expression  with  the  above  equation  (lj  for 
the  charging  current,  which  constitutes  the  fault  current  if  the  system 
is  isolated,  it  is  seen  that,  if  the  losses  in  the  system  are  small,  the 
effect  of  the  coil  is  to  reduce  the  magnitude  of  the  current  in  the  fault 

approximately    in    the    ratio    of    (    2  j  <>  +  g )  to     Y,  ,   i.e.,    neglecting 

terms  of  the  second  and  higher  orders,  in   the  ratio  (  — j-  +  — 7O   to 

0  \uLn        wC/ 

unity.     Further,  as  equation  (2)  shows,  the  phase  of  the  fault  current 

coincides  with  that  of  the  voltage  impressed  between  the  faulty  wire 

and  ground  to  the  degree  of  approximation  here  used,   i.e.,  to  the 

second  order  of  small  quantities.     (The  bracket  on  the  right-hand 

side  of  (2),  if  written  in  full,  would  include  quadrature  terms  in  the 

square  and  higher  even  powers  of  rn  aLn.)     With  the  system  isolated, 

the  phase  displacement  is  nearly  90°. 

The  action  of  the  coil  may  be  described  as  a  transfer  of  the  charging 
current  from  the  fault  to  the  coil,  leaving  nothing  but  the  component 
of  current  to  supply  losses  at  the  fault.  With  suitable  design  of  the 
coil,  this  energy  current  can  be  made  small. 

The  coincidence  in  phase  of  the  fault  current  and  the  voltage  im- 
pressed by  the  transformer  on  the  faulty  wire,  together  with  the  small 
magnitude  of  the  former,  are  very  favorable  to  the  suppression  of  the 
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arc.  Following  its  extinction,  there  is  a  further  action  of  the  resonant 
system  consisting  of  the  coil  and  the  total  capacity  to  ground  which 
acts  in  such  a  way  as  to  prevent  any  over-voltage  and  to  restore  the 
normal  potentials  to  ground  gradually,  thus  tending  to  prevent  the 
arc  from  restriking.     This  action  is  as  follows: 


Fig.  2 — Vector  Diagram  Showing  Relations  of  Voltages  and  Currents  at  and  Follow- 
ing Extinction  of  Arc 

Referring  to  Fig.  2,  the  vectors  Ew,  E2o,  -E30  represent  the  emfs. 
impressed  between  lines  and  neutral  by  the  transformer  bank.  Ic, 
In,  If  are  respectively  the  admittance  current  to  the  fault,  the  current 
supplied  by  the  reactor  to  the  fault,  and  the  total  fault  current.  The 
fault  is  assumed  to  be  on  phase  3.  The  arc  will  go  out  when  If  passes 
through  zero.  At  this  instant,  £30  is  also  zero  and  /„  and  Ic  have 
nearly  their  maximum  values.  Their  instantaneous  values  are,  how- 
ever, exactly  equal  and  opposite  in  the  sense  indicated  by  the  arrows 
in  Fig.  1,  i.e.,  regarded  as  currents  fed  to  the  fault  by  the  two  parallel 
circuits  (1)  coil-fault-faulty  wire-£30  and  (2)  admittance  of  sound 
phases-fault-faulty  wire-transformer  bank.  These  instantaneous 
currents  are  exactly  equal  in  magnitude  and  are  in  the  same  direction 
in  the  single  series  circuit  consisting  of  coil,  transformers,  admittance 
to  ground  of  the  three  phases  in  parallel,  and  ground.  Thus  the 
condition  in  this  series  resonant  circuit  at  the  instant  of  extinction 
is  that  of  an  established  free  oscillation,  the  energy  of  the  oscillation 
being  at  this  instant  wholly  electromagnetic. 

The  voltage  across  the  reactor  due  to  the  current  /„,  in  the  direction 
of  £30  (Fig.  1)  is  represented  in  Fig.  2  by  the  vector  Eot.  This  is 
180°  out  of  phase  with  E30  and  initially  of  the  same  amplitude.  At 
the  instant  the  arc  goes  out,  both  are  practically  zero.  As  the  oscilla- 
tion progresses,  E0g  dies  away,  due  to  damping,  and  the  resultant 


PETERSEX   SYSTEM   OF   GROUXDIXG 


43 


voltage  of  the  faulty  wire  to  ground,  viz.,  ESg  =  E30  +  E0g,  passes 
gradually  back  to  the  normal  value  £30.  At  the  same  time  the  voltagee 
to  ground  of  the  two  sound  phases  (£]g,  £?gj  return  to  their  normal 
values  £10,  £2o-  The  ends  of  the  three  vectors,  ESg,  £lg,  E2g,  may  be 
thought  of  as  sliding  at  equal  rates  along  the  line  £30  and  the  dotted 
lines  parallel  to  it. 

The  effectiveness  of  the  action  just  sketched  (it  has  been  assumed 
that  the  frequency  of  the  series  resonant  circuit  is  accurately  that  of 
the  system  fundamental),  of  course,  depends  on  the  accuracy  of  the 
tuning  and  the  amount  of  clamping.  If  the  free  period  of  the  resonant 
circuit  differs  considerably  from  the  fundamental  period  of  the  system, 
the  impressing  on  the  faulty  wire  of  a  voltage  to  ground  in  excess  of 
normal  may  result,  especially  if  the  damping  is  small.  The  effect  of 
inexact  tuning  is  discussed  by  Petersen  in  the  article  referred  to  above. 
He  describes  some  experiments  in  which  the  capacity  of  the  power 
system  to  ground  was  varied  some  15  'or  20'  [ ,  each  way  from  the 
value  corresponding  to  resonance,  without  apparent  effect  on  the 
quenching  action  of  the  reactor. 

2.     Transient  Overvoltage  on  Sound  Phase  at  Time  of  Grounding 

To  simplify  the  following  theoretical  discussion  a  single  phase 
system  is  treated.     This  is  represented  in  Fig.  3.     Referring  to  this 


•ic+Mg  +L2C^2g 
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i'ic-HLigt'-zc+'-2g+Ln 

Fig.  3 — Three-phase  System  with  Neutral  Grounded  Through  Reactor,  with  Fault 

to  Ground  on  One  Phase 


figure,  when  one  phase  is  grounded  (represented  by  the  closing  of  the 
switch  S),  the  following  equations,  in  which  D  denotes  differentiation 
with  respect  to  time,  must  be  satisfied: 
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E 
$  (D)  i„  =  -~  COS  0)  t 

I  *  (D)  ilg  =  [-£  +  2rn  +   (|  +  2LB)  D]  |  cos  «  / 

where 

$(Z))=LC/0(|  +  2L„)z)3+[c/o(rL  +  2L„r  +  2r„L)+g/aL(^  +  2Ln)Jz)2 

+  [g'0  (ri  +  2L„r  +  2r„L)  +  C'0  (j  +  2rr„)  +  L  +  2Ln  ]r> 

+  g'o  (^  +  2rrw)  +  r  +  2rn 

Co  =  C  +  C\  g'o  =  g  +  g'. 

To  solve  the  equations,  the  cubic  equation  <J>  (D)  —  0  must  be  solved. 
An  algebraic  solution  would  be  so  cumbersome  as  to  be  impracticable. 
The  following  numerical  values  of  the  constants  have  therefore  been 
inserted,  as  what  is  desired  is  a  numerical  solution  representing  the 
effect  in  a  practical  case: 

g  =  0.37  X  10-6  mho  g'  =  0.18  X  10"*  mho 

C  =  0.55  X  10~6  farad  C  =  0.30  X  10"6  farad 

L„  =  6.4  henries  rn  =  200  ohms 

L  =  0.022  henry  r   =  2.0  ohms 

E  =  \/2  X  26,400  =  37,350  volts  «  =  377 
With  these  assumpti   ns 

$  (D)  =  2.4  X  10'7DS  +  29.4  X  lO^D2  +  12.8  D  +  402, 

of  which  the  ro^ts  are 

-  31.4,    -  45.5  +  j7,300,   -   45.5  -  J7.300 

which  may  be  denoted  by  —  a',  —  a  +  jb,  —  a  —  jb  respectively. 
The  resulting  equations  for  i\g  and  i„  are 

iig  =  Pe-a'1  +  Qe~at  sin  (bt  +  6)  +  gE  cos  w  t, 

in  =  P'e-°'1  +  Q'e~at  sin  (bt  +  6')  +  ^  sin  (o>/  +  4°.7). 

The  relations  between  the  two  sets  of  arbitrary  constants  may  be 
obtained  by  inserting  these  solutions  in  the  following  differential 
equation  connecting  ilg  and   /„: 

ijg  ~[r/2  +  2r„  +  (L/2  +  2Ln)  D]i„  =  0, 

and  the  three  independent  arbitrary  constants  so  found  are  determined 
by  the  following  conditions  when  /  =  0  (it  is  assumed  that  breakdown 
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occurs  when  the  impressed  voltage  to  ground,  E  cos  ust/2,  is  a  maxi- 
mum) : 

in   =   0, 

iig  +  kg  +  iu  +  *&  =  (g'o  +  Co'Z?)  ^  =  0.0173  ampere, 
3i  +  q«  =  —  Co  =  0.0216  coulomb. 

The  numerical  quantities  in  the  second  and  third  of  these  equations 
are  respectively  the  total  current  supplied  to  the  sound  wire  and  the 
total  charge  on  this  wire  at  the  instant  of  breakdown.  They  are 
obtained  by  solving  the  network  of  Fig.  3,  with  switch  S  open  and 
taking  instantaneous  values  when  the  impressed  e.  m.  f.  is  a  maximum. 

The  resulting  expressing  for  iig  is 

ilg  =  0.3  X  10"V-31 4<  -  4.38  X  lO-V"*"*  cos  7300/ 
+  0.37  X  10-6  X  37,350  cos  377/. 

The  non-oscillatory  term  0.3  X  I0~6e~3l'u  is  seen  to  be  negligible 
compared   to   the  others. 

The  voltage  between  the  sound  wire  and  ground  is  obtained  by 
dividing  the  above  result  by  g  =  0.37  X  10"6,  and  is 

v  =  O.Se-31-4'  -  11.S00?-45-5'  cos  7,300/  +  37,350  cos  377/. 

This  equation  is  plotted  for  about  1^  cycles  of  fundamental  frequency 
in  Fig.  4.  The  non-oscillatory  term  is  negligible.  As  will  be  seen, 
the  maximum  overvoltage  is  about  30%. 
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Fig.  4 — Voltage  from  Sound  Phase  to  Ground  Following  Extinction  of  Arc. 
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For  comparison  purposes,  the  voltage  to  ground  of  the  sound  phase 
with  the  reactor  omitted  {i.e.,  with  the  system  isolated)  has  been  cal- 
culated, using  the  same  constants  as  before.     The  result  is 

v'  =  -  11,900s-45-8'  cos  7310/  +  37,350  cos  377/. 

This  is  practically  identical  with  the  earlier  result;  that  is,  the  voltage 
to  ground  of  the  sound  phase  is  practically  the  same  with  the  reactor 
as  with  the  system  isolated. 

3.     Effects  with   Respect  to  Induction  in  Neighboring  Communication 
Circuits 

An  estimate  of  the  value  of  the  Petersen  coil  must  involve  a  com- 
parison with  other  methods  of  grounding  the  neutral  (including 
grounding  through  an  infinite  impedance,  i.e.,  the  isolated  system)  or 
of  otherwise  limiting  the  effects  of  abnormal  occurrences  in  a  power 
system.  As  regards  the  induction  of  fundamental  frequency  voltages 
in  exposed  communication  circuits,  the  methods  of  chief  importance 
in  such  a  comparison,  at  least  so  far  as  American  practice  is  con- 
cerned, are  that  in  which  the  neutral  is  grounded  either  directly  or 
through  a  low  resistance,  and  that  in  which  the  neutral  is  isolated. 

When  accidental  grounds  occur  on  a  power  system  with  neutral 
grounded  through  zero  or  a  low  impedance,  the  resulting  heavy  short 
circuit  currents  to  ground  may  produce  severe  disturbances  in  ex- 
posed communication  circuits.  Owing  to  the  fact  that  these  dis- 
turbances are  produced  by  electromagnetic  induction  in  a  circuit 
consisting  of  the  communication  conductor  as  one  side  and  the  earth 
as  the  other,  they  cannot  be  avoided  by  enclosing  the  communication 
conductors  in  lead-sheathed  cable,  even  when  this  is  placed  under- 
ground. 

With  the  Petersen  coil,  according  to  the  explanation  in  the  first  part 
of  this  section,  the  neutral  current  of  fundamental  frequency  due  to  a 
fault  to  ground  is  made  equal  to  the  charging  current  of  the  system 
to  ground  with  one  phase  grounded,  and  this  is  generally  a  small 
fraction2  — a  few  per  cent,  or  less — of  the  neutral  current  in  an  identi- 
cal system  with  neutral  directly  grounded. 

The  Petersen  coil  will  thus  in  many  cases  largely  prevent  the  electro- 
magnetic inductive  effects  at  fundamental  frequency  which  appear 
when  a  fault  to  ground  occurs  on  a  system  grounded  solidly  or  through 

1  Exceptions  to  this  statement  exist  in  the  case  of  extensive  high  voltage  networks 
where,  with  a  ground  on  one  phase,  the  charging  current  to  ground  with  isolated 
neutral  may  be  of  the  same  order  of  magnitude  as  the  short  circuit  current  with  dead- 
grounded  neutral  if  the  fault  is  remote  from  a  point  of  main  power  supply. 
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a  low  resistance.  There  will  appear,  however,  electrically3  induced 
voltages  of  fundamental  frequency  substantially  identical  with  those 
that  would  occur  with  neutral  isolated.  Where  the  communication 
circuits  are  in  underground  cable,  these  voltages  are  of  inappreciable 
magnitude,  and  with  aerial  cables  (with  metallic  sheaths)  their  effects 
can  in  general  be  controlled  without  great  difficulty.  With  open 
wire  communication  circuits,  electrically  induced  voltages  are  of 
much  more  consequence.  They  may  in  some  cases  equal  or  exceed 
the  voltages  which  would  be  induced  electromagnetically  with  dead- 
grounded  neutral.  However,  except  perhaps  in  cases  of  long  ex- 
posure to  high  voltage  power  circuits  at  close  separations,  their 
effects  are  generally  much  less  severe  than  the  electromagnetic  effects, 
because  of  the  smaller  amount  of  energy  transferred  to  the  disturbed 
circuit.  This  is  in  general  accordance  with  experience  with  open 
wire  circuits  exposed  to  power  circuits  of  moderate  voltage.  As  is 
explained  in  the  next  paragraph,  the  use  of  a  Petersen  reactor  to  ground 
the  neutral  may  be  expected  to  lessen  the  severity  of  inductive  effects 
which  would  be  experienced  from  an  isolated  system,  by  preventing 
additional  parts  of  the  power  system  from  becoming  involved. 

As  compared  to  the  isolated  system,  the  use  of  the  Petersen  coil  in 
the  connection  from  neutral  to  ground  may  be  expected  to  have  the 
advantage,  according  to  the  theory  of  the  first  subdivision  of  this 
section,  of  preventing  the  formation  of  an  "arcing  ground."  As  ex- 
perience has  shown,  an  arcing  ground  in  an  isolated  system  is  fre- 
quently the  cause  of  serious  disturbances  which  may  involve  portions 
of  a  network  remote  from  the  location  of  the  original  trouble.  The 
advantage  of  the  reactor  in  this  respect  is,  of  course,  a  fundamental 
one  from  the  standpoint  of  power  operation.  It  is  in  general  of  pro- 
portionate importance  from  the  inductive  interference  point  of  view, 
at  least  where  a  power  network  is  involved  in  parallels  with  com- 
munication circuits  at  several  places,  as  is  not  infrequenctly  the  case 
near  large  cities.  A  breakdown  to  ground  in  the  power  network  on  a 
different  phase  from  that  originally  involved,  and  in  a  different  locality, 
may  lead  to  large  phase-to-phase  currents  in  the  earth,  from  the 
second  fault  to  the  first,  or  to  a  ground  intentionally  placed  on  the 
phase  first  involved,  in  order  to  short  circuit  the  arc.  The  inductive 
effects  thus  become  electromagnetic  in  character,  and  the  inter- 
ference produced  in  this  manner  may  be  severe. 

The  possibility  that  the  reactor  might  tend  to  produce  a  greater 

'"Electrically"  is  used  here  and  elsewhere  in  this  paper  in  the  sense  in  which 
"electrostatically"  is  perhaps  more  commonly  used.  The  phenomena  involved 
are  not  static  and  the  latter  word  is  inappropriate  on  this  account. 
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overvoltage  on  a  sound  phase  at  the  instant  of  grounding  than  would 
be  the  case  in  an  isolated  system  is,  of  course,  of  importance  in  this 
connection.  This  has  been  examined  from  a  theoretical  standpoint 
in  the  second  subdivision  of  this  section,  with  the  conclusion  that 
there  is  no  material  difference  in  this  respect. 

There  remains  the  method  of  grounding  in  which  a  high  resistance 
is  employed  in  the  connection  from  neutral  to  ground.  By  "  high  "  here 
may  be  meant  the  "critical"4  resistance  or  one  of  smaller  magnitude, 
but  still  so  large  that  in  the  event  of  a  solidly  grounded  phase,  the 
sound  phases  are  brought  to  subtsantially  full  delta  voltage  above 
ground.  There  are  probably  few  cases  where  electromagnetic  indu- 
tive  effects  due  to  accidental  grounds  on  a  power  system  are  a  matter 
of  importance,  in  which  a  neutral  resistance  small  enough  to  avoid 
this  rise  of  voltage  on  the  sound  phases  would  be  effective  as  a  meas- 
ure of  relief.  This  method  of  grounding  would  thus  not  avoid  the 
electrically  induced  voltages  which  arise  when  the  reactor  is  used, 
although  it  would  presumably  be  effective  in  preventing  the  spread 
of  trouble  to  other  parts  of  the  power  system  if  positive  operation  of 
selective  relays  is  secured.  Inasmuch  as  it  presents  fewer  difficulties 
from  this  last  point  of  view  than  the  Petersen  reactor,  grounding 
through  a  moderate  resistance  has  a  definite  advantage  over  the  latter 
method  from  the  standpoint  of  inductive  effects  at  fundamental 
frequency,  provided  sufficient  resistance  can  be  used  to  limit  the 
electromagnetically  induced  voltages  to  tolerable  values. 

Where  this  is  impracticable  from  the  standpoint  of  power  system 
operation,  the  relative  merits  of  the  two  systems  would  have  to  be 
decided  by  balancing  the  effective  suppression  of  the  transient  electro- 
magnetic inductive  effects  by  means  of  the  reactor,  plus  the  expecta- 
tion of  occasional  disturbances  continuing  over  the  intervals  neces- 
sary for  the  location  and  disconnection  of  the  faulty  line,  against  the 
imperfect  suppression  of  the  former  effects  by  means  of  the  resistor, 
plus  the  limitation  to  very  brief  intervals  of  electrically  induced  dis- 
turbances otherwise  the  same  as  with  the  reactor.  It  is  obvious  that 
the  factors  controlling  such  a  decision  would  vary  widely  in  different 
cases,  and  that  practical  experience  with  both  methods  would  be  of 
great  value  in  estimating  their  relative  importance.  It  is,  of  course, 
possible  that  future  development  may  remove  some  of  the  disad- 
vantage at  which  the  Petersen  coil  now  finds  itself  in  respect  to  the 
matter  of  relay  protection  for  interconnected  networks.  Such  de- 
velopment would  presumably  be  of  importance  also  to  the  critical 

4  I.e.,  the  resistance  for  which  a  discharge  to  ground  passes  from  the  oscillatory 
to  the  non-oscillatory  type. 
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resistance  which,  as  a  method  of  grounding  the  neutral,  would  gener- 
ally suffice  to  prevent  interference  from  ground  currents  at  times  of 
faults  to  ground,  but  which  apparently  presents  difficulties  from  the 
relay  standpoint  similar  to  those  involved  in  the  use  of  the  Petersen 
coil. 

II.     Effects  with  Power  System  in  Normal  Condition 

1.      Fundamental  Frequency 

Referring  to  Fig.  5  (we  now  take  account  of  inequalities  in  the  ad- 
mittances to  ground), 


Fig.   5 — Three-phase  System   with   Neutral  Grounded   Through   Reactor.     Admit- 
tances to  Ground  Not  Balanced. 


-£•01  —  -ry  —  -C.02  —  ~^r  —  -C-03         -^~  —  •£„-/„, 
i  i  x  2  J-  3 


so  that 


/*  = 


/i  +  h  +•/,  =  /„, 
Y1E0i  +  Y0E02  +  Y3E03 


1  +  Z«Y 

where     Y  =   Y\  +  Y?  4-  Y3  =  total    direct    admittance    to    ground. 
If  the  impressed  voltages  are  balanced 
-E01 


I» 


rAYi  +  Y2ei™°  +  F3^240°). 


1  +ZnY 

The  parenthesis  is  the  "  residual  admittance  "  5  to  ground  and.  if 
the    three    leakances    to    ground    are    equal,    it   can    vanish    only   if 

6  Inductive  Interference  between  Power  and  Communication  Circuits,  California 
Railroad  Commission,  p.  269. 
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the  three  direct  capacities  to  ground  are  the  same.  The  equation  is 
equivalent  to 

F  V 

"  ";    3   1  +  ZnY' 

where  Erc  is  the  "  characteristic  residual  voltage  "  6  of  the  (isolated) 
system  and  is  equal  in  magnitude  to  3  £01  times  the  ratio  of  the  residual 
admittance  to  ground  to  the  total  admittance  to  ground. 
We  have 

YZ„  =  r„g  -  a2L„C  +  jco  (Cr„  +  L„g) 

rn  and  Ln  being  the  resistance  and  inductance  of  the  earth  coil,  and 
g  and  C  the  total  leakance  and  capacity  to  ground,  respectively. 
Also,  for  resonance 

cj2L„C  =  1 

and  hence  the  above  expression  for  In  becomes  (at  fundamental 
frequency) 

Eoi^  +  Fae^  +  Fae2400) 


In  = 


r"     g     \j  .[  r"      I    -1-1 


coLn  00C 

if  the  earth  coil  is  adjusted  for  accurate  resonance. 

If  in  this  equation  the  denominator  on  the  right  be  denoted  by  x 
and   the   fractional   unbalance   of    the    admittance    to    ground    by   y 


then 


/„  =  "^i  (3) 

X 

and,   Vn  being  voltage  between  neutral  and  ground, 

'  n    =:    ^nJ-n 

_  yJ^S  £oi.  (4) 

x 

If  the  losses  in  the  system  (including  the  earth  coil)  are  small,  x  is 
small  compared  to  1.     Thus  we  get,  for  the  absolute  value  of  V 

I  Vn  I  =  I  -  •  -E01  I.  approximately 

and   the  absolute  value  of  the  residual  voltage  is  three  times  this, 
approximately. 

6  Ibid.,  p.  257. 
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In  substance,  this  means  that,  at  fundamental  frequency  and  with 
small  losses,  the  fractional  admittance  unbalance  should  be  kept  small 
compared  to  the  ratio  of  the  resistance  to  the  reactance  of  the  coil,  if 
unduly  high  voltages  to  ground  are  to  be  avoided.  (It  is  supposed 
that  g/coC  is  of  the  order  of  rn/wL„,  or  smaller — a  condition  probably 
satisfied  even  with  the  best  practiable  design  of  coil,  except  under 
very  wet  line  conditions.)  The  point  involved  here  is,  of  course,  an 
important  one  from  the  standpoint  of  power  system  operation.  It 
is  also  important  from  the  standpoint  of  electrically  induced  voltages 
in  exposed  communication  circuits.  The  admittance  unbalance  can 
be  kept  within  the  necessary  limits  by  suitable  power  circuit  trans- 
positions. 

The  absolute  magnitude  of  the  fundamental  frequency  neutral 
current  is  obtained  from  the  expression  for  |  V„  |  by  dividing  by  the 
coil  impedance  (or  directly  from  equation  (3),  and  is,  approximately, 

1  yEoi  [ 


In       = 


For  a  system  with  dead-grounded  neutral  the  fundamental  frequency 
residual  current  is  yEoiT  and  is  thus  smaller  than  that  just  found  for 
the  case  of  the  reactor  in  the  ratio  of  \x\  to  1,  approximately.  It  is 
evident,  however,  that  the  magnitude  of  the  neutral  current  with 
reactor  is  controllable  by  means  of  transpositions,  as  in  the  case  of 
the  neutral  and  residual  voltages.  The  inductive  effects  of  this 
current  should  be  of  small  consequence  with  an  amount  of  transposing 
sufficient  to  keep  the  line  voltages  to  ground  within  limits  desirable 
from  the  standpoint  of  power  system  operation. 

2.     Harmonics 

In  the  following  discussion,  we  retain  the  assumption  of  lumped 
constants,  so  that  the  results  are  not  applicable  to  extensive  networks 
without  modification. 

With  this  restriction,  at  harmonic  frequencies  other  than  the  third 
or  one  of  its  odd  multiples,  the  above  approximate  equation  for  Vn 
becomes 

V„  =      y — •  £oi,  approximately, 

-  1  +-2  +  *' 

m  being  the  order  and  £0i  the  voltage  of  the  harmonic  and  x  and  y 
accented  to  denote  that  they  are  to  be  taken  for  the  frequency  in 
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question.  For  small  losses  x'  may  be  neglected  in  comparison  with 
unity,  as  before,  giving 

I  VH  |  =  V-,  approximately.  (5) 

1  -- 
ml 

For  isolated  neutral 

|F„|  =  |/£0i|.  (6) 

Thus,  even  for  the  fifth  harmonic,  the  right  hand  side  of  (5)  is  only 
4  per  cent,  in  excess  of  the  value  it  would  have  if  the  neutral  were 
isolated. 

For  harmonics  whose  orders  are  not  divisible  by  three  the  residual 
voltage  is  three  times  V„.  Thus  from  the  standpoint  of  noise  inter- 
ference from  voltages,  a  system  grounded  through  a  Petersen  coil 
behaves  practically  as  though  the  neutral  were  isolated,  so  far  as  these 
harmonics  are  concerned.  As  with  the  fundamental,  power  circuit 
transpositions  are  available  for  the  reduction  of  residual  voltages  of 
these  frequencies. 

Residual  currents  of  frequencies  belonging  to  this  series  of  har- 
monics, which  are  not  present  at  the  ends  of  the  line  with  isolated 
neutral,  are  introduced  by  grounding  through  the  reactor,  but  they 
are  of  minor  importance,  as  may  be  judged  by  comparing  the  neutral 
currents  with  the  reactor  and  with  dead  grounded  neutral.  With  the 
reactor,  the  neutral  current  of  a  harmonic  of  order  m  not  a  multiple 
of  3  is  found  from  (5)  to  be,  in  absolute  value, 

■  T   |       m  |  y'  £oi  I  .  , 

1  In  '  =  (m»-l)   |Z,|'  aPProximatel>'> 

Zn  being  the  ceil  impedance  at  fundamental  frequency,  while  with 
dead-grounded  neutral,  it  would  be 

|  I„  |  =  |  E0iy'mY\,  approximately, 

in  which  Y  is  the  total  admittance  to  ground  at  fundamental  fre- 
quency. Thus  the  magnitude  of  the  neutral  current  with  the  reactor 
is  approximately  1  (m2  —  1)  of  its  magnitude  with  dead-grounded 
neutral.  The  noise  effects  of  residual  currents  of  these  magnitudes 
will  generally  be  insignificant  compared  to  those  arising  from  other 
sources,  particularly  if  the  power  circuit  capacities  to  ground  are  well 
balanced. 

For  the  third  harmonic,  or  one  of  its  odd  multiples,  we  get 

tt       _    y    t       _    -^-"Oi  ^  n  Y 

Vn~      "  n  ~  1  +  Z'nY'  ' 
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in  which  the  symbols  for  coil  impedance  and  line  admittance  are 
accented  to  denote  that  they  refer  to  the  harmonic  frequency  in 
question; 

E^m2  (*'  -  1)  . 


V"       1  +  m2  (*'  -  1)* 


and 


I  V„  I  =  — ^~r  i  approximately. 

1    "    "I 

For  isolated  neutral, 

Vn  =  Eoi 

The  neutral  is  thus  subjected  to  a  third  harmonic  voltage  some  12 
per  cent,  greater  than  if  it  were  isolated,  but  for  the  higher  harmonics 
belonging  to  this  series  (of  the  third  and  its  odd  multiples),  the  differ- 
ence is  inappreciable. 

The  residual  voltage  for  a  harmonic  of  this  series  is 

Vr  =  3  (Eoi  -  Vn)  (7) 

=  3£o1  1  +  ro2(*'  -  1); 
and 

I  Vr  I  =  3  [Eo\[  approximately.  (8) 

m2  —  1 

The  corresponding  neutral  current  is 

£oi  r  I 


In    = 


1  +Z'„Y" 

and 

I  j   I  =  I  E>0lY\[  approximately.  (9) 

m    —  1 

From  the  standpoint  of  noise  interference  in  telephone  circuits, 
residuals  of  the  series  consisting  of  the  third  harmonic  and  its  odd 
multiples  are  frequently  troublesome  where  the  neutral  of  a  three- 
phase  system  is  grounded  directly  or  through  a  low  resistance.  These 
residuals,  of  course,  are  not  affected  by  power  circuit  transpositions, 
either  as  to  their  magnitudes  or  as  to  their  inductive  effects  upon 
exposed  telephone  circuits.  It  is  therefore  of  interest  to  examine  the 
expressions  just  obtained  for  the  case  in  which  the  neutral  is  grounded 
through  the  coil.     While  the  neutral  current  will  not  be  the  same  as 
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the  residual  current  except  when  only  one  line  is  supplied  from  the 
transformer  bank,  the  effect  upon  the  former  should  in  general  be  at 
least  approximately  proportional  to  the  effect  upon  the  residual  cur- 
rent in  any  line  supplied  from  the  bank. 

In  writing  equation  (7),  any  difference  between  the  induced  voltage 
£01  and  the  voltage  appearing  between  line  and  neutral  has  been 
ignored.  To  the  extent  that  this  is  justifiable,  the  expressions  for  the 
case  of  the  solidly  grounded  neutral  may  be  obtained  by  making  the 
denominators  of  the  right  hand  sides  of  (8)  and  (9)  each  unity.  If 
the  transformer  bank  is  provided  with  a  delta  winding  of  low  im- 
pedance, in  particular  if  it  is  connected  delta  on  one  side,  this  pro- 
cedure gives  a  fair  approximation  to  the  correct  expressions,  since 
the  impedance  through  which  the  voltage  £0i  regulates  is  in  this 
case  merely  the  transformer  leakage  impedance.  The  resulting 
conclusions  with  respect  to  the  advantage  of  the  reactor — for  ex- 
ample, that  the  third  harmonic  residual  voltage  or  neutral  current  is 
1/8  as  large,  the  ninth  1  80  as  large,  etc.,  with  the  reactor  as  with 
solidly  grounded  neutral — should  not,  in  any  event,  be  unfavorable  to 
the  latter  method  of  grounding  unless  the  electrical  length  of  the  line 
approaches  the  point  at  which  its  reactance  to  ground  becomes 
positive. 

If  the  transformers  are  so  connected  as  to  provide  no  path  for  triple 
harmonic  magnetizing  currents  other  than  through  line  admittance 
to  ground  and  the  impedance  between  neutral  and  ground,  the  in- 
duced voltage  £01  is  not  the  same  for  the  two  methods  of  grounding 
under  consideration,  because  the  impedance  to  the  triple  harmonic 
magnetizing  currents  is  appreciably  different  in  two  cases.  A  con- 
venient method  of  taking  this  effect  into  account  is  to  regard  the  in- 
duced voltage  as  due  to  a  fictitious  impedanceless  generator  of  de- 
terminate voltage  regulating  through  the  mutual  impedance  of  the 
transformer  windings  for  the  frequency  in  question.7  If  Z'm  is  one- 
third  of  this  mutual  impedance  and  V018  is  the  voltage  of  the  fictitious 
generator,  the  expression  for  the  neutral  current  with  ground  con- 
nection through  the  reactor  becomes 

V    Y' 
In  =  1  -  rJ\  Y'Z'J  aPProximatel>'-  (10) 

»  H.  S.  Osborne,  Trans.  A.  I.  E.  E.  34,  p.  2175,  1915. 

8  The  voltage  thus  assumed  is,  of  course,  not  identical  with  the  induced  voltage 
for  which  the  symbol  £0i  has  hitherto  been  used,  and  for  this  reason  the  new  symbol 
V0i  is  used  for  it.  The  corresponding  E01  would  be  l*0i  diminished  by  the  drop  through 
the  mutual  impedance. 
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and  the  residual  voltage  is 

Vr  =  3  (V01-  InZ'm-  Vn) 

=  x  _  m2    i01^/  z,     approximately.  (11) 

The  corresponding  expressions  for  solidly  grounded  neutral  are  ob- 
tained by  omitting  m2  in  the  denominator  for  each  of  the  equations 
just  derived.  Thus  the  advantage  of  grounding  through  the  reactor 
relative  to  grounding  directly  depends  on  the  magnitude  of  Y'Z'm  as 
compared  to  the  square  of  the  order  of  the  harmonic.  Z'm  depends 
upon  the  voltage  and  the  kva.  capacity  of  the  transformers  and  is 
mostly  inductive  reactance.  For  high  voltage  transformer  banks 
of  small  capacity  feeding  very  extensive  networks,  the  gain  indicated 
by  equations  (10)  and  (11)  from  the  use  of  the  reactor  would  prob- 
ably not  be  large.  It  would  be  important,  however,  where  the  aggre- 
gate capacity  of  the  supply  transformers  is  moderate  or  large  and  the 
connected  network  is  of  moderate  extent  and  voltage.  For  instance, 
using  the  data  of  the  example  considered  in  an  earlier  part  of  this 

paper  and  taking  Z'm  =  jL'mw'  =  -.  j  9,000  as  an  appropriate  value 

o 

for  a  total  transformer  capacity  of  7,000  to  8,000  kva.,  with  line  voltage 
from  20,000  to  30,000,  we  should  have  L'mCu'2  equal  to  about  4  at 
180  cycles  sec.  In  other  words,  in  this  case,  the  employment  of  the 
reactor  would  reduce  the  residual  voltage  and  the  neutral  current  of 
the  third  harmonic  frequency  due  to  a  star-star  solidly  grounded 
transformer  bank  by  about  75  per  cent.,  and  residuals  of  other  fre- 
quencies belonging  to  the  same  series  probably  by  larger  amounts. 

In  the  earlier  discussion  relating  to  harmonics  not  belonging  to  the 
triple  series,  comparison  was  made  between  a  system  grounded  through 
a  Petersen  reactor  and  the  isolated  system.  In  a  similar  comparison 
with  respect  to  the  triple  harmonic  series,  the  isolated  system  has  the 
advantage,  since  residuals  of  this  series  theoretically  do  not  appear 
in  such  a  system,  as  the  voltages  are  not  impressed  between  wires. 
As  a  practical  matter,  an  isolated  system  would  probably  not  be 
entirely  free  of  triple  harmonic  residuals,  owing  to  dissimilarities  in 
transformers  or  elsewhere.  Such  accidental  effects  can  hardly  be 
taken  into  account  in  a  theoretical  discussion.  However,  in  setting 
up  a  comparison  between  the  isolated  system  and  that  grounded 
through  the  reactor,  an  idea  of  the  relative  importance  of  the  triple 
harmonic  residual  voltages  existing  in  the  latter  case  can  perhaps  be 
obtained  by  comparing  their  theoretical  magnitudes  with  the  theoreti- 


56  BELL  SYSTEM    TECHNICAL   JOURNAL 

cal  magnitudes  of  residual  voltages  in  the  isolated  system  of  non- 
triple  frequencies. 

The  residual  voltage  due  to  one  of  these  non-triple  frequencies, 
which  is  three  times  the  neutral  voltage,  is  3y'  £'oi,  according  to 
equation  (6).  Here  y'  is  the  fractional  residual  admittance  and  £'oi 
may  be  taken  as  the  induced  voltage  in  the  transformer  for  the  fre- 
quency in  question.  For  a  harmonic  belonging  to  the  triple  series, 
with  neutral  grounded  through  the  reactor,  the  absolute  value  of  the 

o    I   zp"  I 

residual  voltage  is  — j — 5U    (equation    (8)  )     m    being     the    order    of 

the  harmonic  and  E'0[  the  induced  voltage,  if  we  assume  the  trans- 
former bank  provided  with  a  low  impedance  path  for  triple  harmonics, 
and  therefore  neglect  the  difference  between  the  induced  and  the 
terminal  voltages.     The  ratio  of  the  triple-series  residual  voltage  to 


the  other  is  thus,  in  absolute  value. 


Em 


O2  -  1)  I  /  £0'i 


If  we  take  the  ninth  as  the  harmonic  of  the  triple  series  and  assume 
equal  values  of  the  induced  voltages  E'0[  and  F^  it  will  be  seen  that 
|  y'  |  must  be  of  the  order  of  0.01  if  the  residual  voltage  of  the  triple 
harmonic  series  is  to  be  as  large  as  the  other.  This  amount  of  un- 
balance is  somewhat  larger  than  has  been  found  at  this  frequency 
(540  cycles  sec.)  in  an  actual  transposed  line.9  If  we  consider  the 
higher  harmonics  of  the  triple  series,  |  y'  \  would  have  to  be  made 
progressively  smaller  in  order  that  the  ratio  might  remain  unity. 
Thus,  for  the  21st  harmonic,  v'  would  have  to  be  of  the  order  of 
0.002.  While,  of  course,  |  y'  |  may  be  made  as  small  as  desired  by 
sufficiently  close  power  circuit  transpositions,  it  appears  that  in  prac- 
tical cases  where  transformer  banks  have  delta  windings,  one  may 
expect  the  residual  voltages  of  the  triple  series,  introduced  by  changing 
from  an  isolated  system  to  one  grounded  through  the  reactor,  to  be 
relatively  unimportant  except  in  the  case  of  the  third  harmonic  and 
perhaps  in  that  of  the  ninth.  This  statement  would  not  be  true  if, 
as  with  star-star  transformers  under  some  circumstances,  no  low 
impedance  path  is  provided  for  magnetizing  currents  of  the 
triple  harmonic  series.  Such  cases  are  not  common  in  operating 
practice. 

The  method  of  estimating  comparative  effects  here  applied  to  the 
case  of  triple  harmonic  residual  voltages  is  not  available  for  residual 
currents.     To  take  account  of  the  latter  in  comparing  the  isolated 

» Inductive  Interference  between  Power  and  Communication  Circuits,  California 
Railroad  Commission,  Technical  Report  Xo.  51. 


PETERSEN  SYSTEM   OF   GROUNDING  57 

system  and  the  system  with  neutral  grounded  through  the  reactor, 
recourse  may  be  had  to  the  indirect  method  of  reference  to  the  solidly 
grounded  neutral  system,  as  in  the  discussion  of  residual  currents  of 
the  non-triple  series  on  page  52.  Such  a  procedure,  of  course,  in- 
volves a  reference  to  general  experience  also.  It  has  been  shown  in 
the  earlier  discussion  that  for  a  triple  series  harmonic  of  order  m 
the  neutral  current  with  the  reactor  is  approximately  1/  (m2  —  1) 
as  large  as  with  the  dead-grounded  neutral  if  a  low  impedance  path 
for  triple  frequency  magnetizing  currents  is  provided,  as  by  a  delta 
winding.  The  establishment  of  this  system  of  neutral  currents,  even 
though  they  are  small,  when  a  previously  isolated  system  is  grounded 
through  a  Petersen  reactor,  constitutes  an  addition  to  the  residuals 
which  produce  induction  in  neighboring  circuits.  However,  it  is  not 
to  be  expected  that  the  added  inductive  effects  would  be  important. 
Where  no  low  impedance  path  for  the  triple  series  magnetizing  cur- 
rents exists,  the  reactor  is  relatively  less  effective  in  suppressing 
residual  currents  of  this  series.  The  triple  harmonic  neutral  currents 
of  a  power  system  connected  in  this  manner  and  grounded  through  a 
Petersen  coil  might  in  some  cases  lead  to  inductive  effects  of  some 
significance. 

In  general,  for  harmonics  of  orders  not  divisible  by  three,  grounding 
through  a  moderate  resistance  (large,  however,  compared  to  other 
impedances  involved  in  a  short  circuit  to  ground)  will  be  more  ad- 
vantageous as  regards  residual  voltages,  and  less  advantageous  as 
regards  residual  currents,  than  grounding  through  the  reactor. 
Grounding  through  zero  impedance  would,  of  course,  generally  lead 
to  the  smallest  residual  voltages  and  the  largest  residual  currents  of 
these  frequencies.  For  frequencies  belonging  to  the  triple  series, 
grounding  through  the  reactor  will  be  considerably  more  advantageous 
than  grounding  through  a  moderate  resistance  as  regards  both  residual 
voltages  and  residual  currents.  It  may  be  expected  that  with  moder- 
ate neutral  resistance,  residual  currents  and  voltages  of  the  triple 
series  will  both  be  nearer  in  magnitude  to  those  obtaining  with  zero 
neutral  impedance  than  to  those  obtaining  with  the  Petersen  coil. 
The  moderate  neutral  resistance  is  relatively  more  effective  at  the 
higher  frequencies  in  reducing  residual  currents  of  all  harmonics 
and  residual  voltages  of  the  triple  series;  for  harmonic  residual 
voltages  not  belonging  to  the  triple  series,  it  is  relatively  more  effective 
at  the  lower  frequencies. 

I  wish  to  express  my  gratitude  for  helpful  suggestions  and  criticism 
received  in  the  preparation  of  this  paper  from  Messrs.  L.  P.  Ferris 
and  R.  G.  McCurdy,  and  also  from  Mr.  R.  K.  Honaman. 
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Summary 

1.  At  times  of  a  fault  to  ground  on  a  power  system  with  neutral 
grounded  through  a  Petersen  reactor,  the  action  of  the  latter  tends  to 
extinguish  the  arc  and  to  prevent  its  restriking.  Theoretical  con- 
siderations, applied  to  a  practical  case,  indicate  that  the  transient 
over-voltage  on  a  sound  phase  at  the  instant  of  occurrence  of  the 
fault  is  substantially  the  same  as  in  a  system  with  isolated  neutral. 

2.  Grounding  the  neutral  through  a  Petersen  earth  coil  instead  of 
directly  or  through  a  low  resistance  would  largely  prevent  the  electro- 
magnetic inductive  effects  to  which  exposed  communication  circuits 
are  liable  at  times  of  faults  to  ground  in  systems  grounded  in  the 
latter  manner.  (Extensive  high  voltage  networks  are  perhaps  an 
exception  to  this  statement.  But  even  here,  the  electromagnetic 
inductive  effects  would  in  general  not  be  greater  with  the  reactor 
than  with  isolated  neutral.)  However,  effects  due  to  electric  induc- 
tion similar  to  those  from  an  isolated  system  may  be  expected  to 
appear.  Except  for  long,  close  parallels  involving  open-wire  com- 
munication circuits  these  effects  should  in  general  be  much  less  severe 
than  the  electromagnetic  inductive  effects  from  a  system  with  dead- 
grounded  neutral.  The  extent  and  severity  of  the  inductive  effects 
experienced  from  the  system  grounded  through  the  reactor  would 
further  tend  to  be  smaller  than  with  the  isolated  system,  because  of 
the  effect  of  the  reactor  in  preventing  arcing  grounds. 

3.  Grounding  the  neutral  through  a  resistance  large  compared  to 
other  impedances  involved  in  a  short  circuit  to  ground  should  have 
an  advantage  over  grounding  through  the  Petersen  reactor,  in  that 
the  former  method  presents  fewer  difficulties  in  respect  to  power 
system  protective  relays,  so  that  it  would  reduce  the  possibility  of  the 
continuance  of  inductive  disturbances  over  considerable  periods  of 
time,  which  might  be  involved  in  grounding  through  the  reactor, 
under  present  relay  practice.  From  an  inductive  interference  stand- 
point, a  choice  between  the  two  methods  would  depend  upon  the 
circumstances  of  particular  cases.  Advances  in  the  art  of  relay 
protection  would  improve  the  position  of  the  reactor  in  such  con- 
siderations. 

4.  Under  normal  power  system  operating  conditions,  the  use  of  the 
reactor  may  lead  to  excessive  residual  voltages  of  fundamental  fre- 
quency if  the  admittances  from  phases  to  ground  are  unbalanced. 
Such  unbalance  may  be  reduced  to  the  extent  necessary  from  this 
point  of  view  by  power  circuit  transpositions. 

5.  Under  normal  operating  conditions,  it  is  to  be  expected  that  the 
residual  voltages  and  currents  of  the  triple  harmonic  series  occurring 
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with  neutral  grounded  through  zero  or  a  low  impedance  would  be 
largely  reduced  by  grounding  through  the  Petersen  reactor  instead. 
Residuals  of  other  harmonic  frequencies  should  be  substantially  the 
same  as  with  isolated  neutral,  and  are  controllable  by  means  of  power 
circuit  transpositions.  The  method  of  grounding  the  neutral  through 
a  resistance  of  moderate  value  is  favorable  to  the  reduction  of  residual 
voltages  of  the  harmonics  whose  orders  are  not  multiples  of  three, 
but  is  relatively  unfavorable  to  the  suppression  of  residual  currents 
of  these  frequencies.  It  is  also  considerably  less  effective  than  the 
reactor  in  preventing  residuals,  either  voltages  or  currents,  belong- 
ing to  the  triple  harmonic  series,  which  are  not  amenable  to  treat- 
ment by  transpositions. 


Philadelphia-Pittsburgh  Section  of  the 
New  York- Chicago  Cable1 

By  JAMES  J.  PILLIOD 

Synopsis:  Engineering  and  construction  features  involved  in  a  complete 
telephone  cable  system  over  300  miles  in  length  and  connecting  Philadelphia 
and  Pittsburgh,  Pa.,  are  described  in  the  following  paper.  This  cable  is 
designed  to  operate  as  an  extension  of  the  Boston-Washington  under- 
ground cable  system  with  which  it  connects  at  Philadelphia.  It  is  also 
designed  for  operation  in  connection  with  the  Pittsburgh-Chicago  cable 
now  under  construction,  and  other  cable  projects  included  in  a  compre- 
hensive fundamental  plan. 

Beginning  with  the  fundamental  factor  of  public  requirements  for  com- 
munication service  between  cities  separated  by  various  distances,  there  are 
next  considered  the  methods  available  to  provide  this  service.  Small- 
gage,  quadded,  aerial  cable,  which  was  decided  upon  for  use  in  this  section 
after  careful  economic  studies,  is  described  in  a  general  way  and  the  im- 
portant advantages  of  the  application  of  loading  and  telephone  repeaters  are 
outlined.  The  use,  in  connection  with  this  cable,  of  the  recently  developed 
metallic  telegraph  system  for  cables  is  referred  to  and  some  facts  are  given 
regarding  power  plants,  test  boards  and  buildings.  A  few  of  the  many 
possible  combinations  of  cable  and  equipment  facilities  into  complete 
telephone  circuits,  which  will  furnish  the  service  required  as  economically 
as  now  possible,  are  illustrated. 

The  necessity  of  complete  coordination  of  the  many  factors  involved 
in  a  project  of  this  kind  is  emphasized. 

Introduction 

THE  placing  in  service  in  the  latter  part  of  1921  of  the  final  section 
of  a  continuous  telephone  cable  over  300  miles  in  length  between 
Philadelphia  and  Pittsburgh  marked  a  new  point  of  achievement 
in  the  steady  development  and  construction  of  facilities  designed 
to  render  to  the  public  the  best  possible  long-distance  telephone 
service.  Furthermore,  this  cable  forms  an  important  part  of  a  com- 
prehensive plan  of  long-distance  cable  construction  throughout  that 
section  of  the  United  States  lying  in  general  east  of  the  Mississippi 
River  and  north  of  the  Ohio  and  Potomac  Rivers. 

In  the  discussion  of  a  project  of  this  kind  which  involves  many  new- 
practices  and  the  expenditure  of  several  millions  of  dollars  and  which, 
with  related  work  already  completed,  forms  the  groundwork  for 
large  expenditures  in  the  future,  it  is  usual  to  inquire  first  into  the 
underlying  reasons  for  carrying  out  the  project  and  then  into  the 
methods  adopted.  In  the  following  discussion  an  endeavor  will 
therefore  be  made  to  furnish  some  information  on  these  two  items 
in  their  relation  to  the  Philadelphia-Pittsburgh  cable,  although,  as 
will  be  obvious,  the  many  different  points  can  be  covered  in  only 

1  Presented  at  a  meeting  of  the  Philadelphia  Section  of  the  A.  I.  E.  E.,  January  9, 
1922,  presented  at  the  Annual  Convention  of  the  A.  I.  E.  E.,  Niagara  Falls,  Ont., 
June  26-30,  1922,  and  appearing  in  the  Journal  of  the  A.  I.  E.  E.  for  August,  1922. 
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the  most  general  way  in  the  space  available.  However,  before  going 
ahead  with  the  discussion,  I  would  like  to  point  out  that  this  project 
is  not  unlike  many  others  in  that,  as  a  whole  and  in  the  component 
parts,  there  have  been  required,  first,  the  careful  consideration  and 
decisions  of  the  executives,  then  the  underlying  work  of  many  scien- 
tists, inventors  and  engineers,  then  the  skilled  work  of  the  manu- 
facturers and  construction  forces,  and  finally  the  maintenance  and 
operation  by  trained  people  who  are  responsible  for  the  continuous 
service  so  vitally  necessary  to  the  industrial  and  social  structure  of 
the  country.  The  point  to  be  emphasized  here  is  that  the  coordina- 
tion of  all  of  these  factors  and  the  close  cooperation  of  all  of  the  many 
hundreds  of  people  concerned  are  the  important  things. 

General  Cable  Plans  and  Routes 

Fig.  1  is  an  outline  map  of  a  section  of  the  United  States  and  shows 
the  routes  of  existing  and  proposed  long  telephone  cables  of  the  Bell 
system.  It  will  be  noted  that  the  present  and  proposed  routes  follow 
in  a  general  way  the  routes  of  trunk-line  railroads.  This  general 
section  contains  more  than  50  per  cent  of  the  entire  population  of 
the  United  States  but  less  than  15  per  cent  of  the  area,  and  the  in- 
dustrial and  telephone  development  is,  of  course,  very  great.  Fur- 
thermore, the  nearby  >urrounding  states,  supplying  as  they  do  large 
quantities  of  food  products  and  raw  materials,  are  commercially 
related  to  this  section  in  a  very  peculiar  way  and  this  fact  greatly 
influences  the  long-distance  telephone  development  along  the  par- 
ticular cable  routes  indicated.  The  routes  through  the  State  of 
Pennsylvania  and  the  offices  at  Philadelphia  and  Pittsburgh,  which  are 
the  terminals  of  the  cable  that  is  more  particularly  the  subject  of 
this  discussion,  occupy  strategic  positions  in  this  system. 

Circuits  of  the  American  Telephone  and  Telegraph  Company  and 
the  Bell  Telephone  Company  of  Pennsylvania  are  carried  over  these 
routes  and  this  cable  was  jointly  planned  and  installed  by  these 
companies. 

Fig.  2  is  an  outline  map  of  the  State  of  Pennsylvania  and  shows 
the  situation  in  this  section  a  little  more  in  detail.  On  this  map  are 
shown  some  of  the  larger  cities  and  routes  of  the  longer  and  more 
important  toll  and  long-distance  telephone  lines.  As  indicated, 
these  lines  are  mainly  of  the  familiar  aerial  wire  type  which  has  been 
generally  used  in  the,  past  for  this  purpose  and  which  is  today  the 
most  efficient  and  economical  type  of  construction  for  many  cases. 
In    the    general    section    between    Philadelphia    and    Pittsburgh    the 
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requirements  for  circuits  are  very  heavy  and  in  addition,  as  is  well- 
known,  the  topography  of  the  country  is  such  that  the  through  routes 
which  can  economically  be  used  for  pole  lines  are  limited.  At  present, 
these  few  routes  are  fully  occupied  by  the  pole  lines  of  the  various 
utilities  and  included  in  these  lines  are  three  fully  loaded  telephone 
trunk  lines.  Another  item  of  importance  in  the  consideration  of 
aerial  wire  construction  is  the  very  severe  damage  frequently  experi- 
enced in  many  sections  of  the  country  on  heavy  aerial  wire  lines 
from  ice  and  wind  storms.  Even  lines  built  with  exceptional  strength 
fail  in  these  storms  and  the  interruptions  to  service  are  serious  mat- 
ters to  the  users  as  well  as  to  the  telephone  companies.     The  restora- 


Fig.  3 — Damage  to  Section  of  New  York-Boston  Main  Line  Near  Worcester,  Mass. 
Storm  of  November  28,  1921 


tion  costs  under  the  conditions  that  naturally  exist  at  such  times  are 
abnormally  high. 

Figs.  3  and  4  show  the  effects  at  one  point  of  the  ice  and  wind  storm 
in  New  England  on  November  28,  1921,  and  are  proof  that  this 
problem  is  real.  This  particular  spot  is  near  Worcester,  Mass.,  and 
the  line  is  a  section  of  one  of  the  principal  aerial  wire  routes  between 
New  York  and  Boston.  In  this  storm,  many  thousands  of  poles 
were  broken  and  even  where  a  few  poles  remained  standing  due  to 
specially  strong  construction,  the  load  of  ice  combined  with  the  wind 
was  too  great  for  the  wires  to  withstand.  There  is  therefore  a  prac- 
tical limit  to  the  number  of  wires  that  can  be  safely  and  economically 
carried  on  a  pole  line. 

Where  the  practicable  routes  for  pole  lines  are  limited,  where  the 
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existing  pole  lines  are  fully  loaded,  and  where  estimated  future  circuit 
requirements  are  of  considerable  magnitude,  it  is  obvious  that  different 
methods  of  providing  facilities,  if  available,  must  sooner  or  later 
be  given  serious  consideration.  The  conditions  between  Phila- 
delphia and  Pittsburgh  and  in  general  along  all  of  the  cable  routes 
shown  on  Fig.  1  are  now,  or  are  expected  within  a  few  years  to  be, 
such  as  to  make  the  use  of  some  type  of  construction  other  than  aerial 
wire  desirable  for  most  of  the  circuits. 

After  careful  studies  of  the  circuit  requirements  for  future  periods 


Fig.  4 — Section  of  New  York-Boston  Main  Line  Showing  Wires  Heavily  Loaded  with 
Ice.     November  28,  1921 


and  of  the  methods  available  for  providing  long-distance  telephone 
facilities,  which  in  general  are  aerial  wire  and  cable,  it  has  been  decided 
that  for  relief  in  these  sections  the  cable  method  will  give  the  best 
and  most  economical  results.  Long  underground  cables,  as  is  well- 
known,  have  been  in  operation  for  many  years  between  Boston,  New 
York,  Philadelphia,  Baltimore  and  Washington,  Chicago  and  Mil- 
waukee and  in  other  sections.  However,  the  type  of  cable  and  asso- 
ciated apparatus  which  is  now  being  used  in  the  development  of  the 
more  comprehensive  plan  is  quite  different  from  that  originally  used 
between  Boston  and  Washington  and  in  the  other  sections,  particu- 
larly in  the  use  of  copper  conductors  of  a  smaller  gage  combined 
with   improved   loading  coils,   the  vacuum   tube   telephone   repeater 
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and  other  methods  and  apparatus  which  are  the  result  of  recent 
developments.  Lead-covered  aerial  cable  supported  on  wooden  pole 
lines  is  to  be  used  in  general  on  all  of  the  routes  except  in  the  two 
sections  just  mentioned  and  through  cities  or  where  special  condi- 
tions exist  for  short  distances.  The  possibility  of  now  using  con- 
ductors of  No.  16  and  No.  19  A.  W.  G.  instead  of  conductors  up  to 


General  View  of  Pole  Line  Carrying  Aerial  Cable 


No.  10  A.  W.  G.  as  in  the  older  cables,  has  contributed  to  make  aerial 
construction  rather  than  underground  conduit  the  more  economical 
in  many  sections,  as  one  cable  will  provide  for  a  much  greater  number 
of  circuits  and  consequently  fewer  cables  will  be  required. 


Line  Construction 

The  general  type  of  aerial  construction  which  was  used  for  over 
250  miles  of  the  total  distance  of  302  miles  from  Philadelphia  to  Pitts- 
burgh may  be  seen  from  Figs.  5  and  6  which  illustrate  the  poles,  steel 
suspension  strand,  metal  supporting  rings  and  the  cable.  The  poles 
are  25-foot  untreated  chestnut  spaced  100  feet  apart  and  designed 
to  carry  additional  cables  in  the  future.  While  the  poles  are  new 
and  carry  only  one  cable  they  have  a  factor  of  safety  of  about  9  under 
the  most  severe  storm  conditions  expected,  but  this  will,  of  course,  be 
reduced  as  other  cables  are  placed  and  will  gradually  be  decreased 
on  account  of  decay  at  the  ground  line  until  it  becomes  necessary  to 
start  replacing  the  poles.  Many  of  these  poles  were  grown  near  the 
locations  where   they  now  stand.     In  other  sections,   it  is  planned 
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to  use  butt-treated  chestnut  or  cedar  poles,  or  creosoted  pine  poles 
where  these  prove  to  be  the  more  economical. 

The  galvanized  steel  suspension  strand  has  a  breaking  strength 
of  about  16,000  pounds  and  the  actual  tension  under  normal  condi- 
tions is  about  7,000  pounds.  In  placing  the  strand,  it  is  necessary 
to  pull  it  to  just  the  right  tension  in  order  that  when  the  cable  is 
hung  it  will  have  the  proper  sag.  The  correct  tension  is  readily 
determined  by  what  is  known  as  the  "oscillation"  method.  The 
metal  rings  are  spaced  16  inches  apart  and  the  cable  weighs  about 
l]/2  pounds  per  foot. 

The  size  and  make-up  of  the  cable  vary  somewhat  with  the  number  of 
circuits  of  the  various  types  that  are  to  be  provided  in  the  different 
sections,  but  in  general  it  is  full  size,  that  is,  its  over-all  diameter  is 


-Method  of  Supporting  Aerial  Cable  and  Messenger 


2^i  in.  which  is  about  the  maximum  size  of  telephone  cable.  The 
sheath  is  of  lead-antimony  alloy,  one-eighth  of  an  inch  thick,  and 
under  normal  conditions  it  is,  of  course,  air-tight  to  keep  moisture 
from  entering.  The  cable  for  the  aerial  section  was  received  from  the 
factory  in  500-foot  lengths,  this  being  largely  determined  by  the 
arrangement  necessary  to  permit  the  proper  installation  tests. 

Route 

We  might  next  consider  the  route  selected  and  for  this  purpose 
Fig.  2  will  again  be  helpful.     It  will  be  noted  that  starting  at  Phila- 
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delphia,  the  cable  is  routed  to  Reading  touching  Pottstown,  Phoenix- 
ville  and  other  points.  From  Reading  to  Harrisburg  the  cable  follows 
closely  the  William  Penn  Highway,  although  in  sections  it  was  neces- 
sary to  obtain  private  right-of-way  or  to  use  longer  routes  removed 
from  this  highway  on  account  of  the  lines  of  various  kinds  already 
in  operation  there.  It  is  very  desirable  for  economic  reasons  to 
keep  the  length  of  these  cables  as  short  as  possible  and  in  some  cases 
this  is  absolutely  necessary   to  obtain  proper  operating  conditions. 


Fig.  7 — -Cable  Line  on  Seven-Mile  Stretch  of  Lincoln  Highway. 

be  dismantled  later. 


Aerial  wire  line  to 


However,  the  most  direct  routes  cannot  always  be  used,  for  many 
obvious  reasons,  and  this  problem  required  careful  consideration 
in  all  sections  of  the  cable. 

Between  Harrisburg  and  Pittsburgh  the  Allegheny  Mountains 
had  to  be  crossed  and  for  this  crossing  only  two  general  routes  were 
found  practicable,  the  first  following  an  existing  pole  line  which  is 
the  New  York-Chicago  telephone  line  through  Lewiston,  Altoona, 
etc.,  and  which  we  may  call  the  northern  route,  and  second  a  southern 
route  through  Shippensburg,  Bedford  and  Ligonier  for  the  most  part 
along  the  Philadelphia-Chicago  line  and  also  the  Lincoln  Highway. 
A  middle  route  which  is  now  used  for  the  Harrisburg-Pittsburgh  line 
was  not  seriously  considered  as  the  country  was  too  rough  for  econom- 
ical construction  and  maintenance  and  no  important  advantages 
were  to  be  obtained.  After  careful  surveys  and  cost  studies,  taking 
into  account  all  existing  and  anticipated  conditions,  such  as  circuit 
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requirements  and  towns  to  be  reached,  length  of  practicable  routes, 
maintenance  conditions,  freedom  from  probable  physical  and  electrical 
interference,  etc.,  it  was  decided  to  build  on  the  southern  route. 

This  route,  while  of  nearly  the  same  length  as  the  northern  one  and 
offering  some  important  advantages,  was  not  free  from  difficulties 
as  it  crosses  the  Allegheny  Mountains  within  a  few  miles  of  the  highest 


Fig.  8 — Cable  Line  Across  Valley  at  (.rand  View 


point.  Fig.  7  shows  the  cable  line  on  what  is  known  as  the  seven-mile 
stretch  of  the  Lincoln  Highway  east  of  Ligonier,  and  here  the  going 
was  fairly  good.  The  Philadelphia-Chicago  aerial  wire  line  is  also 
shown  and  two  of  the  crossarms  carrying  10  wires  each  are  to  be 
removed  in  the  near  future  and  the  circuits  operated  in  the  cable. 
It  is  planned  to  remove  the  remaining  two  crossarms  later  on.  Fig.  8 
shows  the  cable  across  a  valley  and  is  taken  from  the  point  on  the 
Lincoln  Highway  called  Grand  View.  Fig.  9  shows  the  crossing 
of  the  Juniata  River  east  of  Bedford  where  special  construction  was 
used.  Fig.  10  shows  just  one  example  of  the  conditions  encountered 
in  crossing  the  many  mountains  and  a  photograph  does  not  do  the 
scenery  or  the  construction  difficulties  justice.  On  account  of  the 
steep  slopes,  clamps  are  used  at  many  points  to  fasten  the  cable  to 
the  strand. 

Narrow-gage  timber  railroads  were  used  in  the  mountains  where 
possible  to  get  material  to  the  job  and  Fig.  11  shows  one  of  the  regular 
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Fig.  9 — Cable  Crossing  at  Juniata  River 


Fig    10 — Cable  Line  on  Steep  Slopes 
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flat  cars  adapted  for  our  purpose.  Fig.  12  shows  two  5-ton  tractors 
in  action  on  top  of  one  of  the  mountains.  As  many  sections  of  the 
country  are  very  rough  and  highways  several  miles  distant  it  seemed 
that  no  other  method  of  transporting  the  cable  reels,  which  weigh 


Fig.  11 — Narrow-Gage  Mountain  Railroad  and  Flat  Car 


Fig.  12 — Tractors  Placing  Cable  Reels  in  Rough  Country 


nearly  5  003  pounds,  could  possibly  be  used,  and  certainly  no  other 
means  would  have  been  as  satisfactory.  Even  with  these  methods 
the  cable  reels  could  not  always  be  delivered  where  desired  and  in 
some  cases  it  was  necessary  to  pull  the  sections  of  cable  through  the 
rings  for  a  distance  of  nearly  a  mile  to  get  them  in  place. 
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Cable  Make-Up 

As  stated  before,  the  make-up  of  the  cable  varies  somewhat  with 
the  circuit  requirements  in  the  different  sections  but  the  wires  and 
arrangement  in  a  typical  section  of  cable  are  roughly  illustrated  in 
Fig.  13. 


Fig.  13     Piece  of  Cal 


h  Partly  Removed 


The  cable  is  of  quadded  construction,  that  is,  the  wires  are  first 
wrapped  with  dry  paper  for  insulation  and  twisted  into  pairs  and  then 
two  pairs  are  twisted  into  what  is  called  a  quad.     These  quads  are 
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arranged  in  concentric  layer-  as  shown  and  great  care  and  -.kill  are 
required  in  the  design  and  manufacture  or  there  is  certain  to  be  serious 
cross-talk  between  the  several  hundred  circuits  when  used  for  long- 
distance service.  Even  after  the  application  ol  the  best  present  manu- 
facturing  method-,  tests  are  made  on  all  circuits  at  three  point-  in 
each  loading  section  of  0000  feet  while  the  cable  is  being  spliced. 
These  test-  are  made  in  order  to  determine  the  >--T  possible  arrange- 
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Fi^.  14- -rj';r.':ral  Phantom  Circuit  Arrangement.   Four  v.:  ing  three  circuits 


ment  of  condu<  tors  for  still  further  redu(  ing  (  ross-talk  between  circuits, 
and  the  splicing  is  done  accordingly. 

There  are  10  quad-  of  No.  16  A.  \V.  G.  and  120  quad--  of  No.  19 
A.  W.  G.  pure  copper  conductors  in  on<  ...       ..    t£ons,  and 

the  arrangement  of  the  four  wires  in  each  quad  i-  such  that  two  physi- 
cal nr^  tits  and  one  ph  made  available.  The  method 
of  obtaining  three  telephone  cju  airs  of  wires  is  old  and 
extensively  used.  It  is  il  in  Fig.  14.  The  method  results 
in  a  50  per  cenl  increase  in  the  number  of  available  circuits  and  its 
applies  tion  to  this  project  is  there!  -  of  ■■<-ry  gi  aomic  impor- 
tance. Nov.  the  total  of  139  quads  multiplied  by  3  gives  117  circuits 
or  a-  many  as  could  be  arried  on  about  14  heavily  loaded  pole  lines 
if  aerial  wire  were  used  but  -  will  be  d  I  later,  we  will  have  to 
use  two  of  these  circuit:-  to  make  one  Telephone  circuit  in  some  cases 
where  the  distances  are  o  tively  great,  so  it  is  expected  that 
only  about  300  telephone-  circuits  will  be  obtained  for  regular  service. 
This  is  as  many  as  could  •  arried  on  10  heavily  loaded  pole  lines  if 
aerial  wire  were  used.  It  is  now  thought  that  in  some  sections  this 
number  of  tin  uits  will  take  i  re  :  future  demands  for  about  10  years 
after  allowing  for  the  dismantling  of  some  existing  aerial  wire. 

As  these  cal  lea  can  be  obtained  in  any  -ize-  desired  up  to  the  maxi- 
mum, the  period  :>>r  n  hi  •  i  ;.  should  be  engineered  can  be  determined 
from  studies  of  circuit  requirements  and  costs.  These  studies  are  of 
very  great  import  I  the  cosl  considerations  include,  of  course, 
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annual  costs  of  the  various  plans  over  proper  periods  as  well  as  first 
costs. 

Loading 

Loading  coils  are  now  connected  to  many  of  the  circuits  and  all  of 
the  circuits  in  this  cable  are  intended  to  be  equipped  with  coils  located 
at  6000-foot  intervals.  The  theory  and  practice  of  loading  are  de- 
scribed in  papers  previously  presented  before  the  Institute1  and  for 
our  purpose  it  will  be  sufficient  to  state  that  these  loading  coils  very 
materially  reduce  the  attenuation  losses  and  improve  the  quality  of 
transmission  as  compared  to  cable  circuits  not  so  equipped.  The  im- 
provement in  so  far  as  the  attenuation  losses  are  concerned,  varies 
with  the  type  of  circuit  and  loading  coils,  but  with  one  of  the  No.  19 


Fig.  15 — Loading  Coils  Connected  to  a  Group  of  Four  Wires  and  Arranged   for 

Phantom  Operation 

A.  W.  G.  circuits  in  this  cable  loaded  with  coils  having  an  inductance  of 
0.175  henry  located  at  6000-ft.  intervals,  the  losses  are  only  about  one- 
third  as  great  as  in  a  similar  circuit  without  the  coils.  The  connections 
and  arrangements  of  the  coils  are  shown  in  Fig.  15  and  it  will  be  noted 
that  coils  have  been  connected  to  both  the  physical  and  phantom  cir- 
cuits. The  arrangement  is  such  that  there  is  no  appreciable  inter- 
ference between  circuits  due  to  magnetic  action  in  the  iron  cores  of  the 
different  coils  or  to  the  necessarily  close  electrical  relation  in  the 
windings. 

The  loading  coils  are  potted  and  sealed  in  iron  pots,  two  of  v,  hich 
are  shown  in  Fig.  16,  and  in  the  country  these  are  mounted  on  pole 
fixtures.  Each  pot  contains  36  groups  of  3  coils  each.  The  pots  are 
nearly  30  inches  in  diameter  at  the  flange,  52  inches  high  and  weigh 
about  2700  pounds.  The  pots  can  be  obtained  in  different  sizes 
depending  upon  the  number  of  coils  which  it  is  desired  to  install  at 
one   time.     When   the  cable  was  installed,   extra   lead   sleeves  were 

•Papers  by  M.  I.  Pupin,  Transactions  of  A.  I.E.  E.,  XVII,  May  1900  and 
XV,  March  1899. 

Paper  by  Bancroft  Gherardi,  Transactions  of  A.  I.  E.  F..,  XXX,  June  1911. 


NEW  YORK-CHICAGO  CABLE 


75 


placed  at  the  loading  points  and  a  little  slack  left  in  the  wire  to  facili- 
tate the  connection  of  four  additional  loading  pots  to  the  cable  at 


Fig.  16 — Loading  Fixture 

some  later  date  when  the  circuits  are  needed.  The  loading  points 
must  be  uniformly  spaced  in  order  to  obtain  the  proper  impedance 
characteristics  in  the  circuits  as  will  be  referred  to  later.  Fig.  17 
shows  the  iron  core  of  a  loading  coil  and  Fig.   18  shows  this   core 


Fig.  17 — Loading  Coil  Core 


Fig.  18 — Loading  Coil  with  Winding  Completed 


wound   with   insulated   wire  and   then  wrapped  with  cloth  and   the 
terminals  brought  out  nearly  ready  for  potting.     Fig.  19  shows  several 
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coils  arranged  on  one  of  the  spindles  which  will  be  placed  in  the  iron 
pot  also  shown.  This  particular  pot  will  hold  7  spindles  and  when 
they  are  in  place,  the  pot  will  be  filled  with  compound  and  thoroughly 
sealed. 

Telephone  Repeaters 
Even  with  the  improvement  in  the  quality  of  transmission  and 
reduced  attenuation  losses  effected  by  the  use  of  loading  coils,  loaded 


Fig.  19 — Loading  Coils  on  Spindle,  Iron  Loading  Coil  Caseand  Spindle  Cables 


cable  circuits  alone  of  Xo.  16  and  Xo.  19  A.  W.  G.  could  be  satisfac- 
torily operated  for  distances  less  than  100  and  60  miles,  respectively, 
and  this  is  far  short  of  our  requirements  in  this  case.  In  fact,  we  wish 
to  operate  some  telephone  circuits  on  these  conductors  and  through  this 
cable  and  future  cables  up  to  at  least  1000  miles  in  length.     This 
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can  be  accomplished  by  the  use  of  telephone  repeaters  connected  to 
the  loaded  conductors. 

Telephone  repeaters  have  been  developed  to  a  high  state  of  per- 
fection and  are  completely  described  in  a  paper  presented  by  Messrs. 
Bancroft  Gherardi  and  Frank  B.  Jewett  at  a  joint  meeting  of  the 
A.  I.  E.  E.  and  the  Institute  of  Radio  Engineers  in  New  York,  October 
1,  1919.  Briefly,  the  purpose  of  a  telephone  repeater  is  to  receive 
small  telephone  currents,  amplify  them  and  send  them  on,  preserving 


Fig.  20 — Vacuum  Tube 

all  the  while  the  original  wave  shape.  Therefore,  if  one  or  more  tele- 
phone repeaters  are  properly  inserted  in  circuits  adapted  to  their  use, 
the  range  of  satisfactory  transmission  can  be  greatly  extended.  As 
many  hundreds  of  vacuum-tube  repeaters  are  in  operation  on  the 
Philadelphia-Pittsburgh  cable  and  connected  cables,  and  as  a  great 
many  more  are  planned  for  future  installation,  we  will  briefly  consider 
the  elementary  features  of  some  of  the  types  of  repeaters  used. 

Fig.  20  shows  the  structure  of  the  vacuum  tube  which  is  an  essential 
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element  of  this  type  of  repeater.  It  is  a  small  glass  bulb  with  a 
vacuum  that  is  as  good  as  is  practicable  to  obtain.  In  the  tube 
is  a   filament   which   is   heated   to   incandescence   during   operation, 


Receiving  Circuit  — '     J  ^    Transmitting  Circuit  — •- 

Fig.  21 — Vacuum-Tube  Repeater  clement 

and  a  grid  and  plate.  The  circuits  directly  associated  with  the  tube 
are  shown  in  more  detail  in  Fig.  21,  and  this  would  constitute  a  device 
for  amplifying  currents  from  one  direction.  As  is  well  understood, 
any  change  in  the  potential  impressed  on  the  grid  causes  a  change  in 
the  current  flowing  in  the  plate-filament  circuit.  To  obtain  complete 
two-way  repeater  action  two  of  these  amplifier  arrangements  are 
combined  with  the  circuits  shown  in  Fig.  22. 


IH  Col  -»t_^ 

Fig.  22 — Two-Way  Vacuum-Tube  Repeater  Circuit 

It  will  be  noted  that  the  line  circuit  from  one  direction,  for  instance, 
the  one  designated  "line  west,"  is  connected  through  a  three-winding 
transformer  to  a  balancing  network  which  is  so  made  up  as  to  balance 
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the  line  as  nearly  as  possible  at  telephone  frequencies.  This  balance 
is  essential  to  proper  repeater  operation.  The  circuit  arrangement  is 
such  that  part  of  the  incoming  energy  is  diverted  to  that  part  of  the 
circuit  containing  the  input  coil  directly  associated  with  this  three- 
winding  transformer.  By  the  action  of  the  vacuum-tube  arrangement 
amplified  energy  is  transmitted  to  the  line  east.  That  part  of  the 
original  incoming  energy  from  the  line  west  that  goes  through  the 
balancing  network  or  the  output  coil  is  not,  of  course,  transmitted 
along  into  the  line  east.  The  operation  in  the  case  of  currents  incom- 
ing from  the  line  east  is  similar  and  it  will  be  noted  that  the  complete 
repeater  circuit  is  made  up  of  two  symmetrical  parts.  This  circuit 
arrangement  constitutes  what  is  known  as  a  two-wire  repeater  and  the 
apparatus  is,  of  course,  all  closely  associated  in  the  same  office. 


Four  Wire  CiRCurr 

Equipped  witt  Telephone  Repeaters  end 
Arranged  for  Connection  to  Two  Wire  Circurts  at  the  Termm 
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Fig.   23 — Four-Wire  Circuit  equipped  with  telephone  repeaters  and  arranged   for 
connection  to  two  wire-circuits  at  the  terminals 


Several  of  these  repeaters  may  be  inserted  in  tandem  at  appropriate 
points  in  a  circuit,  but  there  is  a  limit  to  the  length  of  circuit  that  can 
be  satisfactorily  operated  with  this  arrangement,  this  length  depend- 
ing upon  the  type  of  the  facilities  used.  When  longer  circuits  are 
required,  a  four-wire  arrangement  is  used,  as  shown  in  Fig.  23.  It 
will  be  noted  that  in  this  arrangement  the  three-winding  transformers 
are  not  located  in  the  same  office  but  may  be  in  offices  several  hundred 
miles  apart.  At  each  of  the  intermediate  stations  a  vacuum-tube 
amplifier  arranged  for  amplification  in  one  direction  only  is  connected 
to  each  of  the  two  branches  of  the  circuit.  Two  circuits  are,  of 
course,  required  between  the  terminals  and  these  may  be  either 
physical  or  phantom  circuits. 

An  advantage  of  this  arrangement  is  that  balancing  networks  are 
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not  required  at  each  repeater  station  and  the  general  matter  of  balance 
and  consequently  good  repeater  operation  in  the  circuit  as  a  whole  is 
greatly  simplified.  This  arrangement  can,  therefore,  be  satisfactorily 
used  for  long  circuits  where  two-wire  operation  might  be  impracticable, 


Fig.  24 — Group  of  Repeaters  at  Reading,  Pa. 


and  examples  would  be  such  circuits  as  New  York-Pittsburgh  or  New 
York-Chicago. 

Both  of  these  types  of  circuits  may  be  operated  on  Xo.  19  A.  \Y.  G. 
four-wire  facilities  which  may  be  either  physical  or  phantom  circuits. 

Fig.  24  shows  a  group  of  repeaters  installed  in  the  office  at  Reading, 
Pa.,  and  Fig.  25  shows  one  of  the  four-wire  repeater  units  in  somewhat 
greater  detail. 
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In  order  that  networks  may  be  used  to  balance  the  lines  for  repeater 
operation,  it  is  necessary  as  a  practical  proposition  that  the  impe- 
dance characteristics  of  the  lines  be  fairly  uniform  over  the  range  of 
telephone  frequencies.  The  solid  line  in  Fig.  26  shows  the  resist- 
ance component  of  the  impedance  of  a  No.  19  loaded  cable  circuit 
with  all  loading  coils  in  place.     The  solid  line  in  Fig.  27  shows  the 


Fig.  25 — Assembly  of  Four-Wire  Repeater  Apparatus 
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resistance  component  found  in  impedance  measurements  on  the  same 
circuit  with  one  coil  omitted  at  the  thirteenth  loading  point  from 
the  end  at  which  the  tests  were  made.  It  will  be  noted  that  in  the 
latter  case  the  characteristics  of  the  circuitsvary  greatly  with  frequency. 
1 1  would  therefore  be  very  difficult  as  a  practical  proposition  to  build 
up  a  network  that  would  balance  lines  in  this  condition,  and  such 
variations  in  the  electrical  characteristics  of  a  circuit  impair  the 
quality  of  telephone  transmission,  as  the  currents  of  different  fre- 
quencies are  differently  affected.  The  necessity  for  careful  main- 
tenance work  in  promptly  replacing  loading  coils  which  may  become 
defective  or  preventing  other  irregularities  from  creeping  into  the  plant 
will  therefore  be  clear. 

Transmission  Regulation 

The  resistance  of  small-gage  cable  conductors  is  one  of  the  important 
factors  that  determine  the  transmission  losses  of  a  circuit.  The 
resistance  of  a  No.  19  A.  W.  G.  pair  is  about  88  ohms  per  mile  so  that 
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in  a  long  circuit  this  factor  of  line  resistance  reaches  considerable 
proportions.  Now  as  most  of  the  cable  is  aerial,  the  resistance  of 
the  conductors  is  of  course  affected  by  changes  in  temperature  both 
daily  and  seasonal  and  the  transmission  losses  vary  accordingly. 
These  changes  in  transmission  values  are  of  such  magnitude  that 
automatic  transmission  regulators  are  being  provided  for  certain 
groups  of  longer  circuits.  All  changes  in  the  transmission  equivalents 
of  the  circuits  from  whatever  causes  must  be  carefully  watched  and 
necessary  adjustments  made  or  the  service  will  be  seriously  affected. 
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Telegraph 

In  the  section  between  Philadelphia  and  Pittsburgh  practically  all 
of  the  existing  long  aerial  wire  circuits  are  composited,  that  is,  they 
are  arranged  for  simultaneous  telephone  and  telegraph  operation. 
The  telegraph  circuits  thus  obtained  are  generally  used  in  furnishing 
what  is  sometimes  called  "leased  wire"  service.  The  ground  return 
system  providing  either  full  duplex  or  single-line  operation  is  used 
and  the  line  currents  average  about  75  milliamperes.  This  grounded 
telegraph  system  cannot  be  used  where  simultaneous  telephone  and 
telegraph  service  is  desired  on  loaded  cable  circuits  of  the  length 
involved  in  this  cable,  and  as  a  part  of  the  work  of  carrying  out  the 
comprehensive  toll  cable  plans  of  the  Bell  system,  a  new  telegraph 
system  had  to  be  developed.  It  was  found  preferable  to  use  a  metallic 
return  circuit  and  to  limit  the  line  current  to  a  value  between  3  and  5 
milliamperes  in  order  to  prevent  serious  interference  to  the  telephone 
circuits  due  to  the  "flutter  effect,"2  Morse  thump,  and  mutual  inter- 
ference between  telegraph  circuits.  Morse  thump  results  when  the 
composite  sets,  that  is,  the  apparatus  used  for  separating  the  tele- 
phone and  telegraph  currents,  do  not  completely  prevent  the  latter 
from  entering  the  telephone  circuit,  thus  causing  interference.  The 
telegraph  repeaters  are  located  at  about  100-mile  intervals  on  the 
Xo.  19  circuits  and  at  somewhat  less  frequent  intervals  on  No.  16 
circuits.  The  telegraph  apparatus  is  of  course  located  in  the  same 
buildings  that  are  used  to  house  the  telephone  repeaters,  and  on  the 
Philadelphia-Pittsburgh  cable  telegraph  repeaters  will  be  located 
initially  at  Philadelphia,  Harrisburg,  Bedford  and  Pittsburgh. 


Test  Boards 

All  of  the  conductors  in  the  cables  are  carried  into  stations  located 
at  about  50-mile  intervals  and  apparatus  is  provided  in  these  stations 
for  making  regular  tests  to  ascertain  the  condition  of  the  cable  and  to 
locate  trouble  quickly.  At  these  offices  the  different  kinds  of  operat- 
ing apparatus  are  also  connected  to  the  cable  conductors;  examples 
of  this  apparatus  are  phantom  repeating  coils,  composite  sets  to  per- 
mit simultaneous  telephone  and  telegraph  operation,  telegraph 
repeaters,  telephone  repeaters  and  associated  balancing  equipment, 
signaling  apparatus,  and  where  required,  the  switchboards  necessary 
for  making  the  telephone  connections  involved  in  furnishing  service. 
It  is  necessary  that  this  apparatus  which  is  installed  in  large  quantities 

2Paper  by  Martin  and  Fondiller  in  Journal  of  A.  I.  E.  E.,  February,  1921. 
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be  systematically  arranged  and  facilities  provided  for  making  quick 
changes  in  the  circuit  arrangement.  The  circuits  are  wired  through 
jacks  installed  in  groups  in  test  boards  for  this  purpose  and  to  facilitate 
testing.  One  of  these  boards  is  illustrated  in  Fig.  28.  This  particular 
board  is  located  in  one  of  the  larger  offices.  The  test  boards  in  one 
of  the  repeater  stations,  such  as  Bedford,  would  consist  of  a  smaller 


Fig.  28— Test  Boards 

number  of  positions.     A  position  is  three  feet  in  length.     In  Fig.  28 
each  position  bears  a  number. 


Stations  and  Power  Plants 

Telephone  repeaters  of  either  the  two-wire  or  four-wire  type  are 
connected  to  the  circuits  at  approximate  intervals  of  either  50  or  100 
miles,  depending  upon  the  type  of  facilities  which  it  is  economical 
to  use  in  the  different  circuits  and  the  kind  of  service  for  which  a  given 
circuit  is  intended.  As  mentioned  above,  telegraph  repeaters  are 
installed  at  about  100-mile  intervals.  At  some  of  these  points  existing 
offices  are  used  while  in  a  number  of  cases  it  was  necessary  to  erect 
buildings  for  the  sole  purpose  of  housing  the  repeaters,  testing  appa- 
ratus and  other  equipment  associated  with  the  cable.  For  example, 
new  buildings  of  fire-proof  construction  were  erected  at  Shippensburg, 
Bedford  and  Ligonier.  Fig.  29  is  a  view  of  the  building  at  the  latter 
point  and  the  other  two  buildings  are  similar  to  this  one,  the  dimensions 
being  about  50  by  80  feet.     Power  plants  are  installed  in  these  build- 
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ings  to  furnish  current  of  the  proper  characteristics  for  operating  the 
apparatus,  and  storage  batteries  are  provided  to  insure  uninter- 
rupted service.  As  an  indication  of  the  size  of  these  plants  the  24- 
volt  storage  batteries  installed  for  the  initial  load  at  Bedford  have 
a  capacity  of  2240  ampere-hours  and  this  provides  about  one  day's 
reserve.  The  capacity  can,  of  course,  be  increased  as  repeaters  are 
added  from  time  to  time  when  additional  circuits  are  needed.  Storage 
batteries  of  smaller  sizes  supplying  current  at  potentials  of  30,  120 
and  130  volts  are  also  provided. 


Examples  of  Circuit  Arrangements 

Fig.  30  shows  two  possible  methods  of  building  up  a  Philadelphia- 
Pittsburgh  terminal  circuit  and  Fig.  31,  a  method  of  building  up  a 
New  York-Pittsburgh  terminal  circuit.  In  all  three  cases  these 
telephone  circuits  are  intended  to  have  a  transmission  equivalent  of 
about    12    miles    of    standard    cable,     ^"orrie    Philadelphia-Pittsburgh 


rest  and  Repeater  Station  at  Ligonier,  Pa. 


terminal  circuits  of  the  first  type  have  been  in  everyday  operation 
for  several  months,  but  it  is  not  the  most  economical  arrangement 
that  it  is  possible  to  obtain  for  general  use  in  providing  this  or  similar 
service.  It  will  be  noted  that  No.  19  four-wire  facilities  are  used 
between  Philadelphia  and  Harrisburg  and  four-wire  repeaters  are 
located  at  these  two  points.     At  Harrisburg  the  four-wire  circuit  is 
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connected  to  a  No.  16  two-wire  circuit  with  a  two-wire  repeater  at 
Bedford.  This  arrangement  was  used  in  order  to  start  service  through 
the  cable  with  the  facilities  available,  but  it  is  intended  later  on  to  use 
the  arrangement  shoun  in  example  No.  2. 

In  example  No.  2,  No.  16  heavily  loaded  conductors  are  used  and 
two-wire  repeaters  are  located  at  Reading,  Shippensburg  and  Ligonier. 
The  total  transmission  equivalent  of  this  circuit  without  repeaters  is 
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Fig.  30 — Cable  Circuit  Arrangements 

about  50  miles  of  standard  cable  so  that  in  order  to  obtain  a  net 
equivalent  of  12  miles  for  the  circuit  each  of  the  three  repeaters  must 
give  a  transmission  gain  of  nearly  13  miles  of  standard  cable.  This 
circuit  could  not  of  course  be  used  for  telephone  purposes  without 
repeaters. 

The  third  example  shows  how  it  is  expected  to  operate  New  York- 
Pittsburgh  circuits  intended  for  business  between  these  two  terminals. 
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Fig.  31 — Cable  Circuit  Arrangements 
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nomical  arrangement  that  will  furnish  the  service  required  over  each 
circuit  group.  The  examples  described  above  are  of  circuits  used  for 
business  between  the  terminals  indicated  and  if  these  circuits  were 
to  be  connected  to  others  extending  to  points  considerable  distances 
beyond  these  terminals  different  arrangements  would  be  required. 
The  cable  conductors  used  in  building  up  these  telephone  circuits 
can  be  composited  and  telegraph  circuits  are  thus  provided  for  simul- 
taneous operation  with  the  telephone  circuits. 

Conxlusion 

In  the  above  discussion,  an  effort  has  been  made  to  furnish  some 
descriptive  information  regarding  a  complete  cable  system  recently 
completed  and  now  in  successful  operation  between  Philadelphia  and 
Pittsburgh  and  designed  for  long-distance  telephone  and  telegraph 
service.  In  one  sense  this  discussion  may  be  considered  a  report  of 
the  present  status  of  the  toll  cable  plant  intended  to  connect  Atlantic 
Seaboard  cities  with  Chicago  and  other  cities,  and  extensions  are  now 
under  construction.  However,  most  of  the  general  methods  which 
it  is  planned  to  use  in  these  extensions  are  not  expected  to  differ 
greatly  from  those  described. 

This  cable  system  utilizes  many  new  developments  in  the  com- 
munication art  and  some  of  these,  which  have  been  briefly  touched 
on  here  on  account  of  their  important  application,  have  been  described 
in  more  detail  in  previous  papers.  It  is  expected  that  more  informa- 
tion regarding  other  specific  developments  which  have  contributed 
in  an  important  way  to  the  successful  carrying  out  of  this  project 
or  which  may  be  utilized  later  ort  will  be  furnished  in  future  papers. 

An  important  feature  of  this  cable  project  is  the  fact  that  while 
many  new  developments  and  practices  are  utilized,  the  design  ot  the 
system  as  a  whole  is  such  as  to  fit  in  economically  with  existing  wire 
and  cable  systems  and  proposed  extensions. 


Transmission  Characteristics  of  the 
Submarine  Cable1 

By  JOHN  R.  CARSON     and  J.  J.  GILBERT 

Synopsis:  The  present  paper  presents  an  extensive  theoretical  investiga- 
tion of  the  impedance  of  the  "sea  return"  of  various  types  of  suhmarine 
cables.  In  the  case  of  the  cables  used  for  submarine  telegraphy  the  im- 
pedance of  the  sea  return  has  been  practically  negligible  because  of  the  low 
frequencies  involved.  For  these  low  frequencies  the  cross-section  of  the  re- 
turn path  is  very  large  and  its  resistance  low,  even  though  the  specific 
resistance  of  sea  water  is  of  the  order  of  ten  million  times  that  of  copper. 
As  the  frequency  of  the  cable  current  is  raised,  however,  the  return  cur- 
rents crowd  in  nearer  the  cable  and  the  resistance  of  the  return  path  is 
increased.  For  frequencies  in  and  above  the  telephone  range,  the  return 
currents  are  forced  into  the  steel  armor  wires  around  the  cable  and  into  the 
water  just  outside  of  the  insulation.  The  small  cross-section  of  the  water 
involved  and  the  loss  in  the  armor  wires  cause  the  resistance  of  the  return 
path  to  become  a  very  large  part  of  the  total  resistance  of  the  circuit. 

The  present  investigation  led  to  the  conclusion  that  the  resistance  of 
the  return  path  could  be  greatly  diminished  by  winding  a  low  resistance 
conductor  in  the  form  of  a  copper  tape  immediately  around  the  gutta 
percha  insulation  applied  to  the  core  of  the  cable.  The  concentric,  cylin- 
drical conductor  thus  formed  lies  within  the  armor  wires  but  is  not  insu- 
lated from  them  and  the  sea  water.  Estimates  of  the  sea  return  which 
would  have  been  obtained  in  the  Key  West-Havana  cable  if  no  copper 
tape  had  been  provided  give  values  of  4,  6.5,  and  8  ohms  per  nautical  mile 
at  1,000,  3,000  and  5,000  cycles.  The  resistance  actually  obtained  with 
the  copper  tape  does  not  exceed  1.7  ohms  at  5,000  cycles.  The  greater 
values  would  have  increased  the  attenuation  by  approximately  30%  at 
1,000  cycles  and  by  50%  at  the  two  higher  frequencies.  The  present 
cable  permits  of  the  operation  of  a  carrier  telegraph  channel  at  3,800  cycles, 
this  lying  above  the  range  of  telephone  frequencies. 

The  paper  gives  a  comparison  of  the  theoretical  conclusions  with  ex- 
perimental data  and  the  agreement  is  so  satisfactory  as  to  indicate  that 
the  theory  is  a  reliable  guide  in  the  design  of  such  a  cable.—  Editor. 

I 

THE  transmission  characteristics  of  a  conducting  system,  such  as 
a  submarine  cable  circuit,  are  determined  by  its  propagation 
constant,  T,  and  characteristic  impedance,  K,  which  may  be  calcu- 
lated for  the  frequency  p  2ir  from  the  formulas: 

r  =  V  {R  +  ipL)  (G  +  ipC),  (1) 

K  =  jR  +  ipL 


4 


G  +  ipC 


where  R,  L,  G  and  C  are  the  four  fundamental  line  parameters,  re- 
sistance, inductance,  leakance,  and  capacity,  all  per  unit  length.  These 
formulas  are  rigorous  for  all  types  of  transmission  systems;  but  the 
determination  of  the  line  parameters  is  not  always  possible  by  ele- 
mentary methods,  and  may  indeed  be  a  matter  of  considerable  com- 

1  Reprinted  from  the  Journal  of  the  Franklin  Institute,  December,  1921. 
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plexity  and  involve  rather  difficult  analysis.  In  the  case  of  the  sub- 
marine cable,  exact  formulas  are  available  for  calculating  the  capacity 
and  leakage  and  the  core  impedance.  Considerable  uncertainty  is 
introduced  into  the  theory,  however,  on  account  of  the  lack  of  a 
method  of  determining  the  "return  impedance,"  that  is,  the  con- 
tribution of  the  "sea  return"  (sea  water,  armor  wires,  etc.)  to  the 
effective  resistance  and  inductance  of  the  circuit.  An  investigation 
of  this  problem  was  undertaken  by  the  writers  in  connection  with  the 
research  program  of  the  American  Telephone  and  Telegraph  Company 
and  the  Western  Electric  Company. 

The  purpose  of  the  present  paper  is  to  discuss  transmission  over 
the  submarine  cable,  and,  more  particularly,  to  develop  rigorous 
formulas  for  the  calculation  of  the  impedance  of  the  return  con- 
ductor of  the  cable.  The  results  of  theoretical  calculations  are  then 
compared  with  actual  experimental  data;  and  the  agreement  between 
theory  and  experiment  is  so  satisfactory  as  to  indicate  that  the  former 
is  a  reliable  guide  in  the  design  and  predetermination  of  the  cable. 

Besides  providing  a  method  for  accurately  calculating  the  trans- 
mission characteristics  of  a  submarine  cable,  the  present  analysis 
leads  to  the  following  general  conclusions: 

(1)  Contrary  to  usual  assumption,  the  "sea  return"  impedance 
is  by  no  means  negligible.  Even  at  quite  moderate  frequencies  there 
is  a  considerable  crowding  of  the  return  current  into  the  immediate 
neighborhood  of  the  cable,  with  a  consequent  rapid  increase  of  the 
resistance  and  a  corresponding  decrease  of  the  inductance  of  the 
circuit.  Except  at  the  lowest  frequencies,  therefore,  the  impedance 
of  the  "sea  return"  is  a  very  important  factor. 

(2)  The  armor  wires  which  surround  the  cable,  and  which  are 
necessary  for  mechanical  protection,  have  a  very  pronounced  effect 
on  the  impedance  of  the  sea  return,  and  even  at  moderate  frequencies 
may  become  the  controlling  factor.  Their  action  is  to  screen  the 
current  from  the  sea  water  itself,  and,  as  the  frequency  increases, 
to  carry  more  and  more  of  the  return  current,  until  it  is  almost  en- 
tirely confined  to  the  armor  wires  and  excluded  from  the  sea  water. 

(3)  The  rapid  increase  in  the  impedance  of  the  armor  wires  with 
frequency,  and  their  pronounced  and  even  controlling  effect  on  trans- 
mission makes  a  thorough-going  study  of  their  role  in  the  electrical 
system  a  matter  of  first-class  importance.  Heretofore  they  appear 
to  have  been  regarded  only  as  a  mechanical  protection,  and  their 
effect  on  transmission  has  been  ignored.  The  accurate  method  of 
calculating  their  impedance  which  is  developed  in  the  following  pages 
is  believed  to  have  considerable  value  in  this  connection. 
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(4)  At  relatively  high  frequencies,  the  return  impedance,  and 
hence  the  attenuation  and  the  distortion,  may  be  very  greatly  de- 
creased by  a  correctly  designed  thin  metallic  sheath  concentric  with 
the  core,  and  in  electrical  contact  with  the  armor  wires.  The  very 
important  action  of  such  a  sheath,  even  when  extremely  thin,  does  not 
appear  to  have  been  adequately  recognized  or  studied.  It  is  suggested 
that  the  introduction  of  such  a  sheath  affords  a  means  of  greatly 
increasing   the   range   of   frequencies  which  the  cable  can   transmit. 

The  general  problem  of  determining  the  transmission  character- 
istics of  a  system  consisting  of  an  insulated  conductor  surrounded  by  a 
concentric  ring  of  armor  wires  immersed  in  sea  water  is  of  consider- 
able difficulty,  since  in  this  case  the  propagated  wave  must  be  repre- 
sented as  a  set  of  component  waves  centered  upon  or  diverging  from 
the  axes  of  the  core  and  of  the  individual  armor  wires.  The  problem 
was  first  simplified  by  replacing  the  ring  of  armor  wires  by  a  cylindrical 
sheath,  thus  giving  circular  symmetry  to  the  structure.  The  analysis 
of  this  case,  however,  showed  that  the  effect  of  the  iron  sheath  re- 
placing the  armor  wires  was  so  pronounced  as  to  make  this  simplifying 
assumption  of  doubtful  validity.  The  general  problem  was  there- 
fore attacked,  and  rigorous  methods  developed  for  calculating  the 
effect  of  the  armor  wires  upon  transmission.  The  results  in  this 
case  differ  markedly  from  those  obtained  for  the  case  of  a  continuous 
iron  sheath,  which  indicates  that  great  caution  must  be  used  in  making 
assumptions  regarding  the  physical  structure  of  the  armoring. 

The  present  paper  follows  rather  closely  the  course  of  the  writers' 
investigation.  In  Section  II  is  analyzed  the  problem  of  transmission 
over  a  system  consisting  of  n  coaxial  cylindrical  conductors,  which 
may  be  either  in  electrical  contact  at  their  adjacent  surfaces  or  sepa- 
rated from  each  other  by  dielectric  spaces.  The  outermost  con- 
ductor, consisting  of  the  sea  water,  is  assumed  to  extend  to  infinity. 
This  analysis  is  then  applied,  in  Section  III,  to  the  case  of  a  sub- 
marine cable  which  is  armored  with  a  continuous  iron  sheath.  This 
problem  is  not  only  of  interest  in  itself,  but  serves  as  a  first  approxi- 
mation to  the  case  of  an  actual  cable,  and  gives  a  clear  qualitative 
idea  of  the  effect  of  the  various  factors  on  transmission.  In  Section 
IV  the  problem  of  the  submarine  cable  armored  with  a  ring  of  iron 
wires  is  attacked  and  solved  by  rigorous  methods,  and  the  theoretical 
results  are  then  compared  with  experimental  data. 

II 

The  solution  of  the  problem  of  transmission  of  periodic  currents 
over  a  system  comprising  n   coaxial  cylindrical   conductors  consists 
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in  finding  the  particular  solution  of  Maxwell's  equations  which  satis- 
fies the  boundary  conditions — continuity  of  tangential  electric  and 
magnetic  forces  at  the  surfaces  of  the  conductors.  Let  the  common 
axis  of  the  conductors  coincide  with  the  Z  axis  of  a  system  of  polar 
coordinates,  R,  <£>,  Z,  and  let  the  electric  and  magnetic  variables  in- 
volve the  common  factor  exp  (  —  T  z  +  ipt),  T  is  therefore  the  propa- 
gation factor  characterizing  transmission,  and  p  is  2-k  times  the  fre- 
quency. This  factor  will  not  be  explicitly  written  in  any  of  the  work 
that  follows,  but  it  will  be  assumed  to  be  incorporated  in  each  of  the 
electric  variables  so  that 

From  symmetry,  it  is  evident  that  the  component  of  electric  field 
intensity  in  the  direction  of  0  vanishes,  and  that  the  magnetic  lines 
of  force  are  circles  lying  in  planes  perpendicular  to  the  axis  of  the 
system,  and  centered  on  that  axis.  Also,  the  axial  and  radial  electric 
forces  are  independent  of  (p.  It  can  be  shown  that  the  radial  compo- 
nent of  electric  field  intensity  in  the  conductors  is  negligibly  small  com- 
pared with  the  axial  component.  The  latter,  for  a  given  conductor, 
is  of  the  form  E  exp(  —  Tz  +  ipt),  where  £  is  a  solution  of  the  differen- 
tial equation 

cYE        \_^E 

dr-  r   dr 


,    +   —  ~   +  (r2  -  inXfjiip)  E  =  0.  (2) 


Here  X  and  /x  are  the  electrical  conductivity  and  the  magnetic  perme- 
ability of  the  particular  conductor,  measured  in  absolute  electro- 
magnetic units,  and  £  is  a  function  of  r  alone. 

For  the  frequencies  in  which  we  are  interested  it  may  be  shown 
that  T2  AwXnp  is  exceedingly  small,  so  that  (2)  may  be  written 

||+  A  |?  -  4TX/xi>£  =  0.  (3) 

dr-        r  dr 

We  will  designate  by  the  subscript  j  all  quantities  pertaining  to  the 
jth  conductor,  counting  from  the  axis.  The  solution  of  (3)  for  this 
conductor  may  then  be  written 

Ej  =  AjJJp,)  +  BjKoipi),  (4) 

where  J0  and  K0  are  Bessel  functions  of  zero  order,  Aj  and  B,  are 
arbitrarv  constants  and 


Pi 


—  ri  \/47rXy^/p/  =  ra,. 
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The  magnetic  field  intensity  can  then  be  obtained  from  the  curl  law, 


which  gives 


dH 

dt 


dE 
dr' 


Hj  =  ^  [A, J0'  (p,)  +  BjK0'  («)], 


(5) 


where  the  prime  indicates  differentiation  with  respect  to  p,.  Taking 
the  line  integral  of  both  sides  of  (5)  around  circular  paths  in  con- 
ductor j  lying  close  to  the  inner  and  outer  surfaces  of  the  cylinder  we 
obtain 


As  J0'  (yj)  +  BjKo'  (yj)  = 


AjJo'  (xj)  +  BjK0'  (Xj)  =  ^  (I 


(/i  +  Ji  +  . 

+  72  +  • 


(6) 


in  which 


Ij  —  current  in  thejth  conductor, 

Xj   =    Cijdj, 

Vj  =  ajbj, 

aj  =  external  radius  of  jth  conductor, 

bj  =  internal  radius  of  jth  conductor. 


The  values  of  the  electric  field  intensity  at  the  inner  and  outer  sur- 
faces of  the  j"1  conductor  can  be  wr'tten,  from  (4) 

E/  =  AjJoiyj)  +  BJK0(yj), 
E'/  =  AjJ0(xj)  +  BjKo(xj). 

Combining,   in   turn,   each  of  these  equations  with   relations   (6)   to 
eliminate  Aj  and  Bj,  we  obtain 

E/  =  Z'  h  +  Z'jth  +  .  .  .  +  Z'jjIj  (7) 

E'/  =  z$ii  +  z$i%  +  . . .  +  z$ih 


in  which 


Z£  =  2njip 


1  J0  (Xj)  K0'  (yj)  -  Jo'  (yj)  K0  (*,■) 


Lxj  J0'  (xj 


7". 
^3 J 


2njip 


i)Ko'(yj)  -  J' (yj)  K0' (Xj) 

1_    Jo    (Xj)    Kp       (Xj)      —     Jq      (Xj)    Kg    (Xj) 

yj  J0' (Xj)  K0' (yj)  -Jo'iy^K, 
■J0  (Xj)  K0'  (»)  -  Jo  (yj)  K0  (xj) 


-o  \xj)  ~| 
o'(Xj)J' 


k=hj 


;ip  rJ0  (xj)  Kp   {yj)  -  Jq   {yj)  Kp  {Xj)~i 

■j    I  Jo'  (xj)  K0'  (yj)  -  Jo'  (yj)  K0'  (Xj)_\ ' 

r    _  9    f.A  f  1  Jq  (yj)  K0'  (yj)  -  J0'  (yj)  K0  (yj) 
*.Jk      wp  {__v.  j,  {xj)  R,  {yj)  _  j,  {yj)  Rj  (xj) 

1  Jo  (yj)  Kp'  (xj)  -  J0'  (xj)  Kp  (yj) 
yjJo'(xj)Ko'(yj)-Jo'(yJ)Kt 
z,   =  2njip\-J0  (yj)  K0'  (yj)  -  J0'  (yj)  KQ  (yj) 


(8) 


o{yj)~\ 

~'(xj)S 


k=£j 


Xj    LJ'0(xj)K'o(yj)-Jo'(yj)Kl 


o  Kyi)  ~] 
'  te)_T 
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We  have  now  succeeded  in  expressing  the  electric  forces  in  the 
conductors  as  linear  functions  of  the  currents  7\  .  .  .  /„,  the  coeffi- 
cients being  of  the  nature  of  impedances,  by  a  method  which  is  simply 
an  application  of  the  principle  of  continuity  of  magnetic  field  intensity. 
The  remaining  boundary  condition,  continuity  of  the  tangential 
component  of  electrical  field  intensity  gives,  where  two  consecutive 
cylinders  are  in  electrical  contact, 


E 


+  1  —  Ej'  -  |^  Zj+i.i  —  Zj\      J]  +  .  .  .  +  \Zj+i,j  —  Z'j] 

Ij  +  Z',+w+i/,+  i  =  0.  (9) 


This  gives  m  relations  between  the  n  currents  of  the  system,  m 
being  the  number  of  contacts  between  successive  cylinders.  In  the 
case  where  the  j  and  (j  +  l)st  conductors  are  separated  by  a  layer 
of  dielectric  material,  a  relation  between  the  boundary  values  of 
electric  field   intensity  may  be  obtained  as  follows: 

If  Er  is  the  radial  electric  field  intensity  in  the  dielectric,  then 


V, 


=  / 


Erdr 


is  the 
in  the 
law 


potential  difference  between  the  j  and  (J  -f-  l)st  conductors, 
sense  employed  in  ordinary  circuit  theory.     If  we  now  apply  the 


curl  E  = 


dH 

dt 


(J  +  l)st  Conductor 


jth  Conductor 
Fig.  1 
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to  the  elementary  contour  shown  in  Fig  1  we  get 

-  |p  +  Ej+1  -  Ey  =  pip*j,  (10) 

or 

rVj  +  &j+1  -  Ey  =  pips  (ii 

where  $>j  is  the  magnetic  flux  threading  the  contour  and  is  given  by 

$i  =  2(71  +  72  +  ...  +  /y)log^t-1. 

From  the  law 

div  kE  =  4tt(2, 

Er  =  |"/<2l  +  Q°-  +  •  •  •  +  Qj) 

where  Qj  is  the  charge  on  the  jth  conductor  and  kj  is  the  dielectric 
constant  of  the  medium,  whence, 

Vj  =  flog^.1  (Qi  +  ft. . .  +  Qj).  (12) 

kj  aj 

Furthermore,  the  rate  of  gain  of  charge  is 

|  (Gi  +  Q,  +  •  ■  •  +  Qj)  =  ~  |2  (/i  +  A  +  •  •  ■  +  /;) 

-  M&  +  <?2  +  . . .  +  Qj)  a  kj,    (13 

where   the   last   term   represents   the   leakage   current,   gj   being   the 
specific  conductivity  of  the  dielectric. 
From  (13)  we  have 

i-  (4t©+  fc>*/)  (Qi  +  Qt  +  •  •  •  +  <2i)  =  r  (7,  +  72  +  •  •  •  +  Ij,) 

kj 

and  substituting  this  value  of  (Qi  +  Q2  +  .  -  ■  +  Q.,)  in  (12)  gives 
■   Vj  _  a  (,,  +  /,  +  ...  +  jfl  4_il7S  u*  fe  (14) 

and  from  this  and  (11) 

-  \-WTWi  ~  ipLi]  {!' +  ''-  +  ■■  ■  +  » " £/+' - «•  (15) 


where 

2  log  23L1  2  log 
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Substituting  the  values  of  E'/    and  F/+{  from  (7)  in  (15)  gives 

-  [_G  +  .pC  -  ipL~^(h  +  i2  +  ...  +  ij)  =  (z/+11  -z;;1)/1+... 


—  zj+iij+i-fj+i' 


(16) 


An  equation  of  this  sort  may  be  obtained  for  each  layer  of  dielectric 
and  these  combined  with  equations  (9)  and  the  condition  that  the 
electric  field  intensity  in  the  sea  water  must  vanish  at  infinity, 

En'    =    Z'n\  Ix  +  .  .  .  +  Z'nn  In    =    0, 

give  n  relations  between  I\  .  .  .  /„.     In  order  that  these  shall   be  con- 
sistent, the  determinant  of  the  coefficients  must  vanish. 


Zn  —  Z\\, 

Zi\  ~  Z'i\, 


Z', 


22, 


ZU  -  Z22, 


Zm 


Zj+i,i  —  Z;\  -\-  Zj,      Zj+1,2  —  Zj'o  +  Zj,     — 


Z  ,,i, 


Z„2, 


Z" 

*-•  nn 


(17) 


=  0 


where 


Zj  = 


Gj  +  ipCj 


ipLj. 


This  is  an  equation  in  F2  of  degree  equal  to  the  number  of  dielectric 
layers;  consequently,  there  are  as  many  independent  modes  of  propaga- 
tion in  the  system  as  there  are  branches  in  the  network  of  conductors. 
From  this  point  the  method  of  determining  the  behavior  of  the 
system  depends  upon  conditions  in  the  particular  problem.  For  the 
case  where  there  are  k  dielectric  layers  separating  the  conductors 
into  k  +  1  groups  the  current  on  the  jth  group  may  be  written  in  the 
form 

I j  =  Aji  exp  (-T,s  +  ipt)  +  .  .  .  +  Ajk  exp  {-Tkz  +  ipt) 
+  Bj!  exp  (rx  z  +  ipt)  +  .  .  .  +  Bjk  exp  (Tkz  +  ipt), 

where   T2i  .  .  .  T2k  are   the  k   roots  of  the  determinant   (17)   and    Aix 
.  .  .  Ajk,  Bji  .  .  .  Bj-,   are   constants.     These  constants  are  not  all   in- 
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dependent,  however,  since,  for  each  value  of  T,  Ti  for  instance,  there 
exist  k  relations  of  the  form  (16)  which  the  corresponding  set  of 
constants  An,  A2\,  ■  ■  ■  Akl  must  satisfy.  The  remaining  2k  inde- 
pendent constants  can  then  be  determined  from  a  knowledge  of  the 
conditions  at  the  terminals  of  the  conductors. 

It  is  important  to  observe  that  the  transmission  characteristics  of 
a  system  of  coaxial  conductors  are  influenced  to  a  great  extent  by 
the  manner  of  connecting  the  various  members  of  the  system. 
Anomalies  in  the  impedance  of  a  complicated  network  such  as  a 
submarine  cable  with  several  conducting  sheaths  in  the  return  path, 
may  often  be  traced  to  lack  of  proper  connections  between  the  sheaths, 
or  to  faulty  joints. 

Ill 

The  submarine  cable  armored  with  a  continuous  coaxial  sheath, 
as  shown  in  Fig.  2,  is  a  particular  case  of  the  foregoing,  and  one  which 
presents  a  clearer  idea  of  the  physical  significance  of  the  various  steps 
in  the  general  theory.     There  are  only  two  groups  of  conductors,  the 


Copper  Conductor  - 


Insulator  — 


Jute 


Iron  A  rmor  - 


Sea  Water  — 


Fig.  2 


first  consisting  of  the  core  conductor,  and  the  second  comprising  the 
iron  sheath  and  the  sea  water,  the  two  groups  being  separated  by  the 
insulating  material  and  the  layer  of  jute.  Consequently,  there  is 
only  one  mode  of  propagation,  and  the  analysis  is  considerably  sim- 
plified. 

The  jute  is  assumed  to  contain  sufficient  sea  water  so  that  although 
it  conducts  practically  no  current  axially,  it  maintains  equality  of 
potential  between  the  outer  surface  of  the  gutta  percha  and  the  inner 
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surface  of  the  iron  sheath.  Consequently  equation  (10)  may  be 
written 

|^  -  E,'  +  E{'  =   -  ixip<S>  =  -  ipLuh,  (18) 

where  E" \  and  E'z  are  the  values  of  electric  field  intensity  at  the 
outer  surface  of  the  core  conductor  and  the  inner  surface  of  the  iron, 
respectively,  V  is  the  potential  difference  between  these  two  surfaces, 
and  <£  is  the  magnetic  flux  threading  unit  length  of  the  gutta  percha 
and  jute.     Also,  from  (14) 

_dV  =      r2 

dz        G  +  ipC 
in  which  Ix  is  the  current  in  the  core  and 


h  (19) 


G=  b'  C=  P  (20) 

2  log-  •  2  1og- 

where  gi2  and  ku  are  the  electrical  constants  of  the  gutta  percha, 
and  b  is  the  external  radius  of  the  core.  It  is  evident,  that  G  and  C 
are  respectively  the  leakage  and  capacity  of  unit  length  of  the  cable. 
Therefore,  from  (1), 

r2 


G  +  ipC 


=  R  +  ipL  =  Z,  (21) 


where  R  and  L  are  the  resistance  and  inductance  of  unit  length  of  the 
cable,  including  the  sea  return.     Equation  (18)  may  then  be  written 

Z  Ix  =  E['  -  E2'  +  ipL12  h.  (22) 

To  determine  Z  we  must  express  E'\  and  E\  as  functions  of  l\. 
We  have  seen  that 

Ei"  =  Zx  Iu  (23) 

where  Z\  may  be  termed  the  "  internal  impedance  "  per  unit  length 
of  this  conductor.     In  fact,  when  we  place  y\  =  o  in  (8)  we  obtain 

„  _  2fxlip  Jo  (xi)  ,^\ 

11  Xi      Jo'  {XiY 

which  is  the  usual  formula  for  the  internal  impedance  of  a  cylindrical 
conductor. 
Similarly 

'       E2'  =  -  Z2  h  (25) 

wdiere   Z2   is   the   internal   impedance   of   the   return   conductor,   the 
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minus  sign  being  due  to  the  fact  that  the  current  in  the  return  is 
in  the  negative  direction  of  z. 

Inserting  (23)  and  (25)  in  (22)  gives 

Z  =  Zx  +  Z2  +  ipL12. 

The  quantity  Z2  may  be  determined  in  the  following  manner.  From 
(7)  we  have 

E2'  =  Z'2i  J,  +  Z'22  1 2,  (26) 

where  72  is  the  current  in  the  iron  sheath.  The  value  of  this  current 
can  be  found  by  applying  the  condition  of  continuity  of  electric 
field  intensity  at  the  common  surface  of  the  iron  and  the  sea  water, 
as  in  equation  (9).     This  gives 

Z21  1 1  +  Z22  1 2  =  Zi\  I \  -+-  Z32  1 2  +  Z33  1 3, 

in  which  I3  is  the  current  in  the  sea  water.  From  (8)  it  can  be  seen 
that  Z33  =  0,  since  jc3  =  » ,  therefore 

h  ~   -7T1 57"  Ii-  (27) 

^22  —  ^32 

Substituting  (27)  in  (26)  gives 

Z31  — :  Z21 


''=l>+fp4£z*>' 


and  by  comparison  with  (2.5)  we  have 

Z'    —  Z" 

Z-2.  =    —  Z21   —    ^77 =7-  Z22  (28) 

Z-22  —   ^-32 

as  the  internal  impedance  of  the  return  conductor.     The  resistance 
and  reactance  per  unit  length  of  this  portion  of  the  circuit  are  then 
represented  by  the  real  and  imaginary  parts  of  (28)  respectively. 
We  may  then  determine  R  and  L  from  the  formula 

Z  =  R  +  ipL  =  Zj  +  Z2  +  ipLiz,  (29) 

where  Zx  and  Z2  are  calculated  from  (23)  and  (28)  and 

L12  =  2  log—, 

b2  and  ax  being  the  inner  radius  of  the  iron  and   the  outer  radius  of 
the  core  conductor,  respectively. 

For  purposes  of  comparison,   the  return  impedance  is  calculated 
for  the  case  where  the  iron  armoring  is  absent,  the  return  current 
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being  conducted  by  the  sea  water  alone.     As  in  the  preceding  case, 

2mip    J0(xi) 


Z1  = 


Xi         Jo(Xi) 


The   expression    for   Z2    simplifies   considerably.      The   electric    field 
intensity  in  the  sea  water  may  be  written,  from  (4), 


E2  =  B2  K0  (p2), 


(30) 


the  term  in  J0  being  absent  in  order  to  permit  E2  to  vanish  at  infinity. 
Also,  from  (6), 


*,*.'<*>  '-^Ji. 


yi 


From  (30)  and  (31)  we  have 


,  _  2fi2ip  K0  (y2)   T 
Ji      K'0  (y2)    X" 

from  which  the  return  impedance  can  be  written, 

2n2ip  K0  (y2) 


We  have  then 

Z  =  R  +  ipL  = 


Z°-  Ji      K'0  (yt) 

2/jLjip  Jo  (xi)  _  2n2ip  K0  (y2) 
xi     Jo  (xi)  "      y2    K'o  (y2) 


(31) 


(32) 


(33) 


+  ipLi2. 


The  resistance  and  inductance  of  the  sea  return  of  a  submarine 
cable  were  calculated  from  formula  (28),  employing  the  following 
values  for  the  constants: 


Copper 


Iron 


a\  =  .226  cm. 
&i  =  0 

Mi  =  1 

Xx  =  6.06  x  10"4 

a,  =  .990  cm. 
b2  =  .737  cm. 
M2  =  100 
i  Xo  =  8x  10"6 


Sea  Water 


a3  =  °° 

b3  =  .990  cm. 

M3    =    1 

\3  =  5  x  10-11 
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The  armoring  was  then  assumed  to  be  replaced  by  sea  water,  and 
the  resistance  and  inductance  of  the  cable  were  calculated  from  (33). 

The  results  of  the  calculations  are  shown  in  the  curves  of  Fig.  3. 

It  is  evident  from  these  curves  that  the  effect  of  the  iron  armoring 
is  to  increase  considerably  the  impedance  of  the  return  path.     The 
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physical  explanation  of  this  fact  is  that  the  iron  acts  as  a  shield  to 
screen  from  the  sea  water  the  electromagnetic  effects  of  the  current 
flowing  in  the  cable  conductor.  Energy  is  dissipated  in  the  armoring 
and  is  prevented  from  spreading  out  through  the  surrounding  medium. 
The  assumption  that  the  armor  wires  could  be  replaced  by  a  solid 
cylinder  of  iron  is,  therefore,  subject  to  question,  since  it  is  possible 
that  the  larger  surface  area  of  the  assemblage  of  armor  wires,  and 
the  gaps  between  these  wires  may  be  effective  in  diminishing  the 
energy  dissipated  in  the  armoring  and  consequently  diminishing  the 
screening  effect.     This  problem  is  investigated  in  the  following  section. 


IV 

The  physical  system  under  consideration  is  shown  schematically 
in  cross-section  in  Fig.  4,  and  consists  of  an  insulated  conductor  and 
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protective  covering  of  jute,  surrounded  by  a  ring  of  N  armor  wires 
immersed  in  sea  water.  The  method  of  solution  is  essentially  similar 
to  that  given  in  the  preceding  pages,  and  consists  in  determining  the 
values  of  electric  field  intensity  at  the  outer  surface  of  the  core  con- 
ductor and  the  inner  surface  of  the  return  conductor,  from  which  the 
internal  impedances  of  the  two  conductors  can  be  found. 


Fig.  4 


The  main  difficulty  in  the  analysis  is  caused  by  the  lack  of  uniaxial 
symmetry  in  the  return  conductor.  This  was  overcome  by  employ- 
ing a  method  developed  by  one  of  the  authors2  in  a  study  of  trans- 
mission in  parallel  wires. 

The  electric  field  intensity  in  the  sea  water  satisfies  the  differential 
equation 


82£        1  dE        1  d2E 


dr- 


r  dr        r2  d<f> 


4w\npiE  =  0, 


the  solution  of  which  is  a  Fourier-Bessel  expansion, 

E  =  A0K0  {ra)  +  AxKi  (m)  cos  <p  +  A2  K2  (ra)  cos  20  4-  ...  + , 

r  and  0  being  referred  to  the  axis  of  the  particular  wire. 

Assuming  that  the  current  distribution  in  the  core  conductor  is 
independent  of  the  angle  0,  that  is,  neglecting  the  individual  char- 
acter of  the  armor  wires  only  in  their  effect  on  the  current  distribu- 
tion in  the  core,  the  effect  due  to  the  current  in  the  core  is  represented 

2  "Wave  Propagation  over  Parallel  Wires;  The  Proximity  Effect."  John  R. 
Carson,  Phil.  Mag.,  vol.  xli,  p.  607  (1921). 
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by  the  first  term  of  such  a  series,  and  the  total  field  intensity  may  be 
written 

N-l       „ 

E  =  AK0  (ra)  +  22  BsKs  (apj)  cos  s0-"  (34) 


o     s  =  o 


Pj  and  <f>j  being  referred  to  the  axis  of  wire  j,  as  shown  in  Fig.  5.  That 
is,  the  resultant  field  is  expressible  as  a  set  of  waves  centered  on  the 
axis  of  the  cable  and  the  axes  of  the  N  armor  wires. 


Fig.  5 


In  the  neighborhood  of  the  armor  wires  the  arguments  of  the  Bessel 
functions  are  sufficiently  small 3  to  permit  of  the  approximations 


where 


and 


K0  (ap)  =  K  -  log  p, 


K  =  0.11593  log—, 
a 


Ks  (ap) 


1 


(  -  aPy 


3 See  Note  I  at  end  of  paper. 
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The  series  (34)  can,  therefore,  be  written 

N  —  1  N  —  1     _ 

E  =  A(K  -  logr)  +  B0(NK  -   VlogPi)  +  ^  ]T  Bs  ^i!^  (35) 

7  =  0  J=OS=l  ■* 

in  which  J3,  has  absorbed  the  constant  quantities.     From  this,  the 

magnetic  intensity  in  the  sea  water  can  be  obtained  by  differentiation. 

Inside  any  armor  wire,  at  the  surface,  the  field  intensities  are 

E  =  C0J0{£)  +  CVjU)  cos  0  +  ...  +  C»Jn(k)  cos  w0  +  .  .  .  +,    (36) 
H$  =  ^[coJo,tt)  +  C1J1'(0cos4>+  . . .  +  CnJ'n(g)cosn<(>+  . . .  +1(37) 

where         £  =  ais/^-K^pi, 

X  and  m  being  the  electrical  conductivity  and  the  magnetic  perme- 
ability, respectively,  of  the  material  of  the  armor  wire.  The  quan- 
tities a  and  0  are  centered  on  the  axis  of  the  wire. 

In  order  to  determine  the  coefficients  A,  B0,  B\,  —  ,  C0,  C\,  —  we 
make  use  of  the  fact  that  the  electric  and  the  magnetic  field  intensi- 
ties are  continuous  at  the  surface  of  the  wire.  It  is  obvious,  however, 
that  nothing  can  be  learned  by  equating  (35)  and  (36)  since  they 
are  formally  dissimilar.  We  therefore  transform  4  the  various  terms 
of  (35)  to  a  common  axis  which  coincides  with  the  axis  of  one  of  the 
armor  wires,  hereafter  called  wire  "  zero,"  and  the  electric  field 
intensity  in  the  sea  water,  close  to  the  surface  of  the  armor  wire,  is 

E  =  (A  +  NBo)  K  -  AXogc  -  B0  log  {acxc2  .  .' .  cn-X)  -  20 
+  [<Zi/r  -  -J (A  +  Su  B0)  +  ^  Sxl  cos  0 

+  [  <Z2/r2  +  -y  (^  +  S22  Bo)  +  -|y  22]  cos  20  (38) 


where 


+    [g»/r*+    ^—~    (A   +  S»nBo)    -   LpS»l    COS   fl<f>, 
20    =  -Sll^l    —  S22Q2   +  ■S'33?3-   •   •   •   1 

Si   =  So2Ql  —  2  5i3?2  +  3  524^3-  •  •  •  ,  (39) 

22  =      1.2  SnQi  —     2.3  S0iQ2  +     3.4  Sl5q3.  .  .  .  , 

23  =  1.2.3  S2iqi  -  2.3.4  515g2  +  3.4.5  S06q3 


4  See  Note  II. 
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~  N~i     cos  paj 

a 

f  =  —  • 


(40) 


The  quantities  0  and  a  have  the  same  significance  as  in  equations 
(36)  and  (37). 

The  tangential   magnetic  field   intensity   in   the  sea  water  at   the 
surface  of  wire  "  zero  "  is.  therefore, 


H* 


ip  da        ipa 


-5o+cos0[-gi  r-ru+^n^+^z^ 


(41) 


+  2  cos  2*[-  q2  i2  +  ~~  (A  +5HJJo)  —^-2] 


+  n  cos  ;;</>  f-  0„  'f  +  £—2?  (4  +  5™  50)  -  (- P^SW1 

L  »  w!  J 

To  satisfy  the  condition  of  continuity  of  electric  and  magnetic 
field  intensities  at  the  surface  of  the  armor  wire  it  is  necessary  that 
the  coefficients  of  the  corresponding  terms  of  (36)  and  (38)  and  of 
(37)  and  (-41)  be  equal.     This  gives 

C0  J0  (£)  =  (A  +  XB0)  K-A  \ogc  -  50log  (ad  .  .  .  cn)  -  20l    (42) 
C,/«(Q=ff./r«+t^(il+5^„)--t^2»fji=l,2f...oD    (43) 


£/'o  {£)   C0   =    —   ii-B0, 

(-$-)* 


£/.'  ({)  C  =  -  mi  [g„  r»  -  ^p  (il  +  S„nB0) 


(-D- 


w! 


2.1.  » 


=  1,2,... 


(44) 


(45) 


From    these   expressions   the   quantities   Bx  .  .  .  C\  .  .  .   can   be   de- 
termined.    Multiplying  (43)  by  n\i  and  subtracting  (45)  gives 


r     _  2niiqn 


1 


f«    m*/«  (£)  -  £/«'  (£)' 


(46) 
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which  expresses  Cn  in  terms  of  qn.  Multiplying  (43)  by  $Jn'  (f)  and 
(45)  by  Jn  (f),  and  subtracting  gives 

q„  =  (-l)'%,r2"  \-{A+SHnB0)  --i-2„~|,»-=lf2,...«»    (47) 

where 

x     _  nnJn  ({)  -  yn'  ({) 

""^/„a)  +  ^n'(i)-  (48) 

From  the  infinite  set  of  simultaneous  equations  (47)  the  infinitely 
many  variables  qn  may  be  determined  in  terms  of  A  and  B0.h 

We  have  thus  determined  the  arbitrary  constants  C0  .  .  .  Cn  and 
§i  .  .  .  qn  (or  By  .  .  .  Bn)  as  functions  of  A  and  B0.  It  remains  to 
express  the  latter  quantities  in  terms  of  physical  quantities.     If  Ii 

is  the  current  in  the  armor  then  —  is  the  current  in  a  single  wire.  In- 
tegrating (41)  completely  around  the  armor  wire  "  zero  "  gives, 
therefore, 

2pi^=-B0.  (49) 

Similarly,  if  I0  is  the  current  in  the  core  conductor,  we  find 

2pil0  =  -  A.  (50) 

We  can,  therefore,  express  all  the  arbitrary  constants  as  linear,  homo- 
geneous functions  of  I0  and  I\. 

To  determine  the  relation  between  these  currents,  we  have  from 

(49)  and  (44), 

CJo  (?)  =  ^,  (51) 

where 

2fxip  Jo  (£) 


Z  = 


*      Jo'W 


Substituting  (49),  (50)  and  (51)  in  (42)  gives 

^I1=-2ip(Io+Ii)K+2ipIologc+2ip^\og(ac1...cn)      (52) 

—  (Suqi  —  Sooq2  +  533?3  —  .  • .  )i 

from  which,  since  gr-  .  .  qn  are  functions  of  7i  and  I0,  the  ratio  Ia/I\ 
can  be  obtained. 

6  See  Note  III. 
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Having  shown  that  the  constants  A ,  B0  .  .  .  of  the  series  (35)  are 
proportional  to  I0,  we  can  express  the  electric  field  intensity  at  the 
inner  surface  of  the  return  conductor  in  the  form 

E2=  -  ZJ0. 

The  computation  of  Z2  is  facilitated  by  transforming  the  terms  of 
(35)  to  the  axis  of  the  core  conductor  6  and  placing  r  =  c  —  a.  We 
thus  obtain 

E2=-Z2I0=(A+NB0)K-A\og(c-a)-NB0\ogc-N(qi-q2  +  q3...) 
+  (terms  containing  cos  6,  cos  26,  etc. ,  as  factors) .     (53) 

We  have,  by  applying  the  curl  law  to  an  elementary  contour  which 
links  the  core  conductor  and  the  return. 


vhere 


|?  -  Et  +  E2  =  -  ip*lt,  (54) 


2noip  Jp  (&) 

■C-l     —     ^1    Jo    "  ,.  j,    (  y   x     -to. 

?0        -/o   UoJ 


4>i2  =  L12  Io  =  2I0  lot 


(55) 
c  —  a 


and 


£0  =  a0i\/4ir\0Hoip, 


X0  and  Mo  being  the  electrical  constants  of  the  core  conductor  and 
a0  its  radius.  The  value  given  above  for  $J2  holds  only  for  the  con- 
tour on  which  E2  is  independent  of  the  angle  6,  that  is,  when  the  terms 
of  (53)  that  contain  cos  6,  cos  26,  etc.,  vanish.  The  value  of  Z2  to 
be  used  in  (54)  is  therefore  determined  from 

E,  =  -  Z2  I0  =  (A  +  NB0)  K  -  A  log  (c  -  a)  -  NB0  log  c 

-  N  (Ql  -  q2  +  .  .  .)  (56) 

As  before, 

"  If  =  <*  +  'W  7"  (5?) 

where  R  and  L  are  the  resistance  and  inductance  per  unit  length  of 
the  cable,  including  the  sea  return. 
We  have  then  from   (54), 

R  +  ipL  =  Z1  +  Z2  +  ipLl2,  (58) 

from  which  R  and  L  can  be  determined. 
See  Note  II. 
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The  process  of  calculating  the  resistance  and  inductance  of  a  sub- 
marine cable  by  the  method  just  described  may  be  summarized  as 
follows: 

(1)  Determine  from  (47)  the  quantities  qx  .  .  .  gn  in  terms  of  A  and 
B0,  and  then  in  terms  of  Ix  and  I0  by  (49)  and  (50). 

(2)  Substitute  these  values  of  qx .  .  .  qn  in  (52)  and  obtain  the 
ratio  I0il\. 

(3)  Substitute  for  A,  B0  and  qx  .  .  .  qn  in  (56)  their  values  in  terms 
of  I0  and  1 1. 

(4)  Eliminate  h  from  these  two  relations,  thus  obtaining  E2  in 
terms  of  I0.     Then  Z2  =  —  E2/I0. 

(5)  Substitute  this  value  of  Z2  and  the  value  of  Zx  calculated 
from   (55)   in  equation   (58). 

(6)  The  resistance  and  the  inductance  per  unit  length  of  the  cable 
may  then  be  determined  from  the  real  and  imaginary  parts  of  the 
latter  equation. 
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The  resistance  and  inductance  of  a  cable  of  cross-section  shown 
in  Fig.  4  were  computed  by  the  method  just  described,  the  results 
being  given  by  curves  E  and  F  of  Fig.  3.  The  cable  in  this  case  is 
identical  with  that  shown  in  Fig.  2  previously  described,  except  that 
the  continuous  iron  sheath  has  been  replaced  by  fifteen  wires.     The 
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effect  of  the  presence  of  the  iron  upon  the  resistance  of  the  return 
conductor  is  still  noticeable,  although  it  is  much  less  than  in  the  case 
of  the  continuous  iron  sheath.  The  reason  for  this  is  evident  after 
inspection  of  the  curves  of  Fig.  6,  which  show  the  percentage  of  return 
current  carried  by  the  armor  in  the  two  cases.  Especially  at  the 
lower  frequencies,  the  return  current  is  much  more  confined  by  the 
continuous  sheath  than  it  is  by  the  wires. 

As  a  check  of  the  method,  the  resistance  and  inductance  of  the 
Seattle-Sitka  cable  of  the  United  States  Signal  Corps  were  calcu- 
lated for  frequencies  in  the  range  50  to  600  cycles  per  second,  and 
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the  values  so  obtained  were  then  compared  with  the  results  of  meas- 
urements recently  made  upon  this  cable.7  The  constants  used  in 
the  calculations  were  as  follows: 

Conductor 

Diameter.  . 216  cm. 

Resistance  per  nautical  mile 9  ohms 

Rubber  Insulation 

Outside  diameter 718  cm. 

Capacity  per  nautical  mile 3S  mf . 

A  rmoring 

16  wires each  .242  cm.  diameter 

Outside  Diameter  of  Cable 2.06  cm. 

7  "The  Use  of  Alternating  Currents  for  Submarine  Cable  Transmission,"  Frederick 
E.  Pernot,  Jour,  of  the  Franklin  Institute,  vol.  190,  p.  323,  1920. 
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Owing  to  lack  of  information  concerning  the  mean  radius  of  the 
ring  of  armor  wires,  two  sets  of  data  were  computed  employing  the 
values  c  =  0.6148  and  c  =  0.920,  which  correspond,  respectively,  to 
zero  and  maximum  separation  of  the  armor  wires. 

The  results  of  the  calculations  are  shown  in  Fig.  7.  The  experi- 
mental values  are  indicated  by  small  circles,  and  agree  well  with  the 
theoretical    values    throughout    the    range    of    frequencies.     The    re- 
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sistance  of  the  sea  return  increases  most  rapidly  in  the  region  of 
frequencies  used  in  ordinary  telegraphy,  0  to  100  cycles  per  second. 
In  this  range  the  inductance  of  the  cable  also  has  its  greatest  values, 
and  these  two  effects  have  considerable  influence  in  determining  the 
transmission  characteristics  of  the  cable. 

The  percentage  of  the  return  current  that  is  carried  by  the  armor 
wires  is  shown  in   Fig.  8. 
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Conclusions 

As  was  previously  pointed  out,  the  effect  of  the  shielding  action 
of  the  iron  armor  of  a  submarine  cable  is  to  diminish  the  electro- 
magnetic field  which  is  propagated  through  the  sea  water,  and  which 
gives  rise  to  the  return  current.  Combined  with  this  effect  is  the 
shielding  action  of  the  sea  water  adjacent  to  the  cable,  upon  the  dis- 
tant portions.  The  total  shielding  effect  increases  with  the  fre- 
quency until  a  point  is  reached  where  practically  the  whole  of  the 
return  current  is  carried  by  the  armor  wires. 

Several  remedies  have  been  suggested  for  diminishing  the  damping 
effect  of  the  armor  wires.  It  can  be  proved,  for  example,  that  for  a 
given  size  of  core  and  weight  of  armor,  the  number  and  size  of  armor 
wires  can  be  chosen  so  as  to  give  a  minimum  value  of  return  im- 
pedance. A  proper  choice  of  the  electrical  constants  of  the  ma- 
terial of  which  the  armor  is  constructed  would  also  be  of  advantage, 
since  the  return  impedance  is  somewhat  larger  for  iron  than  it  is  for 
material  of  higher  or  lower  conductivity. 

Another  method  of  diminishing  the  return  impedance,  which  has 
been  used  in  practice,  is  to  wrap  the  cable  core  with  a  number  of  con- 
centric layers  of  conducting  tape  before  it  is  covered  with  jute.  The 
return  current,  as  it  crowds  in  toward  the  core  with  increasing  fre- 
quency, will  then  have  a  path  of  comparatively  low  impedance,  and 
at  the  higher  frequencies  only  a  small  portion  of  the  current  will  be 
carried  by  the  armor  wires  and  the  sea  water.  The  impedance  of 
the  return  path  can  be  calculated  for  this  case  by  the  methods  given 
in  the  preceding  pages.  The  following  table  compares  the  values 
of  the  resistance  of  the  return  conductor  calculated  by  three  different 
methods,  and  determined  experimentally,  for  a  cable  provided  with 
a  brass  tape  5  mils  in  thickness. 

Resistance  of  Return  Conductor — OHMS  per  Statute  Mile 

Frequency  Approx.  Method8 

Cycles  Approximate  Corrected  by  Exact  Experimental 

per  Sec.  Method  „  2  "  Method 

r  actor  — 

7T 

3,000  4.00  3.15  2.87  2.92 

10,000  4.90  4.25  4.45  4.60 

The  experimental  values  are  the  results  of  a  series  of  measure- 
ments made  by  the  Department  of  Development  and   Research  of 

8  This  is  an  empirical  formula  which  has  been  found  to  be  fairly  close  in  most 
cases.  The  correction  factor  suggested  itself  in  that  it  takes  care  of  the  increased 
surface  of  the  armor  wires,  as  compared  with  the  corresponding  continuous  sheath. 
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the  American  Telephone  and  Telegraph  Company  upon  the  Victoria- 
Vancouver  submarine  cable.  The  calculated  values  were  obtained 
by  both  the  approximate  and  the  exact  methods,  discussed  in  the 
preceding  pages,  in  which  the  armor  of  the  cable  is  treated,  respec- 
tively, as  a  continuous  sheath  and  as  a  ring  of  wires.  The  modifica- 
tions which  must  be  introduced  to  include  the  effect  of  the  conduct- 
ing tape  are  outlined  in  the  discussion  of  the  general  theory.  The 
agreement  between  the  calculated  and  the  measured  values  of  return 
resistance  proves  that  the  method  developed  in  the  present  paper 
is  accurate  even  at  the  highest  frequencies  employed  in  telephony. 

Note  I — Note  on  Bessel  Functions 

The  Bessel  Functions  of  zero  order  of  the  first  and  second  kinds, 
J0  (p)  and  K0  (p),  used  in  the  preceding  work  are  all  to  a  complex 
argument  p  =  f?vTwhere  q  is  a  real  number  and  i  =  V-  1.  The 
following  formulas9  may  be  used  for  determining  the  values  of  these 
functions: 

q  <  0.1 

Jo(p)    =    1  J'o(p)    =    ~   I  P 

2  wi 

K0{p)  =  loge  -L  =  .11593  -  log,g r 

7P  4 

Ko'  (p)  =  -  - 
p 

(Jahnke  it.  Emde,  "  Funktionentafeln,"  pp.  97,  98.) 

0.1  <  q  <  10 

The  reports  of  the  British  Association  for  1912  and  1915  give  the 
values  in  this  range  of  the  functions  ber  q,  ber'  q,  bei  q,  bei'  q,  ker  q, 
ker'g,  kei  q,  kei'q  which  are  defined  by  the  relations 

J0  (iqVi)  =  ber  q  +  i  bei  q, 
iy/i  Jo  (iqy/i)  =  bes'q  +  i  be'i'q, 

Ko  (iqy/i)  =  ker  q  +  i  kei  q, 
iy/i  K0'(iq\/i)  =  ker'g  4-  i  kei'g. 

It  is  to  be  noted  that  this  approximation  for  K<,  (p)  differs  from  the  expression 
used  by  J.  J.  Thomson,  "Recent  Researches  in  Electricity  and  Magnetism,"  p.  263. 
Thomson's  formula  (2)  from  which  his  approximation  was  derived,  contains  a 
number  of  errors  and  should  read 

K0  (x)  =  (-C  +  \og2i  -\ogx)J0  (x)  -2J2(x)  -hJ4(x)  +  h  J«)  (x) 

where  C  =  .5772  log  =  log  y. 
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q  >  10 

J0  {qV^i)  =  ^  [cos  Q^f  -  I  j  +  i  sin  (  ^=  -  |jj 

Jo  (gV-  i)  =  i  Jo  (gV—  ^) 

Xo'  (sV^T)  =  -  i  K0  (g V11^) 

Note    II — Transformation    of    Fourier-Bessel    Expansion 

In   problems  involving  Fourier-Bessel  expansions  it  is  sometimes 
necessary  to  transform  quantities  of  the  form 

cos  s4>j  sin  sfa  , 

from  the  system  of  coordinates  pj,  ty  to  the  systems  p,  <£  or  r,  6  which 
are  related  as  shown  in  Fig.  5. 

The  necessary  formula  may  be  derived  as  follows.     We  have 


cos  sfa  -f-  i  sin  s<t>j 


_  eis(t>j        (&+j  \        J_ 
.pj      ~~  \  Pj   )  ~~      Z), 


Pi 

where   Z,    is   the   conjugate   of     the    vector   Z 'j  =  pjt'^J.       Similarly 
we  may  write 

Z  =  p*«*-»+*y)f 

Q   =   Cj€^  +  aP 

The  vectors  Zj,  Z  and  C,  as  may  be  seen  from  Fig.  5,  have  the 
lengths  pj,  p  and  c,  respectively,  and  the  directions  indicated  by  the 
arrows. 

By  vector  addition, 

Z'j  =  Z  +  Q 

whence  Z,  =  Z'  +  C'j, 

where  Z'  and  C'j  are  the  conjugates  of  Z  and  Cj  respectively. 
By  expansion 


1    _  1  _    1  [i         *  Z     .   *(* 

z;     (Z'  +  C",-)*    CfL       l  c'i"    l 


S    Z'     ,    5  (s  +_1)  z^ 
.2        C"2 


j  (j  +  1)  (j  +  2)    Z%        _-; 
1.2.3  Cj3  ^  J 
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1  ftS  (T+O,-)  AST: 

We  have  JL  =  ^__  =   (  -  1)-  e- ?, 

and  4^-  =  -^V"^-*-^  =-^-€-*'»<*+<y) 

Therefore 

e^  =  J_  =    (_-JL>  r         _  j_  _p_     ^.^.^ 

Pi      z;        Cj     L  i   Cj 

+        1.2         ^  J 

Equating  the  real  and  imaginary  parts  gives 

cos  s<f>j       (—  l)s  r  5    p  , 

T^  =  '       cos  joy   -  T  £-  cos  (0  -  a,-  [5  -  1])  + 

Pj  Cj       L_  1    Q 

5  ^  ^  |  cos  (20  -  a,  [5  -  2]) ]  . 

sin  s<f>j         (  —  1)»  T  .  i     s    P     ■      r,  r  m 

— — -  =  — 3—      sin  jay  +  T  -  sin  (0  -  ay  [s  -  1])  + 

P5y  Cj         I.  1    Cy 

5  ('L2  ^  I  sin  (2  0  -  a,  [5  -  2  ])  -  •  -  -  ]. 

Similarly 

log  Zj  =  log  (c;  +  z') 

-  i      r'  -i-  ?L  -  I  ?12  4  I  ^  - 

lOg  Cy  -t-   c,  2    c„  -t"    3    ^,3 

=  log  c;  +  V(  ~  1)""1  p-n e «" ^ - tt^. 

7       —  n  c," 

n  =  l  7 

Equating  real  and  imaginary  parts  we  have 

log  pj  =  log  Cj  +  —  cos  (0  -  ay)  -  —  —t  COS  2  (0  — ay)  +  ...+, 
Cy  Z   C_j 

0,  =  —  sin  (0  -  ay)  -  —  ^  sin  2  (0  —  ay)  +  •••  +• 
cj  &   cj 

The  following  formulas  may  be  derived  in  a  similar  manner: 

cos 50,     (  —  l)5  f,   .   J   r         ,.        v  .   s(s+l)  r2        ckq        \  I  1 

_^=i_i  |_1+T_ „(,_lri>+_3_ _cos2(«-1s)+...+ j, 

sj^  =  L^f-|£sW(fl_T/)+£(£+l)^sin2(,_7i)  +  ...+-], 

r  1    r2 

log  py   =   log  C COS   (0   -    7y)    -    -jr  -y  COS  2  (0   -    Yy) . 
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Note  III — Determination  of  51,  q2,  etc. 
The  equations  (47), 

qn  =  (  -  l)nX„^-  (A  4-  Snn  Bo)  -  (  -  1)"X„  L-  2„     w  =  1 » 

w  w! 

are  linear  in  the  variables  gi,  g2  —  ,  since 

-„  —  «!  o„_i,„-|-i  §i  — -  —  on_2,„+2  q.2  —  —  —    • 

The  values  51,  q2  .  .  .  may  be  determined  by  a  method  of  approxi- 
mations, gn  being  the  limit  of  the  sequence 

n(0)       am       0(2) 

y  n     1    y  n     >   y  n  > 


the  successive  terms  of  which  are  defined  by  the  expressions 

<Z„,0>  =  (-1FK  —  (A  +SnHB0), 
n 


>2«  s-2» 

2,(y+i)  =  (_i)«L^  +5„„50)  -  (_i)«L_2.(g(/>), 

w !  n ! 

where   2n   (g^)    is   the   value   of   3M   when   glt   g2  —  are   replaced    by 
qiU)t   q2U) . 

This  method,  however,  while  formally  simple  and  direct  is  not 
usually  well  adapted  for  numerical  solution.  For  all  sizes  of  armor 
wire  and  for  frequencies  of  practical  importance  the  argument  f  in 
the  expression  (48)  is  small  compared  with  ju  and  the  quantities, 

Xi,  X2, 

are  all  nearly  unity.     This  suggests  the  use  of  the  following  method 
of  solution  of  equations  (47). 

The  solution  of  the  auxiliary  set  of  equations 

Pt=  -  f-(A  +S11B0)  +Y[Mp)' 

pn  =  (  -  1)»£  (A  +  5u  B0)  -  (  -  1)"  r-"  Snfi>), 

n  n\ 

in  the  auxiliary  variables  pi,  p-2  —  may  be  written, 

pi  =  -  f2  Cu  (A  +  5„  50)  +  ^  Cu  (A  +  S22  B0)  +  .  .  .  +  , 

P»  =  -  f2  C„  (4  +  Sn  Bo)  4-  £  C„2  (4  4-  S22  BQ)  +  .  .  .  +  , 
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in  which  Cu,  etc.,  are  numerics.  This  solution  is  effected  by  retain- 
ing a  finite  number  of  equations  and  an  equal  number  of  variables 
and  solving  by  the  usual  methods.  It  will  be  found  that  except  in 
extreme  cases,  a  very  good  approximation  can  be  gotten  by  ignoring 
all  the  p's  except  the  first  four.  The  qs  may  then  be  obtained  by 
the  relation 

qn  =  pn  +  d„ 
d„  being  defined  by 

dn  =  (X„  -  \)pH  -  (  -  1)»X„  £-  Zn(d). 

n\ 

This    system    is    easily    adapted    to    solution    by    successive    ap- 
proximations, 

dn  =  <*•»  +  rf<»  +  rf«  + 

in  which 

d™  =  (l  -  i)  dp!  +  . . .  +  (l  -  -)  CW>„, 

*+1)  =  (x "  h) Cnidi<j)  +  ■  *  ■ +  (* "  h)Cnnd(*' 

Cni,  etc.,  being  the  numerical  coefficients  which  appear  in  the  ex- 
pressions (or  pi,  pi  ... . 

A  very  good  approximation  which  holds  in  most  cases  is 

dn  =  (Xi  -  1)  Cm  Pi  +  (X2  -  1)  Cn2  p2  +  .  .  .  +      (X„    -  l)Cnnpn. 


Analysis  of  the  Energy  Distribution  in  Speech1 

By  I.  B.  CRANDALL  and  D.  MacKENZIE 

Synopsis:  The  frequency  distribution  of  energy  in  speech  has  been  de- 
termined for  six  speakers,  four  men  and  two  women,  for  a  50-syllable 
sentence  of  connected  speech,  and  also  for  a  list  of  50  disconnected  syllables. 
The  speech  was  received  by  a  condenser  transmitter  whose  voltage  output, 
amplified  3,000  fold,  was  impressed  on  the  grids  of  twin  single  stage  amplifi- 
ers. The  unmodified  output  of  one  of  these  amplifiers  was  measured  by  a 
thermocouple  and  was  a  known  function  of  the  total  energy  received  by  the 
transmitter,  corrections  being  made  for  the  slight  variation  with  frequency 
of  the  response  of  the  circuit.  The  output  of  the  other  amplifier  was  limited 
by  a  series  resonant  circuit  to  a  narrow  band  of  frequencies,  the  energy  in 
this  band  being  measured  by  a  second  thermocouple.  The  damping  of  the 
resonant  circuit  was  so  chosen  that  sufficient  resolving  power  and  sufficient 
energy,  sensitiveness  were  obtained  over  the  range  from  75  to  5,000  cycles 
per  second;  and  23  frequency  settings  were  made  to  cover  this  range.  For 
each  syllable  simultaneous  readings  were  recorded  on  the  two  thermocouples 
at  each  frequency  setting.  The  consecutive  syllables  were  pronounced  de- 
liberately by  each  speaker,  maintaining  as  nearly  as  possible  the  normal 
modulation  of  the  voice.  Corrections  were  applied  to  offset  the  unavoidable 
variations  in  total  energy  incidental  to  repetition  of  a  given  syllable. 
13,800  observations  were  made  for  all  speakers.  The  energy  distribution 
curves  obtained  are  essentially  the  same  for  connected  as  for  disconnected 
speech,  and  indicate  that  differences  between  individuals  are  more  important 
than  variations  due  to  the  particular  test  material  chosen.  A  composite 
curve  drawn  from  the  individual  curves  shows  a  great  concentration  of 
speech  energy  in  the  low  frequencies,  a  result  which  would  not  be  expected 
from  data  previously  published  by  others.  The  actual  results  contain 
a  factor  due  to  standing  waves  between  the  speaker's  mouth  and  the 
transmitter,  a  complication  always  present  in  telephoning;  this  could  not 
be  eliminated. 

The  rate  of  energy  output  in  speech  for  the  normally  modulated  voice,  was 
determined  from  the  readings  for  total  energy  and  was  found  to  be  about 
125  ergs  per  second. 

IX  the  study  of  speech  and  its  reproduction  by  mechanical  apparatus 
it  is  necessary  to  consider  its  composition  from  several  different 
points  of  view.  We  desire  first  of  all  to  know  the  actual  frequency 
distribution  of  the  total  energy  in  speech,  as  well  as  the  separate  dis- 
tributions for  each  individual  sound.  We  also  desire  to  know  the 
apparent  distribution  of  energy,  that  is,  the  distribution  as  perceived 
by  the  ear.  Finally,  we  wish  to  know  the  importance  of  each  fre- 
quency, that  is,  the  contribution  to  "articulation"  or  "quality" 
in  the  exact  reproduction  of  speech  which  can  be  traced  to  the  energy 
of  each  elementary  band  of  frequencies  in  the  speech  range.  In  all 
three  cases  certain  frequency  functions  are  used  to  represent  these 
distributions.  The  advantage  of  considering  these  different  frequency 
distribution  functions  separately  has  already  been  indicated  by  one 
of  the  present  writers.2 

1  Reprinted  from  The  Physical  Review,  VS.,  Vol.  XIX.  Xo.  3,  March,  1922. 
!"The  Composition  of  Speech,"  Phys.  Rev.,  X,  p.  74,  1917. 
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In  our  judgment  the  most  important  of  these  data  of  speech  study  is 
the  actual  energy  distribution,  considering  speech  as  "a  continuous  flow 
of  distributed  energy,"  in  accordance  with  the  ideas  expressed  in  the 
earlier  paper.  The  present  paper  offers  a  determination  of  this 
fundamental  factor. 

To  determine  the  energy  distribution  in  speech  to  a  high  degree  of 
accuracy  it  would  be  desirable  to  analyze  a  certain  amount  of  con- 
nected speech  and  take  a  time  average  of  the  energy  distribution  of 
the  whole.  This  is  not  feasible  at  the  present  time,  but  a  very  close 
approach  to  this  result  has  been  made.  The  method  consists  in 
analyzing  the  speech  waves  as  impressed  on  a  condense  transmitter, 
using  a  tuned  circuit  to  transmit  narrow  frequency  bands  of  energy  and 
pronouncing  the  separate  syllables  of  the  connected  speech  so  slowly 
that  the  kick  of  a  direct  current  galvanometer  connected  to  an  A.  C. 
thermocouple  can  be  separately  read  for  each  syllable.  Using  a  suit- 
able calibration  for  the  whole  apparatus,  .the  magnitude  of  this  kick 
can  be  interpreted  in  terms  of  the  time  integral  of  the  energy  at  a 
particular  frequency  setting  for  each  syllable.  A  mean  of  the  read- 
ings for  all  the  syllables  in  the  "speech"  at  any  frequency  setting 
gives  the  relative  energy  at  that  frequency. 

The  present  method  is  a  modification  of  an  earlier  method  in  which 
approximate  analyses  of  speech  sounds  were  made,  using  a  condenser 
transmitter,  tuned  circuit,  an  amplifying-rectifying  circuit,  and  ballis- 
tic galvanometer.  The  method  is,  however,  much  improved  as  we 
now  have  very  accurately  calibrated  condenser  transmitters  of  better 
design,3  and  a  great  deal  of  care  has  been  taken  to  calibrate  the  suc- 
cessive elements  of  the  train  of  apparatus,  and  increase  the  resolving 
power. 

Experimental  Procedure 

Sound  waves  emitted  from  the  mouth  of  the  speaker  are  allowed  to 
fall  upon  the  diaphragm  of  a  condenser  transmitter,  connected  in  the 
conventional  manner  to  the  input  of  a  three-stage  amplifier.  The 
output  of  this  is  impressed  upon  the  input  circuits  of  twin  single 
stage  amplifiers,  potentiometers  being  interposed  to  permit  regula- 
tion of  the  grid  voltages  of  the  twin  amplifier  tubes. 

The  output  circuits  of  the  fourth  stage  consist  of  the  high  windings 
of  two  step  down  ironclad  transformers.  These  step  down  trans- 
formers have  a  voltage  ratio  of  11 :  1  and  are  designed  to  work  between 
impedances  of  6,000  and  50  ohms.  The  low  impedance  winding  of 
one  of  these  transformers  operates  into  a   thermocouple  heater  of, 

sThe  present  design  of  the  condenser  transmitter  and  its  calibration  are  fully 
treated  in  a  paper  by  Dr.  E.  C.  Wente  which  will  appear  shortly  in  this  Journal. 
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roughly,  40  ohms  resistance.     The  low  side  of  the  other  transformer 
operates  through  a  tuned  circuit  into  a  similar  thermocouple  heater. 


rr-tBEE     STTAS5E    AT-iPur.Ee 


r.CP^"^''^: 


*"HF?-TOC£XjPVl 


Fig.  1 — Circuit  Used  for  the  Analysis  of  Speech.     (The  Usual  Details  of  the  Three 
Stage  Amplifier  Are  Not  Shown) 

The  diagram  of  Fig.  1  exhibits  the  essential  features  of  the  electrical 
circuits  just  described. 

When  the  diaphragm  of  the  condenser  transmitter  is  set  in  vibration 
by  speech  a  current  made  up  of  a  range  of  frequencies  flows  in  the 
heater  of  thermocouple  I.,  while  the  heater  of  thermocouple  II  is 
traversed  only  by  such  a  band  of  frequencies  as  the  resonant  circuit 
allows.     Fig.  2  shows  a  number  of  typical  resonance  curves  obtained 
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Fig.  2 — Resonance  Curves  Showing  the  Resolving  Power  of  Apparatus 

in  the  course  of  calibrating  this  apparatus.  These  curves  are  such 
that  the  tuned  circuit  functions  as  a  filter  transmitter  only  a  narrow 
region  of  frequencies.     One  side  of  the  twin  amplifier  transmits  the 
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entire  electrical  response  of  the  system;  the  other  side  suppresses 
all  save  a  band  of  frequencies,  the  center  of  this  band  being  shifted 
by  resetting  the  condenser  and  inductometer. 

Having  chosen  for  analysis  a  piece  of  connected  discourse,  the 
speaker  utters  the  successive  syllables  separately  but  as  nearly  as 
may  be  with  the  same  inflection  and  volume  as  if  the  syllables  were 
continuously  spoken.  Two  observers  record  the  readings  of  microam- 
meters  in  the  couple  circuits  of  the  thermocouples.  One  of  these 
instruments  gives  a  deflection  corresponding  to  the  total  energy  of 
the  syllable  uttered;  the  deflection  of  the  other  instrument  corre- 
sponds to  the  energy  of  the  syllable  lying  within  the  limits  of  trans- 
mission of  the  tuned  circuit. 

Preliminary  experiments  were  carried  out  to  determine  the  relation 
between  momentary  deflection  read  on  the  microammeter,  and  the 
current  momentarily  flowing  in  the  thermocouple  heater.  Currents  of 
different  values  were  caused  to  flow  for  intervals  of  time  varying 
from  0.2  second  to  1.2  seconds,  and  the  deflections  were  found  nearly 
proportional  to  the  product  of  current  squared  and  time  interval; 
this  proportionality  was  most  nearly  exact  when  the  current  was 
weak  and  the  time  intervals  short.  For  all  cases  likely  to  be  dupli- 
cated in  the  speech  analysis  work  the  error  might  be  taken  as  about 
5  per  cent,  a  quantity  small  in  comparison  with  the  inevitable  un- 
certainties due  to  other  causes. 

Quite  low  damping  is  attained  in  the  resonant  circuit.  The  values 
of  inductance  used  ranged  from  0.20  to  0.66  henry  and  the  total  re- 
sistance of  the  circuit — transformer  winding,  inductometer  coil, 
thermocouple  heater — -55  of  the  order  of  100  ohms.  The  damping 
thus  ranges  from  75  to  250. 

The  circuit  is  calibrated  in  the  following  manner: 

A  switch  is  so  introduced  that  it  is  possible  to  include  in  series  with 
the  thermocouple  the  resonant  circuit,  or  replace  it  by  a  non-in- 
ductive resistance  whose  value  is  approximately  that  of  the  A.  C. 
resistance  of  the  inductometer  winding.  With  the  tuned  circuit 
excluded,  an  alternating  current  of  suitable  magnitude  is  caused  to 
flow  in  the  thermocouple  heater;  the  tuned  circuit  is  then  substituted 
and  the  new  value  of  the  current  observed,  the  input  voltage  remaining 
constant.  The  ratio  of  current  squared  "tuned  circuit  in"  to  current 
squared  "tuned  circuit  out"  is  plotted  against  frequency,  yielding  a 
curve  for  energy  transmission. 

Twenty-three  bands  in  all  were  considered  adequate  for  the  analysis 
of  energy  distribution  in  speech;  the  centers  of  these  were  at  75,  100. 
200,  300  cycles,  400  to  3,200  cycles  by  steps  of  200;  3,500.  4,000,  4,r.00. 
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5,000  cycles  per  second.  Beyond  5,000  cycles  per  second,  the  energy 
is  so  low  as  to  be  impossible  of  measurement  with  the  apparatus  used. 
A  Weston  Type  322  microammeter  recorded  the  couple  current  for  the 
tuned  circuit  side  of  the  twin  single  stage  amplifier.  With  this  instru- 
ment and  the  thermocouple  used,  0.2  microampere  in  the  couple  circuit 
corresponds  to  one-quarter  of  a  milliampere  in  the  heater,  and  this  is 
the  lowest  readable  deflection  of  the  Weston  instrument. 


Reduction  of  Observations 

Three  corrections  have  to  be  made,  the  first  being  the  correction 
for  varying  volume. 

Simultaneous  observations  are  made,  at  each  setting  of  the  tuned 
circuit,  of  the  filtered  and  the  unfiltered  energy  of  each  syllable.  It 
is  not  possible  to  utter  a  given  syllable  with  the  same  intensity  and 
at  the  same  distance  from  the  transmitter  for  every  one  of  twenty- 
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Fig.  3 — Illustrating  Correction  of  Observations,  Necessary  Because  of  Variation  in 
Resolving  Power  with  Frequency  Setting 

three  times.  Accordingly,  the  "unfiltered"  readings  are  averaged  and 
each  of  the  filtered  readings  for  each  syllable  reduced  from  the  value 
actually  observed  to  the  value  that  would  have  been  read  had  the 
volume  and  distance  been  such  as  to  give  the  average  "unfiltered" 
reading.  This  procedure  is  quite  legitimate  if  it  be  granted  possible 
to  maintain  a  definite  composition  of  the  syllable  in  question  through- 
out the  changes  of  the  tuned  circuit  setting. 
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A  second  correction  was  made  for  the  varying  area  of  tuned  circuit 
curves. 

In  Fig.  3  let  S(f)  be  the  speech  spectrum  determined  by  'deal 
methods;  "R"  the  transmission  curve  of  the  tuned  circuit,  set  for  a 
resonant  frequency/.  An  ideal  transmission  curve  would  be  a  rectangle 
when  plotted  in  this  figure,  of  height  "h"  and  transmission  range  A/. 

The  true  amount  of  energy  S(f)  associated  with  frequency/,  and  the 
experimentally  determined  value  which  we  may  call  (Sf)  are  con- 
nected bv  the  relation 

_  /V+A/ 

hS(f)lf=    /        S(f)R(f)df 
and  if  we  make  Jf 

hAf=f+*fR(f)df 

we  may  take  for  all  practical  purposes  S(f)  =  S{f),  considering  the 
narrowness  of  the  transmission  range.  We  must  therefore  find  the 
factor  hAf,  proportional  to  the  area  of  each  tuned  circuit  curve  and 
divide  the  energy  received  through  the  filtered  side  by  //A/,  in  order  to 
obtain  S(f).  This  treatment  may  be  gone  through  for  each  syllable 
individually,  but  it  is  more  convenient  to  sum  the  tuned  circuit  read- 
ings for  all  the  syllables  used,  corrected  one  at  a  time  for  varying 
volume,  and  then  apply  the  curve  area  correction  to  this  sum. 

A  third  correction  was  made  for  the  varying  frequency-sensitivity  of 
the  whole  apparatus.  Thus  far  we  have  discussed  only  the  electrical 
energy  in  the  output  circuit  of  the  fourth  stage.  It  remains  to  show  in 
what  way  this  is  related  to  the  mechanical  energy  of  the  diaphragm, 
and  this  in  turn  to  the  incident  sound  energy. 

The  calibration  of  the  circuit  as  a  whole  was  made  by  introducing  a 
small  resistance  carrying  alternating  current  in  series  with  the  con- 
denser transmitter,  thus  introducing  a  known  potential  drop  in  the 
undisturbed  input  mesh  of  the  circuit. 

An  amplification  curve  is  appended  (A,  Fig.  4)  which  gives  to  an 
arbitrary  scale  the  ratio  of  volts  output  to  volts  input  as  a  function  of 
frequency,  for  the  system  as  actually  operated.  The  calibration  of  the 
condenser  transmitter,  shown  in  Fig.  4,  Curve  C,  gives  the  open 
circuit  voltage  of  the  transmitter  per  unit  pressure  on  the  diaphragm 
as  a  function  of  frequency.  The  product  of  these  curves  is  the  volts 
output  per  unit  alternating  pressure  on  the  diaphragm,  and  the  square 
of  this  product,  curve  E  is  proportional  to  the  electrical  energy  output 
per  unit  sound  energy  incident  on  the  diaphragm,  if  we  assume  that 
the  sound  energy  is  proportional  to  the  square  of  the  alternating 
pressure.  This  point,  however,  requires  some  further  discussion, 
which  will  be  given  later  on. 
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It  is  plain  from  curve  E  that  the  response  of  the  system  is  a  maxi- 
mum of  frequencies  in  the  neighborhood  of  2,250  cycles.  If,  now,  the 
observations  already  corrected  for  varying  volume  and  for  area  of 
resonance  curves,  are  subjected  to  further  correction  for  the  exaggera- 
tion of  these  frequencies,  it  is  possible  to  draw  a  curve  which  shall 
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Fig.  4 — Energy-Frequency  Characteristics  of  the  Apparatus 
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exhibit  the  mean  square  of  the  excess  pressure  on  the  diaphragm,  as  a 
function  of  frequency  in  the  voice  exciting  the  vibration.  We  obtain 
this  corrected  curve  by  dividing  the  results,  after  the  first  and  second 
corrections  above  have  been  made,  by  the  ordinates  of  curve  E. 


Observations 

In  order  to  investigate  the  possibilities  of  this  method  it  was  decided 
to  work  with  a  rather  short  piece  of  connected  speech,  and  to  use  a 
limited  number  of  observers,  on  account  of  the  large  number  of  ob- 
servations which  are  required  for  each  separate  syllable.  With  six 
speakers  (four  men  and  two  women)  each  pronouncing  the  test  sentence 
of  fifty  syllables  for  each  of  the  twenty-three  frequency  settings,  6,900 
separate  observations  were  required.  It  is  believed  that  representa- 
tive results  have  been  obtained  from  these  observations,  but  if  this 
is  not  the  case  then  some  method  of  graphical  registration  of  the  energy - 
aime  curve  of  speech  for  the  different  frequency  settings  must  be 
tpplied  in  order  to  handle  the  vast  amount  of  data  involved  in  work 
on  an  appreciably  larger  scale. 

The  test  sentence  used  was  as  follows: 

"Quite  four  score  and  seven  years  ago  our  father  brought  forth  on  this  continent, 
a  nice  new  nation,  conceived  in  liberty,  and  dedicated  to  the  proposition  that  all 
men  are  created  equal." 


Fig.  6— Energy  Distribution:  Composite  Curves  of  Male  and  Female  Voices 

The  two  italicized  words  were  added  to  the  first  sentence  of  the 
"Gettysburg  Address"  in  order  to  bring  the  total  up  to  fifty  syllables, 
and  improve  the  balance  between  the  vowel  sounds. 

The  resulting  speech-energy  curves  are  shown  in  Figs.  5,  6  and  7, 
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plotted  so  that  J0  5  (/)  df  =  1  in  each  case.  In  Fig.  5  the  individual 
curves  for  each  of  the  six  speakers  are  shown  on  a  small  scale;  in  Fig.  6 
the  composite  curve  for  the  men  and  the  composite  curve  for  the 
women,  drawn  separately,  and  in  Fig.  7  the  composite  curve  for  all 
six  speakers,  giving  the  data  of  curves  6^1  and  QB  equal  weight. 
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Fig.  7 — Energy  Distribution:  Composite  Curve  for  All  Voices 

These  curves  are  very  similar  to  a  curve  obtained  by  Dr.  Fletcher  of 
this  laboratory,  using  block  filters  and  based  on  the  simple  calling 
sentence  "Now  we're  off  on  one."  A  general  consideration  of  this  fact 
and  of  the  data  shown  leads  us  to  believe  that  the  differences  between 
curves  of  this  sort,  made  by  the  method  described  are  due  rather 
more  to  differences  between  the  voices  of  the  individual  speakers 
than  to  the  particular  piece  of  connected  speech  which  is  chosen,  pro- 
vided the  speech  is  of  reasonable  length.  The  differences  between 
the  different  voices  are  so  marked  that  we  should  expect  them  to  remain 
even  though  we  used  as  test  material  a  connected  speech  ten  or  fifty 
times  as  long  as  the  sentence  used. 


The  Energy  Distribution  in  Speech 

An  interesting  comparison  may  be  made  between  the  curves  shown 
for  the  energy  distribution  of  "continuous  speech"  and  certain  specu- 
lative curves  previously  constructed  to  indicate  the  energy  distribu- 


ENERGY   DISTRIBUTION   IN   SPEECH 


125 


tion.  One  of  these  curves  is  shown  in  Fig.  8.  Curve  A  was  constructed 
by  one  of  the  writers  in  1916  in  an  attempt  to  synthesize  the  energy 
curve  from  the  energy  distributions  of  the  vowel  sounds,  using  the 
vowel  analyses  of  Dr.  Dayton  C.  Miller.  Curve  C  is  the  composite 
"continuous  speech"  curve  of  Fig.  7.    The  vowel  sounds  analyzed  by 
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Fig.  8 — Energy  Distribution:    .4.  Synthesized  from  Vowel  Records  of  D.  C.  Miller 
(1916).     B.   Disconnected  Speech  Analysis  of  this  Paper.      C.   Connected   Speech 
Analysis  of  this  Paper  (from  Fig.  7) 


Miller  were  intoned  and  the  vowel  sounds  analyzed  by  us  were  spoken, 
but  Miller's  work  seemed  to  show  that  there  was  no  essential  differ- 
ence between  intoned  and  spoken  vowel  sounds.  There  is,  however,  a 
very  noticeable  difference  between  Curve  A  and  Curve  C,  the  energy 
in  the  fundamental  tone  of  the  speaker's  voice  coming  out  much 
more  strongly  in  Curve  C.  We  should  expect  that  our  improved  ap- 
paratus would  record  the  energy  in  the  lower  frequencies  more  cor- 
rectly than  the  apparatus  heretofore  used  but  as  we  used  different 
test  material  (connected  speech  instead  of  disconnected  syllables  or 
vowel  sounds)  it  is  not  immediately  evident  which  of  these  two  factors 
is  responsible  for  the  differences  between  the  A  and  the  C  curves. 

In  order  to  investigate  this  point  more  fully  the  testing  routine  for 
all  six  speakers  was  repeated,  using  instead  of  the  fifty-syllable  sen- 
tence, the  fifty  disconnected  syllables  of  one  of  the  standard  articula- 
tion testing  lists,  as  used  by  Dr.  Fletcher  ii  this  laboratory.  The 
results  for  energy  distribution  are  shown  in  Fig.  9,  Curve  .4   being 
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the  mean  energy  distribution  for  the  four  male  speakers,  using  the 
syllables,  while  Curve  B  is  the  mean  energy  distribution  of  the  two 
female  speakers.  Curves  9A  and  9B  may  be  compared  with  Curves 
6^4  and  QB  which  represent  the  sentence  of  continuous  speech.  The 
two  sets  of  curves  are  essentially  the  same  as  shown  in  Fig.  8,  C  and  B 


sooo  -Aooo "     looo 

Fig.  9 — Energy  Distribution  in  Disconnected  Speech 

being  respectively  the  composite  curves  for  all  speakers,  using  con- 
nected and  disconnected  speech. 

Such  small  differences  as  exist  between  Curves  C  and  B  of  Fig.  8 
may  probably  be  due  to  differences  in  the  distribution  of  the  vowel 
sounds  in  the  connected  and  disconnected  test  material.  This  dis- 
tribution is  given  in  the  following  table: 


Vowel  Sounds 

a 

a 

a 

e 

e 

er 

i 

I 

o 

o 

6 

u 

u 

ou 

Total 

In  Sentence 

In  Syllabic  List  I  No. 
174) 

6 

4 

6 

4 

3 
3 

7 
4 

3 
3 

3 

4 

7 
3 

2 
4 

2 
3 

5 

4 

3 
3 

0 
4 

2 
4 

1 
3 

50 
50 

Key  to  Vowel  Sounds:    a,  as  in  father  (or  o  as  in  top) 
a,  as  in  tape 
a,  as  in  tap 
e,  as  in  ten 
e,  as  in  team 
er,  as  in  term 
i,  as  in  tip 


I,  as  in  time 
o,  as  in  ton 
6,  as  in  tone 
6,  as  in  for 
u,  as  in  pull 
u,  as  in  rule 
ou,  as  in  house 


The  similarity  between  Curves  C  and  B  of  Fig.  8  is  evidence  of  the 
general  reliability  of  the  method,  and  leads  to  two  rather  important 
conclusions. 

In  the  first  place,  characteristic  results  have  been  obtained  for  a 
given  set  of  speakers,  using  two  different  types  of  test  materials.    This 
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seems  to  show  that  the  choice  of  test  material  does  not  require  especial 
consideration,  provided  it  is  of  sufficient  length.  It  seems  to  be  a 
matter  of  rather  greater  importance  to  increase  the  number  of 
observers. 

In  the  second  place,  it  seems  that  for  the  actual  energy  distribution, 
the  results  previously  obtained  from  the  vowel  analyses  are  definitely 
in  error,  in  that  they  show  relatively  little  energy  associated  with  the 
lower  voice  frequencies. 

Criticism  of  the  Results 

The  foregoing  treatment  provides  a  curve  showing  the  frequency 
distribution  of  the  square  of  the  excess  pressure  on  the  diaphragm. 
In  an  undisturbed  field  of  sound  energy  we  have  for  the  intensity 

2pa 

in  which  p  is  the  mean  density  of  the  medium,  a  the  velocity  of  sound 
in  the  medium  and  P  the  maximum  excess  pressure. 

It  remains  for  us  to  consider  in  how  far  the  results  obtained  represent 
the  frequency  distribution  of  sound  energy  in  speech. 

Due  to  the  fact  that  at  frequencies  where  the  sound  wave-length  is 
short  and  comparable  with  the  diameter  of  the  transmitter,  consid- 
erable reflection  takes  place,  and  the  pressure  on  the  diaphragm  is 
proportionately  greater  for  these  frequencies  than  for  those  which  are 
not  accompanied  by  strong  reflection.  In  this  respect  again  the 
higher  frequencies  provoke  the  greater  response  in  the  system. 

The  following  experiment  was  tried  to  investigate  this  variation.  A 
wall  six  feet  square,  with  a  central  hole  to  fit  over  the  condenser  trans- 
mitter, was  brought  up  to  make  the  transmitter  a  part  of  a  plane  wall. 
The  clearance  around  the  periphery  of  the  transmitter  was  tightly 
closed,  and  reflection  was  to  be  expected  at  all  frequencies.  Where 
total  reflection  takes  place,  a  given  quantity  of  sound  energy  results 
in  twice  the  alternating  pressure  on  the  diaphragm  as  when  no  reflection 
occurs.  That  is,  the  resulting  electrical  energy  observed  should  be  four 
times  as  great  for  total  reflection  as  for  no  reflection.  The  wall  was 
expected  to  cause  reflection  at  all  frequencies,  and  the  experiment 
consisted  in  reading  the  electrical  response,  with  and  without  the  wall, 
the  condenser  transmitter  being  exposed  to  tones  of  frequencies  from 
200  to  10,000  cycles  per  second  under  definite  adjustments  of  the 
supply  circuit  of  a  receiver  producing  this  tone.  When  the  frequency 
is  low,  little  reflection  takes  place  from  the  transmitter  standing  alone, 
and  bringing  up  the  wall  should  cause  a  great  increase  in  the  response 
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of  the  system.  At  high  frequencies  the  transmitter  should  reflect 
nearly  as  much  alone  as  when  part  of  a  large  wall,  and  the  readings 
with  and  without  the  wall  should  be  nearly  equal.  Plotting  ratio  of 
response  without,  to  response  with  the  wall  was  expected  to  yield  a 
curve  which  could  be  used  to  make  the  final  reduction  of  electrical 
output  to  incident  sound  energy,  and  so  permit  a  more  accurate  de- 
termination of  the  spectrum  of  sound  energy  of  the  voice. 

No  consistent  results  were  obtained  after  several  trials  and  the  ex- 
periment was  abandoned.  The  failure  is  doubtless  to  be  ascribed  to 
standing  waves,  the  character  of  which  is  very  sensitive  to  the  location 
in  the  room  of  the  transmitter  and  the  wall.  This  experiment  is  to  be 
repeated  under  more  favorable  conditions  when  standing  waves  can 
be  eliminated. 

Thus,  the  curves  finally  obtained  show  no  more  than  the  frequency 
distribution  of  energy  in  speech  in  terms  of  the  mechanical  energy  of  a 
more  or  less  ideal  transmitter  diaphragm.  However,  this  information 
has  its  value  because  in  any  given  configuration  of  transmitter, 
speaker,  and  room,  there  is  a  definite  correspondence  between  the  sound 
energy  of  the  voice  and  the  force  acting  on  the  diaphragm  on  which  it 
falls,  and  in  telephony  at  any  rate  it  is  this  action  on  the  diaphragm 
with  which  we  are  immediately  concerned. 

In  conclusion  we  may  give  a  determination  of  the  total  energy  rate 
of  speech,  obtained  as  a  by-product  of  the  preceding  investigation. 
Knowing  the  calibration  of  the  system  in  absolute  units,  it  is  possible 
to  determine  the  alternating  pressure  on  the  condenser  transmitter 
diaphragm  exposed  to  continuous  speech  from  the  normally  modulated 
voice  under  the  conditions  of  the  experiment.  Using  the  mean  of  the 
values  obtained  with  9  observers  we  find  for  the  alternating  pressure 
11.3  dynes  per  sq.  cm.  (r.m.s.)  for  a  distance  of  2.5  cm.  from  mouth  to 
diaphragm.  This  corresponds  to  an  energy  flow  of  3.2  ergs  per  sq. 
cm.  per  second.  Assuming  that  this  energy  flow  is  distributed  uni- 
formly over  a  hemisphere  of  2.5  cm.  radius,  we  may  take  125  ergs 
per  second  as  the  total  sound  energy  flow  from  the  lips  with  the 
normally  modulated  voice. 


The  Nature  of  Speech  and  Its  Interpretation 

By  HARVEY  FLETCHER 

Introduction 

VARIOUS  phases  of  this  subject  have  received  serious  study  l>\ 
phoneticians,  otologists,  and  physicists.  On  account  of  its  universal 
interest,  it  has  received  attention  from  men  in  many  branches  of 
science.  In  spite  of  the  large  amount  of  time  devoted  to  the  sub- 
ject, the  progress  in  understanding  its  fundamental  aspects  has  been 
rather  slow.  At  the  present  time  the  physical  properties  which 
differentiate  the  various  fundamental  speech  sounds  are  understood 
in  only  a  very  fragmentary  way.  Some  very  interesting  and  pains- 
taking work  has  been  done  on  the  physical  analysis  of  vowel  sounds, 
but  the  results  to  date  are  far  from  conclusive.  Although  several 
theories  have  been  advanced  to  explain  the  way  in  which  the  ear 
interprets  sound  waves,  they  are  still  in  the  controversial  stage. 

The  material  which  is  presented  here  is  the  result  of  an  in\  (^li- 
gation which  has  been  carried  on  in  the  Research  Laboratories  of 
the  American  Telephone  and  Telegraph  Company  and  Western 
Electric  Company  during  the  past  few  years. 

To  make  a  quantitative  study  of  speech  and  hearing  it  is  necessary 
to  obtain  the  speech  sounds  at  varying  degrees  of  loudness  and  with 
definitely  known  amounts  of  distortion.  The  main  reason  why  so 
few  real  results  have  been  obtained  in  the  investigation  of  speech 
sounds  is  due  to  the  fact  that  it  is  extremely  difficult  to  change  the 
volume  and  distortion  of  these  sounds  by  acoustic  means.  Due  to 
recent  developments  in  the  electrical  transmission  of  speech  it  is 
possible  to  produce  the  equivalent  of  these  changes  by  electrical  means. 
For  this  purpose  a  telephone  system  was  constructed  which  repro- 
duced speech  with  practically  no  distortion.  It  was  arranged  so  that 
by  means  of  distortionless  attenuators  the  volume  of  reproduced 
speech  could  be  varied  through  a  very  wide  range,  and  so  that  by 
introducing  various  kinds  of  electrical  apparatus  the  transmitted 
speech  wave  could  be  distorted  in  definitely  known  ways. 

A  method  was  developed  for  measuring  quantitatively  the  ability 
of  the  ear  to  interpret  the  transmitted  speech  sounds  under  differenl 
conditions  of  distortion  and  loudness.  By  choosing  these  conditions 
properly,  considerable  information  was  gained  concerning  both  speech 
and  hearing.     This  indirect  method  of  attack  has  a  distinct  advantage 

Presented  at  a  meeting  of  the  Electrical  Section  of  the  Franklin  Institute  held 
Thursday,  March  30,  1922.  Reprinted  from  the  Journal  of  the  Franklin  Institute 
for  June  1922. 
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for  engineering  purposes,  in  that  it  measures  directly  the  thing  of 
most  interest,  namely,  the  degrading  effect  upon  telephone  conversa- 
tion of  introducing  electrical  distortion  into  the  transmission  circuit. 
However,  the  application  of  the  results  is  not  limited  to  this  particular 
field. 


Method  of  Measuring  the  Quality  of  Speech 

Briefly  stated  the  method  consists  in  pronouncing  detached  speech 
sounds  into  the  transmitting  end  of  the  system  and  having  observers 
write  the  sounds  which  they  hear  at  the  receiving  end.  The  com- 
parison of  the  called  sounds  with  those  observed  shows  the  number 
and  kinds  of  errors  which  are  made.  The  per  cent  of  the  total  sounds 
spoken  which  are  correctly  received  is  called  the  articulation  of  the 
system. 

Table  I. 

Classification  of  the  Speech  Sounds. 
Pure  Vowels 


Combinational  and  Transitional  Vowels 
\v  —  y  ■—  ou  —  I  —  h 


Semi- vowels 

i 

i  — 
Stop  Consonants 

r 

Voiced 

Unvoiced                  Nasalized 

b 

P 

m 

d 
J 

t 
ch 

n 

g 

k 

ng 

Fricative  Consonants 

Voiced 

Unvoiced 

f 

z 

s 

th  (th. 

an) 

th  (thin) 

zh  (azure) 

sh 

Formation  of  Stop 
lip  against  lip 
tongue  against  teeth 
tongue  against  hard  palate 
tongue  against  soft  palate 

Formation  of  Air  Outlet 
lip  to  teeth 
teeth  to  teeth 
tongue  to  teeth 
tongue  to  hard  palate 
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In  order  to  understand  the  construction  of  the  articulation  lists 
and  also  to  interpret  the  results  of  this  investigation,  I  desire  to 
give  here  a  brief  classification  of  the  speech  sounds,  which  is  based 
upon  the  position  of  the  various  speech  organs  when  the  sounds  are 
being  produced.     It  is  shown  in  the  accompanying  table  (Table  I). 

The  pure  vowels  are  arranged  in  the  vowel  triangle,  which  is  familiar 
to  phoneticians.  Starting  with  the  sound  u  the  lips  are  rounded 
and  there  is  formed  a  single  resonant  cavity  in  the  front  part  of  the 
mouth.  Passing  along  the  left  side  of  the  triangle  from  u  to  a  the 
mouth  is  gradually  opened  with  the  tongue  lowered  to  form  the  suc- 
cessive vowels.  Going  along  the  right  side  of  the  triangle  from  a  to 
e,  the  tongue  is  gradually  raised  to  the  front  part  of  the  mouth  form- 
ing two  resonant  chambers  in  the  mouth  cavity.  An  infinite  number 
of  different  shadings  of  these  vowels  may  be  produced  by  placing 
the  mouth  in  the  various  intermediate  positions,  but  the  ones  which 
are  shown  were  chosen  as  being  the  most  distinct. 

The  sounds  w,  y,  ou,  I  and  h  are  classed  as  combinational  and 
transitional  vowels.  As  the  mouth  is  placed  in  the  position  to  say  u 
and  then  suddenly  changed  so  as  to  form  any  other  vowel  in  the 
triangle,  the  result  obtained  is  signified  in  writing  by  placing  the 
letter  w  before  the  vowel.  In  a  similar  way  we  get  the  effect  usually 
designated  by  y  if  the  position  of  the  vowel  suddenly  changes  from 
e  to  any  other  vowel.  An  infinite  variety  of  dipthongs  can  be  formed 
by  changing  the  position  of  the  mouth  necessary  to  form  one  vowel 
to  that  to  form  another  without  interrupting  the  voice.  The  most 
distinct  and  principal  ones  used  in  our  language  are  formed  by  passing 
from  the  sound  a  to  either  extreme  corner  of  the  triangle  and  are 
known  as  ou  and  I.  When  a  vowel  commences  a  syllable  it  is  formed 
by  suddenly  opening  the  glottis,  permitting  the  air,  which  has  been 
held  in  the  lungs,  to  escape  into  the  mouth,  which  is  formed  for  the 
proper  vowel.  If  the  glottis  remains  open  and  the  vowel  is  started 
by  the  sudden  contraction  of  the  lungs,  we  have  the  effect  which  is 
represented  in  writing  by  placing  an  h  before  the  vowel.  The  sounds 
1  and  r  are  called  semi-vowels  because  the  voice  train  is  partially 
interrupted,  although  the  sound  can  be  continued.  The  stop  and 
fricative  consonants  are  classified  in  a  manner  which  is  familiar  to 
phoneticians. 

It  will  be  noticed  that  the  markings  are  not  those  used  in  the  inter- 
national phonetic  alphabet  which  were  entirely  too  complicated  for 
practical  use.  Only  the  bar  and  accent  stroke  are  used.  These 
can  be  written  quickly  and  with  little  chance  of  error. 

In  order  to  pronounce  these  speech  sounds  properly,  they  must 
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be  combined  into  syllables.  For  the  purpose  of  this  investigation 
they  were  combined  into  mono-syllables  of  the  simple  types  con- 
sonant-vowel,  vowel-consonant,   and   consonant-vowel-consonant. 

To  eliminate  memory  effects  every  possible  combination  of  the 
sounds  into  these  types  of  syllables  was  used  unless  there  was  a  good 
reason  for  excluding  it.  The  complete  list  contained  8700  syllables. 
For  convenience  of  testing  these  syllables  were  divided  into  groups 
of  fifty.  Each  group  contained  the  same  kind  and  number  of  syllable 
forms  and  an  equal  number  of  each  of  the  fundamental  vowel  and 
consonant  sounds. 


Table  II. 
Speech-sound  Testing  List. 


List  No.  160 


Speech-sound 

Key-word 

Speech-sound 

Key-word 

1 

ha 

ho(t) 

26 

gob 

go+b 

2 

ha 

hay 

27 

shol 

shoal 

3 

wa 

wa(g) 

28 

ros 

rus(t) 

4 

wi 

wi(th) 

29 

jod 

ju(g)+d 

5 

vou 

vow 

30 

bok 

buck 

6 

ar 

air 

31 

zik 

z  +  (d)ike 

7 

ez 

e(bb)+z 

32 

bich 

buy+ch 

8 

ush 

you+sh 

33 

kith 

ki(te)-|-th 

9 

an 

on 

34 

git 

gui(de)+t 

10 

id 

(l)id 

35 

yif 

y+if 

11 

jouv 

jow(l)+v 

36 

sin 

sin 

12 

moush 

mou(nd)+sh 

37 

term 

term 

13 

rour 

r+our 

38 

merl 

m+earl 

14 

zuth 

z-f-(s)oothe 

39 

perv 

p+(n)er\re 

15 

hus 

who+s 

40 

yet 

y+eat 

16 

chush 

ch  +  (p)ush 

41 

bel 

b+eel 

17 

jum 

j+(f)oo(t)+m 

42 

zef 

ze(al)+f 

18 

thup 

th  +  (s)oo(t)+P 

43 

weng 

whe(n)-f-ng 

19 

fuch 

foo(t)+ch 

44 

kev 

k+ev(er) 

20 

wong 

wa(ll)+ng 

45 

hang 

hang 

21 

choth 

cha(lk)+th 

46 

pag 

p  +  (r)ag 

22 

toj 

ta(ll)  -f-j 

47 

yas 

y+ace 

23 

kog 

k-f-aug(er) 

48 

dap 

d+ape 

24 

ion 

(tele)phone 

49 

yang 

ya(cht)+ng 

25 

dos 

dose 

50 

Ian 

14-on 

To  illustrate  the  technique  of  articulation  testing  a  sample  list 
is  given  in  Table  II.  In  the  first  column  the  syllable  is  given  in  its 
phonetic  form.  A  key-word  showing  how  each  syllable  is  pro- 
nounced is  given  in  the  second  column.  These  syllables  were  written 
on  cards  which  were  shuffled  each  time  before  they  were  used,  so 
that  the  order  in  which  they  were  pronounced  was  entirely  hap- 
hazard. One  hundred  and  seventy-four  similar  lists  were  used  in 
this    work.     In    order    to    eliminate    personal    peculiarities,    several 
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callers  and  observers  were  used.  In  Table  III  are  shown  the  results 
obtained  by  an  observer  when  this  list  was  transmitted  over  a  system 
which  eliminated  all  frequencies  above  1250  cycles  per  second. 


r>ATF 

2-7 

-20 

TEST  No. 

;/ 

LIST  No. 

IbO 

TRANSMISSION    BRANCH 
ARTICULATION   TEST   RECORDING    SHEET 

TITLE  OF  TEST        3Z03  I  I 

CONDITION  TESTED    Lou*     Pass      Filter    -  izso~ 

A+te„uat,on     .     <T  „aA,,er.   ^""oBSLRVER  MA 

CALLER H      E-    D 


WORD 
ARTICULATION 


4-0 


No. 

OBSERVED 

CALLED 

ERRORS 

No. 

OBSERVED 

CALLED 

ERRORS 

~t~a  n 

i~e  r  nn 

e'r  -  a 

26 

zip 

til    l^  p 

i*  -  i 

ZLit 

aft 

9r*. 

27 

ko'd 

to i 

t-k 
i-d 

in  a 

J 

tv  a 

e> '    a 

28 

ti'sh 

ch  u  sh 

iu-t 

da  p 

,^/" 

29 

u  ana 

^ 

1 
a  5  b 

^^ 

30 

■zef 

z  a  fh 

u  -  e 
tln-t 

6 

J 

of  is 

V* 

f-s 

31 

ref 

ros                     s-t 

7 

J     -, 
mat 

me1 '  rl 

e'r  -  a 

32 

-i  u  m 

8 

ft,  in 

s  in 

s-fh 

33 

J 

-i  o'q 

Jlq1 q 

k-j 

9 

ztp 

*7k 

k-f> 

34 

J      J 
a  a  d 

J 

■iod 

o—a 

10 

■j  on  V 

^^ 

35 

J 
fu  th 

J 

h  u  S 

h-t 

s-  tU 

11 

12 

J 

ua  t 

u  as 

s-t 

36 

id 

^ 

J 
~fh  o  u 

vou 

v-th 

37 

ha 

^ 

13 

bt  p 

bTch 

ch  -  p 

38 

-Fori 

^ 

14 

h  a  nq 

i^ 

39 

ko'fh 

cno'fb 

eh-k 

15 

mis 

mon  sU 

sh  -  -S 

40 

rou  r 

l  S 

16 

da  ch 

d  0  s 

o  -  a 

s  -  ch 

41 

am 

17 

key 

^^ 

42 

bok 

_L^ 

18 

f/« 

pa '  a 

r-+ 

a  —i 

43 

J  e  t 

19 

J 
k  T  s 

1        J 

kftk 

tU-  s 

44 

J 
n'  r 

a '  r 

a'  —  o' 

20 

In  a 

i/' 

45 

uetln 

m  sh 

tj   inserted 

21 

h/enq 

^ 

46 

wo'  nq 

22 

J 
del 

bsl 

b-d 

47 

J 
k  0  V 

p  e  r  v 

F-k 
c'r-o 

23 

thich 

-piyo  In 

f-th 

48 

z*t 

zlc-F 

f-t 

24 

hi  if 

W  i 

T    in  serted 

49 

Ian 

^^ 

25 

ez 

^ 

50 

shot 

V 

Table  III. 


The  correct  word  is  written  opposite"  all  of  the  syllables  which 
were  recorded  incorrectly.  The  errors  for  each  of  the  fundamental 
sounds  were  taken  from  this  original  sheet  and  recorded  on  an  analysis 
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k    !* 


tfeS 


£ 

S 

CI 

*> 

•a 

* 
<0 

1       N 

[       * 
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sheet  as  shown  in  Table  IV,  for  example  it  will  be  noticed  that  p 
was  recorded  as  k  24.4  per  cent,  as  p  45  per  cent,  and  as  t  22.2  per  cent 
of  the  times  called.  On  the  other  hand  the  sound  w  was  only  recorded 
incorrectly  1  per  cent  of  the  times  called. 

For  this  system  the  consonant  articulation  was  65.8  and  the  vowel 
articulation  83.4. 

Description   of   the   System   for   Reproducing  Speech   Sounds 

The  telephone  system  used  in  this  investigation  is  probably  more 
nearly  perfect  than  any  other  which  has  yet  been  built.  Its  essential 
elements  are  a  condenser  transmitter  to  receive  the  speech  waves 
and  transform  them  into  the  electrical  form,  an  amplifier  for  magni- 
fying the  intensity  of  the  electrical  speech  currents,  an  attenuator 
for  controlling  the  intensity,  an  equalizing  network,  and  a  receiver 
for  delivering  the  speech  to  the  ear.  A  schematic  arrangement  of 
the  circuit  is  shown  in  Fig.   1. 

Equalizing 
SV.    2MF20V      lim.  NetWork 


'B"  Battery 
210  Volts 


I'l'I'M 

'B"  Battery 
240  Volts 


Fig.  1. — High  Quality  Telephone  System 


A  detailed  description  of  the  construction  and  operation  of  the 
condenser  transmitter  has  been  given  by  Crandall  and  Wente  and 
published  in  the  Physical  Review.1  It  is  simply  an  air  condenser, 
one  of  its  plates  being  a  flexible  metal  diaphragm. 

A  five-stage  vacuum  tube  amplifier  was  used.  Particular  care 
was  taken  in  coupling  the  stages  together,  so  that  the  amplifier  was 
practically  free  from  frequency  distortion. 

The  attenuator  consisted  of  a  potentiometer  arrangement  which 
could  reduce  the  amplitude  of  the  speech  waves  to  approximately 
one-millionth  of  their  maximum  values. 

The  equalizing  network  was  an  arrangement  of  resistances,  con- 

1  Crandall,  Phys.  Rev.,  June,  1918;  Wente,  Phys.  Rev.,  July,  1917. 
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densers  and  inductance  coils  having  a  frequency  selectivity  which 
was  the  complement  of  that  of  the  rest  of  the  system. 

The  telephone  receiver  was  a  bipolar  type  having  a  special  con- 
struction which  was  designed  to  broaden  the  range  of  frequency 
response. 

The  reproducing  efficiency  of  the  system  from  the  mouth  of  the 
speaker  to  the  ear  of  the  listener  for  each  frequency  is  shown  in  Fig.  2. 
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3200       3600 


The  pitch  or  frequency  of  the  tone  is  given  on  the  X  axis.  The 
ordinates  represent  amplitude  ratios  or  the  number  of  times  the 
amplitude  of  the  tone  reaching  the  ear  was  greater  than  that  which 
entered  the  transmitter.  It  will  be  seen  that  this  high  quality  system 
has  practically  a  uniform  response  for  all  frequencies  throughout  the 
speech  range. 

In  order  that  its  uniformity  may  be  appreciated,  a  comparison 
curve  is  given.  This  curve  shows  the  deviation  in  the  sensitivity 
of  a  typical  individual  ear  from  the  average  sensitivity  of  a  large 
number  of  ears.  The  ordinates  represent  the  ratio  of  amplitudes 
at  the  various  pitches  which  was  necessary  to  bring  the  tone  to  the 
threshold  of  audibility.  It  is  evident  that  this  deviation  is  much 
larger  than  the  departure  of  the  high  quality  circuit  from  uniformity. 

To  show  that  this  particular  individual's  curve  is  typical,  the 
curves  for  both  ears  of  20  women  are  given  in  Fig  3.  For  convenience 
these   curves   are   plotted    on   logarithmic   paper.     If   an    arithmetic 
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scale  is  used,  all  of  the  curves  below  the  mean  are  crowded  together 
in  the  small  space  between  zero  and  one,  and  all  those  above  the 
mean  are  stretched  out  from  one  to  infinity.  By  using  a  logarithmic 
plot  a  symmetrical  distribution  is  obtained.     The  method  of  obtain- 


Fig.  3. 


ing  these  ear  sensitivity  curves  was  fully  described  in  a  recent  paper2 
given  before  the  Natural  Academy  of  Sciences. 

It  is  interesting  to  note  that  they  indicate  that  each  individual 
has  a  hearing  characteristic  which  is  quite  different  from  other  in- 
dividuals. Consequently  speech  sounds  differently  to  different 
persons.  Any  distortions  of  the  speech  sounds  will  necessarily 
affect  some  persons  differently  from  others.  It  is  evident  then  that 
in  discussing  speech  and  hearing  we  must  deal  with  statistical  averages. 

Experimental  articulation  tests  showed  that  the  ear  interpreted 
the  speech  which  was  transmitted  over  this  high  quality  system 
practically  as  well  as  that  transmitted  through  the  air.  Some  may 
wonder  why  such  good  quality  is  not  furnished  telephone  users  in 
commercial  practice:  Scientifically  speaking,  it  is  possible  to  furnish 
such  quality,  but  it  is  evident  that  the  equipment  involved  is  so  com- 

2  Fletcher  and  Wegel,  Proc.  Nat.  Acad.  Science,  Vol.  8,  Xo.  1,  pp.  5-6,  Jan.,  1922. 
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plicated  that  such  service  would  be  altogether  too  costly  for  com- 
mercial use;    people  could  not  afford  to  pay  for  it. 

The  Relation  Between  the  Volume  and  Articulation  of 
Undistorted  Speech 

Articulation  tests  were  made  upon  the  high  quality  telephone 
system  described  above  when  it  was  set  to  deliver  various  intensi- 
ties from  the  threshold  of  audibility  to  very  large  values.  The 
results  shown  as  syllable  articulation  values  are  given  by  the  curve 
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in  Fig.  4.  The  abscissas  in  this  curve  represent  loudness  and  are 
expressed  as  the  natural  logarithm  of  the  number  of  times  the  speech 
wave  amplitude  has  been  decreased  from  the  initial  intensity  at 
3^  inch  in  front  of  the  mouth  of  the  callers.  This  unit  of  loudness 
has  never,  been  given  a  name,  and  as  a  matter  of  convenience  in 
this  work  it  is  called  a  napier.  It  will  be  noticed  that  when  the 
volume  is  reduced  11 3^  napiers  below  the  initial  speech  intensity 
the  articulation  becomes  zero.  This  point  also  represents  the  value 
at  which  the  speech  becomes  inaudible  and  corresponds  to  approxi- 
mately 1  1000  dynes  per  square  centimetre  pressure  variation  against 
the  ear  drum.  In  energy  units  it  is  a  reduction  of  ten  billion  times 
below  the  initial  speech  intensity.  For  very  loud  initial  speech 
this  point  is  shifted  about  1  napier.  For  purposes  of  comparison 
the  intensity  reductions  are  also  indicated  on  the  loudness  axis. 

At  3  napiers  below  or  at  about  1/1000  of  the  initial  speech  in- 
tensity the  articulation  becomes  a  maximum.  Louder  speech  than 
this  seems  to  deaden  the  nerves  so  that  a  person  makes  a  less  accurate 


NATURE    OF   SPEECH   AND    ITS   INTERPRETATION 


139 


interpretation  of  the  received  speech.  These  results  were  obtained 
in  a  room  which  was  especially  constructed  to  exclude  outside  noise. 
When  noise  is  present  at  the  receiving  station  the  optimum  loudness 
increases  as  the  noise  increases. 

The  articulation  data  were  analyzed  so  as  to  show  the  errors  of 
each  of  the  fundamental  sounds.  The  curves  given  in  Fig.  5  show 
the  results  of  this  analysis.  It  will  be  noticed  that  the  volume  at 
which  errors  begin  to  be  appreciable  is  different  for  the  different 
sounds  and  is  usually  higher  for  the  consonants  than  for  the  vowels. 
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Relative  Difficulty  of  Fundamental  Sounds 

on  the 

High  Quality  Circuit 

Articulation  vs.  Volume 

Abscissa  measured  in  nopiers 


Within  the  precision  of  the  test  the  intersection  point  on  the  X  axis 
was  the  same  for  all  the  sounds,  namely  at  11.5  napiers. 

It  will  be  noticed  that  the  consonants  are  usually  harder  to  hear 
than  the  vowels.  However,  the  speech  sounds  e  and  1,  r,  ng  form 
notable  exceptions  to  this  general  rule,  since  the  former  is  among 
the  most  difficult,  while  the  latter  are  among  the  very  easiest  speech 
sounds.  The  order  in  which  the  speech  sounds  are  given  here  rep- 
resents their  relative  difficulty  of  interpretation  when  received  at 
average  intensities.  At  all  intensities,  the  sounds  th,  f  and  v  are 
the  most  difficult.  Z,  h  and  s  become  very  difficult  at  weak  volumes. 
The  sounds  i,  ou,  er  and  6  are  missed  less  than  10  per  cent  of  the 
time,  even  with  "very  weak"  intensity.  At  "average"  volumes 
there  are  only  three  sounds  more  difficult  than  e  while  at  "very 
weak"  volumes  there  are  23  sounds  more  difficult.  At  very  weak 
volumes  1,  which  is  the  easiest  sound  at  "average"  volumes  is  missed 
three  times  as  often  as  e. 


140 


BELL   SYSTEM    TECHNICAL   JOURNAL 


We  will   now   pass   to  a  consideration   of   the  effect  of  distortion 
upon  the  articulation  of  the  sounds. 


Description  of  Electrical  Filters  Used  to 
Produce  Distortion 

In  order  to  investigate  distortion  we  would  like  to  be  able  to  take 
the  train  of  speech  waves  going  from  the  mouth  to  the  ear  and  oper- 
ate upon  it  in  various  ways  such  as  eliminating  frequencies  in  certain 
regions  without   marring  or  disturbing  other   frequencies.      For  ex- 


Low  Pass  Filter 


— t — Ttronr 1 — 


High  Pass  Filter 


Fig.  6. 


ample,  if  all  frequencies  above  1000  were  eliminated,  it  would  be 
possible  to  determine  what  intelligibility  is  carried  by  this  range  of 
frequencies. 

Fortunately  one  of  the  recent  electrical  inventions  is  admirably 
adapted  for  this  purpose,  namely,  the  electrical  wave  filter  invented 
by  Dr.  G.  A.  Campbell.  This  device  was  used  extensively  in  this 
investigation. 

The  schematic  circuit  diagrams  of  the  two  types  of  filters  which 
were  used  are  given  in  Fig.  6. 

This  arrangement  of  coils  and  condensers  produces  an  electrical 
conductor  with  the  unusual  properties  that  it  transmits  without 
appreciable  diminution  in  amplitude  any  frequency  between  certain 
limits  and  reduces  the  amplitude  of  all  frequencies  outside  these 
limits  to  less  than  1  TOGO  of  their  original  value.  By  varying  the 
numerical  values  of  the  inductances  and  capacities  this  transmitted 
range  can  be  placed  at  any  desired  position.  In  the  arrangement 
which  was  used  in  the  investigation  these  coils  and  condensers  were 


NATURE   OF   SPEECH   AND   ITS   INTERPRETATION 


1-11 


housed  in  two  boxes.  The  switching  mechanism  was  arranged  so 
that  by  turning  a  dial  the  condensers  and  coils  were  connected  in 
such  a  way  that  the  filter  transmitted  different  frequency  bands. 

In  Fig.  7  are  shown  the  transmission  properties  of  the  low  pass 
filter  when  the  dial  is  set  to  transmit  frequencies  from  0  to  1500. 
It  is  seen  that  for  frequencies  below  1400  the  amplitudes  of  the  trans- 
mitted tones  are  always  greater  than  .8  of  their  initial  values,  while 
for  frequencies  above  1500  the  amplitudes  are  decreased  to  less  than 
.001  of  their  initial  values.  These  electrical  filters  were  connected 
into  the  high  quality  circuit  between   the  third  and   fourth   stages 
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of  the  amplifier  as  indicated  in  Fig.  1.  This  combination  formed  a 
system  which  would  pick  up  a  complex  sound  wave  and  transmit 
faithfully  to  the  ear  those  component  frequencies  in  any  desired 
region  and  eliminate  all  other  frequencies. 


Results  of  Articulation  Tests  with  Filter  Systems 

Articulation  tests  were  made  with  these  filter  systems  and  the 
results  analyzed  as  described  above.  In  Fig.  8  the  syllable  articu- 
lation results  are  shown  in  graphical  form.  The  ordinates  for  the 
solid  curves  represent  the  per  cent  of  the  articulation  syllables  called 
into  the  system  which  were  correctly  recorded  at  the  observing  end. 
The  abscissas  represent  the  so-called  "cut  off"  frequency  of  the 
filter.  For  example  on  the  curve  labelled  "Articulation  L"  the 
point  (1000,  40)  means  that  a  system  which  transmits  only  frequencies 
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below  1000  cycles  per  second  has  a  syllable  articulation  of  40  per 
cent.  Similarly  on  the  curve  labelled  "Articulation  H"  the  point 
(1000,  86)  means  that  a  system  which  transmits  only  frequencies 
above  1000  cycles  per  second  has  a  syllable  articulation  of  86  per 
cent.  The  dotted  curves  show  the  per  cent  of  the  total  speech  energy 
which  is  transmitted  through  the  filter  systems  used  in  the  articula- 
tion tests.  These  curves  are  derived  from  the  results  of  Crandall 
and  MacKenzie  which  were  recently  published.3 

It  will   be  seen  that  although   the  fundamental  cord   tones  with 
their  first  few  harmonies  carry  a  large  portion  of  the  speech  energy, 
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4000 


they  carry  practically  none  of  the  speech  articulation.  A  filter 
system  which  eliminates  all  frequencies  below  500  cycles  per  second 
eliminates  60  per  cent  of  the  energy  in  speech,  but  only  reduces  the 
articulation  2  per  cent.  A  system  which  eliminates  frequencies 
above  1500  cycles  per  second  eliminates  only  10  per  cent  of  the  speech 
energy,  but  reduces  the  articulation  35  per  cent.  A  system  which 
eliminates  all  frequencies  above  3000  cycles  per  second  has  as  low  a 
value  for  the  articulation  as  one  which  eliminates  all  frequencies 
below  1000  cycles  per  second.  This  last  statement  may  appear 
rather  astonishing  since  it  is  contrary  to  the  popular  notion  of  the 
relative  importance  of  various  voice  frequencies  from  an  interpre- 
tation standpoint. 

The  two  solid  curves  intersect  on  the  1550  cycle  abscissa  and  at 
65  per  cent  articulation,  which  shows  that  using  only  frequencies 

8  See  preceding  paper. 
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above  or  frequencies  below  1550  cycles  an  articulation  of  65  per 
cent  will  be  obtained.  The  two  dotted  curves  necessarily  intersect 
at  50  per  cent. 

The  curves  in  Fig.  9  show  how  the  articulation  of  some  of  the 
fundamental  speech  sounds  was  affected  by  eliminating  certain 
frequency  regions.  The  ordinate  gives  the  number  of  times  the 
sound  was  written  correctly  per  100  times  called.     As  in  Fig.  8  the 
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Fig.  9. 


left  hand  curve  shows  the  effect  of  eliminating  all  frequencies  below 
and  the  right  hand  curve  the  effect  of  eliminating  all  frequencies 
above  the  frequency  specified  by  the  abscissa. 

These  nine  speech  sounds  were  chosen  as  representing  three  im- 
portant classes.  It  is  seen  that  the  long  vowels  e,  1  and  I  can  be  trans- 
mitted with  an  error  of  less  than  3  per  cent  when  using  either  half 
of  the  range  of  frequencies.  When  using  either  frequencies  from 
0  to  1700  or  from  1700  to  infinity  e  was  interpreted  correctly  98  per 
cent  of  the  time.  Similarly  1  was  interpreted  correctly  97  per  cent 
of  the  time  when  using  either  the  range  from  0  to  1000  or  1000  to 
infinity,  and  I  96  per  cent  of  the  time  when  using  either  the  range 
from  0  to  1350  or  from  1350  to  infinity.  The  short  vowels,  u,  o  and 
e  are  seen  to  have  important  characteristics  carried  by  frequencies 
below  1000.     More  than  a  20  per  cent  error  is  made  on  any  of  these 
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three  sounds  when  frequencies  below  1000  are  eliminated.  The 
elimination  of  frequencies  above  2000  produces  almost  no  effect. 

The  fricative  consonants  s,  z  and  th  are  seen  to  be  affected  very 
differently  from  those  in  the  other  two  classes.  These  sounds  are 
very  definitely  affected  when  frequencies  above  5000  are  eliminated. 
The  sounds  s  and  z  are  not  affected  by  the  elimination  frequencies 
below  1500.  It  is  principally  due  to  these  three  sounds  that  the 
syllable  articulation  is  reduced  from  98  per  cent  to  82  per  cent  when 
frequencies  above  2500  cycles  are  eliminated. 

A  more  detailed  analysis  of  the  articulation  results  on  all  the  speech 
sounds  showing  the  kind  as  well  as  the  number  of  errors  will  be  given 
in   a   future   paper. 

Conclusion 

In  conclusion  then  we  see  that  the  intensity  of  undistorted  speech 
which  is  received  by  the  ear  can  be  varied  from  100  times  greater 
to  one-millionth  less  than  the  initial  speech  intensity  without  notice- 
ably affecting  its  interpretation.  The  intensity  must  be  reduced 
to  one-ten-billionth  of  that  initial  speech  intensity  to  reach  the  thres- 
hold of  audibility  for  the  average  ear.  Also  it  is  seen  that  any  ap- 
paratus designed  to  reproduce  speech  and  preserve  all  of  its  char- 
acteristic qualities  must  transmit  frequencies  from  100  to  above 
5000  cycles  with  approximately  the  same  efficiency.  Although  most 
of  the  energy  in  speech  is  carried  by  frequencies  below  1000,  the 
essential  characteristics  which  determine  its  interpretation  are  carried 
mostly  by  frequencies  above  1000  cycles.  In  ordinary  conversation 
the  sounds  th,  f  and  v  are  the  most  difficult  to  hear  and  are  responsi- 
ble for  50  per  cent  of  the  mistakes  of  interpretation.  The  character- 
istics of  these  sounds  are  carried  principally  by  the  very  high 
frequencies. 

It  is  evident  that  progress  in  the  knowledge  of  speech  and  hearing 
has  a  great  human  interest.  It  will  greatly  aid  the  linguists,  the 
actors,  and  the  medical  specialists.  It  may  lead  to  improved  devices 
which  will  alleviate  the  handicaps  of  deaf  and  dumb  persons.  Fur- 
thermore this  knowledge  will  be  of  great  importance  to  the  telephone 
engineer,  and  since  the  telephone  is  so  universally  used,  any  improve- 
ment in  its  quality  will  be  for  the  public  good. 

These  humanitarian  and  utilitarian  motives  as  well  as  the  pure 
scientific  interest  have  already  attracted  a  number  of  scientists  to 
this  field.  Now  that  new  and  powerful  tools  are  available,  it  is 
expected  that  in  the  near  future  more  will  be  led  to  pursue  research 
along   those   lines. 
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Physical  Theory  of  the  Electric  Wave-Filter 

By  GEORGE  A.  CAMPBELL 

Note:  The  electric  wave-filter,  an  invention  of  Dr.  Campbell,  is  one  of  the 
most  important  of  present  day  circuit  developments,  being  indispensable 
in  many  branches  of  electrical  communication.  It  makes  possible  the 
separation  of  a  broad  band  of  frequencies  into  narrow  bands  in  any  desired 
manner,  and  as  will  be  gathered  from  the  present  article,  it  effects  the 
separation  much  more  sharply  than  do  tuned  circuits.  As  the  communica- 
tion art  develops,  the  need  will  arise  to  transmit  a  growing  number  of  tele- 
phone and  telegraph  messages  on  a  given  pair  of  line  wires  and  a  grow- 
ing number  of  radio  messages  through  the  ether,  and  the  filter  will  prove 
increasingly  useful  in  coping  with  this  situation.  The  filter  stands  beside 
the  vacuum  tube  as  one  ot  the  two  devices  making  carrier  telegraphy  and 
telephony  practicable,  being  used  in  standard  carrier  equipment  to  separate 
the  various  carrier  frequencies.  It  is  a  part  of  every  telephone  repeater 
set,  cutting  out  and  preventing  the  amplification  of  extreme  line  frequencies 
for  which  the  line  is  not  accurately  balanced  by  its  balancing  network. 
It  is  being  applied  to  certain  types  of  composited  lines  for  the  separation 
of  the  d.c.  Morse  channels  from  the  telephone  channel.  It  is  finding  many 
applications  to  radio  of  which  multiplex  radio  is  an  illustration.  The  filter 
is  also  being  put  to  numerous  uses  in  the  research  laboratory. 

The  present  paper  is  the  first  of  a  series  on  the  electric  wave-filter  to 
be  contributed  to  the  Technical  Journal  by  various  authors.  Being  an 
introductory  paper  the  author  has  chosen  to  discuss  his  subject  from  a 
physical  rather  than  mathematical  point  of  view,  the  fundamental  char- 
acteristics of  filters  being  deduced  by  purely  physical  reasoning  and  the 
derivation  of  formulas  being  left  to  a  mathematical  appendix. — Editor. 

THE  purpose  of  this  paper  is  to  present  an  elementary,  physical 
explanation   of   the  wave-filter  as  a  device   for  separating  sin- 
usoidal  electrical   currents  of  different   frequencies.     The  discussion 
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will  be  general,  and  will  not  involve  assumptions  as  to  the  detailed 
construction  of  the  wave-filter;  but  in  order  to  secure  a  certain  nu- 
merical concreteness,  curves  for  some  simple  wave-filters  will  be  in- 
cluded. The  formulas  employed  in  calculating  these  curves  are 
special  cases  of  the  general  formulas  for  the  wave-filters  which  are, 
in  conclusion,  deduced  by  the  method  employed  in  the  physical 
theory. 

All  the  physical  facts  which  are  to  be  presented  in  this  paper, 
together  with  many  others,  are  implicitly  contained  in  the  compact 
formulas  of  the  appendix.  Although  only  comparatively  few  words 
of  explanation  are  required  to  derive  these  formulas,  they  will  not  be 
presented  at  the  start,  since  the  path  of  least  resistance  is  to  rely 
implicitly  upon  formulas  for  results,  and  ignore  the  troublesome  ques- 
tion as  to  the  physical  explanation  of  the  wave-filter.  In  order  to 
examine  directly  the  nature  of  the  wave-filter  in  itself,  as  a  physical 
structure,  we  proceed  as  though  these  formulas  did  not  exist. 

It  is  intended  that  the  present  paper  shall  serve  as  an  introduction 
to  important  papers  by  others  in  which  such  subjects  as  transients  on 
wave-filters,  specialized  types  of  wave-filters,  and  the  practical  design 
of  the  most  efficient  types  of  wave-filters  will  be  discussed.1 

Definition  of  Wave-Filter 

A  wave-filter  is  a  dei'ice  for  separating  waves  characterized  by  a  dif- 
ference in  frequency.  Thus,  the  wave-filter  differentiates  between 
certain  states  of  motion  and  not  between  certain  kinds  of  matter, 
as  does  the  ordinary  filter.  One  form  of  wave-filter  which  is  well 
known  is  the  color  screen  which  passes  only  certain  bands  of  light 
frequencies;  diffraction  gratings  and  Lippmann  color  photographs 
also  filter  light.  Wave-filters  might  be  constructed  and  employed 
for  separating  air  waves,  water  waves,  or  waves  in  solids.  This 
paper  will  consider  only  the  filtering  of  electric  waves;  the  same 
principles  apply  in  every  case,  however. 

In  its  usual  form  the  electric  wave-filter  transmits  currents  of  all 

frequencies  lying  within  one  or  more  specified  ranges,  and  excludes 

currents  of  all  other  frequencies,  but  does  not  absorb  the  energy-  of 

these  excluded  frequencies.     Hence,  a  combination  of  two  or  more 

wave-filters  may  be  employed  where  it  is  desired  to  separate  a  broad 

band  of  frequencies,  so  that  each  of  several  receiving  devices  is  sup- 

1  I  take  pleasure  in  acknowledging  my  indebtedness  to  Mr.  O.  J.  Zobel  for  specific 
suggestions,  and  for  the  light  thrown  on  the  whole  subject  of  wave-filters  by  his 
introduction  of  substitutions  which  change  the  propagation  constant  without  chang- 
ing the  iterative  impedance. 
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plied  with  its  assigned  narrower  range  of  frequencies.  Thus,  for 
instance,  with  three  wave-filters  the  band  of  frequencies  necessary 
for  ordinary  telephony  might  be  transmitted  to  one  receiving  device, 
all  lower  frequencies  transmitted  to  a  second  device,  and  all  higher 
frequencies  transmitted  to  a  third  device — separation  being  made 
without  serious  loss  of  energy  in  any  one  of  the  three  bands. 

By  means  of  wave-filters  interference  between  different  circuits  or 
channels  of  communication  in  telephony  and  telegraphy,  both  wire  and 
radio,  can  be  reduced  provided  they  operate  at  different  frequencies. 
The  method  is  furthermore  applicable,  at  least  theoretically,  to  the 
reduction  of  interference  between  power  and  communication  circuits. 
The  same  is  true  of  the  simultaneous  use  of  the  ether,  the  earth  return, 
and  of  expensive  pieces  of  apparatus  employed  for  several  power  or 
communication  purposes.  In  all  cases  the  principle  involved  is  the 
same  as  that  of  confining  the  transmission  in  each  circuit  or  channel 
to  those  frequencies  which  serve  a  useful  purpose  therein  and  exclud- 
ing or  suppressing  the  transmission  of  all  other  frequencies.  In  the 
future,  as  the  utility  of  electrical  applications  becomes  more  widely 
and  completely  appreciated,  there  will  be  an  imperative  necessity 
for  more  and  more  completely  superposing  the  varied  applications  of 
electricity;  it  will  then  be  necessary,  to  avoid  interference,  to  make 
the  utmost  use  of  every  method  of  separating  frequencies  including 
balancing,  tuning,  and  the  use  of  wave-filters. 

Definition  of  Artificial  Line 

The  wave-filter  problem  in  this  paper  is  discussed  as  a  phase  of 
the  artificial  line  problem,  and  it  is  desirable  to  start  with  a  some- 
what generalized  definition  of  the  artificial  line.  The  definition 
will,  however,  not  include  all  wave-filters  or  all  artificial  lines,  since 
a  perfectly  general  definition  is  not  called  for  here.  Even  if  an  ar- 
tificial line  is  to  be,  under  certain  wave  conditions,  an  imitation  of, 
or  a  substitute  for,  an  actual  line  connecting  distant  points,  hardly 
any  limitation  is  thereby  imposed  upon  the  structure  of  the  device; 
an  actual  line  need  not  be  uniform  but  may  vary  abruptly  or  gradually 
along  its  length  and  may  include  two,  three,  four  or  more  transmis- 
sion conductors  of  which  one  may  be  the  earth.  Having  indicated 
that  wave-filters  partake  of  somewhat  this  same  generality  of  struc- 
ture, the  present  paper  is  restricted  to  wave-filters  coming  under 
the  somewhat  generalized  artificial  line  specified  by  the  following 
definition: 

An  artificial  line  is  a  chain  of  networks  connected  together  in  sequence 
through  two  pairs  of  terminals,  the  networks  being  identical  but  other- 
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wise  unrestricted.  This  generalized  artificial  line  possesses  the  well- 
known  sectional  artificial  line  structure  but  it  need  not  be  an  imita- 
tion of,  or  a  substitute  for,  any  known,  real,  transmission  line  con- 
necting together  distant  points.  The  general  artificial  line  is  shown 
by  Fig.  f  where  N,  TV, ...  .  are  the  identical  unrestricted  networks 
which  may  contain  resistance,  self-inductance,  mutual  inductance, 
and  capacity. 

In  discussing  this  type  of  structure  as  a  wave-filter,  the  point  of 
view  of  an  artificial  line  is  adopted  for  the  reason  that  it  is  advan- 
tageous to  regard  the  distribution  of  alternating  currents  as  being 
dependent  upon  both  propagation  and  terminal  conditions,  which 
are  to   be  separately   considered.     In   this  way   the  attenuation,   or 


Fig.    1 — Generalized   Artificial    Line    as    Considered    in    the    Present    Paper,    where 
N,  N,  .  .  .  are  Identical  Arbitrary  Electrical  Networks 


falling  off,  of  the  current  from  section  to  section  may  be  most  directly 
studied.  Terminal  effects  are  not  to  be  ignored,  but  are  allowed 
for,  after  the  desired  attenuation  effects  have  been  secured,  possibly 
by  an  increase  in  the  number  of  sections  to  be  employed. 

The  fundamental  property  of  this  generalized  artificial  line,  which 
includes  uniform  lines  as  a  special  case,  is  the  mode  in  which  the 
wave  motion  changes  from  one  section  to  the  next,  and  may  be  stated 
as  follows: 

Wave  Propagation  Theorem 

Upon  an  infinite  artificial  line  a  steady  forced  sinusoidal  disturbance 
falls  off  exponentially  from  one  section  to  the  next,  while  the  phase  changes 
by  a  constant  amount.  Reversing  the  direction  of  propagation  does 
not  alter  either  the  attenuation  or  phase  change.  When  complex  quan- 
tities are  employed  the  exponential  includes  the  phase  change.-  This 
theorem   is   proved,   without   mathematical   equations,   by   observing 

2  This  theorem  is  not  new,  but  it  is  ordinarily  derived  by  means  of  differential  or 
difference  equations  whereas  it  may  be  derived  from  the  most  elementary  general 
considerations,  thus  avoiding  all  necessity  of  using  differential  or  difference  equa- 
tions, as  illustrated  in  my  paper  "On  Loaded  Lines  in  Telephonic  Transmission " 
(Phil.  Mag.,  vol.  5,  pp.  313-331,  1903).  In  that  discussion,  as  well  as  in  this  present 
one,  it  is  tacitly  assumed  that  the  line  is  either  an  actual  line  with  resistance,  or  the 
limit  of  such  a  line  as  the  resistance  vanishes,  so  that  the  amplitude  of  the  wave 
never  increases  towards  the  far  end  of  an  infinite  line. 
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that  the  percentage  reduction  in  amplitude  and  the  change  in  phase, 
in  passing  from  the  end  of  one  section  to  the  corresponding  point  of 
the  next  section,  do  not  depend  upon  either  the  absolute  amplitude 
or  phase;  they  depend,  instead,  only  upon  the  magnitudes,  angles 
and  interconnections  of  the  impedances  between  the  two  points  and 
of  the  impedances  beyond  the  second  point.  These  impedances 
are,  since  the  line  is  assumed  to  be  periodic  and  infinite,  identically 
the  same  for  corresponding  points  between  all  sections  of  the  line, 
and,  therefore,  the  relative  changes  in  the  wave  will  be  identical  at 
corresponding  points  in  all  sections.  This  proves  the  exponential 
falling  off  of  the  disturbance  and  the  constancy  of  phase  change;  the 
ordinary  reciprocal  property  shows  that  the  wave  will  fall  off  identic- 
ally whichever  be  the  direction  of  propagation.  By  the  superposition 
property  it  follows  that  the  steady  state  on  any  finite  portion  of  a 
periodic  recurrent  structure  must  be  the  sum  of  two  equally  attenuated 
disturbances,  one  propagated  in  each  direction. 

The  fundamental  wave  propagation  theorem  may  be  generalized 
for  any  periodic  recurrent  structure  irrespective  of  the  number  and 
kind  of  connections  between  periodic  sections,  provided  the  dis- 
turbance is  such  as  to  remain  similar  to  itself  at  corresponding  points 
of  each   of   these  connections. 

Equivalent  Generalized  Artificial  Ljne 

Since,  at  a  given  frequency,  any  network  employed  solely  to  con- 
nect a  pair  of  input  terminals  with  a  pair  of  output  terminals  may  be 
replaced  by  either  three  star-connected  impedances  or  three  delta- 
connected  impedances,  the  general  artificial  line  of  Fig.    1   may  be 
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Fig.    2 — Equivalent   Artificial    Line   Obtained   by   Substituting  Star   Impedances 
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Fig.    3 — Equivalent    Artificial    Line    Obtained    by    Sul)>tituting    Delta    Impedances 
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Fig.  4 — Equivalent  Ladder  Artificial  Line 


replaced  by  the  equivalent  artificial  line  of  either  Fig.  2  or  Fig.  3. 
By  combining  the  series  impedances  in  Fig.  2  and  the  parallel  im- 
pedances in  Fig.  3,  the  equivalent  line  in  Fig.  4  is  obtainable.  The 
two  ways  of  arriving  at  Fig.  4  give  different  values  for  the  series  and 
shunt  impedances  Zi,  Z2,  and  different  terminations  for  the  line,  but 
the  propagation  of  the  wave  is  the  same  in  both  cases,  since  the  assumed 
substitutions  are  rigorously  exact.  While  Fig.  4  may  be  considered 
as  the  generalized  artificial  line  equivalent  to  Fig.  1,  this  requires 
including  in  Zi  and  Z2  impedances  which  cannot  always  be  physically 
realized  by  means  of  two  entirely  independent  networks,  one  of 
which  gives  Zx  and  the  other  Z2.  This  restriction  is  of  no  importance 
when  we  are  discussing  the  behavior  of  the  generalized  artificial  line 
at  a  single  frequency;  accordingly,  the  ladder  artificial  line  is  suitable 
for  this  part  of  the  discussion.  When  we  come  to  the  more  specific 
correlation  of  the  behavior  of  the  generalized  artificial  line  at  different 
frequencies,  it  will  be  found  more  convenient  to  replace  the  ladder 
artificial  line  by  the  lattice  artificial  line,  which  avoids  the  necessity 
of  considering  any  impedances  which  are  not  individually  physically 
realizable. 

The  equivalence  between  Figs.  1  and  4  is  implicitly  based  upon 
the  assumption  that  it  is  immaterial,  for  artificial  line  uses,  what 
absolute  potentials  the  terminals  1,  2;  3,  4;  5,  6;  etc.  have — this  leaves 
us  at  liberty  to  connect  2,  4,  6,  etc.,  together,  so  long  as  we  main- 
tain unchanged  the  differences  in  potential  between  1  and  2,  3  and  4. 
etc.  Instead  of  connecting  2  and  4  we  might  equally  well  connect 
2  and  3,  and  then  Zx  would  connect  1  and  4    as  in  Fig.  5;  with  these 


2  4  6 

Fig.  5 — Equivalent  Artificial  Line  with  Crossed  Impedances 


THE   ELECTRIC    WAVE-FILTER  7 

cross-connections  the  propagation  still  remains  unchanged.  We  have 
again  obtained  Fig.  4  with  no  circuit  difference  except  the  inter- 
change of  terminals  3  and  7  with  terminals  4  and  8 ;  or,  if  this  is  ignored, 
a  reversal  in  the  sign  of  the  current  at  alternate  pairs  of  terminals. 
This  shows  that  the  reversal  of  the  current  in  alternate  sections  of 
Fig.  4  may  not  be  of  primary  significance,  since  networks  which  are 
essentially  equivalent  have  reversed  currents. 

In  order  to  deal,  at  the  start,  with  only  the  simpler  terminal  con- 
ditions, we  may  consider  the  line  to  begin  with  only  one-half  of  the 
series  impedance  Z\,  or  only  one-half  of  the  bridged  admittance 
1  Z2.  These  mid-points  are  called  the  mid-series  and  mid-shunt 
points;  knowing  the  results  of  termination  at  either  of  these  points, 
the  effect  of  termination  at  any  other  point  may  be  readily  deter- 
mined. For  Fig.  4  termination  at  mid-shunt  has  been  chosen  so 
that  each  section  of  the  line  adds  a  complete  symmetrical  mesh  to 
the  network. 

An  alternator,  introducing  an  impedance  Za,  is  shown  as  the  source 
of  the  steady-state  sinusoidal  current  in  Fig.  4.  Assume  that  the 
impedance  Za  is  variable  at  pleasure,  and  that  it  is  gradually  adjusted 
to  make  the  total  impedance  in  the  generator  circuit  vanish, — in  this 
case  no  e.m.f.  will  be  required  to  maintain  the  forced  steady-state 
which  becomes  a  free  oscillation.  If,  in  addition,  it  is  assumed  that 
the  line  has  an  infinite  number  of  sections,  this  required  value  of  Za 
will  be  the  negative  of  the  mid-shunt  iterative  impedance3  of  the  ar- 
tificial line,  which  will  be  designated  as  K2.  The  first  shunt  on  the 
line  now  includes  — A' 2  in  parallel  with  2Z2  so  that  its  total  impedance 
is,  say,  Z'=  —  2Z2A2  (2Z2  —  K2).  The  infinite  line  with  its  first 
shunt  given  the  special  value  Z'  is  thus  capable  of  free  oscillation. 

It  is  possible  to  simplify  this  infinite  oscillating  circuit  by  cutting 

off  any  part  of  it  which  has  the  same  free  period  as  the  whole  circuit. 

The  entire  infinite  line  beyond  the  second  shunt  3,  4  certainly  has 

this  same  free  period,  provided  its  first  shunt  also  has  the  impedance 

Z'.     Conceive  the  shunt  Z2  at  3,  4  as  replaced  by  the  four  impedances 

2Z2,   2Z2,  +  Ki  and    —  K2  all   in   parallel;  the   first   and   last,  which 

together  make   the  Z'  required  by   the  infinite  line,   leave  2Z2  and 

3  The  "iterative  impedance"  of  an  artificial  line  is  the  impedance  which  repeats 
itself  when  one  or  more  sections  of  the  artificial  line  are  inserted  between  this  im- 
pedance and  the  point  of  measurement.  It  is  thus  the  impedance  of  an  infinite 
length  of  any  actual  artificial  line,  regardless  of  the  termination  of  the  remote  end 
of  the  line.  In  general,  its  value  is  different  for  the  two  directions  of  propagation, 
but  not  when  the  line  is  symmetrical,  as  at  mid-series  and  mid-shunt.  The  values 
at  these  points  are  denoted  by  Ai  and  iv2.  "Iterative  impedance"  is  employed 
because  it  is  a  convenient  term  which  is  distinctive  and  describes  the  most  essential 
property  of  this  impedance:  it  seems  to  be  more  appropriate  than  "characteristic 
impedance,"  "surge  impedance"  and  the  other  synonyms  in  use. 
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-\-K%  in  parallel,  which  have  the  impedance  Z"=+2Z2iv2  (2Z2  +  A%). 
Removing  Z'  together  with  the  infinite  line  on  the  right  there  remains 
on  the  left  a  closed  circuit  made  up  of  the  three  impedances  Zu  Z' 
and  Z"  in  series. 

Alter  the  division,  the  infinite  line  on  the  right  will  continue,  with- 
out modification,  to  oscillate  freely,  since  it  is  an  exact  duplicate  of 
the  original  oscillating  line,  and  so  must  maintain  the  free  oscillation 
already  started.  Since  it  oscillates  freely  by  itself,  it  had  originally 
no  reaction  upon  the  simple  circuit  from  which  it  was  separated; 
this  simple  circuit  on  the  left  must  thus  also  continue  its  own  free 
oscillations  without  change  in  period  or  phase. 

We  might  continue  and  subdivide  the  entire  infinite  line  into 
identical  simple  circuits  but  it  is  sufficient  to  consider  this  one  detached 
circuit,  which  is  shown  separately  in  two  ways  by  Fig.  6,  since  from 

2,  Ver 


A 


-K,  §      ^2Zo        ZZ&       <  +K?  ^Z'  I         Z" 


Fig.  6 — Equivalent  Section  of  Fig.  4  Terminated  for  Free  Oscillation 

its  free  oscillations  the  mathematical  formulas  for  the  steady-state 
propagation  in  the  artificial  line  may  be  derived.  This  is  deferred, 
however,  until  after  the  physical  discussion  is  completed,  so  as  to 
leave  no  room  for  doubt  that  the  essentials  of  the  physical  theory 
are  really  deduced  without  the  aid  of  mathematical  formulas. 

The  generalized  artificial  line,  if  made  up  entirely  of  pure  resist- 
ances, will  attenuate  all  frequencies  alike,  and  the  entire  wave  will 
be  in  the  same  phase;  this  remains  true,  whatever  be  the  impedance 
of  the  individual  branch  of  the  network,  provided  the  ratio  of  the 
impedances  of  all  branches  is  a  constant  independent  of  the  frequency. 
This  is  precisely  the  condition  to  be  avoided  in  a  wave-filter;  branches 
must  not  be  similar  but  dissimilar  as  regards  the  variation  of  impedance 
with  frequency.  This  calls  for  inductance  and  capacity  with  neg- 
ligible resistance,  so  that  there  is  an  opportunity  for  the  positive 
reactance  of  one  branch  to  react  upon  the  negative  reactance  of 
another  branch,  in  different  proportions  at  different  frequencies. 
Assuming  the  unit  network  N  of  Fig.  1  to  be  made  up  of  a  finite 
number  of  pure  reactances,  the  equivalent  impedances  Zx  and  Z2  of 
Figs.  4  and  5  must  also  be  pure  reactances.     Under  this  assumption 
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let  us  consider  the  free  oscillations  of  Fig.  6;  first,  with  K->  assumed 
to  be  a  pure  reactance;  second,  with  A%  assumed  to  be  a  pure  resist- 
ance; and  third,  in  order  to  show  that  this  third  assumption  is  con- 
trary to  fact,  with  K-2  assumed  to  be  an  impedance  with  both  resist- 
ance and  reactance. 

With  K-2  a  reactance,  the  circuit  contains  nothing  but  reactances, 
and  free  oscillations  are  possible  if,  and  only  if,  the  total  impedance 
of  the  circuit  is  zero.  The  end  impedances  Z'  and  Z"  being  different, 
the  potentials  at  the  ends  of  the  mesh  will  be  different,  and  this  means 
that  the  corresponding  wave  on  the  infinite  line  will  be  attenuated, 
since  the  ratio  between  these  potentials  is  the  rate  at  which  the  am- 
plitudes fall  off  per  section. 

With  K-2  a  pure  resistance,  a  free  oscillation  is  possible  only  if  the 
dissipation  in  the  positive  resistance  at  the  right  end  of  the  circuit 
is  exactly  made  up  by  the  hypothetical  source  of  energy  existing  in 
the  negative  resistance  —K2  at  the  left  end  of  the  circuit.  An  exact 
balance  between  the  energy  supplied  at  one  end  and  that  lost  at  the 
other  end  is  possible,  since  the  equal  positive  and  negative  resistances 
K'2,  —K-2  carry  equal  currents.  This  continuous  transfer  of  energy 
from  the  left  of  the  oscillating  circuit  of  Fig.  6  to  the  right  end  is  the 
action  which  goes  on  in  every  section  of  the  infinite  artificial  line,  and 
serves  to  pass  forward  the  energy  along  the  infinite  line. 

If  A>  were  complex,  —  K%  on  the  left  of  Fig.  6  and  +  A-j  on  the 
right  would  not  carry  the  same  fraction  of  the  circulating  current  /, 
since  they  are  each  shunted  by  a  reactance  2Z%  which  would  allow 
less  of  the  current  to  flow  through  +  A-  than  through  —  A%,  if  2Z2 
makes  the  smaller  angle  with  +A~o,  and  vice  versa.  No  balance 
between  absorbed  and  dissipated  energy  is  possible  under  these  con- 
ditions when  the  equal  and  opposite  resistance  components  carry 
unequal  currents.  A  complex  K-2,  therefore,  gives  no  free  oscilla- 
tion, and  cannot  occur  with  a  resistanceless  artificial  line. 

It  is  perhaps  more  instructive  to  consider  the  transmission  on  the 
line  as  a  whole,  rather  than  to  confine  attention  exclusively  to  the 
oscillations  of  the  simple  circuit  of  Fig.  6  and  so,  at  this  point,  with- 
out following  further  the  conclusions  to  be  drawn  directly  from  this 
oscillating  circuit,  the  fundamental  energy  theorem  of  resistanceless 
artificial  lines  will  be  stated,  and  then  proved  as  a  property  of  an 
infinite  artificial  line. 

Energy  Flow  Theorem 

Upon  an  infinite  line  of  periodic  recurrent  structure,  and  devoid  of 
resistance,  a  sinusoidal  e.m.f.  produces   one   of  two   steady   states,  viz.: 
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1.  A  to-and-fro  surging  of  energy  without  any  resultant  transfer 
of  energy;  currents  and  potential  differences  each  attenuated  from 
section  to  section,  but  everywhere  in  the  same  or  opposite  phase  and 
mutually  in  quadrature,  or, 

2.  .4  continuous,  non-attenuated  floiv  of  energy  along  the  line 
to  infinity  with  no  energy  surging  between  symmetrical  sections; 
current  and  potential  non-attenuated ,  but  retarded  or  advanced  in 
phase  from  section  to  section,  and  mutually  in  phase  at  mid-shunt 
and  mid-series  points. 

The  critical  frequencies  separating  the  two  states  of  motion  are  the 
totality  of  the  resonant  frequencies  of  the  series  impedance,  the  anti- 
resonant  frequencies  of  the  shunt  impedance,  and  the  resonant  frequencies 
of  a  single  mid-shunt  section  of  the  line. 

To  prove  the  several  statements  of  this  theorem  let  us  consider 
first  the  consequences  of  assuming  that  the  wave  motion,  in  progress- 
ing along  the  line,  is  attenuated,  and  next  the  consequences  of  assum- 
ing that  the  wave  motion  changes  its  phase.  If  the  wave  is  atten- 
uated, however  little,  at  a  sufficient  distance  it  becomes  negligible, 
and  the  more  remote  portions  of  the  line  may  be  completely  removed 
without  appreciable  effect  upon  the  disturbance  in  the  nearer  portion 
of  the  line.  That  part  of  the  line  which  then  remains  is  a  finite  net- 
work of  pure  reactances,  and  in  any  such  network  all  currents  are 
always  in  the  same,  or  opposite,  phase;  so,  also,  are  the  potential 
differences;  moreover,  the  two  are  mutually  in  quadrature;  there  is 
no  continuous  accumulation  of  energy  anywhere,  but  only  an  ex- 
change of  energy  back  and  forth  between  the  inductances,  the  ca- 
pacities and  the  generator.  Continuously  varying  the  amount  of 
the  assumed  attenuation  will  cause  a  continuous  variation  in  the 
corresponding  frequency.  The  motion  of  the  assumed  character 
may,  therefore,  be  expected  to  occur  throughout  continuous  ranges 
or  bands  of  frequencies  and  not  merely  at  isolated  frequencies. 

The  question  may  be  asked — How  far  does  the  energy  surge?  Is 
the  surge  localized  in  the  individual  section,  or  does  the  surge  carry 
the  energy  back  and  forth  over  more  than  one  section,  or  even  in  and 
out  of  the  line  as  a  whole?  To  answer  this  question,  it  would  be 
necessary,  as  we  will  now  proceed  to  prove,  to  know  something  about 
the  actual  construction  of  the  individual  section.  If  each  section  is 
actually  made  up  as  shown  in  Fig.  6,  and  this  is  entirely  possible  in 
the  present  case  (since  only  positive  and  negative  reactances  would 
be  called  for),  then  the  section  is  capable  of  free  oscillation,  as  explained 
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above,  and  the  surging  is  localized  within  the  section;  twice  during 
each  cycle  the  amount  of  energy  increases  on  the  right  and  decreases 
on  the  left.  But  we  do  not  know  that  the  section  is  made  up  like 
Fig.  6;  we  only  know  that  it  is  equivalent  to  Fig.  6  as  regards  input 
and  output  relations.  As  far  as  these  external  relations  go,  the  actual 
network  may  be  made  exclusively  of  either  inductances  or  capacities 
with  the  connections  shown  in  Fig.  4  or  with  the  cross-connections 
of  Fig.  5,  according  as  the  current  is  to  have  the  same  or  opposite 
signs  in  consecutive  sections.  In  any  network  made  up  exclusively 
of  inductances  or  of  capacities,  the  total  energy  falls  to  zero  when 
the  current  or  the  potential  falls  to  zero,  respectively.  Twice,  there- 
fore, in  every  cycle  the  total  energy  surges  into  this  line  and  then  it 
all  returns  to  the  generator.  With  other  networks,  surgings  inter- 
mediate between  these  two  extremes  will  occur.  The  theorem, 
therefore,  does  not  limit  the  extent  of  the  surging. 

Under  the  second  assumption,  the  phase  difference  between  the 
currents  at  two  given  points,  separated  by  a  periodic  interval,  is  to 
be  an  angle  which  is  neither  zero  nor  a  multiple  of  ±x.  The  assumed 
difference  in  phase  can  only  be  due  to  the  infinite  extension  of  the 
artificial  line  since,  as  previously  noted,  no  finite  sequence  of  induct- 
ances and  capacities  can  produce  any  difference  in  phase.  That 
infinite  lines  do  produce  phase  differences  is  well-known ;  in  particular, 
an  infinite,  uniform,  perfectly  conducting,  metallic  pair  shows  a 
continuous  retardation  in  phase.  If  the  infinitely  remote  sections 
of  the  artificial  line  are  to  have  this  controlling  effect  on  the  wave 
motion,  the  wave  motion  must  actually  extend  to  infinity,  that  is, 
there  can  be  no  attenuation.  The  wave  progressing  indefinitely  to 
infinity  without  attenuation  must  be  supplied  continuously  with 
energy;  this  energy  must  flow  along  the  entire  line  with  neither  loss 
nor  gain  in  the  reactances  it  encounters  on  the  way.  This  continuous 
flow  of  energy  can  take  place  only  provided  the  currents  and  poten- 
tials are  not  in  quadrature;  they  may  be  in  phase.  In  considering 
the  free  oscillations  of  Fig.  6  it  was  shown  that  Ko  is  real  if  it  is  not 
pure  reactance.  That  is,  for  the  rmd-shunt  section  the  current  and 
potential  are  in  phase.  It  is  easy  to  show  that  they  are  also  in  phase 
at  the  mid-series  point  which  is  also  a  point  of  symmetry. 

This  flow-of-energy  state  of  motion  thus  necessarily  characterizes 
a  phase-retarded  wave  on  a  resistanceless  artificial  line,  regardless 
of  the  amount  of  the  assumed  positive  or  negative  retardation,  which 
may  be  taken  to  have  any  value  between  zero  and  exact  opposition 
of  phase.  Continuously  varying  the  retardation  throughout  the  180 
degrees  will,  in  general,  call  for  a  continuous  change  in  the  frequency 
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of  the  wave  motion.  The  second  state  of  motion  occurs,  therefore, 
throughout  continuous  ranges  or  bands  of  frequencies. 

No  other  state  of  motion  is  possible.  With  given  initial  amplitude 
and  phase  any  possible  wave  motion  is  completely  defined  by  its 
attenuation  and  phase  change.  All  possible  combinations  of  these 
two  elements  have  been  included  in  the  two  states,  since  the  excluded 
conditions  on  each  assumption  have  been  included  as  a  consequence 
of  the  other  assumption.  Thus,  the  exclusion  of  no  attenuation  in 
the  first  assumption  was  found  necessarily  to  accompany  the  phase 
change  of  the  second  assumption;  currents  in  phase  or  opposed, 
which  were  excluded  from  the  second  assumption,  were  found  to  be 
necessary  features  accompanying  the  first  assumption.  There  remains 
only  to  consider  the  critical  frequencies  separating  the  two  states  of 
motion.  At  these  frequencies  there  can  be  no  attenuation  and  lag 
angles  of  multiples  of  =|=7r,  including  zero,  only.  At  symmetrical 
points  the  iterative  impedance  of  the  line  must  be  a  pure  reactance 
to  satisfy  the  first  state  of  motion,  and  a  pure  resistance  to  satisfy 
the  second  state  of  motion.  The  only  iterative  impedances  which 
satisfy  these  conditions  are  zero  and  infinity. 

Some  details  relating  to  the  pass  and  stop  bands  and  the  criti- 
cal frequencies  are  brought  together  in  the  following  table,  where 
"  stop  (=■=)"  refers  to  stop  bands,  the  current  being  in  phase  or  op- 
posed in  successive  sections,  and  where  7  and  k  refer  to  the  line  obtained 
by  uniformly  distributing  1    Z2  with  respect  to  Z\. 

TABLE    I. 

For  Ladder  Artificial  Line,   Fig.  4 
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Critical 
Frequency 

Ratio 

z, 
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Uniform 
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Artificial 
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0<<1 
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00 

0 
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00 
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il 
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0 
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i-K  +  rea' 

-i<<; 

imag. 

00 
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z2  =  u 

—  00 

—  00 

00 
00 

00 

00 

0 
0 

2Z2 

0 

THE   ELECTRIC    WAVE-FILTER  13 

It  is  not  necessary  to  check  the  table  item  by  item,  many  of  which 
have  already  been  proven,  but  it  will  be  instructive  to  check  some  of 
the  items  by  assuming  that  Z\  4Z2,  called  the  ratio  for  brevity,  is 
positive  to  begin  with,  and  that  a  continuous  increase  in  frequency 
reduces  the  ratio  to  zero  and  back  through  =f  oo  to  its  original  posi- 
tive value.  This  cycle  starts  with  a  stop  (  +  )  band  since  the  artificial 
line  is  in  effect  a  network  of  reactances,  all  of  which  have  the  same 
sign ;  there  is  attenuation  and  the  iterative  impedances  are  imaginary. 
When  the  ratio  decreases  to  zero,  there  must  be  either  resonance 
which  makes  Z\  =  0,  or  anti-resonance  which  makes  Z2  =  oc  ;  in 
cither  case  the  artificial  line  has  degenerated  into  a  much  simpler  cir- 
cuit ;  it  is  a  shunt  made  up  of  all  Z2's  combined  in  parallel,  or  a  simple 
series  circuit  made  up  ot  all  Zi's,  respectively ;  the  iterative  imped- 
ances are  0  and  &  ,  respectively;  there  is  no  attenuation  in  either  case. 

With  a  somewhat  further  increase  of  the  frequency  the  ratio  will 
assume  a  small  negative  value  with  the  result  that  the  artificial  line 
will  have  both  kinetic  and  potential  energy.  An  analogy  now  exists 
between  the  artificial  line  and  an  ordinary  uniform  transmission  line, 
which  possesses  both  kinetic  and  potential  energy,  and  is  ordinarily 
visualized  as  being  equivalent  to  many  small  positive  reactances,  in 
series,  bridged,  to  the  return  conductor,  by  large  negative  reactances. 
The  fact  that  uniform  lines  do  freely  transmit  waves  is  a  well-known 
physical  principle,  and  it  is  not  necessary  to  repeat  here  the  physical 
theory  of  such  transmission  merely  to  show  that  the  same  phenomenon 
occurs  with  the  identical  structure  when  it  is  called  an  artificial  line 
or  wave-filter. 

In  order  to  determine  just  how  far  the  ratio  may  depart  from  zero, 
on  the  negative  side,  without  losing  the  property  of  free  transmission, 
we  look  for  any  change  in  the  action  of  the  individual  section  of  the 
artificial  line  which  is  fundamental ;  nothing  less  than  a  fundamental 
change  in  the  behavior  of  the  individual  section  can  produce  such  a 
radical  change  in  the  line  as  an  abrupt  transition  from  the  free  trans- 
mission of  a  pass  band  to  the  to-and-fro  surging  of  energy  in  a  stop 
band.  Xow  as  the  ratio  is  made  more  and  more  negative  by  the 
assumed  increase  of  frequency,  the  value  —  1  is  reached,  at  which 
frequency  the  symmetrical  section  (Fig.  6)  of  the  artificial  line  is 
capable  of  free  oscillation  by  itself.  This  is  well  recognized  as  a 
most  fundamental  change  in  the  properties  of  any  network,  and  it 
affords  grounds  for  expecting  a  complete  change  in  the  character  of 
the  propagation  over  the  artificial  line.  The  change  must  be  to  a 
stop  band  with  currents  in  opposite  phase,  since  at  resonance  the 
potentials  at  the  two  ends  of  a  section  are  in  opposite  phase. 
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Further  increase  in  the  frequency  cannot  make  any  change  in  the 
absolute  difference  in  phase  between  the  two  ends  of  the  other  section, 
since  opposition  is  the  greatest  possible  difference  in  phase;  the  wave 
now  adapts  itself  to  increasing  frequency  by  altering  its  attenuation. 

Upon  continuing  the  increase  of  frequency,  so  as  to  reduce  the 
ratio  to  —  oc  ,  we  arrive  at  either  anti-resonance  corresponding  to 
Z-i  =  oc  or  resonance  corresponding  to  Z2  =  0;  the  artificial  line  has 
now  degenerated  into  a  row  of  isolated  impedances  Z2,  or  into  a  series 
of  impedances  Z\  short-circuited  to  the  return  wire;  in  either  case 
the  attenuation  is  infinite  since  no  wave  is  transmitted.  Passing 
beyond  this  critical  frequency  the  ratio  becomes  positive,  according 
to  our  assumption,  and  we  are  again  in  a  stop  (  +  )  band. 

While  in  this  rapid  survey  of  what  happens  during  this  frequency 
cycle  little  has  been  actually  proven,  it  should  have  been  made 
physically  clear  why  abrupt  changes  in  the  character  of  the  trans- 
mission occur  at  the  frequencies  making  the  ratio  equal  to  0,  —  1  or 
oo ,  since  the  line  degenerates  into  a  simpler  structure,  or  the  phase 
change  reaches  its  absolute  maximum,  on  account  of  resonance,  at 
these  particular  frequencies. 
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Z,  =  -i(l2  -  .t2)(62  -  x2)/8x(32  -  x2), 

-4Zo  =  -t4.r(42  -  x2)/(22  -  x'2)(52  -  .v2)  and  .v  =  cycles/100 
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Information  as  to  the  location  of  the  bands  is  often  obtained  most 
readily  by  plotting  both  Zx  and  —  4Z2,  as  illustrated  in  Fig.  7,  and 
determining  the  critical  frequencies  by  noting  where  the  curves  cross 
each  other  and  the  abscissa  axis,  as  well  as  where  they  become  in- 
finite. Any  particular  band  is  then  a  pass  band,  a  stop  (  +  )  band 
or  a  stop  (  — )  band,  according  as  Zu  the  abscissa  axis,  or  —  4Z2  lies 
between  the  other  two  of  the  three  lines.  In  Fig.  7  the  pass  bands 
are  Pi,  P2l  P3.  P\\  the  stop  (  +  )  bands  are  So,  S4,  56;  and  the  stop 
(  — )  bands  are  Si,  S3,  Sb,  5V,  and  they  illustrate  quite  a  variety  of 
sequences.  By  altering  the  curves  the  bands  may  be  shifted,  may 
be  made  to  coalesce,  or  may  be  made  to  vanish. 

Wave-Filter  Curves 

The  pass  band  and  stop  band  characteristics  of  wave-filters  are 
concretely  illustrated  for  a  few  typical  cases  by  the  curves  of  Figs. 
8-13,  which  show  the  attenuation  constant  A,  the  phase  constant  B, 
and  both  the  resistance  R  and  reactance  X  components  of  the  itera- 
tive impedance  for  a  range  of  frequencies  which  include  all  of  the 
critical  frequencies,  except  infinity.  The  heavy  curves  apply  to  the 
ideal  resistanceless  case,  while  the  dotted  curves  assume  a  power 
factor  equal  to  1  '(20ir)  for  each  inductance  which  is  a  value  readily 
obtained  in  practice.  This  value  is,  however,  not  sufficiently  large  to 
make  these  small  scale  curves  entirely  clear,  since  considerable  por- 
tions of  the  dotted  curves  appear  to  be  coincident  with  the  heavy  line 
curves;  but  this,  as  far  as  it  goes,  proves  the  value  of  the  present  dis- 
cussion which  rests  upon  a  close  approximation  of  actual  wave-filters 
to  the  ideal  resistanceless  case. 

The  low  pass  resistanceless  wave-filter,  as  shown  by  Fig.  8,  pre- 
sents no  attenuation  below  1,000  cycles;  above  this  frequency  the 
attenuation  constant  increases  rapidly,  in  fact,  the  full  line  attenuation 
curve  increases  at  the  start  with  maximum  rapidity,  since  it  is  there 
at  right  angles  to  the  axis.  The  dotted  attenuation  curve,  which  in- 
cludes the  effective  resistance  in  the  inductance  coils,  follows  the 
ideal  attenuation  curve  closely,  except  in  the  neighborhood  of  1,000 
cycles,  where  resistance  rounds  off  the  abrupt  corner  which  is  present 
in  the  ideal  .4  curve.  The  phase  constant  B  is,  at  the  start,  propor- 
tional to  the  frequency,  as  for  an  ordinary  uniform  transmission  line; 
its  slope  becomes  steeper  as  the  critical  frequency  1,000  is  approached 
where  the  curve  reaches  the  ordinate  w,  at  which  value  it  remains 
constant  for  all  higher  frequencies.  As  shown  by  the  dotted  B 
curve,  resistance  rounds  off  the  corner  at  the  critical  frequency,  but 
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otherwise  leaves  the  curve  approximately  unchanged.  The  full  line 
curves  for  Rx  and  Xi  show  that  in  the  ideal  case  the  iterative  im- 
pedance is  pure  resistance  and  pure  reactance  in  the  pass  and  stop 
bands  respectively,  and  that  resistance  smooths  the  abrupt  transition 
at  the  critical  frequency. 

The  high  pass  wave-filter  shown  by  Fig.  9  passes  the  band  which 
is  stopped  by  the  low  pass  wave-filter  of  Fig.  8,  and  vice  versa.  For 
this  reason  the  two  wave-filters  are  said  to  be  complementary. 

Another  set  of  two  complementary  wave-filters  is  shown  by  Figs. 
10  and  11,  one  of  which  passes  only  a  single  band  of  frequencies, 
not  extending  to  either  zero  or  infinity,  while  the  other  passes  the 
remaining  frequencies  only.  The  single  pass  band  of  Fig.  10,  em- 
bracing a  total  phase  change  2ir  on  the  B  curve,  is  actually  a  case  of 
confluent  pass  bands,  each  of  which  embraces  the  normal  angle  w. 
The  tendency  of  the  two  simple  pass  bands  to  separate,  and  leave  a 
stop  band  between  them,  is  shown  by  the  hump  in  the  dotted  at- 
tenuation constant  curve -at  1,000  cycles.  If,  instead  of  the  two 
simple  bands  having  been  brought  together,  one  of  them  had  been 
relegated  to  zero  or  infinity,  the  single  remaining  pass  band  would 
have  exhibited  the  normal  angular  range  -k  in  the  B  curve,  and  there 
would  have  been  no  hump  in  the  dotted  .4  curve.  The  stop  band  of 
Fig.  11  also  illustrates  peculiarities  which  are  not  necessary  features 
of  a  wave-filter  with  a  single  stop  band  in  this  position.  This  wave- 
filter  is  obtained  from  Fig.  7  by  making  all  bands  vanish  except 
Pi,  S3,  So  and  P3. — by  extending  P2  to  zero,  P3  to  infinity,  and  making 
^3  and  S-o  coalesce,  so  that  the  attenuation  becomes  infinite  in  the 
stop  band  without  passing  from  a  stop  (  — )  to  a  stop  (  +  )  band. 
The  coalescing  stop  bands  are  responsible  for  the  rapid  changes  in 
the  B,  Rx,  and  X\  curves  of  Fig.  11  which  would  not  have  appeared 
if,  in  Fig.  7,  the  same  pass  band  had  been  obtained  by  retaining  Pi, 
S-2  and  P-2  and  making  all  other  bands  vanish. 

An  extreme  case  of  complementary  wave-filters  is  shown  by  Figs. 
12  and  13,  where  no  frequencies  and  all  frequencies  are  passed  re- 
spectively. The  first  result  is  obtained  by  combining  inductances 
alone,  which,  as  has  been  pointed  out  above,  can  give  only  an  at- 
tenuated disturbance  devoid  of  wave  characteristics.  The  wave- 
filter  shown  for  passing  all  frequencies  has  inductance  coils  in  the 
line,  and  capacities  diagonally  bridged  across  the  line.  This  wave- 
filter  combines  a  constant  iterative  impedance  with  a  progressive 
change  in  phase  which  is  sometimes  useful.4     An  outstanding  char- 

4  A  theoretical  use  of  the  phase  shifting  afforded  by  the  lattice  artificial  line  was 
made  at  page  253  of  "Maximum  Output  Networks  for  Telephone  Substation  and 
Repeater  Circuits,"  Trans.  A.  I.  E.  E.,  vol.  39,  pp.  231-280,  1920. 


IS 


BELL  SYSTEM    TECHNICAL   JOURNAL 


3 

\ 

/ 

\ 

/ 

A  Curve* 

\ 

- 

A 

• 

\ 

/ 

2 

t 

i 

■ 

| 

' 

i 

i 

i 

j 

| 

n 

■•. .-  • 

,/ 

J    ' 

tTA 

A 

!          1 

11 

• 

^ 

!  J 

I 

! 

1 

" 

1    1    1 

„. 

""' — \          r 

| | 1  i  II 1        r 

Be 

i        • 

imvps  | 

? 

1         i 

.                   ■'      n 

-B  i         ;+B 

i        ; 

j       ■ 

1  !  / 

•     / 

\  / 

\/ 

jr 

I 

i  1 

■ 

R  r,,r. 

D  Curves 

•  j 

| 

+h 

:t 

r-B 

:; 

| 

I 

I 

' 

i 

1000 

500 

0- 
1500 

1000 

500: 

0 


;• 

I: 

Ri Curves 

•  r4-^**        M            ,1— - 

/       \ 

/         \ 

It               1      ?!         ^ 

f                        6 

1             \    n     / 

\ 

'^;  d- 

'III         \ 

'    Ti    1 

i             | 

;  ii 

i  ' 

n~                   i 

\ 

1  / 

n 

:;t:    , 

I  :;  ■ 

: 

1 

1 

j  -i  ' 

J 

t 

I  ;-:  \ 

v 

X|Cu 

rves  1 

A|  Curves 

j 

j=  : 

. 

\ 

r 

i 

:     ,:      1 

i 

/ 

•  1  1 

{ 

/ 

5       > 

'-Y8 

/iX. 

+X, 

1       ) 

L 

j_      „ 

• 

r 

1 

_, 

i      ! 

( 

: 

!      1 

j 

j 

j       ■ 

j 

-T  t 

r 

lJ 

] 

rr  L 

ii^_ — ^ 

' 

i  i 

d      : 

_  ia 

1000     Cycles    2000     0 


1000    Cycles      2000 


o — m—\  \—o — • — ©H  H9 — o 


2C 
L 


§U 


2Ci 
0000 
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acteristic  of  this  type  of  artificial  line  is  that  it  has,  for  all  frequencies, 
the  same  iterative  impedance  as  a  uniform  line  with  the  same  total 
series  and  shunt  impedances.  This  artificial  line  will  be  considered 
in  more  detail  in  the  next  section  of  this  paper. 

Lattice  Artificial  Lines 

Up  to  this  point  we  have  considered  the  properties  of  artificial  line 
networks  which  were  supposed  to  be  given.  In  practice  the  problem 
is  ordinarily  reversed,  and  we  ask  the  questions:  May  the  locations 
of  the  bands  be  arbitrarily  assigned?  May  additional  conditions  be 
imposed?  How  may  the  corresponding  network  be  determined,  and 
what  is  its  attenuation  in  terms  of  the  assigned  critical  frequen- 
cies?    These  questions  might  be  answered  by  a  study  of  Fig.  7,  in 


2' 

Fig.  14 — Lattice  Artificial  Line 

all  its  generality,  but  it  seems  simpler  to  base  the  discussion  upon 
the  artificial  line  shown  in  Fig.  14,  which  is  to  be  a  generalization 
of  Fig.  13  to  the  extent  of  making  the  two  impedances  Zy  and  Z2 
any  possible  actual  driving-point  impedances.  It  is  sometimes 
illuminating  to  regard  this  artificial  line  as  a  nest  of  bridges,  one 
within  another,  as  shown  by  Fig.  15. 

On  interchanging  terminals  3  with  4  and  7  with  8  in  Fig.  14  the 
network  of  lines  remains  unchanged;  thus.  Zx  and  4Z2  may  be  inter- 
changed in  the  formulas  for  the  artificial  line  with  no  change  in  the 
result,  except,  possibly,  one  corresponding  to  a  reversal  of  the  current 
at  alternate  junction  points.  Another  elementary  feature  of  this  arti- 
ficial line  is  that  it  degenerates  into  a  simple  shunt  or  a  simple  series 
circuit  at  the  resonant  or  anti-resonant  frequencies,  respectively,  of 
either  Z\  or  Z2,  and  these  are  the  critical  frequencies,  terminating 
the  pass  bands.  At  other  frequencies,  a  positive  ratio  Zi/4Z2  must 
give  a  stop  band,  since  the  reactances  are  all  of  one  sign.  If  a  small 
negative  value  of  this  ratio  gives  free  transmission,  as  we  naturally 
expect,  there  will  be  identical  transmission,  except  for  a  reversal  of 
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Fig.   15 — Lattice  Artificial  Line  Drawn  to  Show  the  Chain  of  Bridge  Circuits 

sign,  when  the  ratio  has  the  reciprocal  value,  which  will  be  a  large 
negative  quantity,  since  we  may  always  interchange  Zx  and  4Z2. 
The  consequences  of  this  and  of  other  elementary  properties  of  this 
artificial  line  are  brought  together  in  the  following  table: 

TABLE    II 
For  Lattice  Artificial  Line,  Fig.  14 


Band 

Critical 
Frequency 

Ratio 

z, 

4Z, 

Uniform 

Line 

Artificial  Line 

7 

k 

r 

-r 

e 

K 

Stop  ( + ) 

1>>0 

2>>0 

imag. 

+  real 

0 
0 

0<<1 

1 
1 

imag. 

Z,  =  0 

Zo     =     OO 

0 
0 

0 
0 

imag. 

0 

00 

+  real 

00 
0 

0 

00 

Pass 

<o 

imag. 

«'» 

+  real 

Zi  =  oo 

z2  =  0 

OO 

00 

00 
00 

iv 
iir 

-1 

-1 

-1<<0 

00 
0 

Stop(-) 

<1 

1 

<2 

2 

imag. 

2^2 

iir  +  real 

imag. 

Z,  =  4Z2 

00 

0 

2Z, 

The  cycle  of  bands:  stop   (+),   pass,   stop   (  — ),   adopted   for  the 
table,  carries   the    attenuation  factor    e~T    around  the  periphery  of 
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a  unit  semi-circle;  in  the  stop  (  +  )  band  it  traverses  the  radius  from 
0  to  1.  in  the  pass  band  it  travels  along  the  unit  circle  through  180 
degrees  to  the  value  —  1,  completing  the  cycle  from  —1  to  0  in  the 
stop  (  — )  band.  In  this  cycle  there  are  four  points  of  special  interest, 
corresponding  to  ratio  values  1,0,  —1  and  cc,  for  which  the  wave  is 
infinitely  attenuated,  unattenuated  with  an  angular  change  of  0, 
of  90,  and  of  180  degrees,  respectively.  It  is  at  the  90  degree  angle 
that  resonance  of  the  individual  section  occurs;  the  iterative  im- 
pedance is  then  equal  to  2|Z2J. 

Graph  of  the  Ratio  Zi/4Z2  for  Fig.  14 

If  we  plot  Z\  and  \Z»  the  pass  bands  are  shown  by  the  points  where 
the  curves  become  zero  or  infinite,  and  the  intersections  of  the  two 


0  500  Cycles  1000 

Fig.  16 — Graph  for  Locating  the  Pass  and  Stop  Bands  of  the  Lattice  Artificial  Line, 

where  Zl  4ZS  =  \(\\  -  x2)  {x\  -  x- r2  (*f  -  .v-il  .    .    .    ,  x  =  cycles   100,  and    the 

resonant   roots  xu  a3,   .   .   .  are  0.650,  1,  2,  2.452,  4.442,  5,  6,  8.476  and   the  double 
anti-resonant  roots  .v2,  .v5,  .  .  .  are  0.766,  2.301,  4.585,  7.423 


curves  show  the  frequencies  at  which  the  attenuation  becomes  in- 
finite. These  intersections  must  be  at  an  acute  angle  since  each 
branch  of  the  two  curves  has  a  positive  slope  throughout  its  entire 
length;  for  this  reason  it  may  be  desirable  to  plot  the  ratio  rather  than 
the  individual  curves;  this  is  especially  desirable  in  cases  where  the 
two  curves  do  not  intersect,  but  are  tangent.  Fig.  16  is  for  a  lattice 
network  equivalent  to  two  sections  of  the  ladder  type  illustrated  by 
Fig.  7,  and  so  cannot  include  a  stop  (  — )  band.  Accordingly,  the 
ratio  does  not  go  above  unity,  although  it  reaches  unity  at  the  two 
frequencies  300  and  400,  corresponding  to  the  infinite  attenuation 
where   stop    (  — )    and   stop    (  +  )    bands   meet   in   Fig.   7.     It   is  also 
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unity  at  the  extreme  frequencies  zero  and  infinity.     The  four  pass 
bands  have,  of  course,  the  same  locations  as  in  Fig.  7. 

Multiplying  the  ratio  by  a  constant  greater  than  unity  introduces 
stop  (  — )  bands  along  with  the  stop  (+)  bands;  multiplying  it  by 
a  constant  less  than  unity  removes  all  infinite  attenuations;  these 
changes  within  the  stop  bands  are  made  without  altering  the  loca- 
tions of  the  four  pass  bands. 

Wave-Filter  Having  Assigned  Pass  Bands 

In  connection  with  practical  applications  we  especially  desire  to 
know  what  latitude  is  permitted  in  the  preassignment  of  properties 
for  a  wave-filter.  If  we  consider  first  the  ideal  lattice  wave-filter, 
its  limitations  are  those  inherent  in  the  form  which  its  two  inde- 
pendent resistanceless  one-point  impedances5  Zi  and  Z2  may  assume. 
The  mathematical  form  of  this  impedance  is  shown  by  formula  (7) 
of  the  appendix,  which  may  be  expressed  in  words  as  follows: 

Within  a  constant  factor  the  most  general  one-point  reactance  obtain- 
able by  means  of  a  finite,  pure  reactance  network  is  an  odd  rational 
function  of  the  frequency  which  is  completely  determined  by  assigning 
the  resonant  and  anti-resonant  frequencies,  subject  to  the  condition  that 
they  alternate  and  include  both  zero  and  infinity. 

The  corresponding  general  expressions  for  the  quotient  and  product 
of  the  impedances  Zi  and  Z2  are  shown  by  formulas  (8)  and  (9). 
Definite,  realizable  values  for  all  of  the  2«  +  2  parameters  and 
2n  +  l  optional  signs  occurring  in  these  formulas  may  be  deter- 
mined in  the  following  manner: 

(a)  Assign  the  location  of  all  n  pass  bands,  which  must  be  treated 
as  distinct  bands  even  though  two  or  more  are  confluent;  this 
fixes  the  values  of  the  2n  roots  p\  .  .  .  p-m  which  correspond 
to  the  successive  frequencies  at  the  two  ends  of  the  bands. 

(b)  Assign  to  the  lower  or  upper  end  of  each  pass  band  propagation 
without  phase  change  from  section  to  section;  this  fixes  the 
corresponding  optional  sign  in  formula  (8)  as  +  or  — ,  respec- 
tively. 

(c)  Assign  a  value  to  the  propagation  constant  at  any  one  non- 
critical  frequency  (that  is,  assign  the  attenuation  constant  in  a 

h  A  one-point  impedance  of  a  network  is  the  ratio  of  an  impressed  electromotive 
force  at  a  point  to  the  resulting  current  at  the  same  point — in  contradistinction  to 
two-point  impedances,  where  the  ratio  applies  to  an  electromotive  force  and  the 
resulting  current  at  two  different  points. 
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stop  band  or  the  phase  constant  in  a  pass  band) ;  this  fixes 
the  value  of  the  constant  G  and  thus  completely  determines 
formula  (8)  on  which  the  propagation  constant  depends. 

(d)  Assign  to  the  lower  or  upper  end  of  each  stop  band  the  iterative 
impedance  zero;  this  fixes  the  corresponding  optional  sign  in 
formula  (9)  as  +  or  — ,  respectively. 

(e)  Assign  the  iterative  impedance  at  any  one  non-critical  fre- 
quency (subject  to  the  condition  that  it  must  be  a  positive 
resistance  in  a  pass  band  and  a  reactance  in  a  stop  band) ; 
this  fixes  the  constant  H  and  thereby  the  entire  expression  (9) 
upon  which  the  iterative  impedance  depends. 

The  quotient  and  product  of  the  impedances  Zx  and  Z-2  are  now 
fully  determined;  the  values  of  Zx  and  Z-2  are  easily  deduced  and  also 
the  propagation  constant  and  iterative  impedance  by  formulas  (11) 
and  1 12);  Zx  and  Z2  are  physically  realizable  except  for  the  necessary 
resistance  in  all  networks. 

These  important  results  may  be  summarized  as  follows: 

.4  lattice  wave-filter  having  any  assigned  pass  bands  is  physically 
realizable;  the  location  of  the  pass  bands  fall y  determines  the  propagation 
constant  and  iterative  impedance  at  all  frequencies  when  their  values 
are  assigned  at  one  non-critical  frequency,  and  zero  phase  constant  and 
zero  iterative  impedance  are  assigned  to  the  lower  or  upper  end  gf  each 
pass  band  and  stop  band,  respectively. 

Lattice   Artificial  Line   Equivalent   to  the   Generalized 
Artificial  Line  of  Fig.  1 

Since  any  number  of  arbitrarily  preassigned  pass  bands  may  be 
realized  by  means  of  the  lattice  network,  it  is  natural  to  inquire 
whether  this  network  does  not  present  a  generality  which  is  essen- 
tially as  comprehensive  as  that  obtainable  by  means  of  any  network 
N  in  Fig.  1,  provided  the  generalized  line  is  so  terminated  as  to  equalize 
its  iterative  impedances  in  the  two  directions.  This  proves  to  be 
the  case. 

If  network  N  has  identical  iterative  impedances  in  both  directions, 
the  lattice  network  equivalent  to  two  sections  of  N  is  shown  by  Fig. 
17;  each  lattice  impedance  is  secured  by  using  an  AT  network;  the  N's 
placed  in  the  two  series  branches  of  the  lattice  have  their  far  terminals 
short-circuited  so  that  they  each  give  the  impedance  denoted  by 
Z0;  the  N's  in  the  two  diagonal  branches  have  their  far  ends  open 
and  they  each  give  the  impedance  denoted  by  Zx. 
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The  lattice  network  of  Fig.  18  has  in  each  branch  a  one-point  im- 
pedance obtained  by  means  of  a  duplicate  of  the  given  network  AT 
and  an  ideal  transformer.  The  two  lattice  branch  impedances  are 
Zq+Zr±2Zqr  where  the  three  impedances  Z,v  Zr,  Zqr  are  the 
effective  self  and  mutual  impedances  of  the  network  N  regarded  as  a 
transformer.     This  lattice  network  has  identically  the  same  propaga- 
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Fig.   17 — Lattice  Unit  Equivalent  to  Two  Sections  of  Fig.   1  Assumed  to  be 

Symmetrical 

tion  constant  as  the  single  network  N  shown  on  the  left.  Since  the 
lattice  cannot  have  different  iterative  impedances  in  the  two  direc- 
tions, it  actually  compromises  by  assuming  the  sum  of  the  two  itera- 
tive impedances  presented  by  N.     A  physical  theory  of  the  equival- 
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Fig.  18 — Lattice  Network  Having  the  Same  Propagation  Constant  as  A'  and  an 
Iterative   Impedance  Equal  to  the  Sum  of   the  Two    Iterative    Impedances   of    N 

ences  shown  in  Figs.  17  and  18  has  not  been  worked  up;  the  analytical 
proofs  were  made  by  applying  the  formulas  given  in  the  appendix 
under  lattice  networks. 

Without  going  to  more  complex  networks  it  is,  of  course,  not  pos- 
sible to  get  a  symmetrical  iterative  impedance,  but  that  is  not  necessary 
for  our  present  purposes  where  we  are  concerned  primarily  with  the 
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propagation  constant.     It  has  now  been  shown  with  complete  gener- 
ality that: 

The  lattice  artificial  line,  with  physically  realizable  branch  impedances, 
is  identically  equivalent  in  propagation  constant  and  mean  iterative 
impedance  to  the  chain  of  identical  physically  realizable  networks  con- 
nected together  in  sequence  through  two  pairs  of  terminals. 

To  complete  this  simplification  of  the  generalized  artificial  line  it  is 
necessary  to  know  the  simplest  possible  form  of  the  one-point  im- 
pedances employed  in  the  branches  of  the  lattice  network.  The 
discussion  of  the  most  general  one-point  impedance  obtainable  by 
means  of  any  network  of  resistances,  self  and  mutual  inductances, 
leakages  and  capacities  will  find  its  natural  place,  together  with 
allied  theorems,  in  a  paper  on  the  subject  of  impedances.  For  the 
present  purpose  it  is  sufficient  to  state: 

The  most  general  branch  impedance  of  the  lattice  network  may  be 
constructed  by  combining,  in  parallel,  resonant  circuits  having  im- 
pedances of  the  form  R-\-iLp-\-(G-\-iCp)~l ;  or  they  may  equally 
well  be  constructed  by  combining,  in  series,  anti-resonant  circuits  having 
impedances  of  the  form  I  G-{-iCp-\-(R-\-iLp)~l  \~l 

Summary  of  Physical  Theory 

The  wave-filter  under  discussion  approximates  to  a  resistanceless 
artificial  line,  and  such  an  ideal  artificial  line  is  capable  of  two,  and 
only  two,  fundamentally  distinct  states  of  motion.  In  one  state  the 
disturbance  is  attenuated  along  the  line,  and  there  is  no  flow  of  energy 
other  than  a  back  and  forth  surging  of  energy,  the  intensity  of  which 
rapidly  dies  out  along  the  line.  In  the  other  state  there  is  a  free 
flow  of  energy,  without  loss,  from  section  to  section  along  the  line, 
with  no  surge  of  energy  between  symmetrical  sections.  Each  state 
holds  for  one  or  more  continuous  bands  of  frequencies;  these  bands 
have  been  distinguished  as  stop  bands  and  pass  bands. 

A  high  degree  of  discrimination,  between  different  frequencies, 
may  be  obtained,  even  if  each  section,  taken  alone,  gives  only  a 
moderate  difference  in  attenuation,  by  the  use  of  a  sufficient  number 
of  sections  in  the  wave-filter,  since  the  attenuation  factors  vary  in 
geometrical  progression  with  the  number  of  sections. 

Any  number  of  arbitrarily  located  pass  bands  may  be  realized  by 
means  of  the  lattice  artificial  line;  furthermore,  the  propagation 
constant  at  one  frequency,  and  the  iterative  impedance  at  one  fre- 
quency may  both  be  assigned,  while  the  location  of  zero  phase  con- 
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stant  and  zero  iterative  impedance  at  the  lower  or  upper  end  of  each 
pass  band  and  stop  band,  respectively,  is  also  optional.  This  com- 
pletely determines  the  lattice  artificial  line.  No  additional  condition, 
other  than  iterative  impedance  asymmetry,  can  be  realized  by  re- 
placing the  lattice  network  by  any  four  terminal  network. 

APPENDIX 

Formulas  for  the  Artificial  Line 

Formulas  for  the  propagation  constant  and  iterative  impedance  of 
the  generalized  artificial  line,  expressed  in  a  number  of  equivalent 
forms,  have  already  been  given  in  my  paper  on  Cisoidal  Oscillations,6 
but  it  seems  worth  while  to  deduce  the  formulas  anew  here  from  the 
free  oscillations  of  the  detached  unit  circuit  of  Fig.  6,  so  as  to  complete 
the  physical  theory  by  deducing  the  comprehensive  mathematical 
formulas  by  the  same  method  of  procedure. 

Ladder  Network  Formula^ 
Notation: 
Z\,  Z2  —  series   impedance   and   shunt   impedance   of   the   section   of 

Fig.   4,  which   is  equivalent   to   the   general   network  N  of 

Fig.  1. 
r  =  A  +  iB  =  propagation  constant  per  section. 
Ki,  K2  =  iterative  impedances  at  mid-series  and  mid-shunt. 
7  =  «  +  ifi  =  V  Zi,Z2  =  propagation  constant    for    uniform    distri- 
bution of  Z\  and  1   Z2,  per  unit  length. 
k  =  V  Z1Z2  =  iterative  impedance  of  this  same  uniform  line. 

In  Fig.  6,  the  current  is  indicated  as  /  and  the  potentials  at   the 

ends  of  the  section  as  V,  Ve~T.     In  order   that  the  free  oscillation  may 

be  possible  the  total  impedance  of  the  circuit  (Z\  +  Z'  +  Z")  must 

vanish;  this  determines  the  iterative  impedance  Ki-     In  addition  to 

this  condition  it  is  sufficient  to  make  use  of  two  other  simple  relations: 

the  proportionality  of  the  potential  drops  in  the  direction  of  the  current 

across  Z'  and  Z"  to  Z'  and  Z",  since  they  carry  the  same  current 

(this  determines  the  propagation  constant  F);   and   the  equality  of 

6"Cisodial  Oscillations,"  Trans.  A.  I.  E.  E.,  vol.  30,  pp.  873-909,  1911.  In  the 
lowest  row  of  squares  of  Table  I,  the  iterative  impedances  and  propagation  constant 
of  any  network  are  given  in  five  different  ways,  involving  one-point  and  two-point 
impedances,  equivalent  star  impedances,  equivalent  delta  impedances,  equivalent 
transformer  impedances,  or  the  determinant  of  the  network.  The  only  typo- 
graphical errors  in  Table  I'  appear  to  be  the  four  which  occur  in  the  first,  third  and 
fifth  squares  of  this  row:  in  the  values  for  K,  replace  (5,  —  S^)  by  (5,  —  ST)  and 
place  a  parenthesis  before  Uq  —  Ur)\  in  the  first  value  of  Kr  replace  Sqr  by  Sqr2;  in 
the  last  value  for  Tqr  add  a  minus  sign  so  that  it  reads  cosh-1. 
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A'i,  the  mid-series  iterative  impedance  of  the  artificial  line,  to  the 
total  impedance  on  the  right  of  the  mid-point  of  the  series  impedance 
Z\.     These  three  relations,  which  can  be  written  down  at  once,  are: 

z,  +  zf  +  z"  =zx-  .  ^z'Ki .,  =  0, 

Ve-T        _  2T  _  2Z2  -  K« 
V  Z'   ~  2Z2  +  A',' 

Kl  =  2Zl+Z"^2Zl  +  2Z2  +  h' 

from  which  the  formulas  for  T,  K\,  and  K2,  in  terms  of  Zlf  Z2,  are 
found  to  be: 

r  =  2  sinh"1  |J|l  =  2  sinh-1  ^y,  (1) 

Ki  /  /^~^7    f-t    ,    ^i\  =*=—        ,  /-,    ,    1    .A  =»=—    ,       ■ ,  ( series     ,_. 

A,  *   =  VZlZ2  I1  +  4ZJ      2    =  kV  +  47  J      2  at  mld  1  shunt,   (2) 

and  the  formulas  for  Zx  and  Z2  in  terms  of  T  and  A'i  or  A2  are  likewise 
found  to  be : 

Zx  =  2Ai  tanh  -  T  =  K2  sinh  I\  (3) 

Z,  =  Ai  sinh  r  =  I  A2  coth  ^  r.  (4) 

Formulas  (3)  and  (-4)  are  in  the  nature  of  design  formulas  in  that 
they  determine  the  impedance  Zy  and  Z2,  at  assigned  frequencies, 
which  will  ensure  the  assigned  values  of  T  and  A  at  these  frequencies. 
In  general,  however,  it  would  not  be  evident  how  best  to  secure  these 
required  values  of  Zx  and  Z2;  complicated  or  even  impossible  net- 
works might  be  called  for,  even  to  approximate  values  of  Zx  and  Z2 
assigned  in  an  arbitrary  manner.  Fortunately,  practical  require- 
ments are  ordinarily  satisfied  by  meeting  maximum  and  minimum 
values  for  the  attenuation  constant  throughout  assigned  frequency 
bands.  Formulas  (8)  and  (9)  may  be  employed  for  this  purpose  as 
explained  below. 

It  is  convenient  to  have  formulas  (1)  and  (2)  expressed  in  a  variety 
ot  ways,  since  no  one  form  is  well  suited  for  calculation  throughout 
the  entire  range  of  the  variables.  Accordingly,  the  following  analyti- 
cally equivalent  expressions  are  here  collected  together  for  reference: 
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r  =  i  2  sin"1  ^  =  i  cos"1  ( 1  +  ^)  -  (5) 

7 
-  2  sinh"1^-  =  2  tanh"1  -  — ^— =  =  cosh"1  (l  +  £ 


=  77T  +  2  cosh-1  ^,  =  /V  +  cosh"1  f  -  1  -  1-) 


(5a) 


=  ->2  1og[f.+  ^  ~l-£]. 


(ob) 


=  *g  -  sinh-J  (l  +Y)i,  '  (5c) 

=  *  -  2V3  +  do75  -  747'  +  •  •  •  - if  1*1  < 2-  (5d) 


=  2  cosh"1  g  +  i2  sin-1  £-, 
2g 


(5e) 


to7-a+*;^(|)'+(i+|),+^(|),+.(i-|): 


=  cosh  :  h  +  z'  cos-1  t>  (of) 


where  1  +  ^  72  =  .v  +  /v,  2//  =  V(*+l)2+y2+V(*--l)2+;y2, 

^(^cathir^atmidl^        (6) 

The  formulas  leave  indeterminate  the  signs  of  7,  k,  T,  and  K,  and 
also  a  term  ±/2tt»  in  7  and  I\  The  signs  are  to  be  so  chosen  that 
the  real  parts  are  positive,  or  become  positive  when  positive  re- 
sistance is  added  to  the  system.  The  indeterminate  ±  £27r«  can 
be  made  determinate  only  after  knowing  something  of  the  internal 
structure  of  the  unit  network  of  which  the  artificial  line  is  composed; 
the  conditions  to  be  met  are — absence  of  phase  differences  when  all 
branches  of  the  unit  network  N  of  Fig.   1   are  assumed  to  be  pure 
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resistances  and  continuity  of  phase  as  reactances  are  gradually  intro- 
duced to  give  the  actual  network. 

Formula  (5)  is  adapted  for  use  in  the  pass  bands,  since  the  ex- 
pressions are  real  when  72  is  real,  negative  and  not  less  than  —  4; 
similarly,  formulas  (5a)  and  (5b)  are  adapted  for  use  in  the  stop  (±) 
bands,  that  is,  when  y-  is  positive  and  less  than  —  4  respectively. 

From  the  theory  of  impedances  we  know  that  any  resistanceless 
one-point  impedance  is  expressible  in  the  form 

Z  =  ID      ,  P       {pT^  ■  ■  ■  |4-3"^  (7) 

where  the  factor  D  and  the  roots  pi,  p»,  .  .  .  pin  are  arbitrary  positive, 
reals  subject  only  to  the  condition  that  each  root  is  at  least  as  large 
a.s  the  preceding  one.  This  enables  us  to  write  down  the  forms  which 
the  quotient  and  product  of  two  resistanceless  one-point  impedances 
mav  assume,  which  are  as  follows: 


r  _  c  (Pl-P\  * l(&z£\  (pI-i-pY  (8) 


z'z  >=-h(-/-\  "(4^)  "...  (4=^)  *(A-^) ^ 
Kpt-pzj     \p-3-p*J  ^fL-i-p*' 


(9) 


where  G,  H  and  the  roots  px,  p2,  ■  ■  ■  pin  are  arbitrary  positive  reals, 
subject  only  to  the  condition  that  each  root  is  at  least  as  large  as  the 
preceding  one,  and  the  2»  +  l  and  optional  ="=  signs  are  mutually 
independent.  Conversely,  if  the  relations  (8)  and  (9)  are  prescribed, 
then  the  required  individual  impedances  Z'  and  Z"  are  each  of  the 
form  (7)  and  thus  physically  realizable. 

If  in  formulas  1,  2,  5  and  6  we  substitute  for  ZijZi  =  y2  and 
Z\  Zi  =  kr  the  right-hand  side  of  formulas  (8)  and  (9),  respectively, 
we  obtain  formulas  for  the  propagation  constant  and  iterative  im- 
pedance of  an  artificial  resistanceless  line  in  terms  of  frequencies  at 
which  the  propagation  constant  becomes  zero  or  infinite.  Ordi- 
narily, however,  we  are  more  interested  in  having  expressions  in 
terms  of  the  frequencies  which  terminate  the  pass  bands.  To  secure 
these  the  substitutions  should  be  4[8]  (4  -  [8]  )  and  [9]  (1  -  [8J/4)*1, 
where  [8]  and  [9]  stand  for  the  entire  right-hand  sides  of  formulas 
(8)  and  (9).  This  substitution  amounts  to  obtaining  the  lattice  net- 
work giving  the  required  pass  bands,  and  then  transforming  to  the 
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ladder  network  having  the  same  propagation  constant  and  the  same 
iterative  impedance  at  mid-series  or  mid-shunt. 

Lattice  Network  Formulas  Fig.  14 

The  impedances  of  a  single  section  between  terminals  1  and  2,  with 
the  far  end  of  the  section  3  and  4  either  short-circuited  or  open,  are 
readilv  seen  to  be 


Zn    = 


2Z&        7      .1/U     lo7V  (10) 


\Zi  +  2Z2 


• z*  =  2  (i Zi  +  2Zs) 


Since  vZoZ*  and  V  Z0.  Zx>  are  the  iterative  impedance  and  the 
hyperbolic  tangent  of  the  propagation  constant  for  any  symmetrical 
artificial  line,  we  have  the  following  analytically  equivalent  formulas 
for  the  lattice  network  where  y  =  VZi/Z2,  and  k  =  V ZiZ2  as  for 
the  ladder  type. 

Lattice  Formulas 

r  =  2  tanh"1  i  J^i  =  2  tanh"1 1 7,  (11) 


X  =  \/Zi  Z2  =  k.  (12) 

(  Zi  =  2i£  tanh  J  T,  (13) 

(Zo  =  ^A'coth^r.  (14) 

r  =  t2  tan"1  ^.  =  i  cos"1 — ,  (15) 

l-47" 

7  2  7  +  4  7" 

=  2  tanh-1^  =  2  sinh-1 —  -  =  cosh-1 — 

2  1  .1 


^~b2  ^^ 


1  +\y 

=  log r— ,  (15a) 

1-27 
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—    m    -p-Lum             —    ui\    -r   iusii 

-!+lr 

l  +^7 

(15b) 

/7T    4/-    log                               , 

-1  +  27 

1  +  ^72 

.   7T                .                                 4 

=  i  7y  —  sinh  x .', 

i-?y 

(15c) 

=  7+^73  +  8571  +4387'+' 

.  .. ,  1 1    <  2, 

(15d) 

i,  (^ir+(i)!,.t 

=  7,'og 5 — -„  +  /  tan 

2    0 -!)+(§) 

f> 

(15e) 

•  -  (ir-  (0 ' 

where  7  =  a  4-  7  /3. 

In  these  formulas  Z\  Z-i  =  y2  and  Z\  Zi  =  k2  might  be  expressed 
in  terms  of  the  resonant  and  anti-resonant  complex  frequencies  of 
Zj  and  Z2,  the  frequencies  being  made  complex  quantities  so  as  to 
include  the  damping.  Where  there  is  no  damping,  that  is,  where  all 
network  impedances  are  devoid  of  resistance,  the  simplified  forms 
of  these  expressions  are  given  by  formulas  (8)  and  (9).  The  use  of 
these  formulas  for  designing  wave  filters  having  assigned  pass  bands 
is  explained  at  page  23. 


The  Binaural  Location  of  Complex  Sounds 

By  R.  V.  L.  HARTLEY  and  THORNTON  C.  FRY 

Note:  Much  has  been  written  on  the  subject  of  the  binaural  location 
of  pure  tones  but  the  case  of  complex  sounds  has  received  little  attention 
in  recent  literature.  The  purpose  of  the  present  paper  is  to  bring  the  dis- 
cussion of  complex  sounds  abreast  of  that  relating  to  pure  tones.  Those 
who  wish  to  acquaint  themselves  with  the  work  on  pure  tones  will  be  inter- 
ested in  reading  the  theoretical  work  of  the  authors  and  the  experimental 
studies  carried  out  by  G.  W.  Stewart  and  students  working  under  his 
direction.  This  work  has  been  reported  in  various  papers,  most  of  which 
have  appeared  during  recent  years  in  the  Physical  Review  and  the  Physi- 
kalische  Zeitschrift. 

A  resume  of  the  present  paper  is  given  by  the  authors  in  their  concluding 
paragraph. — Editor. 

THE  need  of  determining  the  location  of  enemy  submarines  and 
aeroplanes  during  the  war  brought  into  use  practical  methods 
for  locating  a  sound  source  which  depend  upon  differences  between 
the  sound  waves  reaching  the  two  ears.  This  stimulated  a  general 
study  of  the  phenomena  involved  in  binaural  sound  location.  The 
foundation  for  this  study  had  already  been  laid  in  the  work  of  Lord 
Rayleigh  and  others,  who,  following  more  or  less  in  his  footsteps, 
had  accumulated  a  considerable  amount  of  information  of  both 
theoretical  and  experimental  sorts.  Of  this  information  almost  all 
that  was  of  a  theoretical  nature  and  a  considerable  portion  of  the 
experimental  kind  dealt  only  with  the  location  of  pure  tones,  the  more 
complicated  and  in  some  respects  more  important  problem  of  complex 
sounds  being  almost  entirely  neglected.  Such  advances  as  were 
made  in  the  theoretical  aspects  of  the  problem  during  the  war  were 
subject  to  the  same  restriction  so  that  even  to-day  no  comprehensive 
theory  has  been  advanced  which  adequately  covers  the  problem  of 
the  location  of  such  sounds  as  occur  in  every-day  life,  and  in  the 
practical  applications  of  binaural  methods.  However,  the  results 
obtained  with  pure  tones  can  be  made  to  throw  considerable  light 
upon  the  problem,  and  it  is  primarily  from  this  standpoint  that  the 
following  discussion  is  written. 

It  may  be  well  at  the  outset  to  review  some  of  the  outstanding 
differences  between  the  observed  phenomena  in  the  two  cases.  The 
accuracy  of  location  is  much  less  for  pure  tones,  as  is  also  the  sense 
of  definiteness  of  the  sound  image.  The  location  of  pure  tones  is  almost 
wholly  binaural  as  is  evidenced  by  the  inability  of  persons  deaf  in  one 
ear  to  locate  such  a '  tone.  With  complex  sounds  not  only  is  the 
location  by  binaural  effects  more  accurate  and  definite,  but  also  the 
observer  is  not  dependent  on   these  alone.     Persons  who  are  deaf 
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in  one  ear  can  locate  familiar  complex  sounds  almost  as  well  as  those 
with  normal  hearing. 

Practically  all  theories  of  sound  location  start  from  the  assumption 
that  the  listener  subconsciously  observes  certain  sound  characteris- 
tics which  depend  upon  the  position  of  the  source  and  forms  a  judg- 
ment of  where  the  source  must  be  by  comparing  these  characteristics 
with  information  which  he  has  stored  up  as  a  result  of  his  past  ex- 
perience with  cases  in  which  the  position  of  the  source  was  known. 
In  order  to  fix  the  position  of  the  source  he  must  assign  to  it  three 
coordinates  such  as  its  distance  and  some  two  angles  which  define 
its  direction.  To  do  this  he  must  be  able  to  observe  at  least  three 
independent  properties  of  the  sound  which  are  functions  of  the  posi- 
tion of  the  source.  If  fewer  than  three  are  available  some  difficulty 
in  location  is  certain  to  arise.  If  more  than  three  are  available  there 
is  the  possibility  of  a  number  of  simultaneous  independent  determina- 
tions of  the  three  coordinates. 

If  the  sounds  of  every-day  life  were  never  distorted  in  transmission 
all  of  these  determinations  would  yield  the  same  set  of  coordinates 
and  the  only  advantage  which  the  listener  would  gain  from  the  addi- 
tional information  available  would  lie  in  the  fact  that  some  one  set 
might  be  peculiarly  sensitive  to  slight  differences  in  the  position 
of  the  source,  and  therefore  might  lead  to  increased  certainty  on  the 
part  of  the  observer.  Owing  to  reflection  from  the  walls  of  buildings 
and  the  like,  the  sounds  of  every-day  life  seldom  arrive  undistorted, 
so  that  the  observer  must  always  be  somewhat  uncertain  as  to  whether 
or  not  the  coordinates  of  the  sound  source  are  actually  those  which 
he  deduces  from  the  properties  of  the  sound  wave  as  it  reaches  his 
ears.  If  enough  properties  are  available  to  permit  him  to  make 
two  independent  determinations  he  may  use  one  of  them  to  check  the 
other,  and  if  they  agree  he  is  justified  in  a  feeling  of  increased  cer- 
tainty as  to  the  accuracy  of  his  judgment.  The  more  independent 
determinations  he  can  make  the  more  checks  he  will  be  able  to  apply 
and  consequently  the  more  confident  he  will  be.1 

It  should  not  be  inferred,  however,  that  it  is  only  the  sounds  of 

the  street  which  reach  the  observer  in  a  distorted  form.     In  a  great 

many  laboratory  experiments  the  characteristics  of  the  sounds  have 

1  It  is  interesting  to  note  in  this  connection  that  it  is  not  surprising  that  an  observer 
locates  a  complex  tone  with  much  greater  certainty  than  a  pure  tone  when  we  con- 
sider how  rapidly  the  number  of  independent  sets  of  data  increases  with  increase 
in  complexity  of  sound.  We  have  already  said  that  three  independent  properties 
are  needed  for  the  determination  of  the  three  coordinates  of  the  source.  Hence 
if  only  three  are  available,  only  one  determination  can  be  made  and  no  checks  are 
possible.  On  the  other  hand,  if  four  are  available,  four  groups  of  three  each  can 
be  formed  and  therefore  four  separate  determinations  can  be  made.  Similarly, 
10  determinations  can  be  made  from  5  properties,  20  from  6,  and  120  from  10. 
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been  inconsistent,  and  in  some  cases  they  have  not  even  corresponded 
to  any  actual  source  whatever.  Under  these  circumstances,  if  an 
image  is  formed  at  all,  some  purely  psychological  factors  must  enter 
in.  For  pure  tones  it  has  been  found  possible  to  explain  much  of  the 
experimental  data  obtained  under  circumstances  such  as  this  by 
assuming  that  the  observer  subconsciously  judges  one  or  more  of  the 
characteristics  to  be  in  error  and  applies  such  corrections  as  will 
make  all  of  the  data  correspond  to  an  actual  source.  As  a  criterion 
for  determining  which  characteristics  will  be  altered,  it  is  assumed 
that,  in  general,  those  are  chosen  which  require  the  smallest  changes. 
Let  us  now  consider  what  characteristics  are  available  for  locating 
sounds  of  different  kinds.  A  pure  tone  from  a  source  at  rest  with 
respect  to  the  observer  has  at  any  point  only  two  physical  character- 
istics which  are  subject  to  change  with  the  position  of  the  source. 
They  are  its  amplitude  and  phase.  Corresponding  to  each  position 
of  the  source  there  is  a  particular  amplitude  and  phase  at  each  of  the 
two  ears  so  that  a  total  of  four  properties — the  loudness  of  the  sound, 
the  average  phase,  the  difference  in  amplitude  (which  may  conven- 
iently be  expressed  as  a  ratio)  and  the  difference  in  phase  at  the  two 
ears — are  available  for  determining  the  position  of  the  source.  It  is 
inconceivable  that  the  average  phase  can  have  anything  to  do  with 
the  location  of  the  sound  since  it  may  be  changed  at  will  without 
altering  the  position  of  the  source.  The  same  remark  applies  to  the 
loudness  of  the  sound  except  in  those  instances  where  the  observer 
is  familiar  with  the  source  to  such  an  extent  as  to  know  how  loud 
it  may  be  expected  to  be.  Hence,  if  we  restrict  ourselves  to  the 
cases  in  which  prejudicial  information  of  this  sort  does  not  exist, 
we  find  that  the  observer  has  only  two  quantities  from  which  he  may 
deduce  the  position  of  the  source.  We  should  therefore  expect  that 
these  two  quantities  would  make  it  possible  to  locate  the  tone  with 
respect  to  two  coordinates  only.  This  is  found  to  be  in  general 
agreement  with  experiment,  for  most  observers  locate  all  sources  of 
pure  tones  in  the  same  horizontal  plane  with  their  heads  and  determine 
only  the  distance  and  angular  departure  from  the  median  plane.  If 
the  source  is  more  than  a  few  yards  away  the  intensity  ratio  and  phase 
difference  change  very  slowly  with  distance  so  that  in  this  case  even 
the  sense  of  distance  is  not  keen  and  a  feeling  of  certainty  exists  with 
respect  to  the  direction  only. 

In  many  experiments  the  tones  at  the  two  ears  have  been  varied 
arbitrarily  so  as  to  give  combinations  having  equal  phases  and  un- 
equal intensities  or  vice  versa — combinations  which  cannot  arise 
from  actual   physical  sources  in   the  absence  of  distortion.     Under 
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these  conditions  the  observer  generally  corrects  one  to  a  value  con- 
sistent with  the  other  except  in  extreme  cases  where  the  correction 
required  for  this  purpose  would  be  inordinately  large.  When  this 
occurs  he  may  either  assume  both  to  be  correct  and  form  two  images — 
one  based  on  the  phase  difference  together  with  a  mentally  supplied 
intensity  ratio  consistent  with  it,  and  the  other  similarly  derived 
from  the  observed  intensity  ratio — or  he  may  fail  to  have  a  sense 
of  location  at  all. 

Before  considering  the  available  characteristics  of  complex  sounds 
in  general  let  us  confine  our  attention  for  a  time  to  those  which  are 
made  up  of  a  limited  number  of  sustained  pure  tones  such  as  an  organ 
note  with  its  series  of  overtones,  or  a  group  of  tuning  forks.  Here  the 
number  of  characteristics  increases  rapidly  with  the  number  of  com- 
ponent tones.  For  each  component  tone  there  are  two  quantities: 
intensity  ratio  and  phase  difference.  In  addition,  at  either  ear  alone 
the  relative  intensities  of  any  two  of  the  tones  changes  with  the 
position  of  the  source,  owing  to  the  diffraction  of  the  sound  waves 
around  the  head  being  different  for  different  frequencies.  There  are 
therefore  as  many  of  these  observable  intensity  ratios  as  there  are 
pairs  of  components.  Similarly,  for  any  two  tones  whose  frequencies 
are  commensurable,  the  relative  phases  of  the  two  at  the  same  ear 
depend  upon  the  position  of  the  source. 

Not  all  of  these  characteristics  are  capable  of  contributing  to 
binaural  as  distinct  from  monaural  location.  In  fact,  only  the  phase 
differences  and  intensity  ratios  of  the  separate  components  are  bi- 
naural. A  man  who  is  deaf  in  one  ear  has  available  all  of  the  rela- 
tions between  the  intensities  and  phases  of  the  various  components 
at  his  normal  ear.  That  these  relations  do  actually  contribute  to 
sound  location  is  supported  by  experimental  evidence.  Myers 2 
found  that,  after  familiarizing  himself  with  a  complex  sound,  a  blind- 
folded observer  could  locate  its  position  with  considerable  accuracy, 
even  when  it  was  moved  about  in  the  median  plane,  but  that  his 
accuracy  could  be  destroyed  by  varying  the  relative  intensities  of  the 
components.3  It  is  not  surprising  then,  that  for  complex  sounds  the 
accuracy  is  about  the  same  whether  the  location  is  binaural  or  mo- 
naural.4    The  observed  failure  of  monaural  location  in  the  case  of  a 

2  C.  S.  Myers,  Proc.  Royal  Soc,  1914,  B  88,267. 

3  It  should  be  noticed  that  this  effect  must  have  been  purely  psychological  since  it 
could  be  produced  without  moving  the  source  at  all.  It  therefore  lends  plausibility 
to  the  assumption  upon  which  our  theory  is  based:  that  when  discordant  or  unusual 

•stimuli  are  experienced,  a  mental  readjustment  of  the  stimuli  is  made  in  order  to 
render  them  more  nearly  consistent  with  every-day  experience. 

4  As  shown  by  the  experiments  of  Angell  and  Fite  upon  persons  deaf  in  one  ear. 
Psychol.  Rev.,  vol.  8,  pp.  225-246,  1911. 
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pure  tone  follows  directly  from  the  absence  of  other  frequencies  with 
which  the  pure  tone  may  be  compared. 

As  we  are  here  concerned  with  binaural  phenomena  we  shall  con- 
fine our  attention  to  the  relative  phases  and  intensities  at  the  two  ears. 
The  question  at  once  arises:  does  the  observer  actually  hear  the  differ- 
ent tones  separately,  and  if  so,  does  he  assign  a  location  to  each 
separately  .J 

To  what  extent  the  listener  locates  each  component  separately 
depends  upon  the  ease  with  which  the  tones  can  be  distinguished. 
The  experiments  which  bear  most  directly  upon  this  point  are  those 
in  which  the  component  tones  at  the  two  ears  are  arbitrarily  adjusted 
to  give  values  of  phase  difference  corresponding  to  different  locations. 
This  is  done  under  conditions  where  the  location  of  each  component 
separately  is  largely  determined  by  the  phase  difference.  More  5 
experimented  with  two  tones,  transmitting  them  to  the  ears  through 
tubes  of  adjustable  lengths.  This  permitted  him  to  change  the  phase 
difference  at  the  two  ears  while  keeping  the  intensities  substantially 
equal.  He  observed  the  apparent  location  for  various  settings  when 
each  tone  was  applied  by  itself  and  when  both  were  applied  together, 
using  forks  of  256  and  320  cycles.  With  the  paths  equal  the  tones 
combined  into  a  chord  located  in  the  median  plane  and  the  separate 
components  could  not  be  heard.  With  a  setting  for  which  the  two 
components  separately  appeared  on  opposite  sides  of  the  head,  one 
component  was  heard  distinctly  by  the  right  ear  only  on  the  right 
side,  and  the  other  by  the  left  ear  only  on  the  left  side.  At  the  same 
time  the  chord  was  heard  rather  indistinctly  near  the  median  plane 
but  tending  slightly  toward  the  side  of  the  lower  tone. 

Apparently  the  observer  does  not  consciously  separate  the  chord 
into  its  components  unless  he  is  forced  to  do  so  by  some  inordinate 
discrepancy  between  the  positions  of  the  images  formed  from  them. 
There  is  no  evidence  in  the  case  of  equal  paths  to  show  that  he  did 
or  did  not  subsconsciously  locate  the  separate  components  and  find 
them  to  be  in  agreement.  In  view  cf  the  second  experiment  it  seems 
probable  that  he  did.  In  this  latter  experiment  he  obviously  found 
that  the  two  components  corresponded  to  different  locations  and 
assigned  different  sources  to  each.  At  the  same  time  his  experience 
told  him  that  tones  which  would  combine  to  form  a  musical  sound 
generally  have  a  common  source.  Hence  he  may  have  concluded 
subconsciously  that  the  sound  waves  had  probably  been  distorted 
in  coming  from  a  common  source  and  so  he  corrected  his  observations 

5  Louis  T.  More:  Phil.  Mag.  XVIII,  1909,  p.  308. 
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on  both  tones  to  make  them  consistent  and  arrived  at  an  image  of 
the  chord  between  the  other  two. 

Similar  results  were  obtained  with  forks  of  256  and  384  cycles 
per  second,  except  that  in  general  the  lower  tone  was  completely 
blotted  out.  The  higher  tone  was  usually  quite  distinct  and  defin- 
itely located.  The  image  of  the  chord  was  nearer  to  the  image  formed 
when  the  higher  component  was  sounded  by  itself  than  to  the  image 
formed  from  the  lower  one  alone.  With  settings  for  which  the  direc- 
tions of  the  tones  separately  were  the  same,  whether  right,  left,  or 
middle,  the  upper  tone  disappeared  leaving  only  the  chord.  In 
experiments  with  forks  of  256  and  512  cycles  it  was  difficult  to  dis- 
tinguish the  separate  notes.  With  settings  for  which  the  two  separ- 
ately were  on  opposite  sides  the  combination  was  on  the  side  of  the 
lower  fork.  This  can  be  interpreted  as  meaning  that  the  octave 
relationship  is  inherently  difficult  to  resolve,  or  else  that  tones  an 
octave  apart  so  generally  come  from  a  common  source  that  the  ob- 
server was  unwilling  to  make  any  other  assumption. 

Although  the  explanation  of  these  results  is  not  yet  thoroughly 
understood,  they  show  very  definitely  that  in  locating  complex  sounds 
made  up  of  pure  tones  the  observer  does  within  limits  locate  the 
components  separately.  If  they  agree,  a  single  image  is  formed;  if 
they  do  not,  he  may  either  locate  the  tones  separately  or  form  a  single 
compromise  image  or  do  both. 

It  is  in  this  way  that  the  theory  developed  for  pure  tones  is  ap- 
plied to  complex  sounds  made  up  of  pure  tones.  The  next  step  is  to 
extend  it  so  as  to  include  complex  sounds  in  general.  To  do  this  we 
must  picture  the  observer  as  resolving  each  sound  into  sinusoidal 
components  locating  the  components  separately  and  forming  one  or 
more  images  based  on  a  combination  of  the  apparent  sources  as  in- 
dicated by  the  separate  components.  While  it  is  fairly  easy  to  effect 
such  a  resolution  mathematically  it  is  somewhat  less  easy  to  interpret 
the  result  in  a  manner  satisfactory  to  our  intuitive  conceptions  of  the 
phenomena  involved;  also,  granted  the  theoretical  possibility  of  the 
resolution,  there  remains  the  question  of  what  physical  or  psycho- 
logical limitations  there  may  be  to  its  application. 

In  view  of  the  fact  that  a  really  pure  component  tone  has  no  begin- 
ning or  end,  and  no  fluctuations  in  its  amplitude,  it  is  not  at  once 
apparent  how  a  single  discrete  sound  such  as  the  bark  of  a  dog  can  be 
resolved  into  components  of  that  nature.  However,  if  enough  com- 
ponents are  available  it  has  been  established  beyond  question  that 
by   properly   choosing   their   frequencies,   amplitudes,   and   phases,   a 
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combination  may  be  arrived  at  in  which  the  algebraic  sum  of  all  the 
components  is  zero  for  all  instants  before  and  after  the  period  occupied 
by  the  sound  and  equal  to  the  instantaneous  value  of  the  sound 
wave  for  instants  within  that  period.  This  combination  is  known  to 
mathematicians  as  the  Fourier  Integral  corresponding  to  the  wave, 
and  the  formula  for  the  phase  and  amplitude  of  each  component 
sinusoid  is  known.  It  is  an  extension  of  the  well  known  Fourier 
series  expansion  used  for  resolving  sustained  periodic  disturbances. 

The  physical  interpretation  of  this  integral  may  be  facilitated  by 
reviewing  the  steps  in  its  evolution  from  the  Fourier  series.  It  is 
well  known  that  if  the  sound  in  question  were  repeated  at  regular 
intervals  the  resulting  periodic  wave  could  be  resolved  by  Fourier 
analysis  into  a  series  of  sinusoidal  components,  the  frequencies  of  all 
of  which  are  integral  multiples  of  the  frequency  of  repetition  of  the 
sound.  Successive  components  therefore  differ  in  frequency  by  an 
amount  equal  to  this  trequency  of  repetition.  Now  it  is  not  essential 
that  the  repetitions  of  the  sound  follow  each  other  immediately. 
Instead,  they  may  be  separated  by  intervals  of  silence.  The  effect 
of  such  silent  intervals  is  to  reduce  the  frequency  of  repetition  and 
therefore  also  the  fundamental  frequency.  As  a  result  the  com- 
ponent frequencies  are  brought  closer  together  and  the  number  within 
any  particular  frequency  range  is  increased. 

Suppose  now  that  the  interval  between  repetitions  is  indefinitely 
increased.  As  this  is  done  the  effect  of  any  one  occurrence  of  the 
sound  becomes  more  and  more  independent  of  the  others,  and  in  the 
limit  when  the  sounds  next  preceding  and  next  following  the  one 
under  consideration  are  infinitely  far  removed,  we  have  the  case  of  a 
discrete  sound.  As  this  limiting  case  is  approached  the  fundamental 
frequency  becomes  smaller  and  smaller  and  the  component  frequen- 
cies, which  are  multiples  of  it,  are  separated  by  infinitesimal  frequency 
differences.  While  the  amplitude  of  each  component  also  decreases, 
the  number  of  components  increases  at  such  a  rate  that  the  aggregate 
energy  of  all  the  components  within  a  given  frequency  range  remains 
finite.  In  this  way,  the  distribution  of  the  sound  energy  over  various 
frequencies — that  is,  the  "energy  spectrum" — can  be  obtained. 

It  is  evident,  then,  that  when  an  aperiodic  complex  sound  is  resolved 
mathematically  there  results  an  infinity  of  component  tones,  each 
having  a  characteristic  intensity  and  phase.  If  an  observer  were 
capable  of  an  equally  complete  resolution  he  would  have  at  his  dis- 
posal an  infinity  of  sets  of  data  from  which  an  infinity  of  images 
could  be  formed.  In  the  absence  of  distortion  these  should  all  co- 
incide. 
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Practically,  of  course,  no  such  refinement  of  resolution  is  possible. 
The  ability  to  distinguish  differences  in  pitch  varies  from  person  to 
person,  but  the  minimum  intervals  employed  in  musical  composition 
probably  give  a  rough  measure  of  the  normal  resolving  power  of  the 
ear.  Even  with  this  limitation  the  broad  sound  spectrum,  such  as  an 
irregular  sound  produces,  is  capable  of  yielding  a  very  large  number  of 
separable  components;  and  hence  a  large  number  of  individual  im- 
ages. It  is  this  fact — that  with  a  very  complex  sound  the  number  of 
independent  determinations  of  the  image  is  limited  only  by  the  re- 
solving power  of  the  observer — which  makes  his  accuracy  of  binaural 
location  as  well  as  his  sense  of  certainty  much  greater  for  such  sounds 
than  for  pure  tones. 

So  long  as  the  images  of  all  the  components  coincide,  it  is  of  little 
importance  how  fine  the  resolution  is,  for  further  refinement  only 
serves  to  increase  the  sense  of  certainty  by  adding  to  the  volume  of 
accordant  evidence.  However,  when  the  images  are  not  in  agree- 
ment the  problem  is  more  complicated  and  the  degree  of  resolution 
becomes  important.  Here  also  purely  physical  considerations  cease 
to  be  adequate  and  psychological  factors  must  be  considered  similar 
to  those  involved  in  the  location  of  a  pure  tone  for  which  the  intensity 
ratio  and  phase  difference  do  not  correspond  to  any  actual  source. 
When  an  observer  is  faced  with  discordant  results  he  must  make 
some  subconscious  judgment.  For  small  discrepancies  such  as  occur 
in  every-day  experience,  he  probably  assumes  those  images  which 
depart  most  from  the  rest  to  be  misplaced  because  of  distortion  dur- 
ing transmission  and  so  either  corrects  or  ignores  them.  If  the 
discrepancies  are  large  he  may  find  it  difficult  on  the  ground  of  ex- 
perience to  believe  that  so  much  distortion  could  occur.  In  such  an 
event  he  will  most  likely  form  several  images  from  different  com- 
ponents or  in  extreme  cases  lose  the  sense  of  location  altogether. 

Bowlker  found  separate  images  to  occur  experimentally  both  for 
band  music,  which  approaches  a  collection  of  tones  and  for  the 
irregular  barking  of  dogs.  He  placed,  tubes  of  unequal  length  to  his 
two  ears  thereby  upsetting  the  normal  diffraction  around  the  head 
and  interposing  a  longer  path  on  one  side  than  on  the  other.  Obvi- 
ously, the  distortion  produced  in  this  manner  is  of  a  type  not  likely 
to  be  met  in  every-day  life  and  affects  different  frequencies  in  widely 
different  fashions.  He  reports  that  when  listening  to  "a  band  of 
three  or  four  instruments  played  in  the  open — the  notes  will  be  found 
to  be  scattered  over  a  wide  range,  most  being  to  the  side  of  the  short 
tube,  some  being  in  front  and  some  being  to  the  side  of  the  long  tube. 
In  listening  with  such  a  pair  of  tubes  to  two  dogs  furiously  barking 
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the  effect  is  at  first  quite  alarming — one  seems  to  be  in  the  middle 
of  a  pack  of  dogs  some  of  which  are  rushing  viciously  at  one's  throat." 
An  illustration  of  failure  to  form  any  image  is  found  in  a  phenomenon 
observed  in  the  use  of  binaural  compensators  for  determining  the 
direction  of  submarine  sounds.  The  sound  is  picked  up  by  two  sub- 
marine telephone  transmitters  and  led  to  the  ears  through  inde- 
pendent paths.  By  adjusting  the  lengths  of  the  paths  the  image 
can  be  shifted  from  side  to  side  and  for  practical  purposes  the  setting 
of  the  instrument  is  made  by  bringing  the  image  exactly  to  the  middle. 
A  fairly  definite  sound  image  is  formed,  but  observers  report  that  part 
of  the  sound  does  not  merge  into  this  sound  image  and  move  in  re- 
sponse to  the  adjustment,  but  instead  appears  as  a  diffuse  back- 
ground of  noise.6  This  may  be  explained  on  the  assumption  that, 
while  the  images  formed  from  most  of  the  sound  components  agree 
sufficiently  well  that  the  observer  corrects  them  to  a  single  position, 
certain  components  are  so  distorted  by  resonance  effects  inherent 
in  the  apparatus  that  their  images  are  scattered  more  or  less  at  ran- 
dom. The  lack  of  agreement  among  any  considerable  number  of 
these  prevents  the  formation  of  a  second  image  and  causes  the  sense  of 
diffusedness. 

As  the  distortion  becomes  still  more  extreme  we  should  expect 
the  experimental  results  to  depend  more  and  more  upon  the  observ- 
er's power  of  resolution,  for  as  the  distortion  is  progressively  in- 
creased a  condition  must  finally  be  reached  where  the  positions  of  the 
images  are  appreciably  different  for  two  components  whose  frequencies 
are  so  nearly  alike  as  to  make  their  recognition  as  separate  tones 
difficult  if  not  impossible.  This  condition  actually  occurred  in  an 
experiment  of  Baley's  with  a  sound  consisting  of  a  mixture  of  sus- 
tained tones.  Its  effect  on  the  listener  is  interesting  from  the  stand- 
point of  subconscious  readjustment  of  discordant  data. 

Baley's  '  experiment  consisted  in  applying  a  number  of  sustained 
tones  to  one  ear  of  a  musically  trained  observer  and  a  number  of  differ- 
ent tones  to  the  other  ear,  and  testing  his  ability  to  assign  them  to 
their  proper  sides.  So  long  as  the  intervals  between  the  tones  were 
fairly  large,  the  observer  never  failed  to  locate  them  correctly.  Con- 
sidering the  entire  stimulus  as  a  complex  sound  we  may  think  of  the 
observer  as  locating  the  tones  individually  and  finding  them  to  fall 
definitely  into  two  groups  whose  images  are  located  one  at  each  ear. 

6  This  interesting  phenomenon  was  called  to  our  attention  by  Mr.  Richard  D. 
Fay  of  the  Submarine  Signalling  Corporation  who  tells  us  that  it  has  been  noted 
by  a  large  number  of  observers. 

7Stephan  Baley:  Zeit.f.  Psychol,  u.  Physiol.,  v.  70,  1914,  p.  347. 
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However,  when  he  used  six  tones  which  were  separated  from  each 
other  by  a  single  tone  interval,  the  separate  components  could  not 
be  distinguished  and  a  painful  sensation  was  produced.  The  ob- 
server was  apparently  faced  with  the  situation  that  to  make  the  ob- 
served intensity  ratios  and  phase  differences  correspond  to  a  single 
source  would  invoke  extremely  large  corrections  in  the  observed 
data.  On  the  other  hand,  his  power  of  tone  resolution  was  insufficient 
to  separate  the  components  and  assign  them  to  different  sources.  It 
is  not  surprising,  then,  that  the  difficulty  manifested  itself  by  painful 
sensations.  While  this  illustration  is  taken  from  an  extreme  condi- 
tion of  laboratory  experiment  and  may  appear  to  have  little  bearing 
on  the  every-day  location  of  sounds,  it  is  really  significant  because  of 
the  manner  in  which  it  illustrates  the  importance  of  psychological 
factors  in  all  cases  in  which  the  sound  waves  are  distorted. 

Resume 

In  the  foregoing  discussion  an  attempt  has  been  made  to  bring  out 
the  main  features  involved  in  extending  the  theory  of  the  binaural 
location  of  pure  tones  to  cover,  qualitatively  at  least,  the  location 
of  complex  sounds.  It  has  virtually  been  assumed  that  the  latter 
invokes  three  processes:  first,  the  resolution  of  the  sound  into  its 
component  tones;  second,  the  independent  (generally  subsconscious) 
location  of  each  separate  component;  and  third,  the  formation  of  a 
conscious  judgment  of  the  position  of  the  source  based  on  the  locations 
ot  the  individual  images.  The  greatly  increased  amount  of  data 
available  when  the  sound  is  complex  has  quite  different  effects  on  the 
final  result  according  as  the  different  images  do  or  do  not  coincide. 
If  they  do,  the  accuracy  of  location  and  the  sense  of  certainty  are 
increased.  If  they  do  not,  confusion  arises,  subconscious  corrections 
are  called  for,  and  the  final  result  is  likely  to  depend  very  consider- 
ably on  the  psychological  processes  and  individual  prejudices  of  the 
particular  observer. 


The  Heaviside  Operational  Calculus 

By  JOHN  R.  CARSON 

Synopsis:  The  art  of  electrical  communication  owes  a  great  and  increas- 
ingly recognized  debt  to  Oliver  Heaviside  for  his  work  in  developing  and 
emphasizing  a  correct  theory  of  electrical  transmission  along  wires  and  in 
particular  for  his  insistance  on  the  importance  of  inductance.  His  oper- 
ational methods  of  solving  the  differential  equations  which  are  fundamental 
of  the  theory  of  electric  circuits,  although  not  widely  known,  are  important. 
These  methods  are  peculiarly  applicable  to  many  important  problems  of 
electrical  transmission.  The  present  paper,  while  theoretical  in  char- 
acter, therefore  deals  with  a  subject  of  practical  importance  to  the  com- 
munication engineer. 

Without  attempting  to  give  any  adequate  idea  of  the  striking  originality 
and  ingenuity  of  Heaviside's  methods,  his  operational  calculus  may  be 
very  briefly  explained  as  follows.  Problems  in  electric  circuit  theory  are 
described  by  a  set  of  differential  equations  involving  the  differential  oper- 
ator -3-.  These  differential  equations  may  be  reduced  formally  to  alge- 
braic equations  by  replacing  the  differential  operator  by  the  symbol  p  and 
by  this  expedient  a  purely  symbolic  solution  is  obtained.  This  symbolic 
solution  is  called  the  operational  formula  of  the  problem. 

In  order  to  interpret  the  purely  symbolic  operational  formula,  Heaviside 
proceeded  as  follows:  By  direct  comparison  of  the  operational  formula  of 
specific  problems  with  their  known  explicit  solutions  he  was  led  to  assign 
a  definite  significance  to  the  operator  p.  Thereupon,  he  obtained  by  in- 
duction generalized  specific  criteria  or  rules  for  solving  the  operational 
formula. 

The  present  paper,  by  attacking  the  problem  from  a  different  standpoint, 
shows  that  the  Heaviside  operational  formula  is  a  shorthand  equivalent  of 
an  integral  equation  from  which  the  methods  and  rules  of  his  operational 
calculus  are  deducible. — Editor. 

A  VERY  interesting  and  by  no  means  the  least  valuable  part  of 
•*■  *■  Heaviside's  researches  relates  to  operational  methods  of  solving 
the  differential  equations  of  a  class  of  physical  problems  of  which 
electric  circuit  theory  problems  are  typical;  in  fact  Volume  II  of  his 
Electromagnetic  Theory  is  almost  entirely  devoted  to  this  subject. 
The  methods  of  solution  which  he  originated  and  employed  are  of 
extraordinary  directness  and  simplicity  in  a  very  large  class  of  prob- 
lems in  applied  mathematics.  In  fact  it  would  be  difficult  to  exagger- 
ate the  value  of  his  work  along  this  line,  and  nowhere  is  it  more  im- 
mediately and  usefully  applicable  than  in  the  theoretical  problems 
of  electro-technics. 

Heaviside  is,  however,  by  no  means  easy  reading  and,  in  spite  of 
the  considerable  number  of  published  studies  relating  to  his  opera- 
tional calculus,  it  is  less  generally  understood  and  applied  than  its 
value  warrants.  The  writer  has  had  occasion  to  apply  Heaviside's 
methods  quite  extensively  in  electrical  problems  and  in  the  course 
of  his  study  was  led  to  a  general  formula  which  to  him  at  least,  has 
proved  useful  in  interpreting  and  rationalizing  the  operational  cal- 
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cuius.  This  formula  is  presented  and  discussed  in  the  present  paper 
with  the  hope  that  it  may  be  of  service  to  students  of  Heaviside  in 
understanding  and  applying  his  methods.  The  paper  may  also  serve 
as  a  brief  recapitulation  of  some  of  the  outstanding  methods  ap- 
plicable to  the  solution  of  problems  in  electric  circuit  theory. 

The  problems  to  which  Heaviside  applied  his  operational  calculus 
relate  to  the  oscillations  of  electrical  and  mechanical  systems  which 
can  be  described  by  a  system  of  linear  differential  equations  with 
constant  coefficients  or  to  such  partial  differential  equations  as  the 
telegraph  equation.  The  system  is  supposed  to  be  set  into  oscillation 
from  a  state  of  equilibrium  by  suddenly  applied  forces  and  the  opera- 
tional formula  gives  the  resulting  behavior  of  the  system. 

The  type  of  problem  to  which  the  operational  calculus  is  applicable 
and  Heaviside's  method  of  solution  may  be  illustrated  in  a  sufficiently 
general  manner  for  didactic  purposes  in  connection  with  the  solution 
of  the  system  of  equations 

On.Yi  +  •  •  •  +  alnxn  =  Fi(l) 
(1) 

a„ixi  +  •  .  •  +  a„„x„  =  Fn{t) 

where  the  coefficients  ajk  are  in  general  polynominals  of  the  form 

and  the  a,  /?,  y  coefficients  are  constants. 

We  are  concerned  with  the  determination  of  the  variables  X\  .  .  xn 
as  functions  of  the  independent  variable  t  for  the  following  boundary 
conditions;  the  known  functions  Fj  .  .  Fn  and  the  variables  X\  .  .  x„ 
are  identically  zero  for  values  of  the  independent  variable  /  ^0.  In  other 
words,  the  system  is  initially  in  a  state  of  equilibrium  when  the 
"  forces  "  F[  .  .  .  Fn  are  applied.  These  boundary  conditions  are 
extremely  important  in  physical  problems. 

Owing  to  the  linear  character  of  the  equations  we  may  without  loss 
of  generality  set  all  the  F  functions  equal  to  zero  except  one,  say 
Fi{t),  and  write 

an#i  +  .  .  .  +  aux»  =  F(t) 
(3) 

anlXl    +   .    .  .   +  dnnXn   =    0. 

The  solution  of  equations  (3)  for  the  prescribed  boundary  condi- 
tions may  be  made  to  depend  on  the  auxiliary  equations  in  the  auxil- 
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iary  variables  h\  .  .  .  h„. — 

/in//,  +  .  .  .  +  au,iin  =   1 

(/>0)  (4) 

anihi  +  .  .  .  +  a„„h„  =  0. 

The  function  on  the  right  hand  side,  written,  in  accordance  with 
the  Heaviside  notation,  as  unity  is  identically  zero  for  /<0  and 
unity  for  />0  and  hi  . :  .  .  h„  are  identically  zero  for  /<0. 

It  may  then  be  shown  that  ' 

Xj  =  Tj    I' F(t  -  y)  hj(v)  dy,         {j  =  1,  2,  .  .  .  n)  (5) 

at  .'o 

so  that  the  solution  of  (3)  depends  entirely  on  (4). 

Equations  (4)  formulate  the  problem  actually  dealt  with  by  Heavi- 
side who  did  not  explicitly  consider  the  more  general  equations  (3). 
His  method  of  attack  was  as  follows;  Writing  p"  for  the  differential 
operator  d"  dt"  equations  (4)  become  formally  algebraic  and  yield  a 
purely  symbloic  solution 

">  =  Wpy  W 

Equation  (6)  is  the  Heaviside  operational  formula;  as  it  stands, 
however,  it  is  purely  symbolic  and  the  problem  remains  to  find  the 
significance  of  the  equation  and  to  deduce  therefrom  the  value  of 
h  =  h(t)  as  a  function  of  /. 

Heaviside's  method  from  this  point  on  was  one  of  pure  induction. 
From    the   known   solution   of  specific   problems   he   inferred   general 
rules  for  expanding  and   interpreting  the  operational   formula:    the 
body  of  rules  thus  developed   for  solving  the  operational  equation  - 
may  be  appropriately  termed  the  Heaviside  Operational  Calculus. 

The  contribution  of  the  present  paper  to  the  theory  of  the  Heavi- 
side operational  calculus  depends  on  the  following  proposition  and 
its  immediate  corollary.2 

The  differential  equations  (4),  subject  to  the  prescribed  boundary  con- 
ditions,  may  be  written  as: 

hi  =  0,  for  /<0  and  j  =  1,  .  .  .  n, 

pim  -  jf'-^w  *■    for'>°-  (7) 

The  integral  equation  is  an  identity  for  all  positive  real  values  of  p  and 
consequently  determines  hj(t)  uniquely. 

1  This  formula  has  been  established  in  previous  papers.  It  is  briefly  discussed 
in  Appendix  I. 

2  See  Appendix  I. 
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It  follows  as  an  immediate  corollary  that  the  Heaviside  operational 
equation 

h  =  l/H(p)  (8) 

is  merely  a  short-hand  or  symbolic  equivalent  of  the  integral  equation 

mw>  =  fe-"h{t)dL  (9) 

The  significance  of  the  operational  equation  and  the  rules  of  the  Heaviside 
operational  calculus  are  therejore  deducible  from  the  latter  equation. 
The  whole  problem  is  thus  reduced  to  the  purely  mathematical  problem 
of  solving  the  integral  equation. 

It  should  be  remarked  in  passing  that,  while  the  Heaviside  opera- 
tional calculus  has  been  elucidated  in  connection  with  the  solution 
of  a  set  of  differential  equations  involving  a  finite  number  of  variables, 
it  is  not  so  limited  in  its  applications.  It  is  applicable  also  when  the 
number  of  variables  is  infinite  and  to  such  partial  differential  equ- 
tions  as  the  telegraph  equation.  The  foregoing  theorem  applies  also 
.  to  all  such  physical  problems  where  an  operational  formula  h  =  1/H(p) 
is  derivable. 

Before  discussing  the  solution  of  the  integral  equation  (9)  and  de- 
ducing therefrom  some  of  the  rules  of  the  operational  calculus,  a 
simple  but  interesting  and  instructive  example  of  the  way  the  oper- 
tional  formula  is  set  up  will  be  given. 

Consider  a  transmission  line  of  infinite  length  along  the  positive 

x  axis  and  let  it  have  a  distributed  inductance  L  and  capacity  C  per 

,  unit  length.     Let  a  unit  voltage  be  applied  to  the  line  at  the  origin 

x  =  0  at  time  I  =  0;    required  the  line  current  /  and  voltage   V  at 

any  point  x  at  any  subsequent  time  /. 

The  differential  equations  of  the  problems  are 

L^-I=  -  —V 


dt  dx 


p. 
Replacing  —  by  p,  we  get 

ot 

V  =  e~TV0, 
where  v  =  1/vLC  and  V0  is  the  line  voltage  at  x  =  0. 
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Now  by  the  conditions  of  the  problem  Vq  is  zero  before,  unity  after 
time  /  =  0;  hence  the  foregoing  equations  are  operational  formulas 
and  by  (9) 


lj£    e~T  =  re-P<Ix(t)dt, 
p\L  *7o 

=  fe-p'VAQdt. 
Jo 


H 


l   _£f 

The  solutions  of  these  equations  are  obviously 

Ix  =  0  for  t<x/v, 

Y  tor  t>x/v, 

Vx  =  0  for  t<x/v, 

=  1  for  t>x/v, 

which  are,  of  course,  the  well  known  solutions  of  the  problem.  The 
directness  and  simplicity  of  the  solution  from  the  definite  integrals  is, 
however,  noteworthy. 

By  virtue  of  the  foregoing  analysis  the  Heaviside  operational  cal- 
culus becomes  identical  with  the  methods  and  rules  for  the  solution 
of  integral  equations  of  the  type 


l/pH(p)  =  f    e-*lh(t)dt 


to  which  brief  consideration  will  now  be  given. 

An  integral  equation  is,  of  course,  one  in  which  the  unknown  func- 
tion appears  under  the  sign  of  integration;  the  process  of  determining 
the  unknown  function  is  the  solution  of  the  equation.  Integral 
equations  of  the  form  of  (9)  were  first  employed  by  Laplace  and  may 
be  referred  to  as  equations  of  the  Laplace  type.  More  recently  they 
have  become  of  importance  in  the  modern  theories  of  divergent  series 
and  summability.  The  solution  of  a  large  number  of  integral  equa- 
tions of  the  Laplace  type  has  been  worked  out;  however  the  procedure 
is  usually  peculiar  to  the  particular  problem  in  hand.  In  this  con- 
nection it  is  noteworthy  that,  from  a  purely  mathematical  stand- 
point, Heaviside's  operational  calculus  is  a  valuable  contribution  to 
the  systematic  solution  of  this  type  of  integral  equations.  That  is  to 
say,  methods  which  he  developed  for  the  solution  of  his  operational 
equation  suggest  systematic  procedure  in  the  solution  of  the  integral 
equation  (9),  as  might  be  expected  from  the  relationship  pointed  out 
in  the  present  paper. 
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As  stated  above  a  large  number  of  infinite  integrals  of  the  type 
appearing  in  equation  (9)  have  been  worked  out.  Consequently  the 
solution  of  (9)  can  frequently  be  written  down  by  inspection.  When 
this  is  not  the*  case,  however,  the  appropriate  procedure  is  usually 
to  expand  the  function  \/pH(p)  in  such  a  form  that  the  individual 
terms  are  recognizable  as  identical  with  infinite  integrals  of  the  re- 
quired type. 

An  interesting  expansion  of  this  kind  and  one  which  is  applicable 
to  a  large  number  of  physical  problems  is  as  follows: 

Expand  l/pH(p)  asymptotically  in  the  form  of  the  divergent  series 

l/pH(p)co^  an/p"  +  K 

This  expansion  is  purely  formal  and  the  series  is  divergent.  It  is 
summable,  however,  in  the  sense  that  it  may  be  identified  with  its 
generating  function  l/pH(p).  It  is  also  summable  in  accordance 
with  Borel's  definition  of  the  sum  of  a  divergent  series  by  the  Borel 
integral 3 

dt  e-**^P  ant»/nl 
This  suggests  that  these  two  series  are  equal  and  consequently  that 

/•00 

1  /pH  (p)  =  J     dt  e~  P'  V  ajn/n  \ 

The  solution  is  therefore 

h  (/)  =  "V  a„t«/n\ 

provided  this  series,  which  is  called  by  Borel  the  associated  function  of 
the  divergent  expansion,  is  itself  convergent.  This  is  the  case  in  all 
physical  problems  to  which  this  form  of  expansion  has  been  applied.4 

The  foregoing  will  be  recognized  as  identical  with  Heaviside's 
power  series  solution,  obtained  by  the  empirical  rule  of  identifying 
l/pn  with  t"/nl  in  the  asymptotic  expansion  of  l/H(p). 

Another  form  of  solution  of  very  considerable  practical  value 
depends  on  a  partial  fraction  expression  which  can  be  carried  out  in  a 
large  number  of  physical  problems.      It  is 

l/pH(p)  =  a  +  b/p  +  c/p2+^PAk/(p  -  pk) 

*  See  Bromwich,  Theory  of  Infinite  Series,  pp.  267—269. 
4 See  Appendix  II. 
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where  a  =  (  1  'pH(p)  )p 

h  =  T—      P     1 
"  ldpH(p)Jp, 


6-[= 


/U  = 


1 


pkH'{pky 


and  pi  .  .  .  p„  are  the  roots  of  H(/>)  =  0. 
By  virtue  of  this  expansion  5  the  solution  is 


h  it)  =  aP  +  6  +  r/  +  V 


e*>*< 


where  P  denotes  a  "  pulse  "  at  the  origin  t  =  0;  that  is, 

P  =  x        at  t  =  0, 
=  0  for  *  >0, 

iv/  =  1. 

In  the  usual  case  where  a  =  c  =  0  and  6  =  1  H(0),  this  reduces  to 
*(*)  =  l/iJ(0)  + 


-^-v       e^kt 


pkH'{pky 

which    will    be    recognized    as    the    celebrated    Heaviside    Expansion 
Solution. 

As  illustrating  the  flexibility  of  the  integral  identity  (9),  another 
form  of  solution  will  be  given  which  is  often  of  value  in  practical 
problems  where  an  explicit  solution  cannot  be  obtained.  Suppose 
that    1  pH(p)    can   be   written   as 

1  1  1 


pll{p)        pHi(p)     pH,(p) 

and    that    functions    h\(t)    and  h-2(t)  can  be  found  which  satisfy  the 
equations 


Up)  =f  <-"*""> 


di 


pHi(p) 

__J_  =   l"e-»ht(t)dt 
pH2  {p)      J0 

5  The  terms  a  +  c/P2  in  this  expansion  were  suggested    by   Dr.  O.  J.  Zobel  and 
must  be  included  in  a  number  of  important  problems  in  electric  circuit  theory. 
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Then  the  required  function  hit)  is  given  by 

h  (0  =  f'h,  {t  -  y)  h2  (y)  dy  (10) 

by  Borel's  Theorem  (Bromwich,  Theory  of  Infinite  Series,  p.  280) .6 

As  a  final  example  of  the  foregoing  discussion  we  shall  consider  a 
specific  problem  of  some  practical  interest  in  itself  and  which  involves 
Heaviside's  so-called  "  fractional  differentiation  "  and  his  resulting 
asymptotic  solutions.  The  physical  problem  is  as  follows:  a  "  unit- 
voltage  "  (zero  before,  unity  after  time  t  =  0)  is  applied  through  a 
terminal  condenser  Co  to  an  infinitely  long  cable  of  resistance  R  and 
capacity  C  per  unit  length.  Required  the  Voltage  V  at  the  cable 
terminals. 

The* operational  formula  of  this  problem  is  easily  deduced;  it  is 

V  =       ^/p//a_  where  \jV~a  =  C0  VWC. 

1  +  Vp/a 

Consequently  the  integral  equation  can  be  written 


I 


\-*>V(t)dt  =  \      vp/a 


o  P  1  +  Vp/a 

1  1 


P  1  +  Vajp 


Taking   the   last   form   of    l/pH(p),   expanding    asymptotically    and 
recognizing  that 

/•OO 

l/pn  +  i  -   /     e-*"tn/n\dt 
Jo 

l/p.Vp  =  Pe-» ^  dt 

i/p   VP      J  (2n-l)(2n 


(2n  -  1)  (2»  -  3)  .  .  .  1  Vtf* 

the  resulting  series  solution  can  be  recognized  and  summed  as 

\~a        rl  e~ay 

rv>-"-^-*tJ,  77^ 

=  ^,;e,"'^   vydy- 

The  last  expansion  by  repeated  integration   by  parts  leads  to  the 

asymptotic  series  given  by  Heaviside.     It  is  easy  to  show,  also,  that 

6  This  formula  is  quite  useful;  it  is  applied  in  the  solution  of  the  last  example  of 
this  present  paper. 
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the  series  is  truly  asymptotic  in  the  sense  that  the  error  is  less  than 
the  last  term  included. 

Another  mode  of  procedure,  however,  suggests  itself,  which,  by 
the  aid  of  equation  (10)  gives  the  solution  directly  without  series 
expansion.     We  have 

1  1  1  i~a 

pH(p)  ~  p  -  a       p  -  a  \  p' 


where 


and 


=    J      e-P1  \hi(t)  -  h2(t)l  dt, 

=    /      e-P'hiiOdt 

—  a       Jn 


—  a   \  p        *'o 


—  /»x 

p        J« 
Consequently  hi(/)  =  eat,  and  since 

i        rx        , 

V=p=l      e-P'Vhrt    dt 
it  follows  at  once  from  (10)  that 

The  solution  h(t)  =  hi(t)  +  h2(t)  agrees  with  the  preceding  derived 
from  the  asymptotic  expansion,  and  is  considerably  more  direct  and 
simple. 

It  is  interesting  to  compare  this  solution  with  Heaviside's  own 
operational  solution  (Electromagnetic  Theory  Vol.  II.  p.  40)  which 
amounts  to  the  following.     The  operational  formula  is  written 

p  —  a       p  —  a 
The  first  term  is  discarded  altogether  and  the  second  written  as 

f-(i-*)-V*75 

-(t  +  J+^'  +  .-.-.JVWs; 

Identifying  V  p  with  1/  V  r  t  and  p"  with  d':  dt"  the  expansion  becomes 

^(»-J(a)+-(i)©(af— •)<£ 
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which  agrees  with   the  foregoing  and   is  the  actual   asymptotic  ex- 
pansion.7 

The  foregoing  discussion  is  sufficient,  it  is  hoped,  to  show  the  place 
of  the  integral  formula  (9)  in  relation  to  the  Heaviside  operational 
calculus.  It  is  believed  to  be  particularly  applicable  in  connection 
with  a  number  of  questions  relating  to  divergent  series  and  solutions 
which  Heaviside's  work  has  raised  and  which  have  received  too  little 
attention  from  mathematicians. 

APPENDIX    I 

A  proof  of  the  integral  formula 

\/pH{p)  =    f"  e-*<h(t)dt  (9) 


can  be  made  to  depend  very  simply  on  the  formula 

d 


(/)  =j(f  F(t-y)h{y)dy.  (5) 


This  equation  may  be  regarded  as  well  established  and  can  in  fact 
be  deduced  in  a  quite  general  manner  by  synthetic  arguments.  It  is 
derived  and  employed  in  papers  by  the  writer  (Trans.  A.  I.  E.  E., 
1911,  pp.  345-427,  and  Phys.  Rev.  Feb.  1921,  pp.  116-134)  and  is 
deducible  at  once  from  the  work  of  Fry  (Phys.  Rev.  Aug.  1919,  pp. 
115-136). 

On  the  basis  of  equation  (5)  the  deduction  of  formula  (9),  in  which, 
however,  no  pretense  to  rigor  is  made,  proceeds  as  follows; 

If  the  function  F(t)  in  equations  (3)  is  set  equal  to  epl,  the  complete 
solution  (5)  includes  the  particular  solution  s 

e<"  /H(p) 

which  involves  /  only  through  the  exponential  term.     The  complete 
solution  must,  therefore,  admit  of  reduction  to  the  form 

x(t)  =  ei»/H(p)  +  y(t)  (a) 

where  y{t)  is  the  complementary  solution. 

7  The  procedure  by  which  Heaviside  arrived  at  the  foregoing  asymptotic  solution 
is  not,  however,  always  so  fortunate  For  example  if  a  terminal  inductance  is  sub- 
stituted for  the  terminal  condenser  of  the  preceding  problem,  precisely  the  same 
procedure  gives  an  incomplete  result.  Heaviside  recognized  this  and  added  an 
extra  term  without  explanation  (Elm.  Th.  Vol.  II,  p.  42)  but  his  solution  appears 
to  be  doubtful  in  the  light  of  some  recent  work  by  the  writer  in  applying  the  formula 
of  the  present  paper  to  the  same  problem. 

8  Provided  H  (p)  ^  o.  This  restriction  is  of  no  consequence  in  physical  prob- 
lems, where  the  roots  of  H  (p)  are  in  general  complex  with  real  part  negative. 
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Now  equation  (5)  may  be  written,  when  Fit)  =  e*1,  as 

d       r* 

x(t)  =  -  e*'       e-»'h(\)d\ 
dt      Jo 

=  j  j  evf     e~  *y  h  I y)  dy  -  e*1  f     e~  **  h  I y)  dy  I .  (b) 

Now  the  first  term  of  the  expression  involves  /  only  through  the  ex- 
ponential term  wrhile  the  second  term  involves  /  through  the  lower 
limit  of  the  integral  which  ultimately  vanishes  and  therefore  includes 
no  term  involving  /  only  through  the  exponential.  Consequently 
the  first  term  of  (b)  is  identifiable  as  the  particular  solution  of  (a)  and 
by  direct  equation  it  follows  that 

1  pH(p)  =  f     erPYh(y)dy  (9) 

which  is  the  required  formula. 

The  most  important  restriction  which  is  implicit  in  the  foregoing 
is  that  in  splitting  up  the  definite  integral  of  (5)  we  have  tacitly  as- 
sumed that  h{t)  is  finite  for  all  values  of  /;  a  restriction  which  is 
necessary  in  order  that  the  infinite  integral  shall  be  convergent  for 
all  positive  real  values  of  p.  This  condition  is  satisfied  in  all  physical 
problems  and  therefore  introduces  no  practical  limitation  of  im- 
portance. 

However,  even  when  this  restriction  does  not  hold  formula  (9)  may 
be  valid  and  uniquely  determine  hit)  if  p  is  restricted  to  values  which 
make  the  infinite  integral  convergent,  or  when  the  problem  is  such 
that   e~pth(t)   is  an  exact  derivative.     As  an  example,  suppose    that 


1/H(p)  = 


P 

p  —  a 


where  a  is  a  real  positive  quantity.      It  may  be  otherwise  shown  that 
h(t)  =  eat  and  formula  (9)  becomes 

1  rx 

p  —  a      Jo 

which  is  valid  when  p>a. 

APPENDIX    II 

The  discussion  in  the  text  does  not  pretend  to  be  a  proof  of  the 
power  series  expansion  in  any  strict  sense.  A  more  satisfactory 
discussion  proceeds  as  follows: 
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We  assume  that  1  'H(p)  can  be  formally  expanded  in  the  series 


We  shall  here  introduce  a  necessary  restriction  on  the  function  l/H(p). 
It  must  include  no  function  which  is  represented  asymptotically  by 
a  series  all  of  whose  terms  are  zero;  that  is  a  function  <t>(p)  such  that 
the  limit,  as  p  approaches  oc,  of  pn4>(p)  is  zero  for  every  value  of  n. 
The  function  e~p  is  such  a  function.  (See  Whittaker  &  Watson, 
p.  154.) 

With  this  restriction  understood,  start  with  the   integral   (9)  and 
integrate  by  parts;  we  get 


1      =h(o)  +  p  e-*%W(t)dt 


H(p) 

where  Aw(/)  =  dndt"h(t). 

Now  let  p  approach  infinity;  in  the  limit  the  integral  vanishes  and 

h{o)  =  l/H(oo)  =  a0 

from  the  asymptotic  expansion. 
Integrate  again  by  parts;  we  get 

p(l/H(p)  -  a0)  =  h^(o)  +    f* ' er»h&{t)4t. 

Now  let  p  again  approach  infinity;  in  the  limit  the  integral  vanishes, 
and  the  right  hand  side,  by  virtue  of  the  asymptotic  expansion, 
approaches  the  limit  d,  whence  h(l)  (o)  =  a±.  Proceeding  in  this 
manner,  repeated  integrations  by  parts  establish  the  relation 
hr     (o)  =  an.     But  provided  the  series  is  absolutely  convergent,  then 

hit)  =  *S\  kW(o)t*/n\ 

=  ^a//n.! 

which  establishes  the  formula. 

The  power  series  solution  is  applicable  to  a  large  class  of  physical 
problems  and  has  been,  rigorously  established  under  certain  restric- 
tions by  other  methods  than  that  employed  above  (see  papers  by 
Bromwich,  Phil  Mag,  May  1920,  p.  407;  Fry,  Phys.  Rev.  Aug. 
1919,  p.  115;  and  the  writer,  Trans.  A.  I.  E.  E.  1919,  p.  345). 
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On  the  basis  of  the  preceding  and  with  the  aid  of  formula  (10), 
expansions  of  the  type 

l/pH(p)oo-/=    ^&„/£B  +  1  =  J    e-t»h(f)dt 

which  occur  in  physical  problems,  can  be  dealt  with.     For  since 

V  bjpn  +  l  =  r  dt  e-P'    V  bntnJn\ 
and 

it  follows  from  (10)  that 


1        \p  b„(2t)» 

W^Tt   ^  (2«  -  1)  (2»  -  3)  .  .  1" 


The  Physical  Characteristics  of  Audition  and 
Dynamical  Analysis  of  the  External  Ear 

By  R.  L.  WEGEL 

Synopsis:  This  paper  discusses  some  of  the  characteristics  of  the 
ear  which  have  become  important  in  the  design  and  development  of  tele- 
phone apparatus  and  circuits.  The  field  of  audition,  bounded  by  the 
curves  of  minimum  and  maximum  loudness  as  functions  of  frequency, 
has  been  determined  for  a  large  number  of  ears,  and  the  smaller  included 
area  most  used  in  speech  has  been  mapped.  The  nature  of  these  fields  in 
certain  cases  of  abnormal  hearing  has  also  been  determined  and  the  condi- 
tions which  must  be  observed  in  designing  apparatus  to  satisfactorily 
relieve  deafness  are  discussed. 

The  sensitivity  of  the  ear  is  given  in  terms  of  the  r.  m.  s.  pressure 
measured  by  a  calibrated  condenser  transmitter.  It  is  printed  out  in  the 
appendix  that  this  pressure  is  not  necessarily  equal  to  that  which,  when 
applied  to  the  ear  drum,  would  just  give  rise  to  the  sensation  of  sound. 
However,  it  is  the  nearest  approach  to  the  value  of  this  pressure  which  can 
be  determined  at  present,  and  as  the  dynamical  properties  of  the  ear 
become  more  fully  known  it  is  pointed  out  how  the  relation  between  the 
two  pressures  can  be  more  accurately  stated. — Editor. 

1.  Introduction.  It  has  become  important  in  the  design  and 
development  of  telephone  apparatus  and  circuits  to  know  quantita- 
tively the  various  functional  characteristics  of  the  ear  since  the  ear  is 
an  important  dynamical  unit  in  the  long  series  of  vibration  transmitting 
apparatus  constituting  a  telephone  system.  A  complete  analysis  of 
this  problem  involves  not  only  the  properties  of  the  physical  circuit, 
but  also  the  characteristics  of  the  ear  and  voice  and  of  the  air  passages 
between  the  mouth  and  transmitter  and  between  the  ear  and  receiver. 
It  is  the  purpose  of  the  present  paper  to  discuss  some  of  the  character- 
istics of  the  ear  and  its  outer  air  passages. 

Much  has  been  learned  about  the  normal  ear  by  the  investigation 
of  the  characteristics  of  abnormal  ears.  This  has  incidentally  had 
an  application  to  otological  diagnosis  and  the  design  and  building  of 
amplifying  apparatus  for  the  deaf. 

This  paper  is  a  summary  of  the  conclusions  reached  to  date  regard- 
ing the  absolute  sensitivity  of  normal  and  abnormal  ears,  the  maximum 
sound  to  which  the  ear  can  accommodate  itself,  the  much  discussed 
points  of  "  upper  and  lower  frequency  limits  of  audition,"  the  "quality  " 
of  audition,  a  brief  mention  of  the  binaural  sense  and  the  principles  of 
rigorous  dynamical  analysis  of  the  ear  as  a  mechanism.  A  brief 
description  of  the  apparatus  used  is  also  given. 

■The  function  of  the  auditory  sense  is  to  detect  sounds  of  various 
kinds  and  wave  shapes  varying  over  arrange  of  pressure  on  the  ear 
drum  of  from  about  .001  to  1,000  dynes  per  cm2  and  over  a  consider- 
able part  of  this  range  to  differentiate  with  certainty  between  complex 
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sounds  so  nearly  alike  that  no  existing  physical  apparatus  can  separate 
them.  The  binaural  feature  adds  a  sense  of  orientation  with  respect 
to  a  source  and  uniform  sensitivity  for  sounds  approaching  from  differ- 
ent directions.  The  abnormal  auditory  sense  may  be  regarded  as 
lacking  more  or  less  in  (a)  range  of  sensation  (frequency  and  intensity) ; 
(b)  quality  of  sensation  in  various  regions  of  the  range;  (c)  the  bi- 
naural sense.  Apparatus  and  methods  have  been  developed  by  means 
of  which  the  outstanding  features  of  these  functions  can  be  measured 
and  to  a  limited  extent  compensated  for. 

2.   Minimum  Audibility.     Fig.   1  shows  a  plot  of  the  logarithmic 
average  of  minimum  audible  pressure  on  72  normal  ears  taken  through- 
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out  a  range  of  frequency  from  60  to  4,0(  0  cycles.1  Both  the  intensity 
and  frequency  scales  are  logarithmic.  Although  all  skew  errors  in  the 
determination  of  the  average  curve  have  not  been  eliminated,  an 
investigation  has  shown  that  they  are  so  small  as  not  to  affect  the 
utility  of  the  curve  for  the  purpose  of  measuring  deafness.  Among 
the  errors  which  obviously  tend  to  raise  this  curve  might  be  men- 
tioned, noise  in  the  observing  room,  abnormality  of  hearing,  lack  of 
attention,  and  low  mentality  of  the  observer.  Care  was  taken  to 
reduce  these  errors  to  a  minimum  without  actually  making  separate 

1  This  curve  has  already  been  published;  The  Frequency  Sensitivity  of  Normal 
Ears,  by  H.  Fletcher  and  R.  L.  Wegel,  Proceedings  of  the  National  Academy  of  Sciences, 
January,  1922,  and  Physical  Review,  June,  1922. 
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quantitative  measurements  of  each  of  them  on  a  rigorous  statistical 
basis. 

The  statistical  deviation  from  the  mean  varies  irregularly  with  fre- 
quency; very  likely  this  is  due  mostly  to  the  external  anatomical 
variations  in  ears  which  cause  deviations  in  the  dynamical  constants 
of  the  transmission  system  from  sound  source  to  the  ear  drum.  The 
dotted  lines  following  the  curve  of  minimum  audibility  represent 
approximately  the  "standard  deviation." 

3.  Maximum  Audibility.  The  curve  marked  "Maximum  audi- 
bility" represents  the  logarithmic  average  pressure  on  48  normal  ears 
required  to  produce  the  sensation  of  feeling.  This  represents  the 
threshold  of  feeling  in  the  same  way  that  the  minimum  audibility 
curve  represents  the  threshold  of  audition.  A  sound  much  louder 
than  this  is  painful.  The  measurements  were  taken  through  a  range 
of  from  60  to  3,000  cycles.  The  standard  deviation  lines  are  also 
given  from  which  it  will  be  seen  that  this  curve  is  quite  as  definite  as 
that  of  minimum  audibility.  While  this  point  of  feeling  probably  has 
no  relation  to  the  auditory  sense  it  does  serve  as  a  practical  limit  to 
the  range  of  auditory  sensation.  A  few  observations  indicate  that 
people  with  abnormal  ears  have  a  point  of  feehng  sound  which  is  not 
greatly  different  from  that  of  normal  ears,  but  this,  of  course,  depends 
on  the  type  of  abnormality.  The  intensity  for  feeling  is  about  equal 
to  that  required  to  excite  the  tactile  nerves  in  the  finger  tips. 

4.  Lower  and  Upper  Frequency  Limits  of  Hearing.  The  curves  of 
minimum  and  maximum  audibility  in  Fig.  1  will  be  seen  to  have  been 
extrapolated  to  the  points  of  intersection  at  high  and  low  frequencies. 
The  feeling  sensation  in  the  middle  range  of  frequency  is  first  a  tickling 
sensation  and  then  becomes  acutely  painful  as  the  loudness  is  in- 
creased. As  the  frequency  is  decreased  the  sensation  of  feeling  becomes 
milder  until  frequencies  around  60  cycles  it  is  sensible  as  a  flutter, 
but  still  quite  different  from  the  sense  of  audition.  As  the  frequency 
is  still  further  decreased  to  a  point  where  the  hearing  and  feeling  lines 
appear  to  intersect,  it  is  difficult  to  distinguish  between  the  sense  of 
hearing  and  that  of  feeling.  The  low  point  of  intersection  of  the  two 
normal  curves  of  minimum  audibility  and  feeling  sense  may,  there- 
fore, be  taken  arbitrarily  as  the  lower  tone  limit  of  audibility.  For 
frequencies  lower  than  this  it  is  easier  to  feel  than  to  hear  the  air 
vibration.  The  point  of  intersection  cannot  be  determined  by  direct 
observation  due  to  the  difficulty  in  distinguishing  between  the  two 
sensations.  A  similar  intersection  of  the  two  curves  occurs  at  some 
very  high  frequency.  Sound  waves  of  frequencies  below  the  lower 
intersection  and  above  the  upper  intersection  are  more  easily  sensed 
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by  feeling.    Sound  waves  between  these  limits  are  more  easily  sensed 
by  audition. - 

This  suggests  a  rational  way  of  denning  and  determining  the  two 
frequency  limits  of  audibility.  Measurements  of  these  limits  which 
have  been  made  in  the  past  are  questionable  because  the  intensity 
factor  has  been  neglected.  At  the  lower  limit  of  audibility  the  ex- 
cursions of  the  diaphragm  and  ossicles  of  the  middle  ear  are  probably 
so  large  that  the  nerves  feeding  these  movable  parts  are  stimulated. 
This  observation  at  low  frequencies  as  indicated  in  this  work  lends 
color  to  the  hypothesis  of  otologists  that  abnormalities  in  the  hearing 
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of  low  frequencies  are  due  to  pathological  conditions  in  the  middle 

ear.     This  point  is  probably  related  to  the  tests  on  flexibility  of  the 

ear  drum  or  ossicular  chain  due  to  the  application  of  air  pressure  as 

observed   by  otologists  in  examination.     Loss  of  sensitivity  at  low 

frequencies  is  considered  an  indication  of  obstructive  deafness  if  there 

is  no  loss  at  high  frequencies. 

5.  Sensation  Area.     From  the  combined  standpoint  of  utility  and 

logic  the  logarithmic  relation  between  stimulus  (pressure  variation) 

and  sensation  can  be  assumed.     The  elliptical  area  between  the  two 

curves  may  then  be  taken  to  represent  an  area  of  sensation  which  is 

2  The  extrapolation  upward  of  the  curve  of  minimum  audibility  is  consistent 
with  some  recent  observations  of  Mr.  C.  E.  Lane  at  the  University  of  Iowa,  Physi- 
cal Review,  May,  1922. 
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characteristic  of  the  normal  ear.  Any  point  within  this  area  repre- 
sents a  definite  auditory  sensation  in  frequency  and  intensity.  The 
area  of  sensation  is  analogous  to  the  field  of  vision  of  the  eye.  The 
part  of  this  area  which  is  most  utilized  in  the  interpretation  of  speech 
is  represented  approximately  by  the  shaded  area  in  Figs.  1  and  2 
and  corresponds  in  a  way  to  the  center  of  the  field  of  vision.  A 
normal  listener  tries,  by  keeping  at  a  certain  distance  from  a  speaker, 
to  bring  this  part  of  his  sensation  area  into  play  in  the  same  way  that 
when  examining  an  object  he  directs  his  eyes  so  that  it  falls  in  the 
center  of  the  field  of  vision. 

An  abnormal  ear  may  be  regarded  as  having  an  area  of  sensation 
which  is  smaller  than  the  normal  area  but  included  within  it.  Fig.  2 
is  a  plot  of  the  minimum  audibility  of  the  right  and  left  ears  for  a 
man  (CHK)  having  a  "catarrhal"  deafness.  The  areas  between 
these  curves  of  minimum  audibility  and  the  curve  of  feeling  are  his 
areas  of  sensation.  It  will  be  seen  that  CHK  retains  about  50  or  60 
per  cent  of  the  normal  amount  of  sensation.  He  hears  and  interprets 
conversation  with  some  difficulty. 

Since  the  CHK  curves  pass  through  the  speech  region,  part  of  it 
is  entirely  inaudible  and  the  remainder  is  near  minimum  audibility 
for  him.  In  order  to  make  him  hear  well,  the  speech  area  must  be 
raised  to  a  higher  level  of  intensity  or  loudness  as  indicated  by  the 
dotted  curve. 

In  general  it  takes  a  loss  of  about  20  per  cent  of  the  sensation  area 
to  become  noticeable  and  much  more  is  disagreeable.  A  loss  of  50 
per  cent  requires  the  use  of  deaf  apparatus.  A  loss  of  75  per  cent 
can  be  aided  considerably  by  the  use  of  high  powered  amplifying 
apparatus. 

6.  Importance  of  Various  Intensities  in  Speech.  It  is  interesting 
to  speculate  on  how  CHK  interprets  speech.  It  has  been  shown3 
that  the  intensity  of  speech  may  be  varied  over  perhaps  70-80  per 
cent  of  the  range  of  sensation  without  serious  loss  of  intelligibility 
to  the  normal  ear.  As  the  sound  intensity  is  decreased,  the  in- 
telligibility drops  very  suddenly  to  zero  at  minimum  audibility.  A 
similar  drop  is  to  be  expected  at  an  intensity  so  loud  as  to  be  painful. 
It  is  evident,  therefore,  that  the  range  in  which  speech  is  intelligible  for 
CHK  is  very  considerably  limited  as  compared  to  normal.  It  is 
possible  to  design  a  deaf  set  which  raises  the  intensity  of  the  principal 
speech  region  to  any  desired  place  within  the  abnormal  sensation  area 
and  so  in  a  measure,  compensate  for  this  narrowed  range.  The 
region  in  Fig.  1  "Region  of  Lesser  Importance  in  Speech,"  corre- 
3  H.  Fletcher,  Journal  of  the  Franklin  Institute,  June,  1922. 
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sponds  to  stimuli  in  conversation  of  lesser  energy  content,  such  as 
the  minor  shadings  and  fainter  consonant  sounds.  While  it  is  physi- 
cally possible  to  produce  an  amplification  of  speech  so  that  this  region 
is  raised  into  the  diminished  area  it  is  impracticable  to  do  so  because 
of  the  pain  which  would  be  caused  by  the  louder  components.  A 
diminution  in  sensation  area  can,  therefore,  be  only  partially  com- 
pensated for.  In  case  the  area  is  extremely  narrow  a  deaf  set  fur- 
nishing optimum  volume  can  only  serve  as  an  aid  to  lip  reading. 

7.  Quality  of  Hearing.  The  sensation  of  a  normal  ear  at  any  point 
in  the  auditory  sense  range  (Fig.  1)  may  be  described  by  a  number  of 
different  adjectives,  such  for  example  as  "clear,"  "musical,"  "even," 


Fig.  3 


QUALITY  AREAS -LEFT  EAR  (C.H.K) 


"sustained,"  "smooth,"  "pure."  etc.  Such  a  description  may,  in 
fact,  be  taken  as  a  reasonable  indication  that  the  quality  of  sensation 
at  the  point  in  question  is  normal.  Abnormal  ears  sometimes  ex- 
perience a  subjective  degeneration  of  quality  of  pure  stimuli  which 
they  describe  as  "rough,"  "harsh,"  "sharp,"  "buzzing,"  "vibrating," 
"hissing,"  etc.  This  subjective  degeneration  is  independent  of  any 
tinnitus  or  head  noises  which  the  patient  may  have.  Fig.  3  shows 
various  regions  of  the  sensation  area  which  are  degenerated  in  the 
case  of  CHK,  left  ear.  The  shaded  area  was  not  explored.  The 
boundaries  of  the  degenerated  regions  are  usually  more  sharply 
marked  than  the  outer  boundaries  of  the  sensation  area.  The  sensa- 
tions in  these  areas  are  so  radicallv  different  from  the  sensation  of  a 
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pure  tone  that  it  is  with  difficulty  that  the  patient  is  convinced  that 
the  stimulation  is  the  same  pure  tone  to  which  he  has  been  listening 
at  the  other  intensities.  The  subject  of  these  tests  is  a  violinist  and 
capable  of  better  descriptions  and  finer  distinctions  than  average. 

Since  all  speech  sounds  may  be  considered  as  stimuli  composed  of 
various  frequency  components  of  certain  intensities,  the  sensation 
caused  by  such  a  sound  may  be  represented  on  this  plot  by  points, 
or  by  a  line  provided  the  sound  has  a  band  spectrum.  If  the  points 
or  line,  falls  within  the  sensation  area  the  sound  is  audible.  It  is 
easy  to  see  that  if  the  points  or  the  part  of  the  line  which  represent 
those  frequencv  components  most  essential  to  interpretation  of  the 
sound,  fall  within  any  of  these  abnormal  areas,  the  sound  is  very 
likely  to  be  misinterpreted.  This  adds  a  further  source  of  loss  in 
intelligibility  to  that  already  observed  due  to  a  narrowing  of  the 
sensation  range.  When  an  amplifying  deaf  set  is  designed,  due  care 
should  be  taken  to  raise  the  principle  speech  region  in  such  a  way 
as  to  cause  a  minimum  overlapping  with  the  abnormal  areas. 

Many  practicallv  normal  ears  have  very  small  abnormal  areas. 
They  have  always  been  found  near  minimum  audibility  and  if  this  is 
always  true  would,  therefore,  have  little  influence  on  the  hearing  of 
the  individual.  They  seem  to  be  associated  with  "catarrhal"  con- 
ditions although  this  cannot  be  stated  positively. 

8.  Binaural  Sense.  The  normal  individual  has  learned  to  interpret 
the  differential  sensations  of  the  two  ears  to  advantage.  It  helps 
him  to  locate  the  direction  from  which  sounds  come,  to  have  a  sort  of 
sense  of  orientation  with  respect  to  sounds  approaching  from  different 
directions,  and  whether  for  physical  or  for  purely  psychological 
reasons  to  assist  in  focusing  of  the  attention  on  one  sound  of  a  large 
number.  Two  ears  also  assist  the  individual  in  perceiving  equally 
well  sounds  coming  from  different  directions. 

When  one  ear  becomes  less  sensitive,  even  though  the  loss  is 
small,  the  use  of  the  binaural  sense  disappears  and  after  a  time  is  not 
missed,  the  subject  depending  upon  other  means  of  locating  sounds. 
For  the  binaural  sense  to  be  most  effectively  utilized  it  is  necessary 
that  the  ears  be  very  nearly  alike.  When  a  binaural  deaf  set  is  made 
and  fitted  to  a  person  with  compensating  sensitivity  for  the  two  ears 
so  that  both  hear  the  sounds  equally  loud,  the  sensation  is  usually 
so  novel,  that  if  the  patient  is  actually  able  to  experience  a  binaural 
sensation  he  is  very  much  pleased.  Usually,  however,  he  has  not 
used  his  binaural  sense  for  so  long  a  time  that  it  takes  a  considerable 
amount  of  practice  before  he  is  able  to  have  binaural  experiences.  It 
may  be  noted  in   this  connection   that  the  same  experience  is  en- 
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countered  in  fitting  the  eyes  with  glasses.  It  is  found  that  people 
with  two  eyes  which  are  slightly  different  do  not  see  stereoscopicallv 
but  if  glasses  are  made  so  as  to  compensate  and  make  the  eyes  nearly 
alike,  it  usually  takes  a  certain  amount  of  practice  before  the  sense 
of  perspective  can  be  brought  back. 

APPENDIX 

9.  Experimental  Methods.  In  order  to  discuss  the  principles  of  ear 
sensitivity  measurement  on  a  rigorous  dynamical  basis,  it  will  perhaps, 
be  clearer  to  describe  briefly  the  experimental  method  used  in  pro- 
ducing known  sound  pressure  in  the  ear  canal  at  the  various  fre- 
quencies and  intensities.4 

As  a  source  of  sound,  a  small  thermal  receiver  unit  was  used.  This 
consisted  of  about  twenty  very  small  loops  of  Wollaston  wire  con- 
tained in  a  brass  case  small  enough  to  be  inserted  in  the  external  ear 
canal  and  entirely  stop  it  up.  In  the  average  ear  a  volume  of  about 
1  cm.3  of  air  is  included  between  it  and  the  drum  membrane.  A  direct 
heating  current  is  passed  through  the  receiver  and  an  alternating 
current  of  the  desired  frequency  and  intensity  is  superimposed  to 
modulate  its  temperature.  This  modulation  in  temperature  causes 
alternate  expansion  and  contraction  of  a  very  thin  film  of  air  covering 
its  surface  and  so  produces  alternations  in  pressure  in  the  ear  canal 
of  the  frequency  of  the  impressed  alternating  current.  The  intensity 
is  proportional  to  this  alternating  current  if  it  is  maintained  small 
compared  with  the  direct  current.  This  arrangement  permits  of 
producing  alternating  or  sound  pressure  on  the  ear  drum  with  a 
comparatively  simple  dynamical  relation  between  the  source  of 
sound  and  the  ear  drum.  The  thermal  receiver  is  also  dynamically 
one  of  the  simplest  sources  of  sound  known. 

The  sound  or  alternating  pressure  was  determined  by  calibration. 
This  was  done  by«  inserting  the  thermal  receiver  in  an  air  cavity  of 
1  cm.3  volume  in  front  of  a  condenser  transmitter  diaphragm  by  which 
the  alternating  pressure  developed  by  a  given  current  in  the  receiver 
could  be  measured.5  By  measurement  of  the  current  for  minimum 
audibility  or  "maximum  audibility"  or  for  any  other  intensity  the 
pressure  in  the  ear  canal  is  determined. 

10.  Dynamical  Principles  of  Ear  Measurements.  From  a  dynamical 
standpoint  the  phrase  "sensitivity  of  the  ear"  as  it  is  usually  used  is 

4  For  further  details,  see. "The  Frequency  Sensitivity  of  Normal  Ears,"  H.  Fletcher 
and  R.  L.  YYegel,  Physical  Review,  June,  1922. 

5  For  the  method  of  calibration  of  the  condenser  transmitter,  see  article  by  H.  D. 
Arnold  and  I.  B.  Crandall,  Physical  Review,  July,  1917. 
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rather  indefinite.  When  a  figure  is  given  in  ergs  per  second,  the  rate 
of  flow  of  energy  through  an  area  equal  to  that  of  the  ear  opening  in 
an  unobstructed  wave,  is  commonly  meant.  This  has  no  simple 
relation,  theoretically  at  any  rate,  to  the  net  rate  of  flow  of  energy 
into  the  ear  when  the  head  is  placed  as  an  obstruction  to  the  wave. 
The  distortion  of  the  sound  field  by  the  head  varies  greatly  with 
frequency.  Similarly,  there  is  no  simple  relation  between  the  energy 
flowing  into  the  ear  and  that  transmitted  to  and  absorbed  by  the  ear 
drum  or  by  the  cochlea.  In  the  experiments  recorded  above,  atten- 
tion was  paid  to  the  experimental  set-up  so  as  to  make  the  figures 
given  have  a  more  definite  dynamical  significance.  Sensitivity  is 
given  in  terms  of  the  alternating  (root  mean  square)  pressure  to 
produce  a  minimum  audible  sensation.  The  term  "pressure"  has  so 
far  been  used  in  a  rather  loose  sense.  Just  why  this  is  so  will  be  seen 
from  the  following  argument. 

The  simplest  method  of  describing  the  constants  of  a  mechanical 
system  is  in  terms  of  the  components  of  its  mechanical  impedance 
and  their  relative  dispositions  in  the  same  way  that  an  electrical 
circuit  is  described  by  giving  its  resistance,  inductance  and  capacity 
and  the  way  in  which  they  are  connected.  In  a  linear  system  having 
a  single  degree  of  freedom,  the  impedance  may  in  general  be  written 
in  the  form 

Z  =  r  -f-  wjm  +  sjic. 
The  symbols  are  as  follows: 

j  =  v^T 

w  =  2ir  times  the  frequency, 

r  =  frictional  resistance  to  motion,  with  respect  to  a  station- 
ary body  and  involves  dissipation  of  energy  at  a  rate 
of  k~r  where  x  is  the  root  mean  square  value  of  the 
relative  velocity.  The  velocity  x  will  be  assumed 
simply  sinusoidal  in  what  follows, 

m  =  mass  or  inertia  constant  involving  an  average  storage 
kinetic  energy  of  x2m  through  one  cycle, 

s  =  stiffness  constant  involving  an  average  storage  of 
potential  energy7  through  one  cycle  of  x2s/w2. 

If  the  r.  m.  s.  alternating  force  acting  is  F,  the  motion  at  any 
frequency  is  given  by 

x  =  F/Z. 

In  analyzing  a  system  in  which  the  constants  may  be  considered 
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as  "lumped,"  that  is  in  which,  tor  the  purpose  of  practical  solution, 
a  finite  number  of  degrees  of  freedom  may  be  assumed,  the  method 
is  to  find  the  most  useful  way  of  "lumping"  these  constants.  The 
motions  are  then  represented  by  a  series  of  equations,  one  for  each 
degree  of  freedom,  between  the  forces  acting  and  the  impedances 
and  velocities.  The  determinant  of  the  coefficients  of  these  equations 
is  the  Lagrange  determinant  of  the  system.  The  only  caution  to  be 
observed  in  lumping  the  constants  is  that  the  reciprocal  relation, 
which  is  a  property  of  any  linear  system  holds  also  for  the  physical 
system  which  the  assumed  Lagrange  determinant  is  supposed  to 
represent. 

The  method  may  be  illustrated  by  the  following  application  to  the 
sensitivity  measurements  described  above. 

The  dynamical  system  used  in  calibration  with  the  condenser 
transmitter  consists  of  three  parts: 

(a)  The  very  thin  pulsating  air  film  over  the  thermal  receiver 
filaments.  The  expansion  of  air  around  the  wires  is  represented  by 
the  "diffusion"  equation,  the  solution  of  which  in  such  a  case  of 
cylindrical  symmetry  is  given  as  a  Bessel's  function  of  the  distance 
from  the  wire.6  This  wave  is  so  quickly  damped  in  travelling  away 
from  the  wire  as  to  be  negligible  beyond  the  first  zero  point  of  the 
Bessel's  function.  The  vibrating  system  of  this  receiver  may  then 
be  considered  as  a  cushion  of  air  next  to  the  wire  of  a  thickness  a  little 
less  than  the  first  half  wave  length  of  the  heat  wave.  The  thickness 
of  this  cushion  is  an  inverse  function  of  the  frequency. 

(b)  The  air  chamber  between  the  thermal  receiver  and  con- 
denser transmitter  diaphragm  having  a  volume  of  1  cm.3  and  en- 
closed by  practically  unyielding  walls  with  no  openings. 

(c)  The  condenser  transmitter  diaphragm,  being  stretched  very 
tightly  and  air  damped.  It  may  also  be  regarded  as  unyielding,  or  as 
having  an  impedance  very  high  compared  to  that  of  the  connecting 
air  chamber. 

If  for  simplicity  the  mass  reaction  and  internal  losses  in  the  air 
chamber  may  be  neglected,  it  may  be  seen  that  the  moving  system 
of  the  receiver  may  be  regarded  as  a  weightless  and  frictionless 
"diaphragm"  surrounding  the  wires  at  a  distance  equal  to  the  effective 
thickness  of  the  active  air  film  and  may  be  shown  to  have  an  intrinsic 
stiffness  reactance  of: 

z    =  —  =  ypoai2 

jw        jwvi 
■    *See  Wente,  Physical  Review,  April,  1922. 
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In  this  expression,  7  is  the  adiabatic  constant  of  air,  p0  the  atmos- 
pheric pressure,  a.\  the  area  of  the  fictitious  diaphragm,  and  V\  the 
volume  of  air  in  the  film.  This  diaphragm  is  loaded  externally  by 
the  air  chamber,  when  the  transmitter  diaphragm  is  prevented  from 
moving,  by  a  stiffness  reactance  of 

M[  =  Si  __  JpoaS 


JW  JWV 

in  which  v  is  the  volume  of  the  air  chamber.  Similarly,  the  load  of 
the  air  chamber  on  the  transmitter  diaphragm,  whose  area  is  a2,  is 

m  =  S*  =  7|W 

jw         jwv 

The  air  chamber  also  acts  as  a  mutual  impedance  between  the 
thermal  unit  and  the  transmitter  diaphragm  equal  to 

,/f,        -Si  2       ypoa-idi 

M\2  =  -1 —  =  - — -. 

jw  jwv 

If,  further,  the  intrinsic  impedance  of  the  transmitter  diaphragm, 
which  may  be  any  function  of  frequency,  be  denoted  by  Z2,  the 
equations  of  motion  of  the  system  may  be  written 

F  =  (Zx  +  Af{)ii  -  MWx2, 

0  =  -  M'nk,  +  (Z2  +  M2)x2. 

In  these  equations,  F  is  the  force  acting  on  the  thermal  receiver 
"diaphragm"  due  to  alternating  current,  Xi  the  velocity  of  its  motion 
and  x2,  the  velocity  of  motion  of  the  condenser  transmitter  diaphragm. 
A  rough  calculation  shows  that  vx  is  very  small  compared  with  v, 
so  that  Si  may  be  neglected  compared  to  Si  and  that  the  reaction 
M12X2  may  be  neglected.  The  analysis  of  the  condenser  trans- 
mitter shows  Z2  to  be  very  large  compared  to  M'2.  These  equations 
may  then  be  rewritten 

F  =  Z1X1, 

M[2xi  =  Z2x2.  (1) 

The  equations  of  motion,  when  the  receiver  is  inserted  in  the  ear, 
may  be  derived  in  a  similar  way.  In  this  case,  although  the  volume 
of  air  between  the  receiver  and  ear  drum  is  the  same  as  before,  the 
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walls  may  yield  appreciably,  particularly  in  some  frequency  ranges. 
The  mutual  impedance  between  the  receiver  and  ear  drum,  is,  there- 
fore, not  necessarily  a  simple  stiffness  reactance.  Also  the  loads  due 
to  it  on  the  thermal  receiver  and  ear  drum,  which  in  this  case  takes  the 
place  of  the  transmitter  diaphragm,  are  not  simple  stiffness  reactances. 
The  constants  in  the  case  of  the  ear  system  will  be  denoted  by  the 
same  letters  as  those  used  in  the  calibration  but  with  the  primes 
dropped,  with  the  exception  that  the  intrinsic  impedance  of  the  ear 
drum  is  denoted  by  D.  D  includes  the  reactions  of  the  ossicles  of 
the  middle  ear  and  the  cochlea  and  is  probably  a  complicated  function 
of  frequency.  If,  as  may  be  expected,  nature's  design  is  efficient, 
then  D  must  be  of  the  same  general  order  of  magnitude  as  the  load  on 
the  ear  drum,  M\o,  of  the  ear  canal.  This  probably  constitutes  the 
largest  difference  between  the  calibration  and  the  observational 
systems.  Strictly,  of  course,  the  condition  for  maximum  power 
absorption  by  the  ear  drum  from  the  air  is  that  D  be  the  conjugate 
of  the  impedance  of  the  load  on  it  due  to  the  unobstructed  ear  canal. 
This  condition  is  not  obtained  in  nature  because  of  such  requirements 
placed  on  the  design  as  protection  from  injury,  etc. 

In  the  case  of  the  ear,  Mi  may  again  be  neglected,  compared  to 
Z\,  and  the  reactance,  M\i  x2  may  be  neglected.     Then 

F=  Ziii, 

O  =    -  M12  xi  +  (D  +  M2)  X2,  (2) 

where  x2  represents  the  velocity  of  motion  of  the  ear  drum.  Suitable 
variations  with  frequency  are  implied  in  each  of  the  "  constants  " 
of  this  system. 

We  are  now  in  a  position  to  see  just  what  has  been  measured  and 
called,  for  the  sake  of  brevity  or  want  of  a  better  name,  "  minimum 
audible  pressure  "  in  the  first  part  of  this  paper. 

Let  X\  now  represent  the  velocity  of  the  receiver  diaphragm  in 
both  systems  corresponding  to  that  necessary  to  obtain  a  minimum 
audible  sensation  in  the  ear,  and  F  the  corresponding  force.  Then 
x2  will  be  the  velocity  of  the  ear  drum  corresponding  to  minimum 
audibility  in  equation  (2).  In  the  calibration,  the  pressure  p'  on  the 
condenser  transmitter  diaphragm  corresponds  to  k\.  The  total  force 
acting  on  this  diaphragm  is  p'a'  where  now  a'  designates  its  area. 
Since  this  force  is  relieved  by  the  motion  of  the  diaphragm,  it  is  seen 
from  equation  (1)  to  be  equal  to 

p'a'  =  M'X2k1.  C6) 
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Similarly  if  the  actual  pressure  on  the  ear  drum  is  p,  and  its  effec- 
tive area,  a,  the  total  force  on  the  ear  drum  pa  —  D  x2.  Combining 
equations  (2)  and  (3)  gives 

or 

M  a'       M2x2 
P  =  PM'a--a—  (0) 

The  pressure  p  is  the  actual  pressure  on  the  ear  drum.  The 
pressure  p'  is  that  measured  and  plotted  in  the  diagram.  If  the  walls 
of  the  ear  canal  and  the  ear  drum  were  unyielding,  p  and  p'  would  be 
identical  for  then  M  =  M'  and  M2  x2  a  would  vanish.  If  the  yield 
of  the  ear  canal  walls  were  such  as  to  relieve  half  the  pressure  in  the 
canal  and  that  of  the  ear  drum  about  the  same,  the  difference  would  be 
considerably  less  than  one  of  the  divisions,  in  the  diagrams,  on  the 
intensity  scale.  If  the  drum  impedance  D  should  be  found  to  be 
negligible  compared  to  its  load  M2  the  difference  would  be  consider- 
able. This,  however,  is  hardly  to  be  expected  even  through  narrow 
ranges  of  frequency.  If  the  impedances  in  the  formulas  were  measured 
the  energy  flow  into  the  ear  drum  could  be  computed. 

In  conclusion,  the  present  status  of  the  ear  problem  may  be  sum- 
marized. The  philosophy  of  external  ear  dynamics  has  been  touched 
on  but  there  still  remain  difficult  problems  both  theoretical  and  ex- 
perimental. A  start  has  been  made  on  a  sound  basis  in  the  explana- 
tion of  the  action  of  the  cochlea  by  Roaf,  "  Analysis  of  Sound  Waves 
by  the  Cochlea,"  Philosophical  Magazine.  February  1922.  Nothing 
dependable  has  as  yet  been  published  on  the  action  of  the  middle 
ear  for  audio  frequencies.  It  is  usually  assumed  that  the  various  parts 
undergo  relative  displacements  at  audio  frequencies  in  the  same  way 
as  thev  react  to  static  forces  but  this  is  very  likelv  far  from  the  truth. 


The  Theory  of  Probabilities  Applied  to  Telephone 
Trunking  Problems 

By  EDWARD  C.  MOLINA 

THE  Theory  of  Probabilities  lends  itself  to  the  solution  of  many- 
important  telephone  problems.  These  problems  arise  not  only 
in  connection  with  the  trunking  of  calls  but  also  in  statistical 
studies  which  underlie  the  making  of  fundamental  plans,  in  studies 
carried  on  in  physical  research  and  in  the  manufacturing  of  telephone 
apparatus. 

The  purpose  of  the  present  paper  is  to  discuss  certain  simple  types 
of  trunking  problems  which  can  readily  be  handled  to  a  sufficient 
degree  of  approximation  by  well-known  probability  methods.  It 
would  be  quite  impossible,  within  the  scope  of  a  single  paper  to  give 
a  complete  discussion  of  trunking  problems  in  general.  For  years  1 
it  has  been  known  that  light  could  be  shed  on  these  problems  by  the 
application  of  probabilities  and  many  articles 2  have  appeared  on 
this  subject;  however  the  treatment  to  be  found  in  the  literature  is, 
as  yet,  by  no  means  comprehensive. 

About  1905,  the  development  of  machine  switching  systems  arrived 
at  a  stage  where  the  relative  efficiencies  of  different  sizes  of  trunk 
groups  became  of  prime  importance. 

In  designing  and  engineering  machine  switching  systems,  it  is 
necessary  to  compare  the  costs  of  various  plans  using  trunk  groups 
of  widely  different  sizes,  in  order  to  choose  the  cheapest  arrangement. 
Some  plans  use  trunk  groups  as  small  as  5  and  others  groups  as  large 
as  90. 

Machine  switching  development,  therefore,  gave  a  great  impetus 
to  the  application  of  the  Theory  of  Probabilities  to  telephone'engineer- 
ing  and  in  the  Bell  System  work  along  this  line  has  been  in  progress, 
systematically,  for  many  years.  This  work  has  included  not  only 
the  theoretical  solutions  of  various  trunking  problems,  but  has  also 
involved  the  computation  of  special  probability  tables  and  collec- 
tion of  data  by  means  of  which  theoretical  results  have  been  closely- 
checked. 

In  the  articles  which  have  hitherto  appeared,  little  or  no  effort 
has  been  made  to  present  the  mathematical  theory  of  trunking  in  a 

1  G.  T.  Blood  of  the  A.  T.  iS:  T.  Co.  in  1898  found  a  close  agreement  between  the 
terms  of  a  binomial  expansion  and  the  results  of  observations  on  the  distribution 
ot  busy  calls.  The  first  comprehensive  paper  was  one  written  by  M.  C.  Rorty  in 
October  1903  and  was  quite  widely  circulated  within  the  Bell  System. 

2  An  excellent  bibliography  is  given  by  G.  F.  O'Dell  in  the  P.  O.  E.  E.  J.  for  Octo- 
ber 1920. 
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manner  that  can  be  understood  by  those  who  are  not  experts  on  the 
subject.  It  is  hoped  that  this  article  will  assist  the  reader  in  under- 
standing both  what  has  been  and  will  be  written  on  the  subject.  As 
Poisson  3  has  said  "a  problem  relative  to  games  of  chance  and  proposed 
to  an  austere  Jansenist  by  a  man  of  the  world,  was  the  origin  of  the 
calculus  of  probabilities,"  and  today  the  reader  will  find  that  in  the 
majority  of  text  books  the  subject  is  introduced  by  the  solution  of 
games  of  chance  and  particularly  of  dice  problems.  This  established 
custom  will  be  followed  by  the  present  writer  who,  in  the  course  of 
this  article,  will  show  how  various  fundamental  trunking  problems 
can  be  transformed  into  equivalent  dice  problems.  This  being  done, 
solutions  will  be  found  to  be  at  hand. 

Three  trunking  problems,  each  one  step  more  complicated  than 
the  preceding,  will  be  dealt  with.  In  order  to  facilitate  the  trans- 
formation to  the  three  equivalent  dice  problems  it  is  desirable  that 
the  basic  assumptions  made  be  as  simple  as  possible.  The  asump- 
tions  made  in  all  three  problems  are: 

A — During  the  period  of  time  under  consideration,  the  busy  hour  of 
the  day,  each  subscriber  s  line  makes  one  call  which  is  as  likely  to  fall  at 
any  one  instant  as  at  any  other  instant  during  the  period. 

Conditions  substantially  approximating  this  assumption  frequently 
occur  in  practice. 

B — If  a  call  when  initiated  obtains  a  trunk  immediately  it  retains 
possession  of  that  trunk  for  exactly  two  minutes.  In  other  words,  a 
constant  holding  time  of  two  minutes  duration  will  be  assumed. 

In  practice,  holding  times,  of  course,  vary  from  a  few  seconds  to 
many  minutes  and  it  may  at  first  sight  seem  that  the  assumption  of 
a  constant  holding  time  might  lead  to  results  deviating  too  much 
from  practice  to  be  of  value.  On  this  point,  the  theory  of  probabilities 
itself  sheds  some  interesting  light.  As  will  be  pointed  out  in  the 
following  problems,  the  assumption  of  a  constant  holding  time  is 
the  equivalent  of  a  dice  problem  in  which  a  single  die,  or  several  iden- 
tical dice  are  considered.  The  telephone  problem  with  variable 
holding  times  may  be  reduced  to  the  consideration  of  many  dice, 
each  with  a  different  number  of  faces.  Suppose  600  throws  are  made 
with  a  die  having  6  faces  so  that  on  the  average  %  of  600  or  100  aces 
would  be  expected.  With  Bernoulli's  formula  it  is  easy  to  find  the 
probability  that  the  number  of  aces  which  turn  up  shall  lie  between 
75  and  125,  that  is  to  say,  within  25  on  each  side  of  the  average.  Now 
suppose  200  throws  are  made  with  a  die  having  20  faces,  200  with  a 
3  Poisson,  Recherches  Sur  La  Probabilite  Des  Jugements,  1837. 
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10  face  die,  100  with  a  5  face  die  and  finally  100  with  a  2  face  die. 
These  600  throws  would  also  give  on  the  average  100  aces.  Using 
Poisson's  generalization  of  the  Bernoulli  formula  3  we  can  calculate 
the  probability  that  these  600  throws  with  various  kinds  of  dice  shall 
give  a  number  of  aces  lying  between  75  and  125.  This  probability 
will  be  greater  than  in  the  case  of  the  600  throws  with  the  die 
with  a  constant  number  of  faces,  i.e.,  the  chance  that  the  result  will 
come  outside  the  range  75  to  125  is  less. 

The  thought  is  at  once  suggested  that  for  the  same  total  volume  of 
traffic  and  average  holding  time,  fewer  calls  would  be  lost  when  the 
holding  time  is  not  constant.4  The  above  theory  was  tested  in  practice 
a  few  years  ago  by  the  engineers  of  the  American  Telephone  and  Tele- 
graph Company,  who  made  pen  register  records  of  hundreds  of  thou- 
sands of  actual  calls  as  handled  by  groups  of  machine  switching 
trunks  at  Newark,  New  Jersey.  A  pen  register  was  made  which 
operated  as  follows:  Each  trunk  in  the  group  was  represented  by  a 
pen.  These  pens  were  mounted  side  by  side  and  each  was  controlled 
by  a  magnet  in  such  a  manner  that  when  the  trunk  was  busy  the  pen 
made  a  mark  on  a  wide  strip  of  paper  driven  at  constant  speed  under 
the  pens.  There  was  thus  obtained  a  record  showing  when  each  call 
originated  and  when  it  was  concluded.  An  artificial  record  was  now 
made  showing  what  would  have  happened  if  each  call  had  lasted  for 
the  average  holding  time  as  determined  from  the  original  record. 
Some  100,000  calls  were  analyzed  in  this  manner  and  it  was  found  that 
with  a  group  of  trunks  of  a  size  to  carry  the  calls  of  the  original  record 
with  only  a  small  loss,  30  per  cent,  more  calls  would  have  been  lost  if 
the  traffic  had  been  as  shown  by  the  artificial  record.  It  should  be 
borne  in  mind,  however,  that  a  30  per  cent,  change  in  a  probability 
of  the  order  of  one  in  one  hundred,  considering  the  values  we  are  deal- 
ing with,  is  practically  negligible. 

C — //  a  trunk  is  not  obtained  immediately  the  calling  subscriber 
waits  for  two  minutes  and  then  withdraws  his  call.  If  while  waiting 
a  trunk  becomes  idle  he  takes  it  and  converses  for  the  interval  of  time 
remaining  before  his  two  minutes  are  up. 

This  assumption,  although  artificial,  simplifies  materially  the  analy- 
sis of   the  problems.     Just  what  happens  in  practice  to  every  call 

4  This  result  is  here  reached  by  assuming  that  each  subscriber  originates  one  call 
per  hour.  The  conclusions  are  the  same,  however,  even  when  this  is  not  true,  pro- 
vided the  term  "holding  time"  is  understood  to  mean  the  aggregate  of  all  the  talking 
times  of  the  subscriber  in  an  hour. 

It  may  also  be  mentioned  in  passing  that  for  a  fixed  volume  of  traffic,  the  dis- 
crepancy decreases  as  the  number  of  subscribers  who  originate  that  traffic  increases; 
that  is,  it  is  less  when  the  group  is  composed  of  a  large  number  of  relatively  idle 
lines  than  when  it  is  composed  of  a  small  number  of  very  busy  ones. 
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which  fails  to  get  a  trunk  immediately  is  unknown.  It  is  obvious, 
however,  that  when  the  number  of  trunks  is  such  that  the  liability  of 
the  call  failing  to  get  a  trunk  immediately  is  very  small — for  example: 
of  the  order  of  one  in  one  hundred — the  reaction  of  these  calls  on  other 
calls  must  be  negligible  independently  of  whatever  assumption  5  is 
made  in  place  of  C. 

Problem  I 

Referring  to  Fig.  1  consider  a  group  of  269  subscribers'  lines  each 
equipped  with  a  20-point  line  switch.  When  a  subscriber  removes  his 
receiver  his  line  switch  revolves  and  picks  up  the  first  idle  trunk  which 


269  Subscriber  Lines 
3  269 


Line  Switches 


n 


Group  of 
20  Trunks 


Fig.  1 


it  comes  to.  The  20  points  of  all  switches  are  multipled  together  so 
that  a  single  group  of  20  trunks  must  handle  the  calls  originating  from 
these  269  lines. 

What  is  the  probability  that  when  a  particular  subscriber  X  calls  he 
fails  to  obtain  a  trunk  immediately? 

Referring  to  Fig.  2  let  point  P  represent  the  unknown  instant 
within  the  hour  at  which  X  calls.  Consider  the  two  minutes  imme- 
diately preceding  the  instant  P.  Evidently,  by  assumption  C,  calls 
falling  outside  of  this  particular  two-minute  interval  can  not  prevent 
X  from  obtaining  a   trunk. 

5  It  is  well  known  that  the  Erlang  formula  which  is  based  on  an  assumption  dia- 
metrically opposed  to  assumption  C,  namely  that  calls  which  find  all  trunks  busy 
do  not  wait  for  a  trunk  to  become  idle,  gives  essentially  the  same  results  (for  small 
probabilities,  which  are  the  only  ones  of  interest  in  practice)  as  the  Poisson  furmula 
which  assumes  C. 
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It.  however,  at  least  20  of  the  remaining  268  subscribers  initiate 
their  calls  within  the  particular  two  minutes  under  consideration, 
there  will  be  no  trunk  immediately  available  for  X.  This  follows 
from  assumptions  B  and  C. 

Consider  some  one  of  these  268  other  subscribers,  for  example  Y. 
The  probability  that  Y  calls  in  the  two  minutes  under  consideration  is 
by  assumption  A,  the  ratio  of  2  minutes  to  60  minutes,  or  1  30,  which 
is  exactly  the  same  as  the  probability  that  he  would  throw  an  ace  if 
he  were  to  make  a  single  throw  with  a  30-face  die.  Likewise  the 
probability  that  still  another  subscriber  calls  in  the  two  minutes 
under  consideration  is  exactly  the  same  as  the  probability  that  this 
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other  subscriber  should  throw  the  ace  in  a  single  throw  with  a  30-face 
die. 

It  is  evident  then,  that  the  probability  that  X  fails  to  get  a  trunk 
immediately  is  the  same  as  the  probability  of  throwing  at  least  20  aces 
if  268  throws  are  made  with  a  30-face  die.  To  facilitate  the  de- 
termination of  this  probability  and  the  solution  ot  similar  problems, 
probability  tables  of  a  type  shown  in  Table  I  have  been  computed.6 
In  the  table,  the  average  number  of  times  an  event  may  be  expected 
is  represented  by  a.  The  probability  that  the  event  occurs  at  least 
a  greater  number  of  times  c  =  a  -f  d  is  represented  by  P.  In  the 
problem  under  consideration,  the  average  number  of  aces  expected  is 

269 
8.96  =  - —      Likewise  in   the  present  problem  c  =  20.     Turning  to 

the  table,  we  find   that  corresponding  to  c  =  20  and  a  =  8.96,   the 
value  of  the  probability  P  is  .001.      In  the  particular  telephone  prob- 
lem under  consideration  this  means  that  once  in  a  thousand  times 
6  Table  I  is  to  be  found  in  the  Appendix  and  its  origin  is  there  explained. 
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when  X  calls,  at  least  20  of  the  other  subscribers  will  have  called  in 
the  two  minutes  immediately  preceding,  and  therefore  X  fails  to  get  a 
trunk  immediately.  In  other  words,  we  may  consider  that  on  the 
average  one  in  every  thousand  calls  is  lost. 

In  the  problem  just  considered,  a  known  number  of  subscribers' 
lines  have  had  a  known  number  of  trunks  assigned  to  them  and  we 
have  inquired  the  probability  that  any  subscriber  would  fail  to  find 
an  idle  trunk.     It  is  frequently  desirable  to  change  the  statement  of 
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the  problem  slightly.  For  instance:  given  a  known  number  of  sub- 
scribers', lines  and  having  decided  upon  a  desirable  value  of  the  prob- 
ability P,  we  may  inquire  the  number  of  trunks  which  must  be  as- 
signed. It  is  evident  that  in  this  problem  we  would  enter  the  table 
knowing  the  value  8.96  and  .001,  and  would  find  corresponding  to 
these,  the  number  20  as  representing  the  size  of  the  required  group 
of  trunks. 

Problem  II 

Referring  to  Fig.  3  consider  a  group  of  591  subscribers'  lines  each 
equipped  with  a  35  point  line  switch  giving  access  to  first  selectors. 
We  will  suppose  for  illustration  that  each  first  selector  has  10  levels 
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or  choices.  The  reader  unfamiliar  with  automatic  systems  may 
consider  a  10  level  selector  as  one  from  which  calls  may  be  sent  in  10 
different  directions.  Assume  that  each  level  is  equipped  with  8 
trunks  to  second  selectors.  The  591  line  switches  are  multipled 
together  so  that  one  group  of  35  first  selectors  must  handle  the  calls 
originating  from  these  591  lines.  The  35  first  selectors  are  multi- 
pled  together  so  that  one  group  of  8  second  selectors  must  handle 
the  calls  originating  from  the  591  lines  for  a  particular  level.  It  is 
assumed  that  the  591  calls  are  distributed  at  random  with  reference 
to  the  10  levels  of  the  first  selectors. 

The  probability  that  A"  should  fail  to  obtain  immediately  a  first 
selector  can  be  determined  as  in  the  first  problem,  but  now  let  us 
determine  what  is  the  probability  that  subscriber  X  (having  obtained 
immediately  a  first  selector)  fails  to  obtain  immediately  one  of  the 
8  trunks  of  a  particular  one  of  the  10  levels  on  the  first  selectors. 

For  subscriber  }'  to  interfere  with  A'  it  is  necessary  that  Y  originate 
his  call  in  the  two  minutes  preceding  the  instant  at  which  A'  calls 
and  also  that  Y  call  for  the  particular  one  of  the  10  levels  in  which 
X  is  interested. 

The  probability  of  ]'  fulfilling  the  first  condition  is  equal  to  the 
probability  of  throwing  the  ace  with  a  30  face  die.  The  probability  of 
Y  fulfilling  the  second  condition  is  equal  to  the  probability  of  throw- 
ing the  ace  with  a  10  face  die. 

The  question  may  then  be  stated  in  the  form  of  a  dice  problem  as 
follows:  591  throws  are  made  with  a  30  face  die  giving  C  aces.  C 
throws  are  made  with  a  10  face  die  giving  D  aces,  and  the  question 
is  the  probability  that  D  is  not  less  than  8.  Assuming  no  restric- 
tion "  on  the  value  of  C  this  probability  is  the  same  as  that  of  throwing 
at  least  8  aces  in  591  throws  with  a  die  having  (30)     KM  =  300  faces. 

The  average  number  of  aces  to  be  expected  is  (591  300)  =  1.97  and 
with  this  average  the  tables  tell  us  that  once  in  a  thousand  times 
we  may  expect  at  least  8  aces. 

7  Since  it  is  assumed  that  X  obtained  a  first  selector  it  follows  that  in  the  2  minutes 
preceding  the  instant  when  X  called  the  number  of  calls  must  have  been  less  than 
the  number  of  first  selectors  and  we  should,  therefore,  not  count  the  throws  giving 
values  of  C  which  are  not  less  than  the  total  number  of  first  selectors.  This  res- 
triction becomes  of  practical  importance  only  where  a  large  proportion  of  the  calls 
from  the  first  selectors  go  to  one  level.  To  take  an  extreme  case,  assume  that  all 
the  calls  went  to  one  level,  and  that  therefore  each  10  first  selectors  would  require 
10  second  selectors  to  handle  the  traffic.  Placing  no  restriction  on  the  value  of  C, 
since  C  exceeds  the  number  of  first  selectors  occasionally,  we  would  get  the  result 
that  10  second  selectors  were  not  enough  to  handle  all  the  calls  from  10  first  selectors, 
which  is  of  course  absurd.  Where,  however,  the  values  of  C  exceeding  the  number 
of  first  selectors  are  assumed  to  be  distributed  over  all  10  levels  of  the  first  selectors 
their  effect  on  the  number  of  second  selectors  is  negligible. 
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Problem  III 

In  practice,  a  modification  of  Problem  II  frequently  arises.  As- 
sume an  arrangement  similar  to  that  of  Problem  II  except  that  the 
number  of  lines  is  multiplied  by  a  factor  of  perhaps  3  or  more,  each 
line  switch,  however,  still  having  access  to  all  first  selectors.  The 
required  number  of  first  selectors  will  also  be  larger  but  not  in  ex- 
actly the  same  ratio  because  the  margin  of  idle  selectors  need  not  be 
relatively  as  great  in  the  large  system  as  in  the  small.  An  enlarged 
group  of  trunks  running  from  the  first  selectors  to  the  second  selectors 
will  now  be  required,  and  it  will  be  assumed  that  there  are  four  times 


T\j  Lines  &  Line  Switches 


First  Selectors 


10  Trunks 
to  Second 
Selectors 

Gi 


G* 


Fisr.  4 


as  many  trunks  coming  from  each  level  of  the  first  selectors  as  there 
are  points  of  contact  on  each  level.  To  meet  this  situation,  the 
first  selectors  and  their  outgoing  trunks  are  divided  into  four  sub- 
groups as  shown  in  Fig.  4.  The  corresponding  sub-groups  of  second 
selectors  are  designated  by  Gi,  G2,  G3,  Q*,  the  number  of  trunks  to 
each  sub-group  being  10.  The  solution  of  this  problem  depends 
primarily  on  the  manner  in  which  the  line  switches  distribute  calls 
to  the  first  selectors.     Three  cases  will  be  considered. 
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Case  1 

Referring  to  Fig.  4  consider  a  group  of  n  =  1486  lines,  and  let  the 
traffic  be  divided  among  the  ten  levels  or  directions  available  in 
such  a  way  that  on  the  average  }/&  of  the  calls  are  made  for  a  particular 
direction  or  level.  Let  us  suppose  the  circuit  connections  between 
the  line  switches  and  first  selectors  to  be  such  that  the  calls  are  dis- 
tributed individually  at  random.  By  this  is  meant  that  the  first 
selector  seized  by  a  calling  line  is  as  likely  to  be  one  having  access 
to  sub-group  d  as  to  sub-group  G2,  G3  or  G4.  Note  carefully  that 
this  distribution  is  assumed  whether  or  not  the  calling  line  wants 
the  particular  level  under  consideration.  One  way  of  securing  this 
random  distribution  by  sub-groups  would  be  to  allow  the  line  switches 
first  to  choose  by  chance  one  of  the  four  sub-groups  of  first  selectors 
and  then  to  choose  an  idle  first  selector  in  the  sub-group. 

Question — What  is  the  probability  that  when  subscriber  X  calls 
he  fails  to  obtain  immediately  a  trunk  to  a  second  selector?  It  is 
assumed  that  X  obtained  a  first  selector  and  that  his  call  is  for  the 
level  under  consideration. 

As  before  we  are  interested  in  the  calls  made  during  the  two  minutes 
preceding  the  instant  at  which  X  calls.  Let  the  number  of  these  calls  be 
C.  Of  these  C  calls  a  certain  number  D  want  the  level  for  which  X 
has  called.  If  at  least  10  of  these  D  calls  were  distributed  by  the 
line  switches  to  first  selectors  having  access  to  the  same  sub-group 
as  the  one  to  which  the  first  selector  seized  by  X  has  access,  then 
there  will  be  no  idle  trunk  in  the  sub-group  for  X.  Our  telephone 
trunking  problem  evidently  transforms  to  the  following  series  of 
dice  problems. 

1st.       1486  throws  are  made  with  a  30  face  die  giving  C  aces. 
2nd.      C  throws  are  made  with  a  3  face  die  giving  D  aces. 
3rd.      D  throws  are  made  with  a  4  face  die  giving  x  aces,  and  the 
question  is  the  probability  that  x  is  not  less  than  10. 

By  the  theory  of  dice  (assuming  no  restriction  6  on  the  value  of 
C)  the  probability  is  the  same  as  that  of  throwing  at  least  10  aces  in 
1486  throws  with  a  die  having  30  X  3  X  4  =  360  faces.  The  average 
number  of  aces  to  be  expected  being  1486/360  =  4.13  the  probability 
tables  give  .01  as  the  answer. 

Case  2 

As  in  Case  1  assume  that  on  the  average  }/%  of  the  calls  are  for 
the  level  under  consideration,  but  take  n  =  1725  for  the  number  of 
lines.     Now  suppose  the  circuit  connections  between  line  switches 
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and  first  selectors  to  be  such  that  the  calls  are  distributed  uniformly 
to  the  first  selectors,  meaning  that  if  at  any  instant  C  calls  exist,  C/4 
of  them  are  on  first  selectors  having  access  to  the  10  trunks  of  sub- 
group Gi,  C/4  are  on  first  selectors  having  access  to  the  10  trunks 
of  sub-group  G2  and  so  on.  With  a  constant  holding  time  such  as 
assumed  this  result  could  be  secured  by  a  device  common  to  all  line 
switches  which  would  route  the  first  call  to  the  first  sub-group,  the 
second  call  to  the  second  sub-group,  etc. 

X  will,  as  before,  be  interested  in  the  calls  falling  in  the  two  minutes 
preceding  him.  By  hypothesis  K  of  these  will  have  been  distributed 
to  first  selectors  having  access  to  the  same  sub-group  of  second  selec- 
tors as  the  first  selector  seized  by  X.  Finally,  the  probability  is  }A, 
that  one  of  these  calls  wants  the  level  in  which  X  is  interested.  The 
equivalent  dice  problem  is  therefore: 

1st.       1725  throws  are  made  with  a  30  face  die  and  the  number  of 

aces  which  turn  up  are  noted.     Let  this  number  be  C. 
2nd.     C/4  throws  are  made  with  a  3  face  die. 

What  is  the  probability  that  this  sequence  of  throws  results  in  at 
least  10  aces?  This  probability  is  not  that  of  getting  at  least  10  aces 
if  1725  throws  are  made  with  a  die  having  30  X  3  =  90  faces.  We 
must  write  separately  the  formula  for  each  of  the  two  steps  of  the 
problem,  then  multiply  them  together  and  finally  sum  the  product 
for  all  values  of  C/4  from  10  up.  If  this  is  done,  again  ignoring  the 
restriction  on  the  upper  limit  of  C,  the  answer  will  come  out  0.01. 
Note  that  whereas  in  Case  1  the  average  volume  of  traffic  carried 
by  a  sub-group  of  10  trunks  was  4.13,  in  this  case,  with  the  same 
probability  of  failure,  it  is  1725  (1/30)   (1/4)   (1/3)  =  4.79. 

Case  8 

In  conclusion,  a  third  and  very  interesting  case  will  be  mentioned. 
A  distribution  of  calls  collectively  at  random  would  be  an  appropriate 
name,  and  its  nature  may  be  described  as  follows: 

Number  each  first  selector  and  a  corresponding  card ;  shuffle  the 
cards  and  deal  out,  for  example,  37  of  them.  The  distribution  under 
consideration  is  such  that  when  37  calls  exist  the  probability  that 
they  occupy  a  specified  set  of  37  selectors  is  equal  to  the  probability 
that  the  cards  dealt  have  the  corresponding  numbers.  This  dis- 
tribution of  calls  would  be  measurably  secured  by  arranging  the  line 
switch  multiple  so  that  the  trunks  to  the  first  selectors  appear  so  far 
as  possible  in  a  different  order  before  every  line  switch.  This  case  of 
distribution  differs  from  that  of  Case  1.     In  Case  1,  if  the  first  call 


THE    THEORY   OF   PROBABILITIES  79 

falls  on  a  first  selector  having  access  to  sub-group  Gi,  for  example, 
the  second  call  still  has  the  same  chance  of  falling  on  a  first  selector 
having  access  to  sub-group  Gi  as  on  one  having  access  to  any  one  of  the 
other  three  sub-groups.  In  Case  3,  however,  the  busy  first  selectors 
tend  to  be  distributed  uniformly  between  the  4  sub-groups,  so  that 
if  any  sub-group  should  have  a  preponderance  of  busy  first  selectors 
the  probability  of  its  receiving  another  call  is  less  than  the  probability 
that  one  of  the  other  sub-groups,  with  more  idle  first  selectors,  should 
receive  it.     The  full  discussion  of  this  case  is  reserved  for  the  future. 

APPENDIX 

Introduction   to  the   Mathematical  Theory  of   Probabilities 

If  it  is  known  that  one  of  two  events  must  occur  in  any  trial  or 
instance,  and  that  the  first  can  occur  in  m  ways  and  the  second  in  v 
ways,  all  of  which  are  equally  likely  to  happen,  then  the  probability 
that  the  first  will  happen  is  mathematically  expressed  by  the  fraction 


v 
while  the  probability  that  the  second  will  happen  is 

v 

u  -j-  v 

Denote  these  probabilities  by  p  and  q  respectively;  then  we  have: 

P  =  ^TXTT        ^  =  Z~JT7        P  +  1  =  l, 

u  -+-  v  u  -\-  V 

the  last  equation  following  from  the  first  two.  and  being  the  mathe- 
matical expression  for  the  certainty  that  one  of  the  two  events  must 
happen. 

If  the  probabilities  of  two  independent  events  are  pi  and  pi  re- 
spectively, the  probability  of  their  concurrence  in  any  single  instance 

is  pipi,  and  in  general  if  pi.  p»,  p% pn  denote  the  probabilities 

of  several  independent  events,  and  P  the  probability  of  their  con- 
currence, then 

P    =    PlPtP.3 Pn- 

Consider,  now,  what  may  happen  in  n  trials  of  an  event,  for  which 
the   probability   is  p  and   against  which   the   probability   is  q.     The 
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probability  that  the  event  will  happen  every  time  is  pppp p, 

where  the  factor  p  appears  n  times;  that  is  the  probability  is  pn. 
The  probability  that  the  event  will  occur  (n  —  1)  times  in  succession 
and  then  fail  is  pn~l  q. 

But  if  the  order  of  occurrence  is  disregarded,  this  last  combination 
may  arrive  in  n  different  ways;  so  that  the  probability  that  the  event 
will  occur  (n  —  1)  times  and  fail  once  is  npn~l  q.  Similarly,  the  prob- 
ability that  the  event  will  happen  (n  —  2)  times  and  fail  twice  is 
p"~2  q~  multiplied  by  n(n  —  l)/2,  etc.  That  is,  the  probabilities 
of  the  several  possible  occurrences  are  given  by  the  corresponding  terms 
of  the  binominal  expansion  of  (p  +  q)n.     Let 

P  =  Pn  +  {\)pn'X1  +  (DP"'2?  + 

+  C+i)^+v_c~1  +  C)^n"s     (1) 

where  (     J  means  n  (n  —  1)  (n  —  2) (n  —  x  -f- 1)/(1)  (2) (x) . 

Then  P  =  probability  that  the  event  happens  exactly  n  times,  plus  the 
probability  that  it  happens  exactly  in  —  1)  times  .  .  .  plus 

the 
probability  that  it  happen  exactly  c  times:  in  other  words, 

the 
probability  that  the  event  happens  at   least   c   times  in   n 

trials. 

If  the  series  for  P  contains  few  terms  it  may  be  computed  easily. 
In  general,  however,  it  is  impracticable  to  compute  P  by  means  of 
the  above  binomial  expansion.  Other  forms  for  the  value  of  P 
must,  therefore,  be  developed. 

One  of  the  most  convenient  approximations  for  P  when  p  is  small 
has  been  developed  by  Poisson.  It  is  known  as  Poisson's  Exponen- 
tial Binomial  Limit  and  gives  the  value  of  P  by  the  following  ex- 
pansion 

p  =  e-aJc;(c)\  +  e-^+y'ic  +  1)! 

+  e~aac+2/(c  +  2) ! ad  inf.         (2) 

where  e  —  base  of  natural  logarithms  =  2.718 ,  a  =  (np)  and 

(c) !  =  c  (c  -  1)   (c  -  2)   (c  -  3) (3)   (2)   (1). 

The  following  Table  gives  corresponding  values  of  P,  a,  c  satisfying 
equation  (2). 
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TABLE    I. 

Averages   (a)    Corresponding  to  Deviation   (d)   plus  Average   (a)   to  be  Expected  with 

Different  Probabilities 


Deviation 

Plus 
Average, 

c  =  a  +  d 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 


.001 


Probabilities 


002 


004 


.006 


HON 


.010 


Average  =  a 


001 

.  002 

.004 

.006 

.008 

.045 

.  065 

.092 

114 

.133 

.191 

.243 

.312 

.361 

402 

.429 

.518 

.630 

.709 

.771 

.739 

.867 

1.02 

1.13 

1.21 

1  11 

1.27 

1.47 

1.60 

1.70 

1.52 

1.72 

1.95 

2.11 

2.23 

1.97 

2.20 

2  47 

2.65 

2.79 

2.45 

2.72 

3.02 

3.22 

3.38 

2.96 

3.26 

3.60 

3.82 

3.99 

3.49 

3.82 

4.19 

4.43 

4.62 

4.04 

4.40 

4.80 

5.06 

5.26 

4.61 

5 .  00 

5.43 

5.71 

5.92 

5  20 

5.61 

6.07 

6.37 

6.60 

5.79 

6.23 

6.72 

7.04 

7.28 

6  41 

6.87 

7.39 

7.72 

7.97 

7.03 

7.52 

8.06 

8.41 

8.68 

7.66 

8.17 

8.75 

9  11 

9.39 

8.31 

8.84 

9  44 

9.82 

10.11 

8.96 

9.52 

10  14 

10.54 

10.84 

9.62 

10.20 

10.84 

11.26 

11.57 

10.29 

10.89 

11.56 

11.99 

12.31 

10.97 

11.59 

12.28 

12.73 

13.06 

11.65 

12.29 

13.01 

13.47 

13.81 

12.34 

13.00 

13.74 

14.21 

14.57 

010 

149 

436 

823 

28 

79 

^ 

91 

51 


4.13 
4.77 
5 .  43 


6.10 

6.78 

7.48 

8.18 

8.90 

9.62 

10.35 

11.08 

1 1 .  83 

12.57 

13.33 

14.09 

14.85 
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The  Relation  Between  Rents  and  Incomes,  and 
the  Distribution  of  Rental  Values 

By  W.  C.  HELMLE 

Synopsis:  Many  parts  of  telephone  plant,  such  as  central  office  buildings 
and  equipment,  conduits,  underground  and  aerial  cable  at  the  time  of 
installation  must  have  the  capacity  to  handle  not  only  the  immediate 
demand  for  telephone  service,  but  also  to  take  care  of  growth  for  a  number 
of  years  to  come.  In  order  to  engineer  such  items  of  telephone  plant 
economically  it  is  necessary  to  know  in  advance  as  accurately  as  possible 
what  the  demand  for  telephone  service  will  be  five,  ten,  or  twenty  years 
in  the  future.  Forecasts  of  the  future  market  are  very  necessary 
for  plant  engineering,  operating  plans,  rate  treatment,  and  other  purposes, 
in  multi-central  office  cities.  In  such  cities  detailed  estimates  are  made 
of  the  market  some  twenty  years  ahead  and  of  its  telephone  development 
under  stated  rate  conditions.  Such  estimates  are  called  commercial  surveys, 
and  they  involve  a  study  of  the  various  factors  w  hich,  in  the  course  of  events, 
will  be  likely  10  control  the  industrial,  commercial  and  residential  develop- 
ment of  the  city  concerned. 

In  the  course  of  such  a  survey,  a  rental  classification  of  all  families  is 
obtained  and  at  the  same  time  a  record  is  made  of  existing  telephone  service 
in  each  rental  class.  The  rent  data  of  this  article  have  been  gathered  in 
representative  large  cities  throughout  the  country  and  the  results  as  here 
set  forth  are  being  used  together  with  many  other  kinds  of  data  to  guide 
the  engineering  of  future  additions  to  the  plant  of  the  Bell  Telephone  System. 

In  general  the  income  of  a  family  is  an  index  of  the  market  it  creates  for 
various  commodities  including  telephone  service.  Rental  values  may  also 
be  considered  as  such  an  index  and  the  present  study  seeks  to  correlate  rents 
with  incomes.  Rents  can  be  readily  recorded  and  classified,  whereas  it  is 
not  feasible  to  determine  the  money  incomes  of  large  numbers  of  families. 
While  it  may  be  ideally  possible,  by  a  study  of  rent  data,  to  compare  the 
inherent  markets  for  telephone  service  and  also  the  strength  of  the  tele- 
phone habit  in  various  cities,  there  are  many  practical  limitations  to  such 
a  procedure.  Comparison  of  the  residence  market  for  telephone  service 
in  different  cities,  as  determined  by  rent  values,  is  made  difficult  by  the 
fact  that  the  variation  between  cities  in  rentals  paid  for  substantially  similar 
dwellings  is  considerably  greater  than  the  variation  in  prices  for  food  or 
clothing.  Further,  there  is  considerable  variation  in  rent  levels  even  in 
different  sections  of  any  one  city.  Attempts  to  compare  rent  distribu- 
tions by  application  of  the  usual  statistical  measures  of  dispersion  and 
skewness  have  proved  unsatisfactory.  However,  a  method  of  charting 
has  been  found  by  which  rent  distributions  may  be  readily  compared 
with  one  another  and  an  index  of  spread  or  dispersion  determined.  It 
has  been  found  that  cumulative  curves  of  rent  distribution  may  be  plotted 
on  logarithmic  probability  paper  to  yield  straight  lines  for  a  large  number 
of  cities.  These  are  called  logarithmic  skew  distributions.  Although  it 
has  not  been  found  possible  to  assign  any  special  significance  to  the  par- 
ticular value  of  the  index  of  rent  dispersion  in  any  city,  this  index  appears 
to  remain  practically  constant  for  that  city  regardless  of  changes  in  the 
level  of  prices.  In  the  appendix  the  mathematical  features  of  the  loga- 
rithmic skew  curve  are  discussed. — Editor. 

IT  is  a  well  recognized  fact  that  the  better  class  families,  i.e.,  those 
with  higher  incomes,  are  a  better  market  for  telephone  service 
than  the  poorer  families.  For  purposes  of  market  analysis  in  com- 
mercial surveys  it  is  not  feasible  to  determine  the  money  incomes 
received   by   families  but    the   rental   values  of  dwellings,   which,   as 
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will  be  shown,  are  a  measure  of  the  incomes  of  their  occupants,  are 
comparatively  readily  collected  and  classified.  Rent  data  obtained 
in  the  course  of  a  commercial  survey  show  the  "character"  of  a  city 
and  are  used  as  a  basis  for  estimates  of  the  future  residence  telephone 
market. 

In  view  of  the  importance  of  these  rent  data,  it  seems  desirable 
to  study  them  in  some  detail  to  find  out  just  what  their  limitations 
are. 

There  may  be  set  down  in  advance  certain  things  which  it  is  desirable 
to  know,  as,  for  instance,  the  relationship  between  money  incomes 
and  house  rents  and  methods  and  limitations  of  comparison  of  different 
cities  on  the  basis  of  rental  values.  On  the  first  point,  as  applied  to 
any  particular  city,  a  knowledge  of  the  relation  between  incomes  and 
rents  is  desirable  in  a  general  way,  although  there  is  no  necessity  to 
translate  the  telephone  market  expressed  in  terms  of  rent  types  into 
a  scale  of  incomes.  On  the  second  point,  the  comparison  of  different 
cities,  it  should  be  ideally  possible  by  a  study  of  rent  data  to  compare 
the  inherent  economic  markets  for  telephone  service,  and  also  to 
measure  differences  in  the  strength  of  the  telephone  habit,  but  in 
practice  only  rough  approximations  may  be  made. 

Certain  limitations  to  work  of  this  kind  are  fairly  evident.  The 
most  obvious  difficulty  is  the  fact  that  rent  levels  have  changed 
along  with  the  general  price  level.  Rent  levels  in  various  cities  differ 
according  to  the  varying  degrees  of  housing  congestion  and  the 
varying  social  standards  of  the  population.  Furthermore,  the  varia- 
tion in  rent  levels  extends  to  different  sections  of  any  one  city.  The 
mere  fact  that  a  given  family  paid  say  $30  rent  is  not  an  indication 
of  that  family's  economic  condition  or  its  value  as  a  telephone  pros- 
pect, unless  there  is  also  known  the  city  and  the  part  of  the  city  in 
which  that  family  li\ed,  and  the  time  when  the  given  rent  was  paid. 
Therefore  rent  data  from  different  cities  and  of  various  dates  are 
not  directly  comparable  at  their  face  value.  To  adjust  the  money 
values  of  house  rents  for  an  accurate  comparison  of  the  telephone 
markets  in  different  cities  would  require  a  knowledge  of  the  relative 
proportions  of  income  spent  for  rent  in  the  different  cities,  of  the 
relative  levels  of  incomes  and  rents  at  the  time  of  the  surveys  as 
compared  with  their  levels  in  some  base  year,  and  perhaps  of  other 
factors  equally  difficult  to  estimate. 

_  Various  rent  tabulations  can  not  be  compared  one  with  another 
without  knowing  something  of  the  way  in  which  rents  are  distributed 
about  their  average.  The  nature  of  the  distribution  is  determined 
bv  the  house  count  data,  but  from  those  data  in  their  usual  form  it 
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is  not  easy,  when  making  comparisons,  to  make  proper  allowances  for 
differences  in  rent  levels  and  in  the  schedule  of  rent  classes.  In  the 
following  pages  there  is  discussed  a  method  of  charting  by  which 
rent  distributions  may  be  readily  compared,  and  their  spread  or 
dispersion  determined. 

The  Relation"  Between  Rents  and  Incomes 

Rents  as  a  Market  Index.  The  relation  between  rents  and  incomes 
is  concerned  with  the  use  of  rental  values  both  as  an  index  of  tele- 
phone market  in  a  given  city,  and  in  comparing  the  markets  in  differ- 
ent cities.  In  what  follows  it  is  not  always  possible  to  separate  these 
two  views,  but  the  distinction  should  be  borne  in  mind  by  the  reader. 

The  goal  of  an  analysis  of  residence  telephone  market  is  to  determine 
the  future  sales  possibilities.  In  theory  either  incomes  or  rents  may 
be  considered  as  an  index  of  the  telephone  market.  The  market 
index  adopted  in  commercial  surveys  is  the  rental  of  dwellings. 
This  may  be  considered  either  as  a  direct  measure  of  the  ability 
and  desire  of  families  to  subscribe  to  telephone  service,  or  as  an 
indirect  index,  if  incomes  are  considered  the  real  measure  of  the 
market.  If  the  first  viewpoint  is  accepted,  it  may  be  logically  con- 
cluded, although  not  proved,  that  rents  are  a  better  index  of  tele- 
phone market  than  are  incomes.  Incomes,  as  measured  in  money, 
are  the  nearest  approach  which  may  be  made  to  a  measure  of  the 
position  of  families  on  an  imaginary  scale  of  economic  welfare.  An 
attempt  to  translate  rent  data  to  an  income  basis,  as  a  working 
method  in  commercial  surveys  would  introduce  errors  with  no  com- 
pensating advantage,  but  a  translation  of  this  kind  is  more  or  less 
unconsciously  made  in  making  comparisons. 

Sources  of  Information.  Much  of  the  literature  on  the  question  of 
house  rents  versus  incomes  is  generalization  based  on  limited  or 
antiquated  data.  Such  careless  statements  as  "rent  approximates 
about  one-third  of  the  average  worker's  income,"  may  be  found  in 
the  literature  of  the  subject.  Adam  Smith,  the  father  of  Political 
Economy,  "made  the  assertion,  surprising  to  us  in  these  days,  that 
the  proportion  of  income  spent  in  house  rent  is  highest  among  the 
rich."  Frederick  Engels  concluded  in  1857  that  rent  was  12  per 
cent  and  heat  and  light  5  per  cent  of  the  workingman's  expenditure, 
regardless  of  the  amount  of  his  income. 

Investigation  of  budgets  in  recent  years  has  been  confined  almost 
entirely  to  the  field  of  the  wage  earning  class.  The  first  really  com- 
prehensive study  was  made  by  the  United  States  Bureau  of  Labor 
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Statistics  in  several  states  in  1901  and  1902,  and  is  detailed  in  the 
1903  annual  report  of  that  organization.  It  consisted  chiefly  of  a 
study  of  11,156  so-called  "normal"  families,  each  including  a  husband 
at  work,  a  wife,  not  more  than  5  children  all  under  14  years  and  no 
lodgers  or  servants.  The  average  income  of  these  families  was  8651. 
Original  work  on  a  smaller  scale  has  been  done  by  R.  C.  Chapin 
(1908)  and  by  the  Philadelphia  Bureau  of  Municipal  Research  (1918). 
The  Bureau  of  Labor  Statistics  collected  a  large  amount  of  data  in 
1918  and  1919 l  concerning  the  incomes  and  expenses  of  12,837  families 
in  92  towns  having  an  average  income  of  81491.  This  investigation 
included  families  of  wage  earners  and  low  salaried  men,  but  none  of 
the  slum  or  recent  immigrant  classes.  Families  of  the  lowest  type 
are  automatically  excluded  from  such  studies  as  this  by  their  inability 
to  supply  the  desired  information  from  accounts  or  from  intelligent 
estimates. 

Distribution  of  Family  Expenses.  Representative  distributions  of 
family  expenditures  are  given  in  Table  I.  The  National  Industrial 
Conference  Board  has  adopted  for  use  in  computing  their  cost  of 
living  index  and  representative  budgets  a  list  of  standard  weights 
made  by  combining  the  results  of  a  number  of  studies  made  from 
1901  to  1917.  Most  importance  was  assigned  to  the  first  Bureau  of 
Labor  Statistics  study,  the  results  of  which  it  closely  resembles. 
The  standard  weights  used  by  the  Bureau  of  Labor  Stati>ics  are  the 
result  of  surveys  made  in  22  cities  from  July  31  to  November  30,  1918, 
covering  families  whose  average  income  was  81,434. 

TABLE    I. 

Distribution  of  Total   Family  Expenditure 


Averages 

Found  in 

Standard  Weights  L'sed  by 

Bur.  Lab.  Stat. 

First 

Studv 

1901-1902 

Bur.  Lab.  Stat. 

Second 

Studv 

191S-1919 

Bur.  Lab.  Stat. 

Weights  in 

Cost  of 

Living  Index 

Xat'l  Ind.  Conf. 
Board  Budgets 
and    Index  of 
Cost  of  Living 

Food 

Rent 

Clothing  

Fuel  and  Light. 
Sundries 

43.13(c 
18.12 
12.95 
5.69 
20.11 

38.5' ■; 
13.3 
16  5 
5.3 

26.4 

■    ,38  _", 

13  4 

16.6 

5  3 

26.4 

43.13% 
17 .  65 
13.21 

5.63 
20.38 

From  Table  I  it  may  be  inferred  that  the  per  cent  spent  for  rent 
is  reduced  in  a  period  of  inflated  prices,  at  least  during  the  first  part 
1  Monthly  Labor  Review,  May-December,  incl.,  l°lu. 
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of  that  period.  This  is  reasonable,  since  rents  respond  less  rapidly 
than  most  other  prices  to  fluctuations  in  the  general  price  level.  An 
extreme  example  of  this  type  is  found  in  Germany  where  rents, 
which  are  to  some  extent  under  government  regulation,  "at  the 
present  time  absorb  not  more  than  ?>]/2  per  cent  of  total  expenditure 
as  against  20  per  cent  before  the  war."  2 

The  percentage  distribution  of  total  expenses  depends  on  the  size 
of  the  family,  the  income  received  and  the  city  lived  in.  Of  course, 
it  must  be  understood  that  any  particular  family  may  differ  widely 
from  general  averages.  Other  things  being  equal,  large  families  spend 
more  for  food  and  clothing  and  less  for  rent  and  sundries  than  do 
small  families.  Large  families  of  the  lower  middle  class  accommodate 
themselves  to  whatever  housing  accommodations  they  can  afford 
after  the  more  inflexible  demands  for  other  things  have  been  provided 
for.  Less  than  one  room  per  person  is  considered  over-crowding 
and  the  recent  Bureau  of  Labor  Statistics  investigation  found  this 
condition  to  exist  rarely,  except  in  families  having  more  than  three 
children.  Families  with  one  to  three  children  were  found  to  have 
1.0  to  1.3  rooms  per  person  in  almost  all  cities. 

Amount  of  Income  vs.  Per  Cent  Spent  for  Rent.  The  extent  to  which 
the  distribution  of  expenses  is  modified  by  the  amount  of  income 
received  is  known  only  within  the  very  limited  range  for  which  data 
are  available.  The  best  recent  figures  are  those  of  the  1918-1919 
study  of  the  Bureau  of  Labor  Statistics.  These  are  given  here  for 
12,096  white  families  in  92  cities  and  towns: 

TABLE    II. 


Per  Cent  of  Total  Expenses  Spent  for 

Income 

Food 

Clothing 

Rent 

Fuel 

and 

Light 

Furniture 

and 
Furnishings 

Misc. 

Under  $900. 

44.1 
42  4 
39.6 
37.2 
35.7 
34.6 
34.9 

13.2 
14.5 

15  9 

16  7 
17.5 
18.7 
23.4 

14.5 
13.9 
13.8 
13.5 
13.2 
12.1 
10.6 

6.8 
6.0 

5.6 
5.2 
5.0 
4.5 
4.1 

3.6 

4  4 
4.8 
5.5 

5  5 
5 . 7 
5.4 

17.8 

S90O-S1200. . 

18.7 

81200-81500 

20.2 

S150O-S1800    . . 

21.8 

SI 800-82 100 

23.0 

S210O-S2500 

24.3 

S2500-up 

24.7 

When  the  original  data  are  examined  in  detail,  it  appears  that  in 
almost  every  city  as  incomes  increase  the  per  cent  spent  for  rent 
2  M.  Elsas,  Economic  Journal,  September,  1921,  p.  332. 
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and  food  decreases  and  the  per  cent  ior  clothing  increases.  The 
decrease  in  the  per  cent  for  food  as  incomes  increase  is  slight  and  the 
increase  in  the  per  cent  for  clothing  is  especially  marked  in  the  higher 
incomes  within  the  range  covered.  Thus,  it  appears  that  among 
families  of  moderate  incomes  as  incomes  rise  the  increase  is  spent 
by  preference  for  clothing  rather  than  for  food  or  rent.  The  relative 
decrease  in  expenditure  for  rent  as  incomes  increase  is  significant  in 
rental  analysis.  This  means  that  while  a  10  per  cent  difference  in 
rents  among  the  lower  rents  in  a  city  indicates  an  average  difference 
in  income  of  about  10  per  cent,  a  similar  difference  among  the  higher 
rents  indicates  a  difference  in  income  of  much  more  than  10  percent. 

Rent  Levels  in  Various  Cities.  As  nearly  as  may  be  determined 
from  the  Bureau  of  Labor  Statistics  data,  there  is  no  regular  tendency 
for  Eastern.  Western  or  Southern  cities  to  differ  from  the  average 
of  all  cities,  either  in  the  amount  of  wage-earners'  incomes  or  in 
amounts  spent  for  food  or  clothing.  In'  Southern  cities  somewhat 
less  is  paid  for  rent  than  in  other  cities.  This  refers  only  to  white 
families.  Negro  families  have  smaller  average  incomes  than  white 
families  and  at  any  given  income  they  spend  less  for  rent,  more  for 
food  and,  to  a  less  degree,  more  for  clothing  than  white  families. 
The  size  of  a  city,  so  far  as  may  be  told  from  these  data,  does  not 
determine  either  total  incomes  or  expense  for  food,  rent  or  clothing. 

In  different  cities  the  difference  in  rent  levels,  that  is,  variation  in 
rentals  paid  for  substantially  similar  dwellings,  is  considerably  greater 
than  the  difference  in  levels  of  prices  for  food  or  clothing.  The  varia- 
tion in  price  levels  is  about  twice  as  great  for  rents  as  for  food  or 
clothing,  reckoned  as  percentages  of  the  amounts  spent  for  each  class. 
The  expenditure  for  food  by  the  lower  middle  class  families  included 
in  this  investigation  is  more  nearly  the  same  in  different  cities  than 
is  the  expenditure  for  rent  or  for  clothing.  Food  expense  is  the  only 
one  of  these  classes  in  which  all  cities  are  as  closely  grouped  as  in 
total  expenses,  considering  deviations  from  the  averages  on  a  per- 
centage basis.  The  amounts  spent  for  rent  show  relatively  wide 
variation  between  cities.  It  appears  that  if  a  workman  moves  from 
one  city  to  another  to  secure  increased  wages  a  large  proportion  of 
the  increase  in  income  goes  for  increased  rent.  This  is  to  be  expected 
since  land  rents  and,  to  a  less  extent,  construction  costs  are  peculiar 
to  each  individual  city,  much  more  than  food  or  clothing  costs. 

A  comparison  of  rent  data  from  the  1918-1919  investigation  of  the 
Bureau  of  Labor  Statistics  and  data  from  Commercial  Surveys  leads 
to  the  conclusion  that  differences  in  average  rents  in  various  cities 
are  due  at  least  as  much  to  differences  in  the  level  of  prices  for  rents 
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as  to  differences  in  the  grade  of  the  population.  Wage-earners  and 
low  salaried  people  of  the  types  studied  by  the  Bureau  of  Labor 
Statistics  occupy  about  the  same  position  in  the  community  in  a 
large  number  of  cities.  As  a  rule  they  pay  about  80  to  90  per  cent 
of  the  median3  rent  in  any  city.  Exception  must  be  made  in  the 
case  of  cities  having  an  unusually  large  proportion  of  negro  or  very 
low  grade  white  population.  It  is  interesting  in  this  connection  to 
compare  wage  rates  for  different  classes  of  labor  in  various  cities. 
The  variation  between  cities  in  wage  rates  for  common  labor  is  pro- 
portionately much  greater  than  the  variation  in  wages  for  work 
requiring  some  skill,  such  as  bricklaying  and  structural  iron  work. 

As  examples  of  the  impossibility  of  accurately  rating  the  grade 
of  a  city's  population  by  its  median  rent  alone,  we  may  take  four 
cities  where  surveys  were  made  in  1921.  Spokane  and  Houston  had 
practically  identical  median  rents  of  $23.00  and  $23.40  respectively, 
but  Houston  is  not  as  good  a  telephone  market  as  Spokane.  In 
Cleveland  and  Minneapolis  the  median  rents  were  found  to  be  $35.50 
and  $31.00  respectively,  but  this  is  no  measure  of  the  grades  of  the 
two  cities. 

Rent  Data  from  Various  Sources,  Including  England.  Some  addi- 
tional rent  data  is  presented  here  without  extended  comment.  The 
two  following  tables  show  the  proportion  which  rent  bears  to  total 
expense  in  different  communities. 


TABLE    III. 

Pre-War  Expenditures  for  Rent  with  a   "Normal"  Standard  of  Living 

(Senate  Report  on  "Woman  and  Child  Wage  Earners") 

Manhattan 20.  7% 

Fall  River 17   6«  | 

Georgia  and  North  Carolina 6.3%, 

Homestead,  Pa 15.5% 

TABLE    IV. 
Allowances  for    Rent    in    Post-War    Standard    Workingmans    Budgets 


Date 

Per  Cent 
for  Rent 

Rent 

No.  Hudson  Co.,  N.  J 

Cincinnati ...               

Jan.,    1920 
May,   1920 
Nov.,  1919 
Oct.,    1919 
Nov.,  1919 
Dec,    1919 
Aug.,   1919 

13.5-14.1 

15.6 

13.1-14.1 

9.2-11.6 

16  6 

10.2 

13.3 

S18.00-S19.00 
22.00 

Lawrence .  .              

15.00-  19.50 

Fall  River                       

9.75-  15.20 

Philadelphia 

United  Mine  Workers 

Washington,  D.  C 

3  See  Appendix. 
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The  first  four  of  these  "standard"  budgets  are  by  the  National 
Industrial  Conference  Board,  and  the  others  in  order  by  the  Bureau 
of  Municipal  Research  (Philadelphia),  Professor  W.  F.  Ogburn, 
and  the  U.  S.  Bureau  of  Labor  Statistics. 

It  has  already  been  mentioned  that  the  per  cent  spent  for  rent 
shows  a  tendency  to  decrease  with  increasing  incomes.  This  trend 
is  confined  by  data  from  other  sources,  as  follows: 


TABLE  V 
Per  Cent  of  Income  Spent  for  Rent  at  Different  Income  Levels 


Income 

Philadelphia 
Bur.  Mun.  Res. 

1918 
260  Families 

Chapin's 
X.  V.  Study 

1907-1908 
391  Families 

U.S. 
Bur.  Lab.  Stat. 

1901-1902 
11,156  Families 

$400-  $500 

20.5% 

17.6 

18.1 

15.8 

16.4 

14.3 

14.7 

12.3 

10.2 

26.8% 

25.9 

23.6 

21.9 

20.7 

19.0 

18.1 

16.2 

19.8 

16  3 

18.6% 

18.4 
18.5 
18.3 
17.1 
17.6 
17  5 

500-     600 

600-     700 

700-     800 

800-     900 

900-  1000 

1000-  1100 

1100-  1200. . 

1200-  1300 

1500-  1600 

1900  up 

Although  no  data  are  available  for  families  above  the  lower  middle 
class,  the  relationship  may  be  extended  by  conjecture  into  the  higher 
income  levels.  That  this  is  reasonable  is  brought  out  in  subsequent 
pages  in  comparing  distribution  curves  of  rental  values  and  incomes. 

Some  interesting  conclusions  from  English  experience  are  given 
by  Sir  J.  C.  Stamp.4  The  rent  corresponding  to  an  income  of  £160 
averages  at  least  £5  greater  in  London  than  outside  that  city.  Among 
the  lower  incomes,  say  up  to  £1000,  the  variation  or  dispersion  of  the 
percentages  paid  for  rent  becomes  less  as  the  amount  of  the  income 
rises.  Owner-occupants  live  in  larger  houses  than  tenants  with  the 
same  total  income.  It  was  not  found,  as  is  generally  supposed,  that 
professional  men  pay  relatively  more  for  rent  than  business  men.  The 
following  table  is  from  the  work  above  mentioned ; 

4  J.  C.  Stamp,  "British  Incomes  and  Property,"  1916. 
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Income 

TABLE    VI 

Relative  Amount 
Paid  for  Rent 

£20O-£25O 
300-   400 
500-   750 

1000-  1500 

1.0 
.8 
.7 
.5 

Income 

Rent 

Per  Cent  Rent 

£160 

400-£500 
4000 

£28 
40-£50 
200 

17.5% 
10 

5 

The   second   of   these   two   tables   represents  average   conditions  for 
Great  Britain. 

Rent  Distributions 

In  making  comparisons  of  survey  rent  data  it  is  desirable  to  dis- 
tinguish differences  in  price  levels  as  they  affect  rents,  differences 
in  economic  grade  of  the  population,  and  differences  in  the  distri- 
bution of  families  about  their  average  grade.  Failure  to  take  account 
of  these  three  factors  will  result  in  misleading  impressions,  which  may 
be  illustrated  by  summaries  from  successive  surveys  in  Atlanta. 
The  following  table  shows  composites  of  private  residences,  flats  and 
apartments: 

TABLE   VII 


Rent  Classes 

No.  of  Families 

Per  Cent 

1913 

1920 

Increase 

$75  up 

793 
112? 
2045 
4802 
4197 
5688 
6881 
21064 

3199 

3582 
4196 
9713 
4725 
4757 
7223 
15023 

303 

55-$75 

217 

40-55 

105 

25-40 

102 

20-25 

13 

15-20 

—16 

10-15 

5 

Under  $10. 

—29 

Total 

46599 

52418 

12.5 

It  might  be  inferred  from  this  set-up  that  the  condition  of  the 
poorer  families  had  been  very  much  improved  or  that  the  average 
family  had  attained  a  higher  condition  of  well-being.  It  will  be 
shown  later  that  there  was  no  material  change  in  the  distribution  of 
rental  values  about  an  average  rent  when  rents  are  considered  as 
percentages  of  that  average,  and  it  is  probable  that  the  principal, 
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if  not  the  sole  cause  of  the  changes  shown  in  the  table  above,  is  the 
general  rise  in  the  level  of  prices. 

Methods  of  Study — Graphic  Representation.  The  most  convenient 
and  practical  method  of  studying  rent  distributions  is  by  the  use 
of  graphs  and  charts.  The  distribution  of  values  of  rents  or  of  other 
variables  may  be  charted  in  either  a  detail  or  a  cumulative  form.  A 
detail  curve  shows  at  any  value  of  the  independent  variable  the 
frequency  of  occurrence  of  items  of  that  value.  A  cumulative  curve 
shows  at  any  value  of  the  variable  the  number  (or  better,  the  per 
cent)  of  all  cases  which  have  values  below  (or  above)  that  value. 
Cumulative  curves  are  better  than  detail  curves  for  presenting  rent 
data  since  the  number  of  classes  into  which  the  data  are  divided  is 
small  and   the  class  widths  are  non-uniform,   resulting  in   uncertain 


Fi<y.  1 


curves  of  the  detail  type."'  Attempts  to  compare  rent  distributions 
by  application  of  the  usual  statistical  measures  of  dispersion  and 
skewness  have  proved  unsatisfactory. 

Typical  rent  distributions  plotted  in  the  cumulative  manner  on 
ordinary  coordinate  paper  are  shown  in  Fig.  1.  Diagrams  of  this 
type  may  be  used  to  determine  the  rent  paid  by  families  of  correspond- 
ing position  in  the  rent  scale  at  the  dates  of  successive  surveys,  but 
thev  do  not  give  a  very  clear  picture  of  changes  in  the  distribution  of 
rents  and  from  them  it  is  not  readily  apparent  whether  rents  are 
closely  concentrated  or  widely  distributed  in  any  given  case. 

5  Detail  cur*es  for  rent  and  income  distributions  are  most  easily  drawn  on  paper 
with  a  logarithmic  scale  both  ways. 
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Logarithmic  Probability  Charts.  Cumulative  curves  for  rent  dis- 
tributions may  be  plotted  on  logarithmic  probability  paper6  in  which 
case  the  resulting  graph  is  a  straight  line  for  a  large  number  of  cities. 
Such  a  graph  will  be  said  to  represent  a  logarithmic  skew  distribution. 
In  the  appendix  there  is  given  a  discussion  of  frequency  curves, 
with  special  reference  to  curves  of  this  type.  The  essential  point 
in  reading  charts  on  logarithmic  probability  paper  is  that  the  slope 
of  the  line  determines  both  the  spread  or  dispersion  of  the  data  and 
the  skewness  or  lack  of  symmetry  of  distribution.  Since  the  hori- 
zontal scale  is  logarithmic  it  follows  that  the  dispersion  is  represented 
on  a  percentage  and  not  a  linear  basis.  A  steep  slope  indicates  a 
close  concentration  of  the  data,  a  less  steep  slope  indicates  a  wider 
distribution,  and  parallel  lines  indicate  distributions  which  are  identical 
on  a  percentage  basis.  As  explained  in  the  appendix,  the  most  con- 
venient index  or  coefficient  for  expressing  the  spread  or  dispersion 
of  a  distribution  is  the  ratio  of  the  upper  quartile7  to  the  median  rent. 
If  the  curves  for  a  given  city  are  closely  parallel  for  successive  surveys 
it  follows  that  there  has  been  no  material  change  in  the  character  of 
the  distribution.  In  other  words,  rents  have  increased  approximately 
proportionately  at  all  points  of  the  scale. 

Examples  of  charts  of  this  kind  (Figs.  2-4)  are  shown  for  twelve 
cities  for  which  successive  surveys  are  available.  Curves  for  suc- 
cessive surveys  are  nearly  parallel  in  eight  of  the  twelve  cities.  For 
Cleveland,  Dallas  and  Houston  there  are  distinct  differences  in  the 
curves  for  the  two  dates,  indicating  changes  in  the  distribution  of 
rents,  which  changes  may  be  measured  since  horizontal  distances 
between  points  on  the  curves  for  two  dates  represent  the  percentage 
increases  in  rents. 

When  a  rent  distribution  is  plotted  on  logarithmic  probability 
paper  the  points  do  not  always  lie  on  a  straight  line,  but  a  straight 
line  of  best  fit  may  be  chosen  by  eye,  giving  greatest  weight  to  points 
near  the  middle  of  the  scale  of  ordinates.  Of  the  rent  distributions 
for  large  cities  which  have  been  plotted  on  this  paper,  nearly  one- 
third  are  very  closely  represented  by  straight  lines,  an  equal  number 
are  slightly  concave  upward,  and  the  remainder  are  more  or  less 
concave  downward.  Most  of  the  deviations  from  straight  lines  are 
slight.  The  examples  submitted  herewith  (cities  in  which  successive 
surveys  have  been  made)  are  rather  poorer  than  the  average  in  this 

6  See  an  article  by  G.  C.  Whipple  in  the  Journal  of  the  Franklin  Institute  for  July 
and  August,  1916,  for  a  description  of  this  paper  and  some  examples  of  its  use  in  the 
field  of  sanitation.  # 

7  See  Appendix. 
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respect.  Concavity  upwards  represents  a  distribution  which  is  less 
skew  than  the  theoretical  logarithmic  skew  curve,  and  concavity 
downwards  a  distribution  of  greater  skewness.  Xo  great  importance 
can  be  assigned  to  small  differences  of  this  sort,  as  they  are  not  perma- 
nent between  successive  surveys,  whereas  the  general  type  of  the 
distribution  is  quite  constant  for  a  given  city. 

The  justification  for  assuming  that  rents  follow  the  logarithmic 
skew  curve  is  made  stronger  by  certain  data  from  Volume  19  of  the 
report  of  U.  S.  Immigration  Commission  made  in  1912.  This  com- 
mission collected  a  large  mass  of  data  concerning  the  living  conditions 
of  families  of  the  immigrant  type.  The  data  are  classified  by  nation- 
ality of  head  of  family,  by  income,  etc.  Distributions  of  amounts 
paid  for  house  rent  per  apartment,  per  room  and  per  person  for  certain 
nationalities  are  shown  in  Fig.  5.  The  data  shown  were  chosen  from 
those  classes  which  were  made  up  of  the  largest  numbers,  and  the 
deviations  from  straight  lines  shown  by  data  for  other  groups  are  in 
both  directions,  so  the  straight  line  relation  may  be  considered  fairly 
representative.  It  may  be  noted  that  the  rents  per  month  per  person 
show  a  greater  dispersion  than  the  rents  per  room  or  per  apartment. 
These  latter  moreover  show  as  small  a  spread  as  do  rents  for  any  of 
the  cities  studied  as  a  whole. 

Fig.  5  also  shows  the  distribution  of  British  house  rents  at  intervals 
during  the  period  1890-1913.  There  has  been  a  gradual  but  steady 
decrease  in  the  dispersion  of  rents  during  the  period  covered.  Unless 
the  relation  between  rents  and  incomes  has  radically  changed,  this 
means  that  the  inequality  of  distribution  of  wealth  has  been  decreased, 
and  that  the  condition  of  the  poor  has  been  improved  as  compared 
to  that  of  the  rich.  Data  for  1830  indicate  that  the  inequality  of 
distribution  was  distinctly  greater  at  that  date  than  in  1890.  Changes 
in  the  relative  condition  of  the  rich  and  poor  may  be  readily  demon- 
strated by  charts  of  this  kind,  but  of  course  conclusions  regarding 
absolute  degrees  of  well-being  must  be  reached  by  other  means. 

Distribution  of  Rents  Compared  with  that  of  Incomes.  Significant 
conclusions  regarding  the  relation  between  rents  and  incomes  may  be 
drawn  from  a  comparison  of  their  respective  distributions.  Fig.  6 
shows  a  detail  curve  for  income  distribution  in  the  United  States 
based  on  preliminary  data  of  the  National  Bureau  of  Economic 
Research.  These  data  are  subject  to  revision  but  are  the  best  avail- 
able and  are  sufficiently  accurate  for  comparative  purposes.  The 
usual  way  to  chart  income  distribution  assumes  conformity  with 
Pareto's  law  which  says  that  the  frequency  curve  of  incomes  may 
be  plotted  as  a  straight  line  on  double  logarithmic  paper,  either  on  a 
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detail  or  cumulative  basis.  This  law  does  not  hold  for  the  lower 
income  levels  which  may  be  best  represented  by  a  curve  of  approxi- 
mately hyperbolic  form,  as  shown  in  Fig.  6.  The  same  income  data 
are  shown  plotted  on  logarithmic  probability  paper  in  an  insert  on 


Same  Data  as 

Large  Curve 

Distribution  of 
PERSONAL  INCOMES  IN  THE  U.S. 
1917 

Based  on  Preliminary  Data  from  the 
National  Bureau  of  Economic  Research 
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Fig.  6 

Fig.  6.  From  the  form  of  this  curve  it  may  be  concluded  that  the 
distribution  of  the  lower  two-thirds  of  both  incomes  and  rents  is 
similar  but  that  the  spread  of  the  higher  incomes  is  much  greater 
than  the  spread  of  the  corresponding  rents. 
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Another  comparison  of  incomes  and  rents  may  be  made  from  a 
second  insert  on  the  same  chart.  It  may  be  readily  demonstrated 
that  the  normal  curve  of  error  plots  as  a  parabola  on  semi-logarithmic 
paper  and  the  logarithmic  skew  curve  as  a  parabola  on  double  logar- 
ithmic paper.  Two  parabolas  which  represent  extreme  conditions  of 
spread  and  of  concentration  of  rents  in  large  cities  are  shown.  If 
the  degree  of  dispersion  remains  fixed  a  change  in  the  rent  level 
merely  shifts  the  parabola  on  the  chart  without  changing  its  shape. 
The  parabolic  shape  of  rent  curves  and  the  hyperbolic  shape  of  the 
income  curve  indicate  that  rents  are  somewhat  less  concentrated 
locally  about  their  mode,8  but  are  more  concentrated  as  an  entire 
group  than  are  incomes.  These  curves  can  not  well  be  superposed 
for  comparison  since  areas  are  not  equivalent  on  different  parts  of 
the  chart.  Those  incomes  which  are  closely  grouped  around  the 
mode  represent  wage-earners  of  such  a  type  that  several  may  come 
from  a  single  family.  Conclusions  regarding  comparison  of  incomes 
and  rents  must  be  made  with  caution  since  rents  are  on  a  family 
basis  and  incomes  on  an  individual  basis.  No  satisfactory  data 
are  available  to  show  the  variation  in  income  distribution  between 
small  subdivisions  of  the  United  States,  as  cities,  but  it  is  reasonable 
to  assume  that  there  is  some  such  variation  for  incomes  as  well  as 
for  rents,  although  perhaps  not  of  so  great  a  range. 
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A  third  comparison  of  incomes  and  rents  is  made  possible  by  the 
use  of  Lorenz  curves  illustrated  in  Fig.  7.     On  this  form  of  chart  a 
8  See  Appendix. 
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diagonal  line  at  45°  represents  a  uniform  distribution  and  the  further 
a  given  curve  falls  to  the  right  of  and  below  that  line  the  more  unequal 
the  distribution  represented.  If  incomes  were  plotted  on  a  family 
basis,  the  resulting  curve  would  lie  somewhat  closer  to  the  diagonal 
line  than  the  one  shown,  but  it  is  fairly  evident  that  incomes  are 
more  unequally  distributed  than  rents.  For  instance,  the  top  10 
per  cent  of  incomes  are  on  the  average  about  42  per  cent  of  the  total 
income,  while  the  top  10  per  cent  of  rents  are  from  22  to  32  per  cent  of 
the  aggregate  rent  in  most  cities.  These  three  comparisons  confirm 
the  idea  discussed  in  the  first  part  of  this  paper,  that  the  proportion 
of  income  spent  for  rent  is  less  among  the  larger  incomes. 

Of  the  extensive  data  on  income  distributions  few  can  well  be  used 
for  comparison  with  rent  data.  In  order  that  a  cumulative  curve 
really  mean  anything,  it  must  represent  an  entire  group,  not  merely 
items  from  one  end  or  the  other  of  the  complete  scale.  Therefore,  the 
various  tables  of  earnings  of  working  class  families  and  individuals 
are  of  doubtful  use  here,  although  they  do  show,  plotted  on  double 
logarithmic  or  logarithmic  probability  paper,  that  the  type  of  dis- 
tribution of  earnings  about  an  average  value  is  practically  identical  for 
various  nationalities  in  similar  industries,  or  for  men,  women  and 
children  in  all  industries.  However,  the  average  earnings  of  the 
various  classes  are  widely  different.  A  few  examples  are  shown  in 
Fig.  5. 

Income  tax  returns  are  of  some  interest  although  they  are  defective 
in  several  respects:  they  only  include  the  upper  part  of  society,  a 
large  number  of  persons  fail  to  make  returns  and  large  amounts  of 
income  are  tax  exempt.  Federal  income  tax  data,  which  are  available 
on  a  uniform  basis  for  the  years  1917-1920,  may  best  be  studied  by 
plotting  on  double  logarithmic  paper,  preferably  after  reducing  the 
figures  for  the  various  states  to  a  basis  of  returns  per  1000  popula- 
tion. There  are  small  changes  from  year  to  year  in  the  position  of 
the  curve  for  any  given  state,  which  are  not  significant,  since  they 
may  be  due  either  to  changes  in  the  average  income,  or  to  increased 
efficiency  of  tax  collection.  Changes  from  year  to  year  in  the  slope 
of  the  curve  for  any  one  state  are  small,  indicating  that  there  exists 
in  each  state  a  definite  type  of  distribution  of  wealth  and  earning 
power.  Differences  in  the  position  and  slope  of  the  curves  for  dif- 
ferent states  are  conspicuous,  indicating  that  both  the  per  capita 
income  and  the  distribution  of  the  total  income  among  individuals 
are  different  in  different  states.  New  York,  for  instance,  shows  a 
wide  spread,  i.e.,  a  relatively  large  number  of  very  high  incomes,  and 
Iowa  shows  a  narrow  spread,  i.e.,  a  large  number  of  incomes  around 
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$2000-5000,  and  comparatively  few  incomes  over  $20,000.  New- 
Jersey  occupies  an  intermediate  position.  Alabama,  more  or  less 
typical  of  Southern  states,  shows  a  much  smaller  number  of  returns 
in  proportion  to  population  than  any  of  these  states,  and  a  distribu- 
tion nearly,  but  not  quite,  as  closely  grouped  as  Iowa.  The  fact 
that  a  particular  shape  of  curve  is  typical  of  a  given  state,  and  that 
the  curves  are  different  for  different  states,  corresponds  to  similar 
characteristics  of  rent  curves  for  cities.  British  income  statistics 
show  about  the  same  degree  of  dispersion  as  do  returns  for  the  United 
States  as  a  whole. 

Distributions  of  the  logarithmic  skew  type  may  be  found  in  other 
fields  than  those  of  incomes  and  house  rents.  The  theory  has  been 
advanced  by  some  statisticians  that  while  the  normal  curve  of  error 
is  characteristic  of  observational  errors,  errors  of  estimate  agree  with 
that  law  if  logarithms  rather  than  actual  estimates  be  considered. 
Price  fluctuations,  corporation  earnings,  and  the  profits  of  farmers 
are  distributed  in  a  similar  manner.  The  lengths  of  life  of  telephone 
contracts  agree  quite  closely  with  this  type  of  distribution,  if  we 
allow  for  the  fact  that  very  long  lives  are  relatively  few  in  number 
because  they  started  when  the  telephone  business  was  comparatively 
small.  A  peculiarity  of  rent  distribution  is  that  if  we  choose  only 
families  having  telephone  service,  or  families  having  any  one  class 
of  service,  we  obtain  a  logarithmic  skew  distribution  about  as  closely 
as  though  we  plotted  all  families  in  a  city. 

Application  to  Survey  Data.  The  charting  method  described  above 
was  applied  to  rent  data  for  57  cities,  both  for  composites  of  private 
residences,  flats  and  apartments  and  for  private  residences  alone. 
Table  VIII  gives  the  median  rents  and  values  of  the  rent  dispersion 
index  <29  for  the  composite  data.  Results  for  private  residences 
differ  in  most  cases  only  very  slightly  from  the  results  given;  there 
is  no  dominant  tendency  for  the  spread  of  private  residence  rents  to 
be  greater  or  less  than  that  of  all  rents  in  a  city,  but  the  median  rent 
in  private  residences  is  usually  somewhat  greater  than  that  for  the 
composite. 

An  effort  was  made  to  determine  the  significance  of  the  various 
values  of  the  index  Q,  but  the  results  are  chiefly  negative.  There 
is  some  tendency  for  the  smaller  cities  to  have  a  wide  spread  of  rent 
values;  i.e.,  a  high  value  for  Q,  but  there  is  considerable  scattering 
of  the  data.  This  tendency  is  most  apparent  in  the  South,  where  the 
smaller  cities  have  extremely  high  values  for  Q.  The  relationship 
between   the  index  Q  and   the  per  cent  of  families  with   telephone 

9  See  Appendix  for  a  quantitative  definition  of  Q. 
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service  is  not  very  well  defined.  Cities  with  a  very  high  residence 
development  have  low  values  for  the  index  and  Southern  cities  with 
poor  residence  development  have  high  values  for  Q,  but  the  inter- 
mediate scattering  of  data  is  quite  wide.  It  might  be  supposed 
that  cities  with  high  values  for  Q,  which  indicate  a  wide  spread  of 
social  strata,  would  have  a  relatively  large  number  of  business  firms, 
either  total  or  retail,  to  meet  the  widely  divergent  needs  of  the  popula- 
tion. As  a  matter  of  fact,  no  such  relationship  is  apparent.  There  is, 
however,  positive  correlation  between  Q  and  the  proportion  of  insti- 
tutions to  population.  This  may  be  due  in  part  to  the  fact  that  high 
values  of  Q  are  found  in  Southern  cities  which  have  separate  churches 
and  schools  for  whites  and  negroes. 

Although  no  special  significance  has  been  found  for  the  particular 
degree  of  rent  dispersion  found  in  any  city,  some  interest  attaches  to 
the  fact  that  this  index  remains  practically  constant  in  a  given  city, 
regardless  of  changes  in  the  level  of  prices.  The  diagrams  illustrating 
this  point  have  already  been  discussed.  If  the  type  of  distribution 
is  not  found  constant  in  a  particular  city,  it  would  seem  probable 
that  a  change  in  character  of  the  population  is  taking  place,  but  a 
change  in  the  average  economic  grade  might  occur  without  any 
change  in  the  type  of  distribution.  When  two  distributions,  each  of 
which  agrees  with  a  logarithmic  skew  curve,  are  added  together, 
the  new  combined  distribution  may  be  represented  by  another  loga- 
rithmic skew  curve  only  in  case  both  the  medians  and  coefficients  of 
dispersion  for  the  two  original  curves  are  identical.  It  follows  that 
if  the  index  of  rent  dispersion  in  a  city  is  found  to  be  the  same  in  suc- 
cessive surveys  and  if  it  may  be  assumed  to  have  remained  constant 
during  the  interval,  then  the  new  families  which  have  come  into  a  city 
at  any  time  comprise  a  group  having  substantially  the  same  coefficient 
of  dispersion  and  median  rent  as  the  families  which  made  up  the  original 
population.  The  apparent  permanence  of  the  type  of  rent  distri- 
bution in  a  city  may  be  considered,  along  with  the  telephone  habit,  as 
a  reasonable  explanation  of  the  rather  high  degree  of  stability  of 
station  distribution  by  classes  of  service  among  residence  subscribers. 

In  commercial  survey  work  a  city  is  divided  into  market  areas, 
known  also  as  homogeneous  sections,  which  are  so  laid  out  that  in  any 
one  section  the  families  at  any  stated  rent  are  similar  telephone 
prospects.  A  study  of  rent  distributions  in  market  areas  was  carried 
out  in  a  number  of  cities,  considering  only  those  market  areas  in  each 
city  which  had  fairly  large  populations.  There  appears  to  be  no 
relationship  between  the  index  of  rent  dispersion  and  either  the  median 
rent,  the  per  cent  of  families  in  private  residences,  or  the  per  cent 


RELATION   BETWEEN   RENTS   AND   INCOMES 


103 


of  families  with  telephone  service,  in  the  various  areas  in  any  one 
city.  Whether  a  particular  area  is  suburban  or  downtown,  likewise 
has  no  apparent  effect  on  the  value  of  Q.  It  was  found  in  Atlanta, 
where  the  division  of  the  city  into  market  areas  was  substantially 
the  same  in  successive  surveys,  that  the  distribution  index  which  had 
previously  been  found  to  be  stable  for  cities  as  a  whole,  behaved  in 
the  same  way  in  separate  sections  of  the  city.  It  was  found  that  the 
rent  distribution  index  for  any  single  market  area  is  smaller,  usually 
much  smaller,  than  the  index  for  the  entire  city  in  which  the  area 
is  located.  One  section  in  Atlanta  is  the  only  exception  found  to 
this  rule.  In  market  areas  it  was  noted  that  a  considerable  number 
of  the  graphs  on  logarithmic  probability  paper  were  formed  of  two 
intersecting  straight  lines.  This  indicates  that  the  sections  are  not 
really  homogeneous,  but  contain  elements  of  population  radically 
different  in  character.  This  condition  can  not  be  obviated  by  the 
most  careful  laying  out  of  section  boundaries  in  case  there  exists  a 
mixture  of  families  of  essentially  different  types,  as  when  negro 
residences  are  scattered  among  a  predominantly  white  population. 

TABLE   VIII 

Indices  of  Rent  Distribution   in  Large   Cities 
Composites   of    Private    Residences,    Flats   and    Apartments 


Year 


Per  Cent 

Families 

in  Private 

Residences 


Per  Cent 
Families 

with 
Service 


Median 
Rent 


Q  = 

I.  pper 
Quartile-5- 

Median 


New  England  and  Eastern 

Washington 

Pittsburgh 

Baltimore 

New  Haven 

Portland,  Me 

Hartford 

Providence 

Springfield,  Mass 

Bridgeport 

Philadelphia 

Altoona 


1922 
1922 
1014 
1919 
1921 
1915 
1916 
1921 
1920 
1917 
1922 


66.9 
61.1 

68.6 
24.6 
36.8 
20.  1 
26.6 
2  >  2 
24.2 
81.6 
90.2 


43.0 
37.4 
16.4 
24.5 
49  5 
25.8 
2  ■  5 
45.8 
21.4 
18.4 
45.8 


S35.00 
28.50 
13.50 
21.00 
23.80 
19.00 
14.60 
30.60 
26.50 
17.00 
24  00 


1.71 
1.54 
1.51 
1.44 
1.40 
1.37 
1.34 
1.34 
1.32 
1.32 
1.27 


Average . 

Central 

Chicago 

Cleveland 

Fvansville.  .  .  . 
Grand  Rapids . 
Milwaukee.  .  .  . 
Indianapolis. . . 

Akron 

Detroit 

Youngstown. . . 
Toledo 


1920 
1921 
1916 
1915 
1921 
|  1920 
1920 
1919 
1919 
1920 


Average. 


18    5 

22.4 

45  3 
89.0 
68.4 
40  0 
84.4 
73.0 
49.9 
83.0 
76.6 

63.2 


50.0 
32.4 
34.6 

33.4 
39.6 
53.8 
19.3 
30.6 
40.8 
42.0 


27.00 
35.50 
12.00 
12.80 
25.00 
21.00 
34.00 
32.00 
27.00 
26.00 


1    41 

1.55 
1.55 
1.54 
1.52 
1.52 
1  51 
1.41 
1  40 
1.37 
1.35 

1.47 
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TABLE   VIII— Continued 


Year 

Per  Cent 

Families 

in  Private 

Residences 

Per  Cent 
Families 

with 
Service 

Median 
Rent 

Q  = 

Upper 

Quartile-f- 

Median 

Southern 
Montgomery 

1913 
1913 
1914 
1916 
1920 
1915 
1920 
1918 
1915 
1922 
1919 
1920 
1916 

93.6 
94.6 
95.8 
63.5 
94.6 
86.4 
83.3 
92.4 
89.2 
51.6 
75.2 
71.0 
85.3 

23   7 
21.8 
24.6 
16.2 
17.8 
18.5 
28.6 
19   7 
23.7 
36.5 
24.9 
28.6 
11.6 

5.50 

6.00 

8.00 

7.80 

13.50 

10.50 

19.00 

7.50 

9.00 

20.00 

13.00 

14.50 

12.00 

2  82 

Macon 

2  41 

Charlotte " 

2  30 

1  98 

Birmingham 

1  96 

Memphis 

1  90 

Atlanta 

1  89 

Mobile 

1  87 

Chattanooga 

1  83 

Richmond 

1  75 

Jacksonville 

1  75 

Louisville 

1  65 

New  Orleans 

1.46 

Average 

Southwestern 

Tulsa 

1919 
1921 
1920 
1921 
1921 
1921 
1916 
1917 
1916 
1918 

83.3 

88.5 
92.0 
93.5 
87.8 
91.3 
88.1 
71  4 
35.3 
90.0 
85.2 

40  8 
37.3 
40.1 
44   3 
31.5 
54.4 
32  8 
25.0 
41.0 
46.4 

$33 . 00 
24.00 
19.00 

23 .  40 
20.50 
38.00 
16.80 
15.00 
13.80 
23.00 

1.97 

1  85 

Fort  Worth 

1  82 

Little  Rock 

1   74 

Houston 

San  Antonio 

1.67 
1  62 

Dallas.  . 

1  60 

Kansas  Citv 

1  52 

St.  Louis 

1  50 

St.  Joseph 

Oklahoma  City.  .  . 

1.49 
1  43 

Average 

Northwestern 
Omaha 

1921 
1918 
1916 
1915 
1919 
1921 

1914 
1916 
1917 
1918 
1918 
1917 
1917 
1918 
1921 
1918 
1921 

82.3 

82.8 
87.6 
85.8 
62.0 
87.8 
51.6 

69.4 
51.0 
48.8 
52.0 
60.0 
57   2 

33 .  40 
21.50 
18.00 

18.00 
23.80 
31.00 

1.64 

1  54 

Sioux  Citv 

Des  Moines 

Duluth 

Lincoln.  . 

1.53 
1.50 
1.48 
1  48 

Minneapolis 

1.45 

Average 

76.3 

75.0 
80.8 
83.7 
75    7 
81.8 
86.0 
78.4 
53.1 
86.0 
62.6 
87.8 

35.2 
49.0 
42.4 
46.8 
42   4 
51.2 
47.3 
47.4 
57.0 
46.7 
46.3 

17.00 
13.80 
16.00 
22.00 

16.00 
18.50 
18.50 
21.50 

23  00 
19.00 
24.00 

1  49 

Pacific  and 
Mountain  States 
Butte 

1  50 

Portland.  . 

1  48 

Denver 

1.47 

Seattle 

1  46 

San  Diego 

Salt  Lake  Citv 

Los  Angeles 

San  Francisco 

Spokane 

Sacramento 

Tacoma 

1.44 
1.43 
1.41 
1.40 
1.39 
1.39 
1.35 

Average 

77  4 

1.43 
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APPENDIX 

Mathematics  of  the  Logarithmic  Skew  Curve 

Frequency  curves  may  be  symmetrical  or  skew.  The  particular 
symmetrical  distribution  known  as  the  normal  curve  of  error  is  typical 
of  distributions  of  observational  errors  and  in  general  of  all  phenomena 
obeying  the  laws  of  chance.  It  is  approximated  by  a  number  of  other 
distributions  which  have  not  obviously  originated  in  the  same  way, 
which  implies  that  "the  variable  is  the  sum  of  a  large  number  of 
elements  each  of  which  can  take  the  values  0  and  1,  these  values 
occurring  independently  and  with  equal  frequency."  Skew  distri- 
butions may  take  a  variety  of  forms  but  the  type  shown  in  the  dia- 
gram is  closely  approached  by  a  large  number  of  rent  distributions. 
The  essential  characteristic  of  this  curve,  which  may  be  called  the 
logarithmic  skew  curve,  is  that  logarithms  of  the  values  of  the  variable 
are  distributed  according  to  the  normal  curve  of  error.  This  skew 
curve  is  of  course  not  the  only  one  which  might  be  selected  to  repre- 
sent rent  data,  but  it  presents  the  fewest  mathematical  difficulties 
and  gives  a  sufficiently  close  approximation  for  all  practical  purposes. 
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Fig.  8 


The  normal  curve  of  error  has  the  equation 

1  _^i 

y  =  =  e     2o-2 

a  \/2tt 


(1) 


where  e  is  2.7183,  the  base  of  natural  logarithms  and  cr  is  a  measure 
of  dispersion,  known  as  the  standard  deviation.  An  ordinate  of 
the  curve  is  called  the  frequency,  and  expresses  the  fraction  of  the 
whole  number  of  items  which  occurs  per  unit  interval  of  the  variable  x. 
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Substituting  log  X  for  x,  a  new  equation  may  be  obtained,  in  which 
y  is  the  frequency  per  unit  of  x  (or  log  X).  An  expression  for  the 
frequency  per  unit  of  X  is  desired,  which  may  be  called  Y.  It  may  be 
shown  that  the  desired  equation  is 

1  dog  A')' 

F  =  WIT"  (2) 

This  is  the  equation  of  what  we  have  called  above  the  logarithmic 
skew  curve,  which  is  really  not  a  curve  of  error  in  the  same  sense  as 
equation  (1)  is. 

In  the  course  of  this  discussion  it  will  be  convenient  to  refer  to 
certain  features  of  the  frequency  curves  by  the  accustomed  terminol- 
ogy of  statistics.  The  median  item  of  a  group  is  such  that  one-half 
of  all  the  items  are  larger,  and  one-half  are  smaller,  and  is  the  central 
item  when  they  are  arrayed  in  order  of  size.  The  quartiles,  upper  and 
lower,  together  with  the  median,  divide  the  array  into  four  parts, 
each  containing  one-fourth  of  the  items.  The  percentiles  divide  the 
array  into  100  equal  parts.  The  mode  is  that  value  of  the  variable 
which   is  of  most  frequent  occurrence. 

In  the  normal  curve  of  error  a,  the  standard  deviation,  is  tech- 
nically defined  as  the  square  root  of  the  mean  of  the  squares  of  the 
deviations  of  the  items  from  their  mean.  For  present  purposes  it 
may  be  regarded  as  a  measure  of  dispersion  approximately  equal  to 
the  difference  between  the  values  of  x  at  the  84th  percentile  and  the 
median.  In  the  logarithmic  skew  curve  a  is  the  difference  between 
the  corresponding  logarithms. 

The  origin  of  x  in  the  normal  curve  of  error  is  the  arithmetic  mean, 
median,  or  mode,  which  are  coincident.  When  a  logarithmic  scale 
of  abscissas  is  introduced,  the  median  value  of  x  (or  log  X)  corre- 
sponds to  the  median  value  of  X,  which  is  smaller  than  the  mean 
value  of  X,  and  larger  than  the  mode.  In  a  logarithmic  skew  curve 
the  median  may  be  considered  the  origin,  and  at  this  point  x  (or 
log  X)  is  equal  to  zero,  and  X  is  equal  to  unity.  When  this  curve 
is  applied  to  house  rents  the  median  rent  occurs  at  this  point.  The 
relation  between  rents  and  values  of  X  is  a  simple  one.  If  rents  be 
denoted  by  R,  and  if  M  be  the  median  rent,  then 

R  =  MX.  (3) 

The  relationship  of  the  various  scales  is  presented  in  Fig.  9.  The 
scales  for  X  and   log  „Y  may  be  considered   fixed,   and    the  scale  for 


RELATION  BETWEEN  RENTS   AND   INCOMES 

R  a  movable  one,  as  on  a  slide  rule,  corresponding  values  always 
being  opposite  each  other. 
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Fig.  9 

Equation  (2)  above  for  the  logarithmic  skew  curve  gives  the  fre- 
quency per  unit  of  X.  The  frequency,  per  unit  of  rent  when  expressed 
in  dollars,  is  \/M  times  that  value,  and  substituting  for  X  from 
equation  (3),  there  results 

Y                     1  (IogK/M)' 

T7  =  7=  e  2ff2       •  (4) 

If  it  is  desired  to  make  computations  from  this  equation,  it  is  best 
to  use  the  base  10  for  logarithms  rather  than  the  natural  base.  For 
this  purpose  the  equation  becomes  approximately 

Y       -1733  :5"  (\ogi0R/My-  ,c\ 

m-rW010  •  (5) 

For  convenience  it  may  be  set  down  that 

am  =  0.4343  ae, 
and 

ae  =  2.3026aio, 

although  it  will  very  rarely  be  necessary  to  make  such  computations. 
It  has  been  stated  above  that  the  median  value  of  X  (or  rents 
expressed  in  dollars)  may  be  logically  regarded  as  the  origin  of  the 
logarithmic  skew  curve,  although  X  is  not  equal  to  zero  at  this  point, 
but  is  equal  to  1.  If  some  of  the  other  forms  of  statistical  averages  are 
also  known,  the  properties  of  the  curve  may  be  better  understood. 
To  determine  the  mode,  the  first  derivative  of  equation  (2)  of  the 
curve  is  equated  to  zero,  and  there  results 

log  X  =  -  a\ 
or 

X  =  e-°\  (6) 

=    10  ~  2-3026£rioi 
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Equation  6  above  defines  the  peak  of  the  curve,  or  the  mode  of  the 
variable. 

The  arithmetic  mean  for  a  distribution  agreeing  with  the  logarith- 
mic skew  curve  probably  can  not  be  defined  by  any  mathematical 
expression  sufficiently  simple  for  practical  use.  It  is  a  function  of 
a,  but  its  exact  position  on  the  curve  has  not  been  determined.  As 
applied  to  rent  data,  the  mean  may  be  computed  direct  from  a  house 
count  summary  with  an  error  of  two  or  three  per  cent.  Thus  found, 
its  position  on  the  curve  is  in  the  neighborhood  of  the  65th  to  70th 
percentile. 

The  geometric  mean  coincides  with  the  median  for  a  logarithmic 
skew  distribution.  This  follows  from  the  fact  that  the  median  value  of 
X  corresponds  to  the  median,  which  is  also  the  mean,  value  of  log  X. 

The  measure  of  dispersion  for  a  logarithmic  skew  curve  is  also  a 
measure  of  skewness.  Up  to  this  point  a  has  been  used  as  the  measure 
of  dispersion,  in  agreement  with  conventional  usage.  For  practical 
purposes  another  measure  may  be  substituted,  which  has  a  more 
readily  understood  meaning.  This  is  the  quartile  deviation,  known 
also  by  the  misleading  term  probable  error.  The  quartile  deviation 
for  a  logarithmic  skew  curve  is  that  deviation  either  above  or  below 
the  median  which  includes  one-fourth  of  all  the  items  in  the  array. 
It  may,  like  a,  be  measured  in  logarithms,  and 

Quartile  Deviation  =  0.6745  a. 

Perhaps  the  easiest  mathematical  conception  of  a  measure  of  skew- 
ness and  dispersion  is  that  of  the  ratio  of  the  upper  quartile  to  the 
median.  This  is  identical  with  the  ratio  of  the  median  to  the  lower 
quartile,  and  is  the  number  whose  logarithm  is  the  quartile  deviation 
as  defined  above.    We  shall  let  this  ratio  be  denoted  by  Q. 

Either  a  or  the  quartile  deviation  for  a  given  set  of  data  may  be 
best  determined  from  a  straight  line  graph  on  logarithmic  probability 
paper.  The  following  table  gives  the  positions  in  the  array  for  certain 
convenient  multiples  of  a  and  the  quartile  deviation,  when  measured 
in  logarithms. 

Deviation  from  Median  Percentile  Position 

<r  84.13 

2<r  97.72 

3  a  99.865 

Quartile  Deviation  75.0 

2  Qu.  Dev.  91.13 

3  Qu.  Dev.  97.85 

4  Qu.  Dev.  99.65 
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To  obtain  the  value  of  the  ratio  Q,  take  the  antilogarithm  of  the 
quartile  deviation  determined  in  this  manner.  For  ordinary  purposes 
it  is  sufficiently  accurate  to  obtain  Q  as  the  ratio  of  the  upper  quartile 
to  the  median,  read  from  the  75th  and  50th  per  cent  lines  on  the 
graph. 


Power  Losses  in  Insulating  Materials 

By  E.  T.  HOCH 

Synopsis:  It  is  shown  that  a  satisfactory  measure  of  power  loss  in  a 
dielectric  is  the  product  of  phase  angle  and  dielectric  constant.  Although 
the  dielectric  constant  need  not  be  explicitly  considered  in  the  design  of 
condensers,  it  i?  important  in  such  cases  as  the  design  of  apparatus  panels, 
and  vacuum  tube  bases.  The  method  used  in  measuring  phase  angle  and 
dielectric  constant  is  discussed. — Editor. 


IN  working  with  electrical  circuits  operating  at  very  high  frequen- 
cies and  moderately  high  voltages,  such  as  radio  transmitting 
circuits,  it  is  found  that  failure  in  the  insulation  is  seldom  due  to 
puncture  or  flashover  as  is  usually  the  case  at  power  frequencies, 
but  is  generally  due  to  excessive  heating  which,  in  turn,  causes  both 
mechanical  and  chemical  disintegration.  As  this  heating  is  due 
almost  entirely  to  the  energy  losses  occurring  in  the  dielectric  itself, 
it  is  essential  that  the  factors  involved  in  the  calculation  of  these 
losses  be  well  understood. 

In  the  past,  various  indices  have  been  used  as  a  measure  of  power 
losses  for  the  purpose  of  comparing  different  dielectrics.  Of  these, 
power-factor,  phase  difference  and  watts  per  cubic  centimeter  prob- 
ably are  the  most  common.  None  of  these,  however,  is  very  satis- 
factory for  this  purpose  since  the  first  two  give  only  part  of  the  de- 
sired information,  and  the  last  is  not  in  any  sense  a  property  of  the 
material,  as  it  is  dependent  on  both  the  voltage  gradient  and  the 
frequency. 

However,  it  can  be  shown  that  the  product  of  the  phase  difference 
and  the  dielectric  constant  of  a  material  is  to  a  sufficient  approxima- 
tion an  index  of  its  power  losses.  Let  us  consider  for  a  moment  the 
complete  expression  for  dielectric  loss.     In  any  condenser  the  capacity 

C  =  aK 

where  a  is  a  constant  depending  on  the  geometrical  dimensions,  and 
K  is  the  dielectric  constant.  If  a  voltage,  E,  is  applied  to  the  con- 
denser the  power  loss 

P  =  E  I  sin*, 

where  /  is  the  current  through  the  condenser  and  *  is  the  phase 
difference  of  the  dielectric;    sin  *  being  the  power  factor.     (Plate 
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resistance  assumed  negligible.)     For  small  angles  this  may  be  written 
P  =  EI*,1 

=  2tt/  E2  a  K  V, 

since  i"  =  2  wf  E  C,  f  being  the  frequency. 

In  the  particular  case  of  a  condenser  of  two  parallel  plates 

A 
a  =  m  — > 
a 

where  m  is  a  constant  depending  on  the  units  used,  A  the  area  of  one 
plate,  and  d  the  thickness  of  the  dielectric. 

A 

Hence  P  =  2t  f  E2  m  —  K  V. 

a 


But    the   volume   of   dielectric    V  =  A  d,.  and    the   voltage   gradient 
E 
d 

~=m'  E2fK*,  (1) 


Eg  =  — •     Therefore  the  power  loss  per  unit  volume  is 


where  m'  =  2  ic  m,  and  m'  K  *  =  loss  per  unit  volume  at  unit 
frequency  and  potential  gradiant. 

Thus  it  is  seen  that  while  no  single  factor  of  the  expression  can  be 
used  to  represent  the  losses,  the  product  of  phase  difference  and  di- 
electric constant 2  can  be  used  in  this  way.  Furthermore,  for  most 
good  insulators,  this  product  remains  fairly  constant  throughout  a 
considerable  range  of  voltage  and  frequency.  For  example,  we  have 
found  that  for  such  materials  as  wood,  phenol  fibre,  and  hard  rubber, 
the  change  of  this  product  with  frequency  is  of  the  order  of  20  per  cent 
from  200,000  cycles  to  1,000,000  cycles.  Hence  it  is  possible  to  com- 
pare directly  the  losses  in  different  materials  even  though  the  measure- 
ments were  not  made  at  exactly  the  same  frequency. 

If  ^  is  taken  in  degrees,  Eg  in  volts  per  centimeter,  and  /  in  cycles 
per  second,  the  constant. m'  reduces  to  0.97X10.-14.  Hence,  for  a 
frequency  of  1,000,000  cycles  per  second  and  a  potential  gradient  of 
10,000  volts  per  centimeter,  the  product  of  K  and  ^  (in  degrees)  is 
within  3  per  cent  of  being  numerically  equal  to  the  dielectric  loss  in 
watts  per  cubic  centimeter. 

1  The  substitution  of  the  angle  for  its  sine  is  correct  to  better  than  5  per  cent 
for  angles  as  large  as  30°. 

-  This  relation  has  been  brought  to  the  attention  of  the  Committee  on  Electrical 
Insulating  Materials  of  the  American  Society  for  Testing  Materials  and  is  included 
in  their  "Tentative  Method  of  Test  for  Phase  Difference  (Power  Factor)  and  Di- 
electric Constant  of  Molded  Electrical  Insulating  Materials  at  Radio  Frequencies." 
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Ddta  showing  the  variations  with  frequency  and  temperature  of 
the  phase  difference,  dielectric  constant,  and  their  product,  for  several 
materials  are  given  in  Tables  I.  and  II.  below. 

TABLE    I. 

Dielectric  Constant,  Phase  Difference  and  Their  Product  for  Several  Commercial 

Insulating  Materials  3 


Material 


Phenol  Fibre  A 
Phenol  Fibre  B 
Phenol  Fibre  C 
Phenol  Fibre  D 

Wood  (Oak) .  .  . 

Wood  (Maple) . 
Wood  (Birch).. 
Hard  Rubber.  . 

Flint  Glass.  .  .  . 

Plate  Glass.  .  .  . 
Cobalt  Glass. . . 
Pyrex  Glass .  .  . 


Frequency 
C.  P.  S. 


295,000 

500,000 

670,000 

1,040,000 

190,000 
500,000 
675,000 
975,000 

200,000 
395,000 
685,000 
975,000 

194,000 

500.000 

695,000 

1,000,000 


300,000 

425,000 

635,000 

1,060,000 

500,000 

500,000 

210,000 

440,000 

710,000 

1,126,000 

500,000 
720,000 
890,000 

500,000 

500,000 

500,000 


Dielectric 
Constant 


5.9 
5.8 
5  7 
5.6 

5.8 
5.6 
5.6 
5.6 

5.4 
5.4 

5.3 
5.2 

5.4 
5.2 

5.2 
5,1 


4.4 


5.2 


7.0 

7.0 
7.0 

6.8 

7.3 

4.9 


Phase 

Difference 

Degrees 


2.9 

2.9 
2.9 
3.3 

2.2 
2.5 

2.6 
2.8 


2  1 
2.0 
2.2 
2.4 

1.9 

3.7 

.5 
.5 
.5 
.6 

.24 
.24 
.23 

.4 

.4 

.24 


Product 


17  1 
16.8 
16.5 

18.5 

12.7 
14.0 
14.6 
15.7 


11 

11 
12 
12 

22 
2J 
2J 
19 


6.7 
6.6 
7.3 
7.9 

8.4 

19.2 

1.5 

1.5 
1.5 

1.8 

1.68 
1.68 
1.61 

2.7 

2.9 

1   18 


3  All  of  the  samples  had  been 
weather  without  artificial  drying 


in  the  laboratory  for  some  time  during  summer 
or  other  special  preparation. 
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Variation  with  Temperature  of  Dielectric  Const  jnt,  Phase  Difference  and  Their  Product 
for  Some  Commercial  Insulating   Materials  |  Frequency  500,000  C.  P.  S.)  4 


Material 

Temperature 
Degrees  C 

Dielectric 
Constant 

Phase 

Difference 

Degrees 

Product 

Molded  Phenol  Product  A 

21 

71 

120 

21 

5.6 

6.9 

10.4 

5.5 

3.1 

6.5 

22.0 

2.9 

17.4 
45.0 

230  0 
16.0 

Molded  Phenol  Product  B 

21 

71 

120 

21 

5.2 
6.1 
7.6 

.  5.2 

2.3 
3.7 
8.9 
2.3 

12.0 

22.5 
68.0 
12.0 

Molded  Phenol  Product  C 

21 

71 

120 

21 

5.3 

6.1 

•  6.7 

5.0 

2.8 
3.6 
9.6 

2.5 

14.8 
22.0 
64.0 
12.5 

Phenol  Fibre  B 

21 

71 

120 

21 

5.6 
6.6 
6.5 
5.4 

2.5 
3.1 
4.6 
2.4 

14.0 

20.5 
30.0 
13.0 

Phenol  Fibre  C 

21 

71 

120 

21 

5.4 
6.0 
5.3 
4.9 

2.3 
3.9 

4.9 
2.4 

12.4 

23.5 
26.5 
11.8 

Phenol  Fibre  D 

21 

71 

120 

21 

5.2 
6.6 
6.3 
5.1 

3.9 

6.9 

13.5 

3.1 

20.3 

46.0 
85.5 
15.8 

Hard  Rubber 

21 

71 

120 

3. 
3.1 

3.2 

.5 
1.2 
3.7 

1    5 

3.7 

11.8 

Pyrex  Glass 

20 

74 

125 

19 

4.9 
5.0 
5.0 
4.9 

.24 

.4 
.  7 
2^ 

1    is 
2.0 
3.5 
1.22 

The  above  data  were  obtained  by  the  resistance  variation  method,5 
Fig.  1.  Each  value  of  phase  difference  and  of  dielectric  constant 
represents  the  average  of  at  least  five  readings  on  a  single  sample 
using  not  less  than  three  different  values  of  the  known  resistance  R. 
A  condenser,  the  dielectric  of  which  consists  of  the  material  to  be 
tested,  is  connected  in  series  with  a  suitable  inductance,  a  known  re- 

*  The  measurements  on  each  sample  were  made  in  the  order  in  which  they  art- 
given  in  the  table. 

5  Bureau  of  Standard  Circular  No.  74,  p.  180. 
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sistance  which  can  be  varied,  and  a  radio  frequency  ammeter.  An 
oscillator  is  coupled  loosely  to  the  inductance  and  its  frequency  varied 
until  resonance  is  obtained  as  indicated  by  maximum  current  through 
the  meter.     Without  changing  the  tuning,  the  resistance  is  changed 


Oscillator 


<3> 


Fig.  1 


C  C 


R 

-YVWWW- 


w  G 


and  a  second  reading  of  current  is  obtained.  Then,  since  the  e.m.f. 
induced  in  the  measuring  circuit  is  the  same  in  both  cases,  if  R\  and 
R»  are  the  known  resistances,  7i  and  /•>  the  corresponding  currents, 
and  r  the  resistance  of  the  remainder  of  the  circuit, 

/i  0  +  #i)  =  h  (r  +  R2), 

R2I2  —  Rih 


h  -  h 


or,  if  Ri  be  made  zero 


r  = 


R2 

r-1' 

1 2 


A  standardized  variable  air  condenser  having  negligible  resistance 
is  then  substituted  for  the  condenser  under  test  and  the  process  re- 
peated except  that  the  circuit  is  tuned  to  resonance  by  varying  the 
capacity  instead  of  the  frequency.  In  this  way  the  resistance  of  the 
circuit  exclusive  of  the  test  condenser  may  be  determined.  The 
difference  between  these  two  circuit  resistances  is  the  resistance  of 
the  test  condenser  from  which  the  phase  difference  may  be  computed. 
The  capacity  of  the  test  condenser  is  equal  to  the  capacity  of  the 
standard  condenser  which  produces  resonance.  From  this  and  the 
dimensions  of  the  sample,  its  dielectric  constant  may  be  computed. 

In  addition  to  the  general  precautions  mentioned  in  the  Bureau  of 
Standards  Bulletin,  two  others  should  be  observed  in  the  measure- 
ment of  dielectrics.  First,  the  electrodes  must  be  in  intimate  con- 
tact at  all  points  with  the  surface  of  the  sample,  as  a  very  small  air 
space  will  cause  a  large  error  in  the  values  of  phase  difference  and  di- 
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electric  constant  obtained  for  the  sample.  For  this  reason  only 
mercury  electrodes  have  been  found  suitable,  the  sample  being  floated 
on  a  pool  of  mercury  forming  the  lower  electrode  and  the  upper  elec- 
trode being  formed  by  pouring  a  pool  of  mercury  inside  a  metal  ring 
on  the  upper  surface  of  the  sample.  This  introduces  the  second 
difficulty.  The  lower  electrode  being,  of  necessity,  larger  than  the 
upper  one,  the  electric  field  spreads  out  considerably  beyond  the 
edges  of  the  upper  electrode  and  increases  the  effective  area  by  an 
unknown  amount. 


Jfe 


A 


rrzmrrr?*'  ///''■!  I 'I  1 1 1|  1 1  I  I    I  I H  I     I  ill  n  IllW^'V 


B 


Fie.  2 


To  determine  the  magnitude  of  this  error,  measurements  were 
made  on  samples  prepared  as  shown  in  Fig.  2  A  is  the  upper  electrode, 
B  is  the  sample  under  test  and  C  is  a  tinfoil  guard  ring  shellaced 
to  the  lower  surface  of  the  sample  but  separated  from  the  lower  elec- 
trode D  by  a  sheet  of  paper  shellaced  over  the  guard  ring.  The 
guard  ring  covers  all  of  the  lower  surface  of  the  sample  except  the 
area  equal  to  the  upper  electrode  and  directly  under  it.  The  direct 
capacity  6  between  A  and  D  is  measured  using  the  guard  ring  as  a 
shield  to  intercept  the  flux  which  spreads  out  around  the  upper 
electrode,  diverting  it  away  from  the  measuring  circuit.  This  measure- 
ment is  made  at  audio  frequency  on  a  completely  shielded  substitu- 
tion bridge.  The  difference  between  this  capacity  and  the  capacity 
of  A  to  D  without  the  guard  ring  is  approximately  the  correction  due 
to  this  edge  effect.  Using  samples  6  inches  square  with  an  upper 
electrode  5  inches  square,  this  correction  was  found  to  be  about  7 
per  cent  for  samples  y&  inch  thick  and  14  per  cent  for  samples  % 
inch  thick.  All  values  of  dielectric  constant  given  above  have  been 
corrected.  The  phase  difference  is  not  affected  appreciably  since  it  is 
dependent  only  on  the  ratio  of  resistance  to  reactance  and  does  not 
involve  the  area  of  the  sample. 

The  radio   frequency  generator   used   consists  of  a  vacuum   tube 

oscillator  having  a  maximum  output  of  250  watts.     The  coupling 

between  the  generator  and  the  measuring  circuit  was  very  loose  and 

6  Direct  Capacity  Measurement,  George  A.  Campbell,  The  Bell  System  Technical 
Journal,  July,  1922. 
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care  was  taken  to  avoid  capacity  couplings.  The  measuring  circuit 
was  shielded  from  the  observer  by  a  metal  screen.  In  spite  of  these 
precautions  the  results  obtained  on  the  same  sample  at  different 
times  do  not  agree  as  well  as  might  be  desired  although  the  individual 
readings  taken  at  the  same  time  agree  in  most  cases  to  within  5  per 
cent.  Other  observers  have  found  that  measurements  made  on  the 
same  sample  at  intervals  of  a  few  hours  often  differ  by  more  than 
the  apparent  error  of  the  measurements  and  have  attributed  it  to 
actual  changes  in  the  properties  of  the  material.7  Hence  it  is  possible 
that  at  least  part  of  the  apparent  variation  with  frequency  shown 
above  is  due  to  unknown  errors  in  the  measurements  or  unknown 
changes  in  the  samples  or  both. 

As  an  illustration  of  the  error  involved  in  taking  only  phase  differ- 
ence as  a  measure  of  power  loss,  suppose  we  wish  to  compare  hard 
rubber  having  a  phase  difference  of  about  0.5  degree  and  a  dielectric 
constant  of  3.,  with  a  certain  grade  of  glass  having  a  phase  difference 
of  about  0.3  degree  and  a  dielectric  constant  of  7.  On  the  basis  of 
phase  difference  alone  the  hard  rubber  appears  very  much  worse  than 
the  glass,  but  when  the  dielectric  constant  is  taken  into  account,  the 
glass  is  found  to  give  a  40  per  cent  higher  power  loss.  Similarly,  some 
untreated  woods  were  found  to  have  considerably  lower  losses  than 
the  phenol  fibres  although  their  phase  differences  are  nearly  the  same. 

Conclusion 

In  the  case  of  ordinary  insulation  where  the  object  is  to  provide  a 
mechanical  separator  or  support,  the  product  of  phase  difference  and 
dielectric  constant  is  a  true  measure  of  the  energy  loss  per  unit  volume 
as  shown  by  the  equation  (1).  In  the  case  of  a  condenser  where  the 
object  is  to  obtain  a  given  capacity,  the  phase  difference  alone  de- 
termines the  power  loss  since  in  this  case  the  effect  of  the  increased 
dielectric  constant  is  exactly  balanced  by  the  smaller  volume  of 
dielectric  required. 

7  R.  Mesing — L'Onde  Electrique,  April,  1922,  p.  235  and  Augustin  Frigon — Comptes 
Renins,  May  22,  1922,  p.  1339. 


Application  to  Radio  of  Wire  Transmission 
Engineering x 

By  LLOYD  ESPENSCHIED 

Synopsis:  This  article  points  out  that  radio  and  wire  communication 
systems  are  subject,  fundamentally,  to  the  same  general  requirements, 
and  its  purpose  is  to  develop  for  radio,  points  of  view  which  are  familiar 
to  wire  transmission  engineers.  The  transmission  characteristics  over  a 
wide  range  of  distances  are  coniDared.  For  short  distances  the  comparison 
is  favorable  to  wires.  Although  over  great  distances,  the  attenuation  of 
electric  waves,  guided  by  wires,  may  be  greater  than  the  unguided  waves 
of  radio,  it  is  pointed  out  that  at  the  present  time  intermediate  amplifiers 
can  be  more  economically  applied  in  wire  transmission  than  in  radio  to 
boost  the  message  energy.  Economy  of  transmission  requires  the  handling 
of  messages  at  as  low  an  energy  level  as  possible  and,  as  the  author  points 
out,  wire  transmission  satisfies  this  requirement  much  better  than  radio. 
Referring  to  the  transcontinental  line  with  radio  extensions,  which  was 
used  recently  to  talk  from  Catalina  Island  in  the  Pacific  Ocean  to  a  ship 
in  the  Atlantic  Ocean,  it  is  stated  that  had  all  of  the  necessary  energy  been 
introduced  at  one  end  of  the  circuit,  there  being  no  intermediate  amplifica- 
tion, the  total  power  required  would  have 'been  1.8xl0?3  kilowatts,  an 
amount  unavailable  in  the  world.  In  the  actual  system,  distributing 
the  amplification  along  the  transmission  line,  the  power  required  sums 
up  to  something  less  than  1  kilowatt. 

Interference  between  messages  and  extraneous  disturbances  is  discussed, 
and  the  requirements  involved  in  keeping  message  energy  well  above  the 
energy  level  of  the  disturbances  in  both  systems  are  pointed  out.  The 
limitations  on  two-way  operation  resulting  from  "singing"  of  the  entire 
system  are  considered  for  both  cases  and  for  combination  wire  and  radio 
circuits  as  well.  The  method  of  improving  the  efficiency  of  transmission 
by  suppressing  the  carrier  and  one  side  band  is  discussed.  Finally  the 
factors  involved  in  obtaining  high  grade  quality  of  transmission  are  enumer- 
ated.— Editor. 

ONE  of  the  most  interesting  aspects  of  the  development  of  radio 
during  the  last  few  years,  and  particularly  of  radio  telephony, 
is  the  obvious  convergence  of  its  technique  with  that  of  wire  trans- 
mission. It  is,  of  course,  the  advent  into  both  of  these  arts  of  that 
remarkable  device,  the  electron  tube,  which  is  responsible  for  the 
close  technical  relations  which  now  exist  between  them. 

This  community  of  interest,  however,  altho  thus  greatly  stimu- 
lated by  a  device  of  such  range  of  utility  as  to  find  important  applica- 
tions in  both  arts,  is  not  due  primarily  to  any  device  per  se,  but  rather 
to  the  fact  that  both  type  of  systems  are  subject  fundamentally,  as 
communication  systems,  to  the  same  general  requirements  and  design 
considerations  concerning  their  intelligence-carrying  capabilities. 
These  underlying  communication  requirements  lead  to  similar  con- 
siderations in  both  types  of  systems  as  to  the  efficiency  and  fidelity 
with  which  the  transmission  of  intelligence  is  effected  and  give  rise 

1  Presented  before  The  Institute  of  Radio  Engineers,  New  York,  January  23, 
1922.  Received  bv  the  Editor  April  17,  1922.  Also  printed  in  the  Procd.  Radio 
Institute  for  October,  1922. 
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to  a  transmission  background,  as  it  were,  which  is  common  to  both 
arts. 

The  engineering  handling  of  the  transmission  problems  which  arise 
from  these  fundamental  communication  requirements  has  been  quite 
highly  developed  in  the  older  of  the  two  arts — wire  transmission — in 
connection  with  telephone  repeaters  and  carrier  telephone  and  tele- 
graph systems.  It  should  be,  therefore,  interesting  and  profitable 
to  apply  some  of  the  transmission  technique  thus  developed  in  the 
wire  art  to  several  of  the  more  important  radio  problems.  In  so 
doing,  we  obtain  rather  new  viewpoints  of  radio  transmission  and  a 
useful  correlation  of  it  with  the  better  established  wire  methods.  It 
is  hoped,  therefore,  that  the  picture  which  is  presented  of  radio  and 
wire  transmission,  treated  from  a  common  standpoint,  may  con- 
tribute to  a  better  appreciation  of  both  arts  by  radio  and  wire  engineers 
alike  and  may  make  clear  the  underlying  transmission  principles 
which  are  common  to  them. 

Principal  among  the  problems  of  electric  communication  is  the  one 
of  delivering  at  the  receiving  end  the  required  volume  of  signal  with 
the  necessary  freedom  from  interference.  The  delivering  of  the 
required  volume  is  a  matter  of  overcoming  the  transmission  losses 
of  the  system  by  amplification;  while  the  obviating  of  interference  is, 
of  course,  concerned  with  the  reduction  of  the  ratio  of  the  interfering 
to   the   signaling   energy. 

Transmission  Losses 

In  considering  these  factors  we  will  take  up  first  the  primary  one 
of  the  losses  which  are  suffered  by  the  carrier  waves  as  they  are 
propagated  thru  the  transmission  medium.  In  both  wire  and  radio 
transmission,  of  course,  the  actual  propagation  of  the  electromagnetic 
wave  energy  occurs  in  the  "ether,"  the  difference  being  that  in  the 
wire  case,  the  waves  are  bound  to  a  guiding  path,  whereas  in  the  radio 
case  they  are  transmitted  freely  in  all  directions  and  bound  merely 
to  the  earth's  surface.  This  difference  in  the  mechanism  of  trans- 
mission gives  rise  to  an  important  difference  in  the  transmission 
losses  occurring  in  the  two  cases.  In  order  to  assist  in  visualizing  the 
two  cases  they  are  indicated  diagrammatically  in  Fig.  1. 

Referring  first  to  the  wire  case,  the  law  in  accordance  with  which 
the  current  and  voltage  strength  decrease  as  the  transmission  wave 
travels  along  the  wire,  is  the  familiar  one  of  attenuation. 

lie"*'  =  72,  (1) 

£!€-«<   =   £2, 
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which  simply  expresses  the  fact  that,  as  the  wave  proceeds  along 
the  wire,  the  losses  in  the  resistance  of  the  conductor  and  in  the  insu- 
lation, extract  for  each  mile  a  certain  definite  proportion  of  the  volt- 
age and  current  which  arrives  at  that  point.  After  traveling  (/) 
miles  the  original  current  I\  is  attenuated  down  to  a  value  7ie_0 
which  represents  the  received  current  Io-  This  is  the  same  general 
law  of  damping  as  applies  to  the  dying  down  of  the  voltage  and  cur- 
rent in  an  oscillation  circuit,  except  that  here  the  damping  is  with 
respect  to  distance  along  the  line  rather  than  time.  We  are  assuming, 
of  course,  that  the  circuit  is  so  terminated  as  to  avoid  reflection 
effects  at  the  terminals — a  condition  readily  met,  by  making  the 
terminal  impedance  equal  to  the  characteristic  line  impedance.  This 
is  indicated  in  the  figure  by  the  designations,  Z  (internal)  equals  Z 
(line).  A  similar  relation  is  taken  for  the  radio  case.  The  "  line  " 
impedance  is  here  the  antenna  radiation  resistance  while  the  "  termi- 


WIRE  AND  RADIO  TRANSMISSION  SYSTEMS 


Fie.  1 


nal  "  impedance  is  the  resistance  internal  to  the  antenna  and  the 
apparatus,  assuming  resonance;  thus  R  (internal)  equals  R  (radiation). 

We  know  that  in  radio  there  are  two  distinct  causes  of  the  trans- 
mission loss:  (1)  that,  due  to  the  spreading  out  of  the  waves,  which 
is  characteristic  of  non-guided  wave  transmission;  and  (2)  that  due 
to  absorption  in  the  air  and  earth's  surface,  which  extracts  a  definite 
percentage  loss  for  each  mile  of  the  radio  circuit  and  which  conforms, 
therefore,  to  an  exponential  law  similar  in  its  general  nature  to  that 
of  wire  attenuation. 

This  transmission  law,  as  expressed  by  the  familiar  Austin-Cohen 
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formula,  is  given  in  the  Appendix.2  In  order  to  express  the  radio 
transmission  loss  in  some  general  manner  which  will  be  comparable 
to  the  expression  of  wire  transmission  loss,  these  conditions  have  been 
taken  for  the  radio  case: 

(1)  That  we  will  use  as  the  measure  of  the  transmission  loss  the 
ratio  of  the  square  root  of  the  power  radiated  from  the  sending 
antenna  to  the  square  root  of  the  power  delivered  in  the  re- 
ceiving antenna.  This  is,  of  course,  the  same  criterion  as  is 
used  for  wire  transmission. 

(2)  The  radiation  resistance  of  the  two  antennas,  sending  and 
receiving,  are  made  equal,  analogous  to  the  equality  of  line 
impedance  at  the  two  ends  of  the  wire  system. 

(3)  Also  the  internal  antenna  resistance,  which  corresponds  to 
the  terminating  impedance  in  the  wire  case,  is  made  equal  to 
the  radiation  resistance  for  both  ends.  This  is  the  condition 
of  maximum  power  transfer  between  the  "  line  "  and  the 
terminal. 

These  assumptions  set  up  the  two  cases,  radio  and  wire,  on  a  com- 
parable basis  and  facilitate  a  comparison  of  them.  They  are  favor- 
able to  radio  in  that  they  do  not  take  account  of  practical  limitations 
which  obtain  in  antennas.  The  radio  curves  should  be  read,  there- 
fore, as  giving  the  minimum  possible  losses  for  daylight  transmission 
over  water. 

These  curves  show  the  manner  in  which  the  transmission  loss 
varies  with  distance,  for  various  frequencies,  for  both  radio  and  wire. 
The  ordinates  are  plotted  in  terms  of  the  logarithm  of  the  ratio  of  the 
sent  to  the  received  currents,  or  voltages,  in  circuits  of  equal  im- 
pedances. In  so  doing  we  are  plotting  the  losses  on  the  straight 
attenuation  basis  upon  which  they  are  usually  plotted  in  the  wire 
art;  that  is,  the  ordinates  represent  the  exponent  (a/)  of  the  wire 
attenuation  law,  and  may  be  directly  interpreted  in  terms  of  miles 
of  standard  cable3  by  multiplying  by  21.  approximately.  The  ad- 
vantage of  dealing  with  the  exponent  rather  than  the  current  ratio 

1  Measurements  on  ship-shore  transmission  made  since  the  above  was  written, 
indicate  that  the  Austin-Cohen  law  holds  quite  well  for  frequencies  as  high  as  about 
1,000,000  cycles. 

3  For  the  mile  of  standard  cable  the  attenuation  a  (at  800  cycles)  equals  0.105. 
Therefore  the  equation  for  current  ratio,  in  terms  of  miles  of  standard  cable,  becomes 

J,  al  0.109/ 
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from  which 
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log    —  =  21.13  logjo  y. 
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itself  is  the  very  considerable  one  which  is  characteristic  of  logarithms, 
namely,  that  when  thus  expressed  the  individual  losses  and  gains 
thruout  a  system  may  be  summed  up  algebraically,  and  the  over- 
all transmission  equivalent  of  the  system  thus  readily  determined. 

It  should  be  noted  that  the  transmission  loss  given  in  the  radio 
curves  is  that  obtaining  between  the  point  at  which  power  is  delivered 
to  the  ether  at  the  sending  end  and  that  at  which  it  is  delivered  to  the 
dissipative  load  of  the  receiving  antenna  circuit.  In  Fig.  1  these 
points  are  represented  by  Rr  at  the  transmitter  and  Ri  at  the  receiver. 
If  at  the  sending  end,  we  start  with  the  power  developed  within  the 
generator,  meaning  in  Rj  instead  of  Rn  then  the  power  ratio  is  sim- 
ply doubled,  for  the  conditions  assumed,  and  the  attenuation  is 
0.15  units  or  about  3  miles  greater  than  given  in  the  curves.  The 
curves  can  be  used  for  obtaining  the  loss  in  any  practical  case  simply 
by  taking  the  minimum  loss  as  given  by  the  curves  and  adding  thereto 
the  additional  loss  obtaining  in  the  actual  antenna. 

Referring  now  to  Fig.  2 — the  transmission  losses  in  the  two  cases 
are  given  for  distances  up  to  200  miles  (320  km.).  The  straight 
lines  represent  the  wire  losses,  the  bending-over  curves  the  radio 
losses.  Of  the  radio  curves,  the  dash  lines  give  the  spreading-out 
losses  alone,  while  the  full  lines  give  the  total  losses,  including  ab- 
sorption. 

The  first  thing  one  observes  is  the  difference  in  the  nature  of  the 
two  sets  of  curves — the  wire  losses  being  represented  by  straight 
lines,  because  of  their  exponential  law  and  the  fact  that  it  is  the 
logarithm  or  the  exponent  itself  which  is  being  plotted,  while  the  radio 
curves  jump  up  rapidly  at  first  and  then  straighten  out,  in  accordance 
with  the  "  inverse-with-distance  "  law. 

The  second  thing  one  notes  is  the  fact  that  as  a  result  of  the  large 
initial  (or  "  jump  off  "Hoss,  the  radio  values  run  on  the  whole  higher 
than  do  the  wire  for  the  more  usable  wire  frequencies,  and  very  much 
greater  than  the  wire  losses  at  telephone  frequencies  (1  k.c.).4  For 
the  wire  case  the  number  8  Birmingham  wire  gauge  open  wire  circuit  is 
taken.5  This  is  the  standard  long  distance  telephone  circuit  of  the 
United  States.     The  constants  are  given  in  the  appendix. 

A  third  characteristic  which  one  notes  in  the  radio  curves  is  that 
the  losses  are  greater  for  the  higher  frequencies  or,  conversely,  lower 
for  the  lower  frequencies.  This  is  because  the  efficiency  of  the  an- 
tenna has  been  kept  constant  for  all  frequencies.     In  practice  the 

4  1  k.c.  is  1  kilocycle  per  second  or  1,000  cycles  per  second. 

5  Diameter  of  number  8  Birmingham  wire  gauge  wire    =  0.165  in.  =  0.42  cm. 


122 


BELL   SYSTEM    TECHNICAL   JOURNAL 


transmission   losses   at   the   lower   frequencies   are   higher   than   here 
indicated  because  of  limitations  in  antenna  heights. 

Were  we  to  take  the  ideal  condition  as  regards  the  transmission 
medium  itself,  where  for  wires  there  is  no  conductor  or  dielectric  loss, 
and  for  radio  there  is,  likewise,  no  earth  or  air  absorption  loss,  we 
would  note:  (1)  that,  for  wires,  there  would  be  no  attenuation  what- 
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ever,  the  curve  following  along  the  X  axis;  (2)  for  radio,  there  would 
remain  the  loss  due  to  dispersion,  inherent  in  the  unguided  method 
of  transmission,  the  magnitude  of  which  loss  is,  of  course,  very  sub- 
stantial. The  dash-line  radio  curves  show  the  radio  losses  without 
attenuation,  the  full  line  curves  with  attenuation. 

Considering   the  actual  condition,   where   there  is  dissipative  loss 
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in  the  transmitting  medium,  we  find  that  for  moderate  distances, 
up  to  200  miles  (320  km.),  as  plotted  in  Fig.  2,  the  wire  losses  are  in 
general  less,  and  at  telephone  frequencies  very  much  less,  than  the 
radio  losses.  The  low  wire  attenuation  at  telephone  frequencies  is, 
of  course,  in  keeping  with  experience  and  accounts  for  the  economical 
terminal  apparatus  which  is  employed  in  telephone  practice.  Like- 
wise the  relatively  high  losses  for  radio  accounts  for  the  large  amplifica- 
tion at  either  the  sending  or  receiving  end  or  both,  which  experience 
has    proven    to    be    necessary.     This    brings    in    an    interesting   side- 
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light,  namely,  that  altho  in  radio  the  transmission  medium  is  provided 
by  nature,  the  effective  use  of  this  medium  is  not  as  economical  as 
might  be  expected  because  it  requires  considerable  equipment,  ampli- 
fiers at  both  ends  for  overcoming  the  large  attenuations,  selective 
means  for  dividing-up  the  frequency  range  and  thereby  "multiplex- 
ing" the  ether,  and  antennas  for  getting  into  the  medium  and  out 
again. 

For  the   higher   frequencies,   the  wire  attenuations   increase   rela- 
tively more  rapidly  than  the  radio,  thus  limiting  the  frequency  range 
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which  can  be  employed  on  wires  without  likewise  running  into  large 
amplification  requirements.  For  example,  the  loss  at  100,000  cycles 
for  a  distance  of  200  miles  (320  km.)  is  about  as  great  over  wires  as 
the  minimum  loss  which  it  is  theoretically  possible  to  obtain  over 
radio. 

Referring  now  to  the  attenuations  for  longer  distances,  as  given  in 
Fig.  3,  it  is  of  interest  to  note  that  for  distances  of  the  order  of  2,000 
to  3,000  miles  (3,200  to  4,800  km.)  the  lower  radio  frequency  curves 
cross  the  1,000  cycle  wire  curve,  meaning  that  for  these  distances 
it  is  possible  for  radio  transmission  to  be  as  efficient  as  straight  tele- 
phone transmission.  The  wires  present  to  carrier  frequencies  for 
these  long  distances  losses  which  are  generally  greater  than  prevail 
for  radio. 

These  attenuation  relations  cannot  be  directly  converted  into  an 
economic  comparison,  however,  for  the  economies  depend  not  upon 
the  attenuation  itself  but  upon,  among  other  factors,  the  cost  in- 
volved in  overcoming  the  losses  by  means  of  amplification;  and  this 
cost  in  turn  depends  largely  upon  the  extent  to  which  the  amplifica- 
tion can  be?  applied  at  weak  powers,  as  by  the  frequent  application 
of  telephone  repeaters.  By  applying  repeaters  every  few  hundred 
miles  in  the  wire  case,  the  attenuation  is  prevented  from  piling  up 
and  the  amplification  is  handled  at  relatively  weak  and  therefore 
economical  power  levels.  This  brings  us  to  the  point  of  requiring 
that  the  attenuation  values  given  above,  be  considered  in  reference 
to  the  amplification  and  power  required  to  overcome  them  and  yield 
the  necessary  volume  of  transmission  at  the  receiving  end  over  and 
above  interference. 

Interference  and  Its  Effect   Upon  the  Transmitting  Power 

Required 

In  both  the  radio  and  wire  cases  there  is  always  present  in  the 
transmission  medium  a  certain  amount  of  stray  wave  energy  which 
tends  to  interfere  with  the  proper  reception  of  the  message-carrying 
waves.  It  is  necessary  that  the  communication  waves  arrive  at  the 
receiving  end  of  the  system  with  such  power  as  to  be  large  compared 
with  the  interfering  waves — by  a  factor  determined  by  the  type  and 
grade  of  communication  involved.  Inasmuch  as  the  stray  energy 
always  has  some  finite  value,  this  requirement  of  freedom  from  inter- 
ference will  determine  in  the  radio  case  as  well  as  in  some  types  of 
wire  transmission  the  minimum  wave  power  required  at  the  receiving 
end  of  the  transmission  system. 
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In  the  wire  system  the  minumum  power  requirement  may  be 
expressed  directly  in  terms  of  a  power,  or — as  it  is  usually — a  current, 
in  the  receiving  apparatus,  the  "transfer"  between  the  line  and  the 
receiver  being  a  constant  and  efficient  relation.  In  radio  the  power 
delivered  out  of  the  ether  or  "line"  into  the  receiving  antenna  is  so 

RADIO  TRANSMISSION  LEVEL  DIAGAM 
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largely  a  function  of  the  antenna  dimensions  that  it  is  necessary  to 
express  the  necessary  received  power  in  terms  of  the  received  field, 
usually,  simply  as  a  field  intensity — and  not  as  a  certain  current  in 
the  terminal  apparatus.  Of  course,  the  transmission  loss  occasioned 
by  getting  from  the  "ether"  into  the  receiving  circuit  does  not  affect 
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the  interference  relation  but  merely  the  absolute  amount  of  terminal 
amplification  required.  On  the  other  hand  the  transmission  loss 
occasioned  by  getting  into  the  "ether"  at  the  sending  end  affects 
the  interference  relation  vitally,  as  we  shall  see. 

Transmission  Levels 

This  necessity  of  having  to  keep  the  power  of  the  received  waves 
above  the  interference  level  may  be  visualized  by  reference  to  Fig.  4. 
Here  we  have  what  in  wire  practice  is  called  a  "transmission  level" 
diagram.  Such  a  diagram  is  useful  in  showing  what  goes  on  in  the 
system  from  the  power  and  interference  standpoints.  The  vertical 
scale  is  plotted  in  terms  of  the  transmission  level  expressed  as  the 
logarithm  of  the  current  or  field  intensity  ratios,  and  the  horizontal 
scale  represents  progression  along  the  system.  For  illustration 
purposes,  the  presence  of  interference  is  indicated  at  the  bottom  of 
the  transmission-level  scale  by  the  shading. 

Tracing  thru  the  diagram  we  proceed  as  follows: 

The  point  of  "zero "level  is  taken  roughly  as  that  corresponding  to 
the  power  delivered  into  a  telephone  circuit  by  a  certain  telephone 
transmitter  when  spoken  into  by  the  average  talker,  and  is  here  taken 
to  be  0.01  watt.  As  the  voice  currents  are  amplified  to  power  pro- 
portions in  the  transmitting  station,  at  the  left,  the  transmission  level 
is  greatly  increased,  as  illustrated  by  the  vertical  jump  in  the  curve. 
The  amplified  voice  currents  are  assumed  to  be  converted  by  modula- 
tion into  high  frequency  currents  at  this  high  power  level  and  put  into 
the  antenna.  The  high  frequency  loss  in  the  antenna  system  is  in- 
dicated by  the  perpendicular  jog  in  the  curve.  The  drooping-off  curve 
then  commences,  starting  with  a  point  which  represents  the  power 
usefullv  applied  to  the  ether  in  accordance  with  the  expression  PR, 
where  /  is  the  antenna  current  and  R  is  the  radiation  resistance. 
The  level  curve  falls  off  in  accordance  with  the  transmission  loss 
curves  previously  discussed,  as  it  extends  across  the  transmitting 
medium  to  the  receiving  station.  It  will  not  do  to  permit  the  trans- 
mission level  to  fall  as  low  as  that  of  the  interference,  so  I  have  shown 
that  the  transmission  reaches  the  receiving  station  before  dropping 
down  very  far  into  the  interference  level.  At  the  receiving  point  a 
further  transmission  loss  occurs  in  getting  into  the  receiving  antenna 
circuit,  shown  by  the  drop  in  the  curve,  but  this  loss  obtains  for  the 
interference  as  well  as  the  desired  signals  and  does  not  affect  the 
interference  ratio.  The  terminal  amplification  brings  the  level  up 
to   that  required   for  suitable  audition   and   the  difference  between 
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where  this  level  leaves  off  and  the  original  zero  level,  measures  the 
over-all  transmission  equivalent  of  the  circuit,  shown  in  this  case  as 

about  logio  -p  =  0.57  or  about  12  miles  of  standard  cable.     This  cor- 

responds  to  a  current  ratio  of  about  4,  a  value  ample  for  good  "  talk." 
Of  course,  in  a  one-way  circuit  the  terminal  amplification  can  be 
raised  to  any  value  desired.  In  a  two-way  circuit,  however,  a  limit 
in  the  terminal  amplification  is  imposed  by  interference  between  the 
two  transmissions,  as  will  be  understood  subsequently. 

We  may  make  the  following  useful  observations  from  this  curve: 

1.  The  net  transmission  equivalent  represents  the  difference  be- 
tween the  over-all  loss  and  the  over-all  gain. 

2.  The  over-all  gain  is  divided  between  the  transmitting  and  re- 
ceiving ends.  We  should  like  to  throw  as  much  of  this  amplifica- 
tion as  possible  to  the  receiving  end  because  of  the  economy 
with  which  amplification  can  be  provided  at  low  powers. 

3.  The  extent  to  which  we  can  do  this,  however,  is  distinctly  limited 
by  the  fact  that  the  transmission  level  obtaining  at  the  receiving 
end  in  the  transmission  medium  must  be  held  above  a  certain 
amount  in  order  to  overcome  interference. 

4.  It  is,  then,  the  absolute  intensity  of  the  interference  which 
determines  the  receiving  power  level  required,  and  in  turn  this 
together  with  the  attenuation  back  to  the  transmitting  station 
which  determines  the  transmitting  power  required. 

Thus  the  two  transmission  features  most  fundamentally  important 
in  a  radio  communication  system  are  (1)  the  interference  level  and 
(2)  the  transmission  loss  thru  the  medium.  These  once  given,  the 
other  engineering  considerations  follow  naturally.  There  are  an- 
alogously fundamental  factors  in  wire  communication  systems.  In 
the  latter  case,  however,  the  art  has  advanced  to  a  point  where  means 
of  controlling  the  interference  level  are  available,  so  that  the  ratio  of 
interference  to  transmitted  power  may  be  made  small  by  decreasing 
the  former  rather  than  increasing  the  latter. 

Minimum  Transmission  Levels  Obtaining  in   Practice 

The  working  value  which  should  be  assumed  for  the  ratio  between 
the  transmission  level  of  the  received  signals  and  the  interference, 
depend  upon  the  type  of  communication  involved,  whether  it  is 
telephone  or  telegraph,  for  example,  and  upon  the  grade  of  service 
to  be  given.  There  is  a  wide  difference  between  the  transmission 
level  which  will  enable  telephonic  signals  to  be  barely  discerned  by  an 
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expert  ear  and  that  which  is  required  for  a  public  service  communica- 
tion system  which  must  provide  sufficient  operating  margin  to  enable 
the  average  person  to  converse  with  ease  and  certainty  under  all 
ordinary  conditions.  Under  favorable  static  conditions,  the  trans- 
mission level  can  be  permitted  to  fall  to  extraordinarily  low  values. 
When  this  condition  is  accompanied  by  a  substantial  reduction  in  the 
effective  attenuation,  which  sometimes  occurs  at  short  wave  lengths 
especially  at  night,  apparently  due  to  the  effective  absence  of  either 
absorption,  then  it  becomes  possible  to  "get  thru"  over  relatively 
long  distances  with  powers  diminutive  as  compared  with  those  re- 
quired for  giving  a  regular  service.  \\  ith  these  exceptional  trans- 
mission conditions  we  are,  of  course,  familiar.  They  are  exemplified 
by  the  long  distances  reached  at  night  by  the  amateurs,  as  across  the 
Atlantic,  and  by  the  hearing  of  the  normally  30-mile  (48  km.)  Catalina 
Island  system  in  Australian  waters.  The  transmission  curves  of 
Fig.  3  account  for  these  unusual  long  distance  transmissions  if  we 
assume  that  the  attenuation  due  to  absorption  is  eliminated  on  these 
occasions  by  some  natural  cause.  Thus,  at  3,000  miles  (4,800  km.) 
the  curves  for  1,000  kilocycles  (300  meters),  for  example,  show  that 
were  the  absorption  eliminated,  the  transmission  equivalent  would  be 
improved   by   the  difference   between   about   10.8   and   5.2   for  logio 

h  .  ; 

—,  or  5.6,  an  improvement  equivalent  to  a  little  over  100  miles  of 

■1-2 

standard  cable.  The  remaining  or  purely  spreading-out  loss  of  about 
5  units,  or  100  miles  of  standard  cable,  is  then  taken  care  of  by  the 
sending  and  receiving  amplification. 

Interference  may  occur  in  either  or  both  of  two  ways — by  the 
interference  level  rising  to  a  point  comparable  with  the  normal  trans- 
mission level  at  the  receiving  end  of  the  ether  circuit,  or  by  the 
transmission  level  of  the  waves  themselves  dropping  so  low,  due  to 
excessive  atmospheric  absorption,  as  to  fall  below  that  of  the  atmos- 
pheric disturbances.  For  reliable  transmission  it  is  necessary,  there- 
fore, to  deliver  normally  at  the  receiving  end,  a  wave  intensity  suffi- 
cient to  allow  for  the  fluctuations  which  occur  in  atmospheric  absorp- 
tion and  in  the  intensity  level  of  the  atmospherics.  The  importance 
of  working  to  transmission  level  standards  which  give  an  adequate 
operating  margin  against  interference,  for  the  types  of  service  re- 
quired, will  be  appreciated  from  the  foregoing.  The  following  values 
of  minimum  transmission  levels  will  be  of  value  to  know: 

(a)   For  carrier  wire  telephone  transmission  at  frequencies  in  the 
tens  ot  thousandths  of  cvcles,  the  limiting  interference  mav  be 
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our  old  friend  "  static  "  or  some  interference  is  experienced 
from  high  frequency  transients  in  power  systems.  Unless  the 
lines  are  especially  well  transposed  for  these  frequencies,  the 
interference  requires  that  the  transmission  level  be  kept  above 

Ii 

a  minimum  value  of  the  order  of  logio  ~  =  1.2  (about  —  25 

1-2 

miles  of  standard  cable  below  zero  level). 

(b)  While  for  radio  telephone  transmission  the  available  data  are 
as  yet  very  meagre,  we  have  obtained  a  few  order-of-magnitude 
figures  which  should  be  of  interest.  For  the  Catalina  Island 
radiophone  system,  for  example,  the  minimum  field  intensity 
is  estimated  at  roughly  1.000  microvolts  per  meter.  The 
circuit  is  sometimes  quite  noisy  during  the  summer  months 
altho  not  prohibitively  so.  In  our  ship-to-shore  radio  tele- 
phone experiments  along  the  Atlantic  coast,  we  have  on  occa- 
sions worked  with  lower  field  intensities,  as  low  as  100  micro- 
volts per  meter.  The  latter  figure,  however,  gives  a  grade  of 
service  far  below  wire  standards. 

(c)  The  best  data  on  the  minimum  permissible  transmission  level 
for  radio  telegraphy  are  those  obtained  from  the  experience  in 
trans-Atlantic  telegraph  operation.  The  figures  prevailing 
for  present  trans-oceanic  radio-telegraph  operation  are  under- 
stood to  lie  in  the  order  of  10  to  100  microvolts  per  meter, 
depending  upon  individual  cases  and  the  time  of  the  year. 

The  Net  Transmission"  Equivalent 

The  net  over-all  transmission  equivalent  of  the  system  is  measured 
by  the  ratio  of  the  transmitted  to  the  received  signaling  power,  and  is 
shown  in  Fig.  4  as  the  difference  between  the  transmission  levels  at 
the  two  ends.  This  relatively  small  loss  represents  the  difference 
between  two  large  values,  the  transmission  loss  and  the  transmission 
gain  thruout  the  system.  Relatively  small  changes  in  either  the  at- 
tenuation or  amplification  may,  therefore,  cause  large  changes  in  the 
net  equivalent  of  the  circuit,  thus  tending  to  give  rise  to  instability 
in  the  transmission  performance  of  the  circuit. 

This  problem  of  fluctuation  becomes  very  serious  with  the  use  of 
very  high  frequencies,  whether  transmitted  by  wires  or  by  radio. 
Were  we  to  attempt  to  employ,  for  example,  a  million  cycles  for  wire 
carrier  transmission  over  considerable  distances,  as  has  been  proposed, 
not  only  would  the  losses  be  very  large,  but  they  would  be  unstable, 
changing   with   weather   conditions,   so   that   the   maintenance   of   a 
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constant  volume  of  transmission  would  become  extremely  difficult. 
Similarly  in  radio  transmission,  the  fluctuations  in  the  ether  attenu- 
ation, particularly  at  short  wave  lengths  where  over  long  distances 
we  experience  the  well  known  "swinging"  or  fading  effects,  render  the 
maintenance  of  a  satisfactory  volume  of  transmission  a  difficult 
problem.  As  noted  above  these  fluctuations,  particularly  as  between 
day  and  night  transmission  with  very  high  frequencies,  may  be 
enormous. 

It  is  of  value  to  the  radio  engineer  to  have  some  idea  of  the  over-all 
circuit,  transmission  equivalents  which  are  necessary  for  satisfactory 
telephone  communication.  In  the  wire  telephone  art,  the  maximum 
equivalent  between  subscribers  is  ordinarily  taken  as  about  30  miles 

of  standard  cable  or  logio  7"  =  1.4.     Under     quiet     conditions,     con- 

siderably  larger  transmission  equivalents  can  be  talked  over.  The 
long  distance  toll  lines  themselves  are  usually  designed  for 
transmission  equivalents  of  0.5  to  0.75  or  10  to  15  miles  of  standard 
cable.  These  figures  will  serve  as  a  general  guide  for  the  transmission 
equivalents  which  radio  telephone  circuits  should  provide.  Where  a 
radio  circuit  forms  a  link  in  a  direct  wire  circuit  as,  for  example,  in 
the  case  of  Catalina  Island,  it  is  desirable  to  work  the  radio  link  as 
close  to  a  zero  equivalent  as  possible,  that  is,  to  give  out  at  the  receiv- 
ing end  a  volume  nearly  equal  to  that  fed  in  at  the  transmitting  end. 

Two-Way  Operation 

When  the  two  one-way  radio  channels  are  merged  at  their  two 
ends  into  a  regular  telephone  circuit  for  connection  to  the  wire  net- 
work, as  illustrated  in  Fig.  5,  then  there  is  a  limit  in  the  transmission 
equivalent  which  can  be  given  over  the  radio  part  of  the  circuit. 

This  limit  will  be  appreciated  by  reference  to  Fig.  5.  It  is  im- 
posed by  the  tendency  of  the  two  one-way  channels  to  form  a  round- 
trip  circuit  by  "feeding-back"  from  one  to  the  other  via  the  voice 
frequency  connecting  circuit.  If  the  total  amplification  around  the 
circuit  including  the  voice-frequency  line,  exceeds  the  total  losses  in 
the  circuit,  "singing"  will  result.  Were  no  line  balance  provided  at 
the  voice  frequency  terminals,  then  it  would  be  impossible  to  operate 
the  circuit  at  a  zero  equivalent.  By  setting  up  a  balancing  circuit  at 
each  end  in  the  manner  illustrated,  a  transmission  loss  is,  in  effect, 
inserted  between  the  sending  and  receiving  sides  of  the  voice  circuit 
which  tends  to  prevent  this  sing-around  action.  Actually,  there  is  a 
limitation  in  the  degree  of  balance  which  can  be  realized  between  the 
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telephone  line  and  the  balancing  network,  especially  if  the  telephone 
line  is  to  be  switched  at  a  nearby  central  office,  and  this  factor,  to- 
gether with  the  margin  of  safety  which  is  required  between  the  oper- 
ating condition  and  the  singing  condition,  prevents  the  radio  channels 
from  being  operated  much  better  than  the  zero  equivalent.  This 
whole  matter  of  realizing  in  practice  an  adequate  transmission  equiva- 
lent, will  be  appreciated  to  be  an  especially  difficult  problem  in  the 
case  of  marine  radio  telephony,  where  the  connection  is  switched 
from  one  vessel  to  another  at  varying  distances. 

It  should  be  noted  further,  with  reference  to  two-way  operation, 
that  the  difficulty  of  effecting  simultaneous  sending  and  receiving 
at  a  station  arises  primarily  from  the  large  attenuation  which  must  be 


TWO  WAV  RADIO  CIRCUS 

Fig.  5 


overcome  and  the  resulting  large  ratio  between  the  energies  trans- 
mitted into  and  received  from  the  ether.  The  receiver  must  be  pre- 
vented from  being  overloaded  by  the  home  transmitter  and  this, 
in  general,  requires  that  there  be  provided  between  the  high  frequency 
side  of  the  transmitter  and  that  of  the  receiver,  a  transmission  loss 
comparable  in  size  to  that  obtaining  over  the  radio  circuit  itself.  This 
"separating"  transmission  loss  is  ordinarily  provided  (a)  by  fre- 
quency-selecting circuits  (tuned  circuits  and  filters),  the  sending  and 
receiving  transmissions  being  placed  on  different  frequencies;  (b)  by 
balance,  as  when  using  the  blind  spot  of  a  loop-antenna  receiver, 
and  (c)  by  spatial  separation  between  sending  and  receiving  points, 
where  the  large  step-off  loss  is  used  to  advantage. 
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APPLICATION   OF    WIRE    TRANSMISSION    TO   RADIO 

Transmission    Levels    on    Combination    Wire    and    Radio 
Telephone  Systems 

It  will  be  of  interest  to  trace  thru  the  approximate  transmission 
levels  which  obtain  for  a  radio  system  linked  up  with  a  long  repeat- 
ered  land  line  system. 

In  Fig.  6,  there  is  taken  a  rather  striking  example  of  this  case  in 
the  transcontinental  telephone  line  as  connected  up  to  radio  ex- 
tensions at  its  termini — to  Catalina  Island  on  the  Pacific  and  to  a 
vessel  at  sea  on  the  Atlantic.  The  transmission  illustrated  is  that 
occurring  from  east  to  west.  The  voice  currents  start  out  from  the 
vessel  at  zero  level,  are  amplified  to  a  relatively  high  level  and  upon 
being  transmitted  to  the  shore  150  miles  (240  km.)  away,  drop  to  a 
very  low  level.  At  the  shore  radio  station  they  are  boosted  up,  at 
New  York  amplified  again,  and  put  upon  the  transcontinental  circuit. 
Regularly  at  about  300  miles  (480  km.)  the  telephone  repeaters  pull 
back  the  transmission  level  to  about  its  original  value.  In  the  radio 
link  at  the  western  end  the  currents  are  again  amplified  to  a  high  level 
at  the  transmitting  station,  drop  down  to  a  very  low  level  at  the  re- 
ceiver and  are  brought  back  to  a  level  at  which  they  can  be  heard. 
Actually  in   the  receiving  telephone  the  transmission  is  about  logio 

/i 

~  =  1.2   below   zero   level,   or   roughly   25   miles  of  standard   cable 

"  down."  The  total  loss  and  the  total  gain  in  the  circuit  is  enormous, 
as  is  shown  by  the  figures  given  in  the  diagram.  This  is  a  rather 
striking  illustration  of  the  extent  to  which  amplification  properly  dis- 
tributed and  maintained  can  be  used  to  overcome  attenuations  enor- 
mous in  the  aggregate.  Just  to  give  a  better  idea  of  what  these  values 
of  attenuation  and  amplification  mean,  it  may  be  noted  that  were  it 
necessary  to  supply  at  the  transmitting  end  all  of  the  amplification  re- 
quired for  delivering  this  volume  of  transmission  to  the  receiving  end 
thru  the  combination  circuit,  the  kilowatts  required  would  be  measured 
by  a  twenty-nine  place  figure,  an  amount  of  power  unavailable  in 
the  world.  The  importance  of  correctly  distributing  the  amplifica- 
tion along  the  system  is  well  illustrated  by  this  figure  by  comparing 
it  with  the  signaling  power  actually  represented  in  the  system,  which 
sums  up  to  something  less  than  1  kilowatt.  The  difference  is  simply 
a  question  of  the  transmission  level  at  which  the  amplification  is 
worked. 

Fig.  7  gives  a  view  of  the  interior  of  one  of  these  radio  telephone 
stations  of  the  American  Telephone  and  Telegraph  Company  and 
Western  Electric  Company.    It  is  located  at  Deal  Beach,  New  Jersey. 
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In  the  foreground  is  the  switchboard  for  enabling  the  operator  to 
control  the  radio-wire  circuit  at  the  connecting  point.  In  the  back- 
ground are  the  transmitter  units — four  of  them.  These,  together 
with  the  four  antennas  with  which  the  station  is  equipped,  "multiplex " 
the  ether,  in  effect,  and  permit  four  channels  to  be  established  to  as 
many  distant  stations.  It  is  intended  that  three  of  these  be  tele- 
phone talking  channels  and  the  fourth  a  signaling  or  a  reserve  talking 
channel.  The  receiving  station  is  located  at  another  point.  It  is 
not  desired  to  describe  this  station  in  any  detail  but  merely  to  illus- 
trate it  as  an  example  of  a  radio  repeating  station  functioning  to 


Fig.  7 


connect  the  wire  system  with  ships  at  sea  and  capable  of  effecting 
simultaneously  three  different  connections.  It  is  hoped  that  this 
ship-to-shore  development  may  be  itself  the  subject  of  an  Institute 
paper. 

Intermediate  Repeaters 

The  transcontinental  line  with  radio  extensions  as  shown  in  Fig.  6 
is  a  good  illustration  of  the  use  of  intermediate  repeaters  generally. 
Two  types  of  repeaters  are  represented,  the  straight  wire  telephone 
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repeaters  and  the  shore  radio  stations  which  are  in  effect  huge  re- 
peaters relaying  between  the  land  line  and  the  radio  circuits. 

Because  of  the  moderate  attenuation  obtaining  in  the  wire  trans- 
mission system,  we  can  work  with  fairly  long  repeater  spacings,  about 
300  miles  in  this  case,  and  with  moderate  amounts  of  power  and  yet 
keep,  the  transmission  levels  at  the  receiving  end   relatively   much 

wire:  and  radio  repeater  systems 

TRANSMISSION  LEVEL  DIAGRAM 
Wire  Transmission  f =1  K.C 
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Fig.  8 


higher  than  is  usual  in  radio  systems.  Due  to  the  large  attenuations 
obtaining  over  the  radio  extensions,  the  radio  repeaters  must  put  out  a 
high  transmission  level,  making  them  costly,  and  even  with  this  rela- 
tively high  output,  the  level  drops  to  very  low  values  at  the  receiving 
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end.  This  falling  off  occurs  largely  in  the  get-away  loss  at  the  trans- 
mitting end  of  the  radio  circuit,  as  the  diagram  indicates. 

Fig.  8  depicts  an  all-radio  system  provided  with  intermediate 
repeaters  and  compares  for  illustration  purposes  the  transmission 
levels  obtaining  therein  with  those  for  a  wire  system.  The  solid 
lines  are  for  radio  and  the  dash  for  wire.  It  will  be  seen  that  the 
radio  system  courses  thru  wide  transmission  level  variations  as  com- 
pared to  the  ordinary  wire  system  due  to  the  large  attenuations 
obtaining  and  particularly  to  the  large  step-off  loss  near  the  sending 
station. 

The  figure  illustrates  the  same  spacing  for  both  radio  and  wire 
repeating  and  gives  a  measure  of  the  difference  in  amplification 
required  in  the  two  cases.  Altho  in  the  radio  repeaters  the  level 
can  be  permitted  to  drop  to  low  values,  nevertheless  a  large  part  of 
the  total  amplification  has  to  be  supplied  at  relatively  high  power 
levels  and  it  is  this  fact,  together  with  the  antenna  structures  required 
at  each  point  to  "get  into"  the  ether  transmission  medium  anew, 
that  militates  against  the  economics  of  radio  repeaters  as  compared 
with  straight-away  radio  transmission.  The  tendency  will  be  to 
"stretch  out"  the  straight-away  transmission  due  to  the  fact  that 
for  the  longer  distances  the  transmission  loss  increases  relatively 
slowly.  While  we  may  look  for  some  important  uses  of  radio  re- 
peaters in  special  cases,  we  should  not,  in  general,  expect  them  to  be 
as  important  to  the  radio  art  as  are  wire  repeaters  in  wire  operation. 

Transmission  of  Side  Band  Without  Carrier 

In  dealing  with  the  subject  of  power  levels  in  radio  transmission, 
it  is  important  to  recognize  that  a  modulated  radio  telephone  wave 
consists  of  two  components,  one,  the  carrier  frequency  itself  and  the 
other,  the  so-called  side  bands,  which  are  the  actual  modulated 
components.  This  resolution  of  the  modulated  carrier  into  two 
or,  rather,  three  components,  the  carrier  and  two  side-bands,  has 
been  given  mathematically  a  number  of  times  and  need  not  be  re- 
peated. It  is  physically  analogous  to  the  resolution  of  the  uni- 
directional current  of  a  microphone  transmitter  into  direct  current 
and  alternating  current  components,  the  direct  current  corresponding 
to  the  carrier  and  the  alternating  current  to  the  modulated  components. 

Now,  the  important  thing  about  this  matter  of  side  bands  and  the 
unmodulated  carrier  component,  with  reference  to  transmission 
considerations,  is  this,  that  it  is  the  side  bands  alone,  and  not  the 
carrier,  which  convey  the  actual  intelligence.     The  function  of  the 
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carrier  comes  in  merely  at  the  receiving  end,  in  the  detector,  as  a 
means  for  translating  the  side  band  from  radio  frequency  back  to 
audio  frequency. 

This  will  be  made  clearer  by  reference  to  Fig.  9.  At  the  bottom 
of  the  figure  is  shown  schematically  a  one-way  radio  system.  Above 
it  is  depicted  the  voice-frequency  band,  showing  the  manner  in  which 
it  is  shifted  by  modulation  up  to  the  carrier  frequency  range,  and  at 
the  receiving  end,  by  detection,  back  to  the  voice  frequency  range. 
The  voice  frequency  band,  as  it  comes  out  of  the  ordinary  telephone 
transmitter,  is  shown  at  (bi)  at  its  normal  telephone-frequency  posi- 


RADIO  TRANSMISSION  WITH  CARRIER  AND  SIDE  BAND  SUPPRESSION 
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tion.  Upon  modulation  with  the  carrier  the  reference  point  of  the 
voice  frequency  band  is  shifted  frcm  zero  frequency  (direct  current) 
up  to  the  carrier  frequency  as  shown  at  b-2  where  the  two  side  bands 
appear.  The  effect  of  modulation  is,  therefore,  simply  to  shift  the 
band  of  signaling  frequencies  upward  in  the  frequency  range  and 
refer  it  in  a  double  relation  to  the  carrier  frequency. 

Located  between  the  upper  and  lower  side  band  in  the  figure, 
there  is  indicated  the  unmodulated  component  of  the  carrier.  The 
fact  that  this  component  is  unnecessary  so  far  as  the  actual  intelli- 
gence-carrying energy  is  concerned,  is  proven  by  the  fact  that  it 
need  not  be  transmitted  to  the  receiver.     The  carrier  may  be  sup- 
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pressed  as  shown  at  63.  A  means  for  doing  this  is  the  Carson  balanced 
tube  modulator  circuit  illustrated  below  in  the  figure. 

A  reduction  of  the  total  band  can  be  effected  by  filtering  out  one 
of  them  as  shown  at  64.  The  remaining  single  band  is  the  simplest 
component  of  the  modulation  process  with  which  intelligence  can 
be  transmitted  to  the  distant  end.  T<pon  arriving  at  the  receiving 
end  at  b-s,  this  side  band  is  fed  into  the  detector  along  with  a  carrier 
of  the  same  frequency  as  that  employed  at  the  sending  end;  these 
two  components  demodulate  one  another,  with  the  result  that  the 
side  band  is  shifted  down  to  its  original  audio-frequency  position  in 
the  scale,  as  indicated  at  b6. 

Actually  this  general  method  of  transmission,  involving  both 
carrier  suppression  and  side  band  elimination,  is  being  employed  in 
wire  carrier  systems  in  the  Bell  Telephone  Plant.6  It  is  briefly  ex- 
plained here  because  it  represents  a  valuable  improvement  in  wire 
transmission  which  should  have  important  application  in  radio. 

From  the  standpoint  of  transmission  levels  its  application  is  in 
showing  that  the  real  intelligence-carrying  component  of  a  radio  wave 
is  the  side-band  and  not  the  carrier  itself.  In  considering  transmission 
levels  accurately  care  should  be  taken,  therefore,  to  deal  in  terms  of 
the  level  or  wave-intensity  of  the  side-band  component  and  not  the 
carrier.  It  is  because  of  this  that  as  nearly  complete  modulation 
as  possible  is  desired  at  the  transmitting  station. 

It  follows  that  the  power  resident  in  the  carrier  is  a  pure  waste  in 
so  far  as  overcoming  interference  is  concerned.  An  important  power 
saving  can  be  effected  in  the  transmitting  station  by  providing  some 
such  means  as  is  illustrated  whereby  the  carrier  power  is  held  back 
in  the  circuit.  The  two  side-bands  together  can  never  be  greater  in 
current  and  voltage  value  than  the  carrier,  and  each  side-band  alone 
cannot  be  greater  than  half  the  carrier.  The  power  of  the  carrier  is 
therefore  always  at  least  four  times  the  power  of  one  side-band  or 
twice  that  of  both  together.  Thus  by  "  holding-back  "  the  carrier 
at  the  transmitter  we  can  transmit  with  but  one-third  the  power 
ordinarily  required.  Actually  the  power  saving  is  much  greater 
than  this  because  of  the  necessity  of  normally  working  with  larger 
ratios  between  carrier  and  side-band  in  order  to  accommodate  the 
peaks  of  the  telephone  waves  and  thereby  preserve  the  quality  of 
transmission.  The  power  saving  is,  of  course,  especially  important 
in  long  distance  work. 

The  suppression  of  one  of  the  two  side-bands  halves  the  frequency 

•"Carrier  Current  Telephony  and  Telegraphy,"  bv  Colpitts  and  Blackwell, 
Journal  of  the  American  Institute  of  Electrical  Engineers,  February   16-18,   1921. 
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band  required  for  transmission  and  would  double  the  message-carrying 
capacity  of  the  ether  were  no  frequency  range  required  to  space  the 
channels  apart.  This  advantage  of  the  present  method  is  likewise  of 
special  importance  in  long-distance-long-wave  transmission. 

Quality  of  Transmission 

We  have  spoken  above  of  factors  concerned  with  the  volume  of 
transmission  and  only  incidentally  of  that  other  requisite  of  trans- 
mission, namely,  good  quality.  Without  going  into  this  matter  in 
much  detail,  it  will  be  well  to  make  note  of  the  several  factors  in- 
volved in  obtaining  good  quality,  as  follows: 

1.  It  is  important  that  a  substantial  band  of  voice  frequencies  be 
transmitted.  Of  course,  distorted  talk  can  be  transmitted  on  a 
relatively  narrow  band,  but  commercial  transmission  has  been  found 
to  require  a  single  side-band  width  of  the  order  of  2,000  or  more 
cycles,  the  band  width  increasing  with  the  quality  desired,  up  to 
about  5,000  cycles. 

2.  It  is  necessary  that  the  distortion  which  is  due  to  non-linearity 
of  transmission  with  respect  to  amplitude,  be  avoided.  This  is 
equivalent  to  saying  that  there  should  not  be  permitted  to  take  place 
self-modulation  between  the  components  of  the  side-band,  nor  the 
too  close  cutting-off  of  the  peaks  of  the  telephone  waves  due  to  satura- 
tion effects. 

3.  The  transmission  must  be  kept  free  from  interfering  noises. 
The  ratio  between  interfering  noise  current  and  voice  currents  of  the 
order  of  0.1  is  regarded  as  large  in  wire  practice.  While  this  amount  of 
interfering  current  will  not  prohibit  service,  it  does  seriously  impair  the 
effectiveness  of  transmission  and  annoys  the  listener.  In  radio  the 
ratio  of  static  noise  to  signal  strength  is  very  often  much  greater  than 
this  value.  As  the  radio  art  progresses  it  will  be  necessary  to  work 
toward  standards  more  nearly  in  keeping  with  those  which  have  been 
found  necessary  for  wire  service. 

The  writer  wishes  to  express  his  indebtedness  to  the  following  of 
his  associates  for  helpful  suggestions  and  assistance — Messrs.  J.  R.  Car- 
son, Ralph  Bown,  and  D.  K.  Martin. 

APPENDIX 

The  curves  of  Figs.  2  and  3  are  based  upon  the  following  equations 
and  data: 
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The  radio  curves  are  based  on  the  familiar  Austin-Cohen  formula; 

7.8  xlQ-"  *,*,// ,      4.4Yl0-V/r  m 

1  =  R  d  ' 

where  I  =  amperes 

R  =  ohms 

h  =  meters 

/  =  cycles 

d  =  miles 

Taking  equal  antenna  heights  at  two  ends  hs  =  hr. 

As  regards  antenna  resistance  we  assume  symmetry  as  between 
the  two  ends,  and  that  the  external  (radiation)  resistance  of  the  an- 
tenna equals  the  resistance  within  the  antenna  (which  resistance 
would  be  internal  apparatus  resistance  in  the  case  of  a  perfect  an- 
tenna). This  makes  R,.  (radiation  resistance)  =  i?,  (ohmic  resistance) ; 
and  R  of  (1)  becomes  =  Rr  +  Ri  where: 

Rr  =  17.8  x  10- lb  h2f.  (2) 

Expressing  in  terms  of  current  ratio  and  substituting  values  of  R, 
equation  (1)  becomes, 

£  =  46.5  X  10-V*     e4-4xl0~W.  (3) 

In  order  to  plot  this  equation  on  the  same  basis  as  we  usually  plot 
wire  attenuation,  the  logarithm  of  the  ratio  is  used,  thus; 

T  4  4V  1f)~6         /— 

logic  fr  =  log10  45.5  X  10-6  fd  +       23Q3       d  Vf  (4) 

which  is  the  equation  of  the  curves  plotted. 

The  ratio  of  the  currents  in  the  two  antennas  is  in  this  case  a  true 
measure  of  the  transmission  because  they  are  in  circuits  of  equal  im- 
pedances, by  the  assumption  of  antenna  symmetry. 

Data  for  the  Wire  Curves 


R       C   .   G      L 
2\IZ+  2\C 


For  number  8  Birmingham  wire  gauge  open  wire  (diam.  =  0.165 
in.  =  4.19mm.  wire  spacing  =  12  in.  =  30.5  cm.  40  poles  per  mile) 
dry  weather,  the  constants  per  mile  are; 

L  =  3,370  nh. 

C  =  9,140  mm/- 
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Frequency,  Kilocycles 
1  20  100  1000 


R  =         O.U 

10.0 

21.5 

(35.7        ohms  per  loop  mile 

G  =         0.55 

10.0 

*50.0 

*500.0        jj.  ohms  per  loop  mile 

a  =         0.003488 

0.0112 

0.03289 

0.2059 

*  Estimated. 

A  Low  Voltage  Cathode  Ray  Oscillograph l 

By  J.  B.  JOHNSON 

Synopsis:  A  sensitive  cathode  ray  oscillograph  is  described  which 
operates  at  the  low  potential  of  from  300  to  400  volts.  The  electron  stream 
comes  from  a  thermionic  cathode  and  is  focused  by  the  action  of  ionized 
gas  in  the  tube.  This  gas,  at  a  pressure  of  a  few  thousandths  of  a  milli- 
meter, serves  to  reduce  to  1mm.  diameter  a  spot  which  would  be  1  cm. 
across  in  a  high  vacuum  tube.  The  sensitivity  of  the  tube  is  such  that 
the  deflection  of  the  spot  is  about  1  mm.  per  volt  applied  between  deflector 
plates.  When  using  magnetic  deflection,  a  pair  of  coils  4  cm.  in  diameter, 
placed  on  the  sides  of  the  tube  produces  a  deflection  of  approximately  1  mm. 
per  ampere-turn  of  the  coils. — Editor. 

A  CATHODE  ray  oscillograph  tube  operating  at  a  compara- 
tively low  voltage  was  described  by  the  writer  some  time  ago 
before  the  American  Physical  Society.2  Since  then,  the  tube  has  been 
further  improved  and  its  operation  studied  so  that  now  both  the 
structure  of  the  tube  and  the  principles  which  have  made  the  con- 
struction possible  can  be  described  in  greater  detail. 

In  the  older  types  of  Braun  tubes  the  electron  stream  is  produced 
by  a  high  voltage  discharge  through  the  residual  gas  in  the  tube. 
This  requires  a  source  of  steady  potential  of  from  10,000  to  50,000 
volts,  an  installation  which  is  expensive,  non-portable,  and  dangerous. 
In  the  new  type  of  tube  the  low  voltage  operation  has  been  obtained 
by  the  use  of  a  Wehnelt  cathode  as  the  source  of  electrons,  so  that  the 
lower  limit  of  voltage  is  set  by  the  effect  of  the  electrons  on  the  fluores- 
cent screen  and  not  by  the  voltage  needed  to  obtain  the  electrons. 
At  300  volts  the  electrons  produce  quite  bright  fluorescence  on  the 
screen  and  the  tubes  are  therefore  designed  to  operate  at  300  to  400 
volts. 

The  external  appearance  of  the  tube  is  shown  in  Fig.  1.  The 
electrodes  are  located  at  one  end  of  the  pear-shaped  bulb,  and  the 
fluorescent  material  is  deposited  on  the  inside  of  the  larger,  flattened 
end.  The  tube  is  provided  with  a  base  which  fits  into  a  bayonet 
socket  such  as  is  used  for  vacuum  tubes,  and  all  the  connections  are 
made  through  the  base.  There  are  two  orthogonal  pairs  of  deflector 
plates  inside  the  tube  for  electrostatic  deflection,  while  magnetic 
deflection  is  produced  by  applying  a  field  from  the  outside. 

The  internal  structure  differs  considerably  from  that  of  previous 
forms  of  Braun  tube  and  it  will  therefore  be  described  somewhat 
fully. 

1Also  published  in  the  Journal  of  the  Optical  Society  of  America  and  Review  oj 
Scientific  Instruments,  September,  1922. 
iPhys.  Rev.  (2),  Vol.  17,  p.  420,  1921. 
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The  Focusing 

In  some  forms  of  Braun  tube  a  sharp  spot  has  been  secured  by  using 
a  very  high  voltage,  and  therefore  high  electron  velocity,  so  that 
after  the  electrons  have  passed  through  one  or  two  fine  apertures 
to  make  the  beam  parallel  there  is  not  time  enough  for  the  mutual 
repulsion  to  spread  the  beam  again  appreciably  before  the  electrons 
strike  the  screen.  With  other  tubes  an  external  "striction"  coil  has 
been  used  which  maintains  a  strong  longitudinal  magnetic  field  in  the 
region  between  the  anode  and  the  cathode  and  which  brings  the 
electrons  to  a  focus  on  the  screen.  In  the  low  voltage  tube  the  spread- 
ing of  the  electron  stream  is  greater  than  in  high  voltage  tubes  because 
of  the  greater  time  during  which  the  mutual  repulsion  of  the  electrons 
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acts,  so  that  some  means  of  focusing  must  be  used.  The  electrons 
can  be  brought  to  a  focus  by  a  longitudinal  magnetic  field  so  adjusted 
that  each  divergent  electron  makes  very  nearly  one  complete  turn  of 
a  spiral  and  in  travelling  the  length  of  the  tube  returns  to  the  axis  at 
the  screen.  In  this  way  a  very  sharp  spot  can  be  produced,  but  the 
sensitivity  of  the  beam  to  deflection  is  reduced  very  much  by  the 
directing  magnetic  field. 

The  method  of  focusing  that  is  used  in  the  present  tubes  grew  out 
of  the  suggestion  by  Dr.  H.  J.  van  der  Bijl,  that  a  small  amount  of 
gas  be  introduced  into  the  tube.  This  gas,  at  a  pressure  of  a  few 
thousandths  of  a  millimeter  of  mercury,  serves  to  reduce  to  1  mm. 
diameter  a  spot  which  would  be  1  cm.  across  in  a  high  vacuum  tube. 
The  sharpness  of  the  spot  depends  also  upon  the  current  in  the  electron 
stream  so  that  the  focus  may  be  controlled  by  the  cathode  temper- 
ature.    The  mechanism  of  this  focusing  action  will  be  explained  later. 

The  presence  of  this  slightly  ionized  gas  also  serves  the  purpose  of 
preventing  the  accumulation  of  charges  on  the  glass,  and  it  provides 
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for  the  discharging  of  the  fluorescent  screen  so  that  the  electrons  can 
drift  back  to  the  metallic  circuit. 

The  Electrode  Unit 

With  gas  present  in  the  tube,  steps  have  to  be  taken  to  guard  against 
arcing  and  the  injurious  effects  of  positive  ion  bombardment  on  the 
cathode.  This  is  done  by  making  the  volume  of  gas  surrounding  the 
electrodes  very  small.  For  this  purpose  the  cathode  and  anode, 
themselves  small,  are  sealed  into  a  short  and  narrow  glass  tube  so 
that  the  volume  exposed  to  both  electrodes  in  common  is  less  than 
1  cu.  cm.  All  paths  between  the  electrodes  are  then  so  short  that  at 
this  low  pressure  there  is  not  sufficient  ionization  to  build  up  an  arc. 

The  structure  of  this  unit,  or  "electron  gun"  is  shown  in  Fig.  2. 
The  cathode,  /,  is  an  oxide  coated  platinum  ribbon  of  the  same  kind 
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Fig.  2 


as  the  filament  in  our  audion  tubes.  The  anode,  a,  is  a  thin  platinum 
tube  1  cm.  long  and  1  mm.  in  diameter,  one  end  of  which  is  about 
1  mm.  from  the  top  of  the  filament  loop,  the  other  end  opening  into 
the  main  tube  towards  the  fluorescent  screen.  Between  the  cathode 
and  the  anode  and  connected  to  the  cathode  is  a  metal  shield,  s,  with 
a  small  aperture  through  which  the  electrons  must  pass  in  going  to  the 
anode.  Nearly  all  of  the  electrons  must  then  go  to  the  inside  of  the 
tubular  anode,  and  a  small  fraction  of  them  pass  through  the  whole 


LOW    VOLTAGE    CATHODE   RAY   OSCILLOGRAPH 

length  of  the  anode  and  form  the  beam  in  the  main  part  of  the  tube. 
The  deflector  plates,  p,  are  also  mounted  rigidly  on  this  unit.  In 
order  to  avoid  large  differences  of  potential  in  the  tube,  one  plate  from 
each  pair  is  permanently  connected  to  the  anode,  the  variable  poten- 
tials being  applied  to  the  other  plates.  The  complete  unit  is  mounted 
at  the  small  end  of  the  tube  with  the  anode  and  deflector  plates  toward 
the  fluorescent  screen. 

The  Filament 

In  some  early  forms  the  ■filament  was  bent  into  a  simple  hair  pin 
loop  which  was  placed  close  to  the  aperture  in  the  shield.  It  was  then 
found  that  the  positive  ions  striking  the  filament  from  the  direction 
of  the  anode  soon  destroyed  the  oxide  coating  and  left  the  filament 
inactive.  This  trouble  was  largely  overcome  by  placing  the  filament 
out  of  the  direct  path  of  the  positive  ions.  The  flat  filament  is  now 
shaped  into  a  ring  as  shown  in  Fig.  3,  slightly  larger  in  diameter  than 
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Fig.  3 


the  aperture  in  the  shield  and  is  placed  coaxial  with  the  anode.  The 
momentum  of  the  positive  ions  then  carries  them  past  the  active 
part  of  the  filament  and  they  strike  where  little  damage  can  be  done. 
The  length  of  service  of  the  tube  is  still  limited  by  the  filament  life, 
but  this  has  been  increased  by  the  above  artifice  so  that  the  tube  now 
gives  around  200  hours  of  actual  operation. 
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The  Deflector  Elements 

The  deflector  plates  are  made  of  German  silver,  which  is  non- 
magnetic and  which  has  a  high  specific  resistance  that  diminishes  the 
effect  of  eddy  currents  when  magnetic  deflection  is  used.  The  plates 
are  13.7  mm.  long  in  the  direction  of  the  tube  axis  and  the  separation 
between  them  is  4.7  mm. 

The  sensitivity  of  the  tube  is  such  that  the  deflection  of  the  spot 
is  about  one  mm.  per  volt  applied  between  the  deflector  plates.    When 
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Fig.  4 


using  magnetic  deflection,  a  pair  of  coils  4  cm.  in  diameter  placed  on 
the  sides  of  the  tube  at  the  level  of  the  deflector  plates  produces  a 
deflection  of  approximately  1  mm.  per  ampere-turn  flowing  in  the  coils. 
The  electrons  striking  the  screen  drift  back  to  the  anode  structure, 
and  most  of  them  are  collected  by  the  deflector  plates.  There  is  also 
a  small  ionization  current  flowing  to  the  plates.  The  tube  is  therefore 
not  strictly  an  electrostatic  device,  and  this  must  be  kept  in  mind 
when  using  it.  Fig.  4  shows  the  current  flowing  to  the  two  free  plates 
at  various  voltages  with  respect  to  the  anode.     With  the  large  posi- 
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tive  values  of  plate  voltage  the  current  to  the  plates  is  practically 
equal  to  the  current  in  the  electron  stream  and  consists  largely  of  the 
returning  electrons.  The  small  current  in  the  other  direction  when 
the  plate  voltage  is  negative  is  a  measure  of  the  ionization  in  the  tube. 

The  Fluorescent  Screen 

The  screen  is  spread  on  the  inner  surface  of  the  large  end  of  the 
tube,  using  pure  water  glass  for  binder.  The  active  material  consists 
of  equal  parts  of  calcium  tungstate  and  zinc  silicate,  both  specially 
prepared  for  fluorescence.  This  mixture  produces  a  generally  more 
useful  screen  than  either  constituent  alone.  The  pure  tungstate 
gives  a  deep  blue  light  which  is  about  30  times  as  active  on  the  photo- 
graphic plate  as  the  yellow-green  light  of  the  silicate,  while  the  silicate 
gives  a  light  which  is  many  times  brighter  visually  than  that  from  the 
tungstate.  By  mixing  the  two  materials  in  equal  parts  a  screen  is 
produced  which  is  more  than  half  as  bright  visually  as  pure  zinc 
silicate  and  more  than  half  as  active  photographically  as  pure  calcium 
tungstate. 

For  mechanical  strength  the  end  of  the  bulb  which  carries  the  screen 
is  rounded  outwards  so  that  the  screen  is  not  a  plane  surface.  This 
introduces  a  distortion  of  the  fluorescent  pattern  which  in  most  in- 
stances is  negligible.  If  the  pattern  is  recorded  by  a  camera  whose 
lens  is  D  cm.  from  the  end  of  the  tube,  then  the  apparent  reduction 
of  the  deflection  produced  by  the  curvature  of  the  bulb  is  given  in 
terms  of  the  deflection  y  approximately  by 

20  +  D    3 
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The  Function  of  the  Gas 

The  part  which  the  gas  plays  in  focusing  the  beam  of  electrons 
is  an  interesting  phenomenon  which  depends  upon  the  difference  in 
the  mobilities  of  electrons  and  positive  ions.  The  electrons  of  the 
beam  are  pulled  toward  the  common  axis  by  a  radial  electric  field 
produced  by  an  excess  of  positive  electricity  in  the  electron  stream 
and  an  excess  of  negative  electricity  in  the  space  outside  the  beam. 
This  distribution  is  produced  as  follows:  Some  of  the  electrons  of 
the  stream,  in  passing  through  the  gas,  collide  with  gas  molecules 
and  ionize  them.  Both  the  colliding  electrons  and  the  secondary 
electrons  leave  the  beam  but  the  heavy  positive  ions  receive  very 
little  velocity  from  the  impact  and  drift  out  of  the  beam  with  only 
their  comparatively  low  thermal  velocity.     Positive  ions,  therefore, 
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accumulate  down  the  length  of  the  stream  and  may  exceed  in  number 
the  negative  charges  passing  along.  At  the  same  time,  electrons  are 
moving  at  random  outside  the  stream,  producing  negative  electrifica- 
tion. There  is  then  a  field  surrounding  the  stream  which  tends  to 
pull  the  electrons  inward.  If  there  were  only  the  mutual  repulsion 
between  the  electrons  to  compensate  for,  this  would  be  done  when 
the  number  of  positive  ions  in  the  beam  equals  the  number  of  electrons. 
There  is  in  addition  an  original  divergence  of  the  beam  which  must  be 
overcome.  If  this  divergence  is  assumed  to  be  one  degree  from  the 
axis  and  the  electron  current  2  x  10~5  amp.,  then  a  simple  calculation 
shows  that  the  radial  field  required  to  pull  the  beam  to  a  focus  at  the 
usual  distance  is  about  one  volt  per  cm.  This  field  strength  is  pro- 
duced, with  beams  of  the  ordinary  intensity,  if  there  are  four  positive 
ions  for  each  electron  in  the  stream,  a  condition  which  seems  not 
unreasonable. 

The  number  of  ions  per  electron  in  the  stream  is  probably  constant 
as  the  current  in  the  stream  is  varied,  since  the  conditions  of  collision 
and  recombination  are  not  altered.  When  the  current  is  increased, 
therefore,  the  total  positive  ionization  of  the  beam  increases,  the  field 
around  the  beam  becomes  stronger,  and  the  electrons  are  brought  to 
a  focus  in  a  shorter  distance. 

These  deductions  have  been  confirmed  experimentally.  That  the 
focusing  of  the  stream  depends  upon  the  current  flowing  was  one  of 
the  earliest  observations  made  in  developing  the  tube  and  this  method 
has  been  used  ever  since  to  obtain  a  sharp  spot.  The  point  of  con- 
vergence can  be  seen  moving  in  the  manner  expected  when  the  current 
is  changed,  and  the  effect  has  been  further  verified  by  using  a  tube  with 
a  movable  fluorescent  screen  so  that  the  length  of  the  electron  beam 
could  be  varied.  The  presence  of  the  electric  field  around  the  beam 
was  shown  by  the  effect  of  two  beams  on  each  other,  in  a  tube  in 
which  there  were  two  electron  streams  crossing  each  other  at  right 
angles  at  their  mid-points,  each  falling  on  a  fluorescent  screen.  When 
one  beam  was  moved  away  from  the  other  by  a  field  between  the 
deflector  plates,  the  second  beam  moved  as  if  attracted  by  the  first. 
The  directed  electrons  in  each  beam  were  attracted  toward  the  posi- 
tive ionization  in  the  other,  and  for  one  particular  adjustment  of  the 
tube  the  displacement  was  such  as  would  have  been  caused  by  a 
field  of  about  3  volts  per  cm.,  a  result  not  far  different  from  that 
previously  calculated. 

Since  the  beam  must  produce  its  own  positive  ionization  some  time 
must  elapse  before  it  can  produce  by  collisions  the  required  number 
of  positive  ions.     Calculation  shows  this  time  to  be  of  the  order  of 
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10-6  second.  When  the  beam  moves  it  has  to  build  up  the  ionization 
as  it  goes  along,  and  we  should  expect  that  when  deflected  very 
rapidly  it  might  no  longer  be  focused,  due  to  lack  of  positive  ions  in 
its  path.  A  test  was  made  of  this  by  applying  a  high  frequency 
potential  on  the  deflector  plates  so  that  the  spot  described  an  elliptic 
pattern.  At  a  frequency  of  105  cycles  per  second  the  line  was  still 
sharp,  but  at  106  cycles  there  was  a  noticeable  widening  of  the  line 
which  is  probably  to  be  ascribed  to  imperfect  focusing  at  this  high 
speed. 

In  these  experiments  the  evidence  all  points  to  the  view  that  the 
focusing  of  the  electrons  is  caused  by  an  excess  of  positive  charge  in 
the  beam  itself,  produced  by  ionizing  collisions  of  the  electrons  with 
the  gas  molecules.  Further  confirmation  is  found  in  the  fact  that  a 
focus  is  much  more  readily  obtained  in  the  heavier  gases  having  slow 
molecules,  such  as  nitrogen,  argon  or  mercury  vapor,  than  in  hydrogen 
and  helium  where  the  mean  velocity  of  the  molecules  is  greater.  The 
tubes  are  therefore  filled  with  argon,  the  heaviest  available  permanent 
gas  which  does  not  attack  the  electrodes.  The  best  pressure  for  the 
length  of  tube  adopted  and  for  the  current  which  can  be  obtained 
in  the  beam  is  5  to  10  microns,  and  this  leaves  considerable  latitude 
for  the  adjustment  of  the  electron  current  to  get  a  sharp  focus. 

Examples  of  the  Use  of  the  Tube 

Because  of  the  small  amount  of  auxiliary  apparatus  required  with 
this  form  of  Braun  tube  it  has  proved  to  be  a  very  convenient  labora- 
tory instrument.  It  has  found  application  in  studying  the  behavior 
of  vacuum  tubes  and  amplifier  and  oscillator  circuits,  of  gas  discharge 
tubes,  of  relays,  and  of  numerous  other  kinds  of  apparatus,  both  at 
low  and  at  high  frequencies.  Some  reproductions  of  photographs  of 
various  types  of  curves  are  given  below  to  illustrate  the  kind  of  results 
which  are  possible  with  this  oscillograph. 

Fig.  5  shows  the  hysteresis  curvs  of  a  sample  of  iron  wire.  The 
wire  was  placed  in  a  small  solenoid  with  one  end  toward  the  side  of 
the  tube.  The  magnetizing  current  passed  through  a  resistance, 
the  voltage  drop  of  which  was  applied  to  one  pair  of  deflector  plates 
so  as  to  give  a  deflection  proportional  to  the  magnetizing  field.  The 
stray  magnetic  field  from  the  iron  itself  produced  the  deflection 
proportional  ,to  the  induction.  Alternating  current  was  used,  and 
the  exposure  was  20  seconds  with  lens  opening  /  6.3  and  speed  roll 
film. 

In  Figs.  6a  and  6b  are  shown  the  current-voltage  relations  of  an 
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oscillating  vacuum  tube.     The  axes  were  obtained  by  grounding  one 
or  the  other  deflector  element. 

The  measurement  of  modulation  in  a  radio  transmitting  set  has 


Fig.  5 

been  reduced  to  a  fairly  simple  process  by  means  of  the  cathode  ray 
tube.     The   low    frequency    modulating   voltage,    controlled    by   the 
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Fig.  6 
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voice,  is  applied  to  one  pair  of  deflector  plates,  while  the  radio  fre- 
quency output,  with  amplitude  varying  according  to  the  low  frequency 
voltage,  is  applied  to  the  other  pair  of  deflector  plates.  The  resulting 
pattern  on  the  screen  is  a  quadrilateral  of  solid  fluorescence,  since  the 


r  ft. 


Fig.  7       . 

two  frequencies  are  not  commensurate.  The  two  vertical  sides 
indicate  the  greatest  and  the  least  amplitude  of  the  high  frequency, 
while  the  other  two  sides  show  the  current-voltage  characteristic  of 
the  transmitter.  Fig.  7  shows  such  a  pattern  (retouched),  the  edges 
being  much  brighter  than  the  centre.  The  exposure  was  two  minutes 
using  a  Seed  23  plate  and  /  6.8  lens  opening. 
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Theory  and  Design  of  Uniform  and  Composite 
Electric  Wave-filters 

By  OTTO  J.  ZOBEL 

THE  electric  wave-filter,  as  regards  its  general  transmission 
characteristics  and  its  extremely  important  role  in  communica- 
tion systems,  is  well  known.  Its  physical  theory  was  discussed  in 
detail  in  the  preceding  number  of  this  Journal  by  its  inventor,  (i.  A. 
Campbell.  In  the  present  paper  it  is  proposed  to  present  systematic 
general  methods  of  wave-filter  design,  together  with  representative 
designs,  which  have  been  developed  in  connection  with  the  practical 
utilization  of  this  device  in  the  plant  of  the  Bell  System. 

First  is  considered  a  general  theory  of  design  combining  physical 
and  analytical  considerations  which  gives  explicitly  the  structure 
of  a  uniform  type  of  wave-filter  having  any  preassigned  transmitting 
and  attenuating  bands  as  well  as  desirable  impedance  and  quite 
arbitrary  attenuation  characteristics.  Xext,  this  theory  is  applied 
to  the  design  of  a  low-and-band  pass  wave-filter  from  which  are 
derived  design  formula?  for  all  the  practical  uniform  wave-filter  struc- 
tures in  present  use,,  belonging  to  the  classes  low  pass,  high  pass, 
low-and-high  pass,  and  band  pass.  Then  the  subject  of  composite 
wave-filters  is  taken  up,  these  being  non-uniform  wave-filter  networks 
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obtained  by  combining  sections  of  wave-filters  having  equivalent 
characteristic  impedances  but  different  propagation  constants. 
Among  others,  a  superior  advantage  of  composite  over  uniform  wave- 
filters  is  shown  to  be  their  greater  flexibility  of  design,  as  a  result  of 
which  composite  wave-filters  are  often  the  only  means  of  meeting 
severe  design  requirements.  Many  of  the  methods  here  used  are 
found  to  have  further  application  in  general  recurrent  network  design. 
The  ideal  toward  which  wave-filter  design  is  usually  directed  is  a  finite 
network  having  any  preassigned  transmitting  and  attenuating  bands, 
zero  attenuation  and  a  terminal  characteristic  impedance  equal  to  any 
one  preassigned  constant  resistance  in  all  transmitting  bands,  and  in- 
finite attenuation  throughout  all  attenuating  bands.     Due  to  such  an 
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Fig.  1 — Ladder  Type  Recurrent  Network 


impedance  characteristic,  at  frequencies  in  the  transmitting  bands 
there  would  be  no  loss  of  transmitted  energy  if  the  network  were  in- 
serted between  two  resistances,  a  generator  and  a  receiver,  each  having 
a  constant  resistance  of  this  same  magnitude,  approximately  the  case 
of  two  transmission  lines.  The  infinite  attenuation  of  the  network 
to  currents  of  all  other  frequencies  would  effectively  prevent  energy 
transmission  through  it. 

Practically,  such  an  ideal  has  not  been  attained  but  the  methods 
developed  here  lead  to  designs  which  can  approximate  it  rather 
closely.  No  attempt  will  be  made  to  give  the  construction  of  wave- 
filter  elements  minimizing  energy  dissipation,  as  we  shall  be  con- 
cerned mainly  with  a  determination  of  the  magnitude  and  locations 
of  the  elements  in  the  network.  It  may  be  stated,  however,  that  the 
less  dissipative  the  elements  the  more  nearly  will  the  ideal  of  free 
transmitting  bands  be  reached. 

Part  I.     Theory  of  Design 

The  uniform  recurrent  network  specifically  considered  in  this  design 
method  is  the  ladder  type  of  Fig.  1  having  identical  series  impedances 
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Z\  and  identical  shunt  impedances  z2,  each  of  which  has  a  physically 
realizable  structure.  For  purposes  of  illustration,  at  the  left  end  is 
shown  a  mid-series  section  whose  two  series  impedances  \z\  are  each 
half  a  full  series  impedance  element.      On  the  right  is  a  mid-shunt 

section,  its  two  shunt  admittances  — —  each  being  half  that  of  a  full 

shunt  admittance;  its  shunt  impedances  are  therefore,  2z2.  Cor- 
responding to  these  two  mid-point  terminations  are  the  mid-series 
and  mid-shunt  characteristic  impedances  Ai  and  A2,  respectively. 

When  any  ladder  type  design  has  been  obtained  its  mid-series 
and  mid-shunt  sections,  being  respectively  in  the  form  of  three  star- 
connected  (T)  and  three  delta-connected  (II)  impedances,  may  serve 
as  the  basis  of  transformations  by  ordinary  means  to  determine  the 
elements  of  other  uniform  types  (such  as  the  lattice  type  shown  in 
Fig.  6)  having  equivalent  properties.  <  Generally  such  equivalent 
uniform  types  are  not  as  economical  as  the  ladder  type  either  due  to 
difficulties  of  construction  or  a  larger  number  of  elements  per  section. 
The  theory  of  composite  wave-filters  is  included  in  that  of  uniform 
types  as  here  presented  and  so  does  not  require  a  separate  treatment. 

Fundamental   Formula 

The  mathematical  formulae  upon  which  the  design  rests  follows, 
their  derivation  being  given  in  Appendix  I. 

cosh  r  =  l+^=l+|72, 

A'i  =  Vzi22  +  i2i  =  Vl+i72£, 


Z1Z2  k 

X2  = 


Viiso  +  H     y/i+W     Ki 

_r 


2Ki-Zi     2z2-A 


2Kl  +  z1     2z2+A2' 


(1) 


in  which 


2i,  z2  =  series  and  shunt  impedances  per  section, 
r  =  A  -\-iB  =  propagation  constant  per  section, 
A'i,  A2  =  mid-series     and     mid-shunt     characteristic     im- 
pedances. 

\z2 


and  k  =  y/Zlz2, 
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wherein  y  and  k  have  the  significance  of  being  the  propagation  con- 
stant and  characteristic  impedance  of  the  corresponding  smooth  line, 
i.e.,  a  line  having  series  and  shunt  impedances  zx  and  z2,  respectively, 
per  unit  length  uniformly  distributed  along  the  line. 

When  z{  and  22  are  dissimilar  reactances,  as  in  a  non-dissipative 
wave-filter,  currents  of  frequencies  within  continuous  frequency  bands 
can  be  transmitted  without  attenuation  and  the  location  of  these  bands 
on  the  frequency  scale  may  be  found  from  the  conditions  which  must 
there  be  satisfied.  As  derived  from  the  first  equation  of  (1)  the 
latter  are 

A=0, 

and  cos3  =  l+A  (2) 

z2 

Since  the  cosine  limits  are  =<=  1  this  shows  that  free  transmission  may 
occur  at  all  frequencies  corresponding  to  impedance  ratio  values 
satisfying  the  relation 


^ 


a  result  which  may  be  stated  as  follows: 


The  transmitting  bands  in  a  ladder  type  wave-filter  having  series  and 
shunt  impedances  zx  and  z2,  respectively,  include  all  frequencies  at  which 
these  impedances  are  of  opposite  signs  and  the  absolute  value  of  Z\  is  not 
greater  than  that  of  4&>.  This  statement  is  useful  in  roughly  determin- 
ing the  relative  positions  of  such  bands  on  an  impedance  diagram 
where  Z\  and  4z2  have  been  plotted  as  functions  of  frequency. 

In  the  attenuating  bands  corresponding  to  the  remainder  of  the 
frequency  range  we  have  for  the  non-dissipative  case 


cosh  A  = 


z2/ 


and  ^n^  =  ~V^7J'  (4) 

sin  B  =  0, 

the  sign  above  being  taken  such  as  to  make  the  right  member  positive. 
While  the  above  formulae  contain  the  necessary  relations  for  wave- 
filter  action  they  do  not  specify  the  physical  structure  of  the  reactance 
network.  Hence  we  need  to  combine  with  them  certain  properties 
of  physical  reactances  to  arrive  at  a  structure  having  desired  char- 
acteristics. In  wave-filter  design  all  resistances  in  the  physical  re- 
actance  elements,   although   being   unavoidable   in   construction,    are 
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neglected  as  they  produce  but  secondary  effects.  When  allowed  for 
later  their  most  pronounced  effect  is  the  introduction  of  small  attenu- 
ation in  the  transmitting  bands. 

Reactance  Theorems 

The  properties  of  physical  reactances  which  are  to  be  utilized  may  be 
stated  in  the  following  theorems: 

1.  The  reactance  of  any  non-dissipative  reactance  network  always 
has  a  positive  slope  with  frequency,  as  well  as  abrupt  changes  from  posi- 
tive to  negative  infinity  at  anti-resonant  frequencies,  and  may  be  repre- 
sented identically  {among  others)  either  by  a  number  of  simple  (series  L 
and  C)  resonant  components  in  parallel,  or  simple  (parallel  L  and  C) 
anti-resonant  components  in  series. 

2.  To  any  non-dissipative  reactance  network  there  corresponds  an 
inverse  reactance  network  which  is  so  related  that  the  product  of  their 
impedances  is  a  constant,  independent  of  frequency. 

The  proofs  of  these  theorems  are  given  in  Appendix  I,  where  with 
reactances  which  are  known  to  be  any  series  and  parallel  combina- 
tions of  inductances  and  capacities  the  method  of  induction  is  readily 
applied.  In  the  first  theorem  the  simple  component  resonant  at  zero 
frequency  is  a  single  inductance  and  the  one  at  infinite  frequency  a 
single  capacity.  Similarly  the  simple  anti-resonant  components  cor- 
responding to  these  limiting  frequencies  are  single  capacity  and  single 
inductance,  respectively.  In  the  second  theorem,  if  we  have  given 
one  reactance  consisting  of  a  number  of  simple  anti-resonant  com- 
ponents, all  in  series,  the  inverse  network  may  be  made  up  of  the 
same  number  of  simple  resonant  components  all  in  parallel,  each  one 
of  the  latter  corresponding  to  a  particular  one  of  the  former.  More- 
oxer,  any  pair  of  these  corresponding  components  are  resonant  and 
anti-resonant,  respectively,  at  the  same  frequency  and  the  ratio  of 
inductance  in  one  to  capacity  in  the  other  is  equal  to  the  constant 
product  of  the  two  total  impedances. 

Phase  Constant   Theorem 

The  phase  constant  will  not  play  any  part  in  the  present  theory  of 
design  but  it  has  this  property:  The  phase  constant  in  a  wave-filter 
always  increases  with  frequency  thruout  each  transmitting  band.  As 
shown  in  Appendix  I,  this  follows  as  a  consequence  of  the  positive 
slope  of  reactances.  Consideration  of  this  theorem  will  later  be 
touched  upon  when  discussing  composite  wave-filters. 
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1.  "Constant  k"  Wave-Filter  Having  Any  Preassigned 
Transmitting  and  Attenuating  Bands 

The  ''constant  k"  wave-filter  belonging  to  any  class1  is  defined  as 
that  ladder  type  wave-filter  whose  product  of  series  and  shunt  impedances, 
and  therefore  characteristic  impedance,  k,  of  the  corresponding  smooth 
line,  is  constant  independent  of  frequency. 

The  reasons  for  seeking  the  "constant  k"  wave-filter  of  any  class 
are,  briefly: 

(1)  Its  physical  structure  is  readily  found  which  will  give  any 
preassigned  transmitting  and  attenuating  bands. 

(2)  Each  of  its  two  mid-point  characteristic  impedances  passes 
thru  the  same  values,  different  in  the  two  cases,  in  all  transmitting 
bands. 

(3)  Its  design  is  preliminary  to  and  furnishes  a  logical  basis  for  the 
derivation  of  general  wave-filters  possessing  desirable  attenuation 
and  impedance  characteristics. 

Letting  the  two  impedances  of  the  "constant  k"  wave-filter  be 
denoted  with  extra  suffixes  as  zV;  and  z-2\,  we  have  seen  that  if  there 
is  a  relation  between  these  impedances  such  that 

Zik  z*k  =  k2  =  Constant,  (5) 

the  series  and  shunt  impedances  of  the  "constant  k"  wave-filter  must  be 
inverse  networks  to  each  other.     Only  one  of  them,  say  zik,  need  then  be 

temporarilv  considered,  the  ratio  — — ,  becoming  (  —  )    which   by    (3) 

4s2fc  \2k/ 

shows  that  free  transmission  occurs  wherever  the  series  impedance 

passes  with  increasing  frequency  thru   the  values  from  zik  =   —i2k 

to   Zik  —  o,   and    Zik  =  o   to   Z\k  —  -\-i2k.      At   each   critical    frequency 

separating   a    transmitting   from   an   attenuating   band   zik   has   the 

value  Zik=  d=i2k.     By  (4)  an  attenuating  band  includes  a  frequency 

at  which  Z\k  is  anti-resonant.      Hence,  in  a  "constant  k"  wave-filter 

the  transmitting  and  attenuating  bands  include  the  frequencies  at  which 

the  series  impedance  is  resonant  and  anti-resonant,  respectively.     The 

1  The  class  of  a  wave-filter,  as  defined  in  the  present  paper,  is  determined  by  the 
number  of  its  transmitting  bands  and  their  general  locations  on  the  frequency  scale; 
the  type  by  its  general  structure.  Thus,  the  low-band-and-high  pass  class  transmits 
in  a  band  including  zero  frequency,  in  one  internal  band,  and  in  a  band  including 
infinite  frequency.  A  class  is  complementary  to  another  if  its  transmitting  and 
attenuating  bands  correspond  in  order  to  the  attenuating  and  transmitting  bands, 
respectively,  of  the  other.  One  class  is  higher,  or  lower,  than  another  if  it  has  in 
addition  to  those  of  the  latter  at  least  one  more,  or  one  less,  transmitting  or  attenu- 
ating band. 
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critical  frequencies  separating  these  bands  are  the  frequencies  at  which 
the  series  impedance  equals  =^i'2k. 

With  these  known  facts  and  the  properties  of  reactance  networks,  the 
determination  of  the  physical  structure  and  design  of  any  "  constant 
k  "  wave-filter  is  a  relatively  simple  matter.  At  the  series-resonant 
frequency  of  any  transmitting  band  both  characteristic  impedances 
K\k  and  K^k,  using  the  same  notation  as  above,  have  by  (1)  the 
value  k.  This  indicates  that  if  k  has  been  chosen  equal  to  the  im- 
pedance of  the  line  (assumed  as  a  constant  resistance)  with  which 
the  wave-filter  is  to  be  associated  there  will  be  no  impedance  irregu- 
larity at  the  junction  of  the  mid-terminated  wave-filter  and  the  line 
for  any  of  these  series-resonant  frequencies.     We  shall  put,  therefore, 

k  =  ^21^2*  =  Mean  Line  Resistance  —  R.  (6) 

which  is  assumed  given,  and  R  will  have  -this  meaning  thruout  the 
remainder  of  this  paper.  At  the  critical  frequencies  we  then  have 
to  satisfy  the  conditions 

zlk  =  ±i2R,  (7) 

where  also 

Kik  =  0  and  K2k  =  °°  • 

If  there  are  to  be  n  transmitting  bands  Z\k  may  be  designed  out  of 
n  simple  resonant  components,  all  in  parallel,  wherein  each  component 
accounts  for  only  one  band.  For  example,  with  resonant  components 
Zri  .  .  .  zrn,  we  have 

1 


Zik 


-L+ . . ; +-1+ . . . +-1' 

2>r  1  Zr  j  %rn 


This  is  sufficient  since,  owning  to  the  positive  slope  of  reactance,  there 
is  bound  to  be  but  one  anti-resonant  frequency  and  attenuating 
band  between  every  adjacent  pair  of  resonant  frequencies.  It  is 
obvious  that  the  component  corresponding  to  the  zero  frequency 
transmitting  band  is  an  inductance,  l\k\  the  component  corresponding 
to  any  (j)  internal  transmitting  band  is  an  inductance,  l_k,  and  capac- 
ity, cik  in  series;  and  the  component  corresponding  to  the  infinite 
frequency  transmitting  band  is  a  capacity,  c"k. 

The  magnitudes  of  the  inductances  and  capacities  will  be  uniquely 
determined  by  satisfying  the  relations  (7)  at  all  the  critical  frequen- 
cies. For  at  the  critical  frequency  of  the  zero  frequency  transmitting 
band  Z\k  =  -{-i2R\  at  the  lower  critical  frequency  of  any  internal 
transmitting  band  zik=  —  i2R  and  at  the  higher  critical  frequency 
Zik—  -\-i2R;  at  the  critical  frequency  of  the  infinite  frequency  trans- 
mitting band   zik=   —i2R.     Hence,   no  matter  what   "constant  k  ' 
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wave-filter  is  considered,  the  number  of  restrictions  imposed  on  Z\k 
at  the  critical  frequencies  will  always  equal  the  total  number  of  in- 
ductances and  capacities  involved,  whose  magnitudes  are  therefore 
given  by  the  solution  of  the  simultaneous  equations  (7). 

By  the  second  reactance  theorem  a  corresponding  value  of  zik  may 
be  obtained  by  designing  it  out  of  n  components,  all  in  series,  wherein 
each  component  is  the  inverse  network  of  a  component  in  the  series 
impedance,  the  product  of  their  impedances  being  equal  to  R2  to 
satisfy  (6).  The  component  in  s2/e  corresponding  to  the  zero  fre- 
quency transmitting  band  is  a  capacity,  c2.%;  that  to  any  (j)  internal 
transmitting  band  is  a  simple  anti-resonant  component  of  inductance, 
lJk,  and  capacity  c3lk,  in  parallel;  and  that  to  the  infinite  frequency 
transmitting  band  is  an  inductance,  l'lk.  The  relations  between 
inductances  and  capacities  of  the  corresponding  components  are 
given  by 

C-2k  C\k       C\k  Cxk 

which  determine  the  elements  of  z»_k  as  soon  as  those  of  zik  are  found. 
An  alternative  method  is  to  focus  our  attention  upon  the  attenua- 
tion requirements.  To  give  n  attenuating  bands,  zVk  may  be  de- 
signed out  of  11  simple  anti-resonant  components,  all  in  series,  each 
component  accounting  for  only  one  band.  Representing  these  anti- 
resonant  components  by  zaX  .  .  .  zan,  the  series  impedance  is 

Zl/fe =  Za\     I      •    •    •    ~T~  "aj     I      •    •    •      \     ~'an- 

The  component  corresponding  to  the  zero  frequency  attenuating  hand 
is  a  capacity,  C\k\  that  to  any  (j)  internal  attenuating  band  is  a 
simple  anti-resonant  component  of  inductance,  L{k,  and  capacity 
C{k,  in  parallel;  and  that  to  the  infinite  frequency  attenuating  band  is 
an  inductance,  L"k.  As  in  the  previous  case  Zik  must  satisfy  (7)  at 
all  the  critical  frequencies,  which  determines  its  elements.  The 
corresponding  shunt  impedance,  z2k,  may  be  designed  out  of  n  com- 
ponents, all  in  parallel,  wherein  each  component  is  the  inverse  net- 
work of  a  component  in  the  series  impedance,  their  impedance  prod- 
uct being  R-.  The  components  in  z»k  for  the  three  typical  attenu- 
ating bands  above  considered  in  the  discussion  of  zlk  are  in  the 
same  order,  an  inductance,  L]k,  a  simple  resonant  component  of 
inductance,  L[k  ,  in  series  with  a  capacity,  CJlk,  and  a  capacity,  C"k 
We  have  here 

Li                          J  J         J                            T " 
2k J-^\k ^->  :k J-'ik r>2  (Q\ 

i  •••         y^j         ,-,:  ...  „  -A.  .  \tfj 
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A  general  comparison  ot  these  two  methods  of  designing  a  "  con- 
stant k  "  wave-filter  shows  that  the  series  impedances  in  the  two 
cases  have  the  same  number  of  inductances  and  the  same  number 
of  capacities.  Since  the  total  number  of  these  elements  is  the  same 
in  both  and  the  two  impedances  are  made  equal  at  a  number  of 
critical  frequencies  equal  to  this  total  number,  these  impedances 
are  identical  at  all  frequencies.  Similarly  for  the  shunt  impedances; 
all  of  which  agrees  with  the  first  reactance  theorem  and  leads  to  the 
following  conclusion. 

.45  regards  propagation  constant  and  impedance  characteristics,  only 
one  "constant  k"  wave-fitter  exists  in  each  class,  and  the  magnitudes  of 
its  series  and  shunt  impedances,  each  of  which  contains  elements  equal 
in  number  to  the  critical  frequencies,  are  uniquely  determined  by  the 
preassigned  critical  frequencies  and  the  magnitude  of  k.  Its  physical 
structure,  however,  is  in  general  not  unique. 

The  structure  of  these  impedances  may  in  all  but  the  lowest  classes 
be  given  a  variety  of  different  forms,  the  number  of  inductances  re- 
maining fixed  as  well  as  the  number  of  capacities.  In  the  low  pass, 
high  pass,  low-and-high  pass,  and  band  pass  classes,  the  above  two 
modes  of  derivation  give  the  same  designs  for  their  respective  series 
and  shunt  impedances.  In  those  of  a  higher  class  the  designs  so 
obtained  are  different  and  for  more  than  three  elements  per  im- 
pedance may  be  put  in  even  other  forms. 

Taking  the  "constant  k",  low-band-and-high  pass  wave-filter  with 
critical  frequencies  f0,  fu  fi,  and  fz,  as  an  example,  the  first  method 
gives  the  series  impedance  as  an  inductance  in  parallel  with  both  a 
resonant  component  and  a  capacity,  and  the  shunt  impedance  as  a 
capacity  in  series  with  both  an  anti-resonant  component  and  an 
inductance.  The  second  method  gives  the  structure  shown  in  ¥\g.  2. 
Two  other  equivalent  structures  for  the  series  impedance  are  possible; 
one  is  an  inductance  in  parallel  with  the  series  combination  of  a 
capacity  and  an  anti-resonant  component,  the  other  is  a  capacity  in 
parallel  with  the  series  combination  of  an  inductance  and  an  anti- 
resonant  component.  Similarly  the  shunt  impedance  may  have  two 
other  structures;  one  is  a  capacity  in  series  with  the  parallel  com- 
bination of  an  inductance  and  a  resonant  component,  the  other  is  an 
inductance  in  series  with  the  parallel  combination  of  a  capacity  and 
a  resonant  component.  Relations  between  the  element  magnitudes 
are  given  in  Appendix  III,  which  contains  general  equivalent  im- 
pedances. There  being  four  equivalent  structures  for  each  of  the 
series  and  shunt  impedances  this  would  mean  a  total  of  sixteen  pos- 
sible structures  for  this  one  "constant  k " .wave-filter.     The  impedance 
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and  attenuation  diagrams  in  Fig.  2  illustrate  some  of  its  properties. 
Especially  is  it  to  be  noted  that  the  infinite  attenuations,  occurring 
where  the  series  impedance  is  anti-resonant,  take  place  at  frequencies 
fal  and  fai  which  are  not  arbitrary  but  depend  entirely  upon  the 
critical  frequencies  f  ,  fi,  f-2  and  fz. 


fwj\     sm^ 


+  i2R 


0  f0  F,  f,  f3 

Fig.  2 — "Constant  k"  Low-Band-and-High  Pass  Wave-Filter 


It  may  be  added  that  in  "constant  k"  wave-filters  every  internal 
transmitting  band  is  a  confluent  band  formed  by  the  junction  of  two 
bands  occurring  separately  in  a  wave-filter  of  higher  class  but  with 
the  same  configuration  of  elements. 

Summarized,  the  above  procedure  for  "constant  k"  wave-filter 
design  is: 

(1)  Obtain  synthetically  a  structural  form  for  the  series  impedance, 
Zik,  from  either  the  transmission  or  attenuation  requirements; 
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(2)  Determine  the  magnitudes  of  all  inductances  and  capacities 
in  Zxk  from  the  conditions,  zi:  =  ^i'2R  at  all  preassigned  critical  fre- 
quencies, where  R  (  =  k)  is  the  given  mean  line  resistance; 

(3)  Derive  a  structure,  in  addition  to  the  inductance  and  capacity 
magnitudes,  of  the  shunt  impedance,  z2\,  considering  the  latter  as  an 
inverse  network  to  Zu,  where  Zikc-2:  =  R2. 

2.  General    Wave-Filters    Having    Any    Preassigned    Trans- 
mitting and  Attenuating  Bands  and  Propagation  Constants 
Adjustable  Without  Changing  One  Mid-Point  Character- 
istic Impedance. 

It  was  shown  above  how  a  "  constant  k  "  wave-filter  may  always 
be  designed  so  as  to  have  any  preassigned  transmitting  and  attenu- 
ating bands.  A  method  will  now  be  given  for  deriving  the  two  most 
general  ladder  types,  each  having  one  mid-point  characteristic  im- 
pedance equivalent  at  all  frequencies  to  the  corresponding  mid-point 
characteristic  impedance  of  the  known  "  constant  k  "  wave-filter; 
one  of  them  has  such  equivalence  at  mid-series,  and  the  other  at  mid- 
shunt.  Because  of  this  equivalence,  these  general  wave-filters  must 
necessarily  have  the  same  transmitting  and  attenuating  bands  as  the 
"  constant  k  "  wave-filter  which  they  include  as  a  special  case.  Their 
propagation  constants  will  be  found  to  be  adjustable  over  a  wide 
range. 

Mid-Series  Equivalent   Wave-Filter 

Assume  the  known  "  constant  k  "  wave-filter  has  n  attenuating 
bands  and  that  its  series  impedance  derived  by  the  second  method 
has  the  form  of  n  simple  anti-resonant  components  in  series,  repre- 
sented as 

Z\k==ZaiA-Z(12Jr   .  .  .  zan-  (10) 

Its  mid-series  characteristic  impedance  is 


Klk  =  VW+Wlk.  (11) 

Let  the  series  and  shunt  impedances  of  the  desired  general  wave- 
filter  be  Zii  and  z2i,  respectively,  where  the  second  subscript  i  in- 
dicates that  these  impedances  belong  to  the  wave-filter  which  is  to 
have  mid-series  equivalence  with  the  "  constant  k  "  wave-filter.    Then 

and  the  fundamental  relation  is  that 

Kll=Klk.  .  (13) 
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Certain  inferences  may  be  drawn  as  to  the  nature  of  the  impedances 
Z\\  and  32i" 

a.  The  series  impedance  zn  is  similar  in  form  to  the  series  impedance 
z-ik  and  is  anti-resonant  at  the  same  frequencies  as  su..  This  follows 
directly  from  a  comparison  of  formulae  (11)  and  (12).  For  whenever 
Z\k  is  anti-resonant,  corresponding  to  an  attenuating  band,  K\k  is 
infinite,  and  to  make  A'n  also  infinite  zn  must  be  anti-resonant  irre- 
spective of  z-n  in  order  to  maintain  an  attenuating  band  at  these 
frequencies. 

b.  The  shunt  impedance  s-i  corresponding  to  the  series  impedance 
z-n  and  the  given  class  of  wave-filter  may,  in  its  most  general  form,  be 
taken  as  a  parallel  combination  of  simple  resonant  components  (series 
L  and  C)  equal  in  number  to  the  total  number  of  inductances  and  capac- 
ities contained  in  zn.  This  is  a  consequence  of  a  general  conclusion 
based  upon  formulae  (2)  and  (4)  and  the  properties  of  reactances, 
namely  that  in  an  attenuating  band  corresponding  to  each  branch  of 
the  series  impedance  frequency  curve,  where  the  absolute  value  of 
Zn  passes  once  continuously  thru  all  values  from  zero  to  infinity, 
the  shunt  impedance  z2x  can  be  resonant  no  more  than  once.  Since, 
however,  the  number  of  branches  in  the  zn  frequency  curve  equals 
the  number  of  elements  which  Zu  contains,  the  above  statement  is 
proven. 

c.  Series  resonance  and  shunt  anti-resonance  coincide  if  both  are 
included  in  an  internal  transmitting  band.  Series  and  shunt  anti- 
resonance  coincide  if  both  arc  included  in  an  internal  attenuating  band. 
This  is  a  necessary  relation  in  either  case  to  preserve  band  confluency. 

To  ensure  the  necessary  similarity  between  zn  and  su.  it  will  be 
assumed  that  for  everyr  series  component  in  zv.  as  above  expressed 
there  is  one  of  proportional  magnitude  in  zn  which  latter  may  be 
written, 

Zii=m1Zai  +  m2Za2+  ■  ■  ■  mnzan,  (14) 

where  the  coefficients,  mx,  .  .  .  m„,  are  positive  real  numerics.     From 
the  formulae  (11),  (12),  and  (13)  the  shunt  impedance  becomes 

»,■-? +»<*»-<>.  (15) 


If  in  this  formula  the  assumed  form  (14)  for  zn  corresponding  to 
any  particular  zlk  is  substituted,  it  will  be  found  that  the  resulting 
expression  for  s2i  has  exactly  the  requisite  form  to  be  the  most  general 
shunt  impedance  which  that  wave-filter  may  have.     This  therefore, 


THEORY    AND    DESIGN    OF     WAVE-FILTERS  13 

justifies  the  assumption  regarding  Zu  and  shows  the  latter  to  give 
the  general  case  having  the  specified  characteristic  impedance. 

The  coefficients,  mi,  .  .  .  m„,  may  be  evaluated  by  fixing  any  n 
physically  realizable  conditions  such  as  n  resonant  frequencies  of 
the  shunt  impedance,  which  are  frequencies  of  infinite  attenuation 
in  the  wave-filter.  From  the  foregoing  not  more  than  two  such 
frequencies  may  be  included  in  any  internal,  and  but  one  in  any  other, 
attenuating  band.  However,  since  the  number  of  such  conditions 
equals  the  number  of  attenuating  bands  it  will  be  considered  most 
useful  to  fix  one  resonant  frequency  in  each  attenuating  band.  If 
Zu  has  iV  elements,  where  N  =  2n  —  2,  2n  —  l,  or  2n,  the  shunt  im- 
pedance will  have  2N  which  may  then  be  found. 

An  evaluation  process  possible  here  is  first  to  write  the  expression 
for  z-2i  in  (15)  as  the  ratio  of  two  polynomials  with  two  variables,  in 
which  the  assumed  relation  for  zn  has  been  substituted  and  the 
variables  are  an  arbitrarily  chosen  known  inductive  impedance,  zL, 
and  capacitive  impedance  %,  such,  for  example,  as  may  occur  in 
zik.  Put  each  component  of  the  desirable  parallel  resonant  com- 
ponent form  of  Z21  in  terms  of  these  same  two  variables  and  two 
undetermined  coefficients,  as  azL-\-bzc,  etc.,  and  write  the  correspond- 
ing polynomial  ratio  expression  for  Z21  which  will  involve  the  co- 
efficients. A  comparison  of  the  two  expressions  for  s2i  which  must 
be  equivalent  gives  2iV  relations  between  the  coefficients  Wi,  .  .  .  mn 
of  Zu  and  the  2.Y  coefficients  a,  b,  etc.,  of  z%\.  Next  fix  ;/  resonant 
frequencies  of  021.  satisfying  the  relation 

221  =  0,  (16) 

at  frequencies  fix,  .  .  .  fHx  ,  one  arbitrarily  chosen  in  each  attenu- 
ating band.     These  give  n  simple  ratios  r,etc,   which  with  the  other 

0 

relations  make  a  total  of  2N-\- n  simultaneous  equations  from  which  to 
determine  the  same  number  of  coefficients.  Their  solution  will  give 
all  coefficients  explicitly  in  terms  of  the  independent  critical  fre- 
quencies/ ,fi  .  .  .  ,  and  frequencies  of  infinite  attenuation /1M,  .  .  ./„«,. 
It  is  more  practical,  however,  to  obtain  such  explicit  solutions  for 
the  coefficients  m\,  .  .  .  mn  only,  and  to  express  the  coefficients  a,  b, 
etc.,  as  functions  of  the  frequencies  and  the  ra's  combined. 

That  the  ;/  additional  conditions  in  (16)  are  the  maximum  number 
which  can  be  imposed,  may  be  illustrated  in  the  case  of  n  —  2  by  the 
general  low-band-and-high  pass  wave-filter  of  Fig.  3  corresponding 
to  the  "  constant  k  "  wave-filter  of  Fig.  2.  This  has  a  total  of  twelve 
elements  per  section  which  it  will  be  seen  are  fully  determined  by 
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the  following  twelve  conditions:  four  at  the  critical  frequencies  f0,fi, 
ji  and/3,  where  - —  =  —  1 ;  four  at  frequencies  faX  and/a>  where  both  sn 

4221 

and  221  are  anti-resonant;  one  at  a  variable  frequency  in  the  internal 
transmitting  band  where  zn  is  resonant  and  22i  anti-resonant;  one  at 
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Fig.    3 — General    Mid-Series    Equivalent    Low-Band-and-High    Pass    Wave-Filter 


one  other  frequency  where  the  absolute  value  of  the  characteristic 
impedance  is  fixed;  and  two  added  conditions  at  the  adjustable  fre- 
quencies of  infinite  attenuation  /i»  and  /2=o,  bringing  the  total  up 
to  twelve. 

In  brief,  the  procedure  for  designing  the  general  mid-series  equiva- 
lent wave-filter  is: 

(1)  Write  down  from  the  known  "  constant  k  "  wave-filter  having 
n  preassigned  attenuating  bands  the  form  of  the  series  impedance 
with  undetermined  coefficients  Wi  ...  mn  as  in  (14). 
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(2)  Obtain  two  expressions  for  the  shunt  impedance,  one  derived 
thru  the  characteristic  impedance  of  the  "  constant  k  "  wave-filter 
and  containing  the  coefficients  nt\  .  .  ,~mn\  the  other  from  a  con- 
sideration of  its  possible  most  general  form  corresponding  to  the 
series  impedance,  with  coefficients  a,  b,  etc.  Equate  these  expres- 
sions at  all  frequencies  and  thus  obtain  a  set  of  relations  between  the 
coefficients  m\  .  .  .  m„  and  a,  b,  etc.,  equal  to  the  latter  in  number. 

(3)  Fix  one  resonant  frequency  of  the  shunt  impedance,  a  fre- 
quency of  infinite  attenuation,  in  each  attenuating  band,  using  the 

second  expression  above  which  will  determine  n  simple  ratios — »  etc. 

b 

(4)  Solve  these  simultaneous  equations  by  obtaining  an  explicit 
solution  for  the  coefficients  mi,  .  .  .  mn  in  terms  of  the  critical  fre- 
quencies /o,  /i  .  .  .  and  frequencies  of  infinite  attenuation  /lM  .  .  .  /„», 
and  a  solution  for  the  coefficients  a,  b,'  etc.,  in  terms  of  these  fre- 
quencies and  the  coefficients  mu  .  .  .  m,,. 

This  method  will  later  be  applied  to  the  design  of  the  low-and-band 
pass  wave-filter. 

Mid-Shunt  Equivalent  Wave- Filter 

The  general  wave-filter  whose  mid-shunt  characteristic  impedance 
is  equivalent  to  that  of  the  "  constant  k  "  wave-filter  can  be  obtained 
in  a  manner  somewhat  similar  to  the  one  above.  However,  it  is 
possible  to  derive  the  mid-shunt  equivalent  directly  from  the  mid- 
series  equivalent  wave-filter  by  a  simple  process  wherein  these  two 
are  assumed  to  have  equivalent  propagation  constants. 

Let  the  series  and  shunt  impedances  of  this  wave-filter  be  212  and 
222,  and  its  mid-series  and  mid-shunt  characteristic  impedances 
K12  and  K22,  respectively.     The  fundamental  condition  here  is  that 

K22=K2k.  (17) 

Under  the  assumption  that  the  wave-filter  has  a  propagation  constant 
equivalent  to  that  of  the  general  mid-series  wave-filter,  where  Ku  =  Klk, 
we  may  write  from  (1) 

2ll_Zl2 

221       222 

and 

2Kik  —  2u     2222  —  K*k 


-r  =  : 


2Kik~\-Zn     2222+-K2* 
These  relations  and  (1)  give 

2ll222  =  Z\iZ2\—K\kK-1k  —  Z\kZ2k  =  R2-  (18) 
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Hence,  the  general  mid-shunt  equivalent  wave-filter  can  be  obtained  by 
designing  its  series  and  shunt  impedances  as  inverse  networks,  of  im- 
pedance product  R2,  to  the  shunt  and  series  impedances,  respectively, 
of  the  general  mid-series  equivalent  wave-filter,  under  which  conditions 
the  two  wave-filters  have  equivalent  propagation  constants. 

To    illustrate,    a    structure    for    the    general    mid-shunt   equivalent 
low-band-and-high  pass  wave-filter  corresponding  to  Figs.  2  and  3  is 


sw\ 


KW\        r^WTS 


HH    HH^HH    HH 


r^R^i 


Fig.  4 — General  Mid-Shunt  Equivalent  Low-Band-and-High  Pass  Wave-Filter 

shown  in  Fig.  4.  The  impedance  diagram  indicates  how  the  trans- 
mitting and  attenuating  bands  are  produced.  Here  each  anti-reso- 
nant component  in  the  series  impedance  is  responsible  for  one  of  the 
infinite  attenuations  shown  in  the  equivalent  attenuation  diagram  of 
Fig.  3.  It  may  be  seen  also  that  when  in  practice  it  is  necessary  to 
balance  the  two  sides  of  the  line,  the  wave-filter  of  Fig.  4  requires 
more  series  balanced  inductances  and  capacities  than  that  of  Fig.  3 
to  give  an  equivalent  propagation  constant.  For  this  reason  the  mid- 
shunt  equivalent  wave-filter  is  usually  not  as  economical  as  the  mid- 
series  equivalent  wave-filter. 


3.  M-Type  Wave-Filters. 

The  term  M-type  will  be  applied  to  that  case  in  each  of  the  above 
general  wave-filters  in  which    the   coefficients  ni\  .  .  .  mn  coalesce    to 
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the  single  value  m,\= .  .  .  =  mn  =  m,  leaving  but  one  degree  of  freedom. 
They  are  of  special  interest  because  in  wave-filters  having  many  ele- 
ments the  impedances  can  be  determined  more  directly  than  by  the 
general  methods  above  and,  of  greater  importance,  because  the  mid- 
shunt  characteristic  impedance,  Knirn),  of  the  mid-series  equivalent 
M-type  and  the  mid-series  characteristic  impedance,  Kn{m),  of  the 
mid-shunt  equivalent  M-type,  both  functions  of  m,  can  be  made 
approximately  a  constant  resistance  over  the  greater  part  of  every 
transmitting   band,   a  desirable   property. 

In  the  mid-series  equivalent  M-type  it  follows  from  (14)  and  (15) 
that,  since  Zikz2k  =  R2, 


'u  =mzik, 


1-m2        .    1 

and  Z2i  =  — ; Z\k-\ — s2*, 

Am  m 


(19) 


showing  the  shunt  impedance  to  be  expressible  as  a  series  combina- 
tion of  different  proportions  of  the  "  constant  k  "  series  and  shunt 
impedances.  This  structure  is  usually  different  from  but  equivalent 
to  the  mid-series  equivalent  wave-filter  obtainable  by  the  first  method 
in  which  the  m-coefficients  are  all  equal  to  m.  The  value  of  the  co- 
efficient m  is  determined  by  fixing  a  resonant  frequency  of  s2i,  that  is, 
any  one  frequency  of  infinite  attenuation,  /».  From  (19),  for 
(z2i)/x  =0,  

»»  =  a|i+(— ),  •  (2°) 

>  V  Zik  /}*> 

The  corresponding  mid-shunt  equivalent  M-type  having  the  same 
propagation  constant  follows  from  (18)  with  impedances 

1 


mzik         4ra  on 

\  —  ml 


and  1 

022= — S2jfe. 

m 

Here  the  series  impedance  is  expressible  as  a  parallel  combination  of 

different  proportions  of  the  "  constant  k  "  impedances.2 

2  It  is  worth  while  to  point  out  that  from  the  nature  of  (19)  and  (21)  these  same 
relations  result  if  zu  and  z-ik  are  the  series  and  shunt  impedances  z\  and  z-i  of  any 
ladder  type  recurrent  network  whatever.  In  order  that  there  be  a  physically  realiz- 
able structure  corresponding  to  such  general  relations  it  is  sufficient  that  o  <  m  £  1. 
A  change  of  m  will  change  the  propagation  constant  without  changing  the  mid- 
series  characteristic  impedance  of  the  first  network,  and  mid-shunt  of  the  second. 
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The   characteristic   impedances,   K2i(m)   and  Kn(m),   follow   from 
the  substitution  of  (19)  and  (21)  in  (1),  and  are  given  by  the  relations 


R 


Ktiitn) 


R 


1  + ±* 

\  4z2fe 


H 


(l-m2)zik 


(22) 


4        z2k 
Fig.  5  shows   graphically  how  this    impedance    ratio,  neglecting  dis- 
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Fig.  5 — M-Type  Characteristic  Impedances  in  Transmitting  Band 


sipation,  depends  upon  m  in  any  transmitting  band.     For  the  limiting 


K 


\k       i  R  °k  -i 

"  »  respectively 


values  m  =  1  and  m  =  0  it  corresponds  to  ^^  and 

For  the  intermediate  value  m  =  .6  it,  and  hence  Ki\{m)  and  i£i2(w), 
is  approximately  constant  over  the  greater  part  of  the  transmitting 
band  thereby  approaching  the  ideal  sought.  A  wave-filter  network 
having  these  latter  terminations  could   then  be  connected  between 
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constant  resistance  terminal  impedances  without  introducing  appreci- 
able reflection  losses  at  the  important  frequencies  to  be  transmitted. 
It  may  also  be  added  that  where  a  number  of  wave-filters  trans- 
mitting in  different  bands  are  to  be  joined  in  series  or  in  parallel  the 
usual  terminations  correspond  to  Ki2(m)  and  K^iim),  respectively 
(where  m  is  about  .6),  with  the  omission  of  the  terminal  half-series 
impedance  in  the  first  case  and  terminal  double-shunt  impedance 
in  the  second.  In  the  transmitting  band  of  any  one  of  these  wave- 
filters  the  role  of  the  omitted  impedance  is  approximately  fulfilled 


AAAA/V 

1  7' 

Fig.  6 — Lattice  Type  Recurrent  Network 

by  the  resultant  impedance  of  the  other  wave-filters.  The  ap- 
proximation is  very  close  when  such  connections  are  made  with  two 
complementary  wave-filters  having  the  same  critical  frequencies. 

4.  Equivalent  Lattice  Tvpe  Wave-Filters. 

The  lattice  type  of  recurrent  network  shown  in  Fig.  6  offers  a 
simple  example  of  a  uniform  type  which  can  physically  be  made  to 
have  properties  equivalent  to  those  of  the  ladder  type.  Its  formulae 
for  propagation  constant  and  characteristic  impedance  in  terms  of 
the  series  and  lattice  impedances,  \z\    and  2s2  ,  are  known  to  be 

coshr/=1+4iT=^ 

(23) 

and  K'  =  y/z[  z>- 

A  comparison  of  these  formulae  with  those  of  the  ladder  type  in  (1) 
shows  that  when  r'  =  r,  and  K'  =  KU 

Zi=Zi, 

(24) 

and  z'z  =  \zi-\-z2\ 
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and  that  when  r'  =  I\  and  K'  =  K-2, 


1 


Z\ 


Zi      4s2 


and 


(25) 


z2  =  z2. 


In  both  cases  it  is  apparent  that  for  equivalent  results  the  lattice 
type  requires  more  elements  than  the  ladder  type  and  is,  therefore, 
not  as  economical. 


Part    II.     Design    of    Low-axd-Band    Pass    Wave-Filters    and 
Reduction  to  Wave-Filters  of  Lower  Class 

The  foregoing  theory  of  design  can  be  applied  separately  to  the 
design  of  wave-filters  of  each  class  in  general  use,  which  classes  are 
the  low  pass,  high  pass,  low-and-high  pass,  and  band  pass.     However, 


o — IftO^ 


rLik 


Fig.  7 — "Constant  k"  Low-and-Band  Pass  Wave-Filter 

instead  of  such  individual  treatment  designs  will  first  be  derived  for 
low-and-band  pass  wave-filters  which  are  wave-filters  of  higher  class 
than  these  four  classes  and  include  the  latter  as  particular  cases.  The 
simplifications  in  structure  and  formulae  which  result  upon  their 
reduction  to  the  lower  classes  will  be  considered  later. 

Low-and-Band  Pass  Wave- Filters 

The  structure  of  the  "  constant  k  "  low-and-band  pass  wave-filter 
as  derived  from  the  attenuation  requirements  has  the  form  of  Fig.  7. 
Since  this  form  may  be  obtained  from  that  given  in  Fig.  2  by  assuming 
the  critical  frequency,  f3,  in  the  latter  to  be  infinite,  we  may  under 
this  assumption  refer  to  Fig.  2  for  the  impedance  and  attenuation 
characteristics  corresponding  to  Fig.  7. 

The  series  impedance  zi;  expressed  as  a  function  of  frequency  is 


zlk  =  i2irfLlk(l  + 


l-4:Tr2frLikCik 


>, 


(26) 
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where  r  is  the  ratio  between  the  two  inductances.  The  magnitudes 
of  Life>  dk  and  r  are  found  from  the  conditions  (7)  which  zXk  must 
satisfy  at  the  critical  frequencies  f0,  flt  and /2;  namely,  zik  =  -\-i'2R, 
—i2R,  and   -\-i2R.     The  resulting  simultaneous  equations  become 

foW+ffc—fly=+l, 

fiw-fix-fiy=-l;  (27) 

and  f2w  +fix  -fly  =  + 1 , 

yR                      x^  iv  x 

where  Life  =  —  \Cik  =  -7-^D? ;'<  and  r=  — — 1. 

7t.t  4  tt  R  ( wx  —  y)  y 

The  solution  of  (27)  gives 
R 


L, 


C\b  = 


ir(fo—fi-rj2) 

(/o-/i+f2)2 


(28) 


4tt[( fo/i  -  /" 0/2  +/1/2)  (f 0  -/1 +/2)  -  f  0/1/2]  A 


and  r  =  (/0_/1+/2)(J:_l  +  1)_l. 

Jo    /1      '2 

The  corresponding  shunt  elements  are  obtained  from  the  series  ele- 
ments by  the  inverse  network  relations,  -^—  =  -^—  =R2,  so  that 

Clfe  C2fe 

(29) 
and  C2fe=-^- 

With  the  "  constant  &  "  wave-filter  elements  so  determined  we 
shall  now  derive  the  series  and  shunt  impedances,  zn  and  z2i,  of  the 
general  mid-series  equivalent  wave-filter.     Putting  for  convenience 

zL  =  i2irfLik,  and  zc=  farfC   ' 
formula  (26)  becomes 

rzLzc 


Z\k  =  zl  + 


tzl+zc 

and  zLzc  =  rsR\  (30) 

where  5  =  — ,       .  ..- 

(fo-fi+ZO3 
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By  (14)  we  may  write  for  the  general  series  impedance 

Zn  =  miZL-\ : ,  (61) 

rzL  +  zc 

in  which  the  coefficients  m\  and  m2  are  to  be  determined.  Substitu- 
tion of  these  relations  in  (15)  gives  one  expression  for  the  shunt 
impedance 

■^{l-m\)zl  +  A   1+^  fl+r— f»i  {mi+m&U  \z\zc 


+  r 


[2+^((14-r)2-(wi+w2r)2)lzi4+Zc 


221  ~  m1r352l+r25(2mi+m2r)zLzc+r5(mi  +  wz20sc 

Also,  since  the  series  impedance  has  three  elements,  the  most  general 
structure  for  z2i  is  three  resonant  components  in  parallel.  Letting 
these  components  be  azL-\-bzc,  czL-\-dzc,  and  ezL+fzc,  as  in  Fig.  8, 
the  corresponding  total  impedance  expression  is 


Z2i  = 


ace   ,    .    (ac   .   ae   .   ce\  ,        .    /  a  .    c       e  \       ,       , 

w^  +  (m  +  w  +  ?/)ZI%  +  U+  ? + 7)^+*     (33) 


Equality  between  (32)  and  (33)  at  all  frequencies  requires  that  the 
following  relations  be  satisfied : 

ace      r3s  „        „N 

^  =  T(i-«,), 

f3+f;+i='2[i+i(i+'-'",(m'+w))]' 

F  +  l+f  ='[2+j  ((1+')'"(""+",ir)!)]' 

G»i+®)J+(S7-^-  (34> 

and  r  +  T  +  F  =rs  (»i+»vj, 

oaf 

where  r  and  5  are  given  in  (28)  and  (30). 
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To  fix  one  resonant  frequency  of  22i  in  each  of  the  two  attenuating 

bands,  at /i«  and/2*,  we  may  put 


and 

which  give  finally 

and 


(azL  +  bzc)f     =0, 

J  loo 

{czL+dzc)r     =  0, 

J2oo 


a  _  f  of  jf  2 

c  /0/1/2 


r, 


(35) 


[U-h+h)f\ 


These  eight  simultaneous  equations  in  (34)  and  (35)  are  sufficient 
to  determine  all  the  coefficients  mi,  m2,  a,  b,  c,  d,  e,  and  /  in  terms 
of  the  critical  frequencies  f0,  /1,  and  /2,  and  -frequencies  of  infinite  at- 


Fig.  8 — General   Mid-Series  Equivalent  Low-and-Band   Pass  \Vave-F~ilter 

tenuation,  f\x  and  fiX.  The  method  of  solution  here  used  will  be 
indicated  only  and  the  final  results  given  in  Appendix  II.  The 
combination  of  (35)  and  the  first  three  equations  of  (34),  makes  it 
possible  to  eliminate  all  coefficients  but  mi  and  mi  and  to  obtain 
formulae  for  the  latter  explicitly  in  terms  of  the  frequencies.  From 
(35)  and  the  first  equation  and  last  three  equations  of  (34),  b,  d,  and/ 
are  calculable  in  terms  of  mi,  ra2,  and  the  frequencies.  These  com- 
bined with  (35)  and  the  first  equation  of  (34)  furnish  the  values  of 
a,  c,  and  e.  The  formula  for  the  dependent  frequency  of  infinite 
attenuation,  f[x,  results  from  putting  {ezL -\-jzc)t'    =0. 

The  general  mid-shunt  equivalent  wave-filter,  having  impedances 
212  and  222,  will  be  derived  from  the  general  mid-series  equivalent 
wave-filter  above  through  the  inverse  network  relations  of  (18); 
namely,  Sn222  =  £12221  =  -R2-  For  the  series  impedance  we  have  upon 
the  substitution  of  221 

R2  R2  R2  ^2 


Zi2  = 


221       a2L  +  &2C       C2l+^2C   '    e2L  +  /2C' 


(36) 
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Taking  the  first  term  of  the  right  member  as  typical,  it  may  be  trans- 
formed through  (29)  to  the  form 

R2  1  1 


azL  +  bzc     ozl     bzc     i2irfaCikJr 
1?-      R2 


1 


(37) 


*^T 


which  is  the  impedance  of  an  anti-resonant  component  having  an 

inductance,  -f^,  and  a  capacity,  aCik-     Similarly  each  of  the  other  two 

b 

terms  of  (36)  represents  the  impedance  due  to  an  anti-resonant  corn- 
La 

d 


ponent,  in  one  case  of  elements  -  -  and  cC^k,  and  in  the  other  of  ele- 


ments —r-  and  eCik- 

The  shunt  impedance  may  by  (29)  and  (31)  be  put  in  the  form 
R2  R2 


222  : 


Zn     miZL  +  mjrzLZc 
rzL+zc 

1 


(38) 


i2irfm1C2kJr 


i2wf  — —  +  T7r— -pr- 

m2      ilirfniirLik 


and  is  the  impedance  of  a  capacity  Wi  C->k  in  parallel  with  a  resonant 


component  of  inductance  —  and    capacity    m->rCik- 

m2 

corresponding  to  2i2  and  z22  is  shown  in  Fig.  9. 


The   structure 


miC2k 


Fig.  9 — General  Mid-Shunt  Equivalent  Low-and-Band  Pass  Wave-Filter 

The  method  of  reducing  these  general  wave-filters  to  the  desired 
lower  class  wave-filters  will  now  be  taken  up  briefly.  The  resulting 
structures  and  formulae  are  given  in  Appendix  II,  where  the  two 
wave-filters   having  identical    propagation   constants   are   considered 
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together  and  are  numbered.  The  subscripts  x  and  2  on  these  num- 
bers refer,  respectively,  to  the  mid-series  and  mid-shunt  equivalent 
wave-filters.  The  quantities  with  brackets  occurring  in  some  of  the 
formulae  are  included  merely  to  indicate  the  origin  of  their  equivalents 
from  the  low-and-band  pass  wave-filters. 

Low  Pass   Wave- Filters 

These  are  some  of  the  simplest  wave-filters  and  are  here  obtained 
by  considering 

fo=fio0=fi  =  0.  (39) 

In  general  these  wave-filters  have  three  elements  per  section  and  are 
identical  with  the  M-types  since  there  is  but  a  single  coefficient 
Wi  =  ra.  The  "constant  k  "  structure,  series  inductance  and  shunt 
capacity,  results  when  /2oc  =  oc  . 

High  Pass  Wave- Filters 

These  wave-filters  which  are  complementary  to  the  low  pass  wave- 
filters  also  have  simple  structures,  in  general  three  elements  per 
section,  the  M-types.     To  derive  them  assume  in  the  general  formulae 

/o  =  0, 

(40) 

and  J2=/2oo  =  oo. 

The  additional  condition,  /i «,=(),  gives  the  "constant  &"  wave- 
filter  of  series  capacity  and  shunt  inductance. 

Low-and-High  Pass  Wave- Filters 
For  the  low-and-high  pass  transmission  characteristic  put 

/2=/2»  =  00.  (41) 

Here  some  simplifications  in  notation  may  be  made,  as  is  indicated 
in  the  formulae  by  the  quantities  in  brackets.  The  general  struct- 
ures, M-types,  require  six  elements  per  section.  A  limiting  case,  the 
"  constant  k  "  wave-filter,  having  four  elements  per  section,  results 
when  fXx  =  s/fofi  =/'*> . 

Band  Pass  Wave- Filters 

With  the  condition 

/o  =  0  (42) 

an  internal  transmitting  band  is  retained  and  also  the  two  independent 
frequencies  of  infinite  attenuation,  /i«   and  /2oo.     Depending  upon 
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the  values  of  these  frequencies,  the  wave-filter  structures  may  have 
from  three  to  six  elements  per  section. 

In  the  six  element  pair/i*  and/2«  are  unrestricted  except  that  they 
must  lie  within  their  respective  attenuating  bands.  These  wave- 
filters  are  the  general  ones  including  the  others.  A  relation  found 
to  exist  here  is 

which  has  been  incorporated  in  the  formulae.  The  three  element 
structures,  of  which  there  are  two  pairs,  come  from  putting  /i»  =  0 
and  fox  =fz  in  one  case,  /i«  =A  and  /2»  =  °° in  the  other.  Those 
having  four  elements  are  the  "constant  k,"  where  /i=o=0  and 
/2»  =  oc  ,  and  the  two  similar  appearing  pairs  in  one  of  which  /2»  =/2, 
and  in  the  other  fix  =/i.  Two  pairs  of  five  element  structures  exist, 
one  with  /ioo=0  and  the  other  with  /2»  =  <*> .  It  is  of  interest  to 
point  out  that  ra2=l  in  all  of  the  band  pass  wave-filters  where  /1=0  =  0. 
and  Wi  =  l  where /2t»  =  co  ,  showing  that  in  these  cases  certain  of  the 
elements  will  be  like  those  of  the  "  constant  k  "  wave-filter.  Also, 
in  the  limiting  cases  where  a  frequency  of  infinite  attenuation  co- 
incides with  a  critical  frequency,  the  attenuation  constant  increases 
from  zero  at  this  frequency  to  a  finite  limiting  value  at  the  other 
extreme  of  the  attenuating  band. 

The  M-type  band  pass  wave-filters  are  given  by  putting  rri\  =  mi  =  m. 
Choosing  f2x  as  the  independent  frequency,  the  formulae  simplify  to 


Hi?) 

and  /i=o 


(43) 

.i-«7i  ,Afr 

4m 

fih 
f: 


2=o 


Part  III.     Composite  Wave-Filters 

The  preceding  parts  of  this  paper  have  considered  wave-filters  as 
made  up  of  a  series  of  uniform  sections.  We  know,  however,  from 
this   discussion    that    the    propagation    constants   of   certain    general 
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wave-filter  sections  can  be  changed  without  changing  one  of  their 
mid-point  characteristic  impedances.  Obviously  then  it  should  be 
possible  to  combine  such  sections  so  as  to  give  a  non-uniform  network 
which  introduces  a  number  of  different  propagation  constants. 

The  composite  wave-filter  is  a  network  of  serially  connected  wave-filter 
sections  some  or  all  of  which  are  different  in  propagation  constants,  but 
adjacent  sections  of  which  are  equivalent  in  characteristic  impedance  at 
their  junction.  The  latter  condition  ensures  the  absence  of  impedance 
irregularities  within  the  network.  Consequently  the  composite  wave- 
filler  is  specified  by  the  sum  of  the  propagation  constants  of  the  individual 
sections  and  the  characteristic  impedances  of  the  end  sections. 

The  advantage  of  composite  over  uniform  wave-filters  is  in  their 
flexibility  of  design  by  means  of  which  it  is  easier  and  more  economical 
to  meet  the  attenuation  and  impedance  requirements  in  many  wave- 
filter  networks.  For  example,  to  utilize  the  frequency  range  as 
completely  as  possible  the  attenuation  of  the  network  should  in 
general  rise  rapidly  upon  entering  the  attenuating  bands  and  remain 
high.  It  is  also  often  desirable  that  the  network  have  an  approxi- 
mately constant  resistance  terminal  impedance  in  the  transmitting 
bands.  No  uniform  wave-filter  possesses  all  these  properties  as  it  was 
found  that  the  attenuation  constant  of  any  section  varies  markedly 
with  frequency  over  the  attenuating  bands,  being  much  higher  in 
some  parts  then  in  others;  then,  too,  the  impedances  of  most  wave- 
filters  are  not  the  best  available.  To  give  high  attenuation  at  fre- 
quencies where  the  attenuation  constant  of  a  section  is  low  requires 
a  relatively  large  number  of  uniform  sections  and  this  means  a  sur- 
plus of  attenuation  at  other  frequencies.  Aside  from  economic  con- 
siderations this  number  is  practically  limited  by  the  amount  of  at- 
tenuation introduced  in  the  transmitting  bands  due  to  dissipation 
in  the  elements.  In  a  composite  wave-filter,. however,  it  is  possible 
to  distribute  the  low  and  high  attenuations  of  the  individual  sections 
over  the  frequency  bands  so  that  an  efficient  use  is  made  of  these 
attenuation  properties  and  a  more  uniform  high  attenuation  is  pro- 
duced; a  desirable  impedance  characteristic  is  obtainable  by  M-type 
section  terminations. 

In  the  case  of  ladder  types,  for  example,  we  may  look  upon  the 
composite  wave-filter  as  having  been  originally  a  number  of  sections 
of  the  general  mid-series  or  mid-shunt  equivalent  wave-filters  wherein 
now  the  propagation  constants  of  the  sections  have  been  changed 
without  changing  their  characteristic  impedances.  The  mid-series 
and  mid-shunt  wave-filters  may  also  both  be  included  since  their 
junction  can  be  made  through  the  intermediate  use  of  the  "constant 
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k"  wave-filter,  a  half-section  being  the  minimum.  Again,  mid-series 
and  mid-shunt  sections  derived  from  prototypes  other  than  the 
"constant  k"  wave-filter,  such  as  have  already  been  indicated  in  con- 
nection with  the  generalized  M-type  formulae,  are  other  possible 
units.  The  two  different  half-series  impedances  which  join  where 
two  mid-series  sections  are  connected  together  can  always  be  merged 
into  one  impedance  having  the  same  impedance  structure  but  in 
general  different  magnitudes  for  all  elements;  a  similar  merging  of 
shunt  impedances  can  be  effected  at  the  junction  of  two  mid-shunt 
sections.  It  is  here  from  a  structural  standpoint  that  the  ladder 
type  is  much  superior  to  other  types,  such  as  the  lattice  type  over 
which  it  has  the  additional  advantage  of  a  smaller  number  of  elements 
per  section.  For  if  one  or  more  sections  of  the  lattice  type  are  in- 
cluded in  the  composite  network  each  section  must  be  completely 
constructed  since  there  is  no  possibility  of  merging  adjacent  im- 
pedances. 

It  is  known  that  among  band  pass  wave-filters  having  equivalent 
mid-point  characteristic  impedances  some  have  positive  phase  con- 
stants and  others  negative  at  the  same  frequencies  in  the  transmitting 
band.  The  question  may  be  raised  as  to  whether  such  sections 
can  not  be  combined  in  a  manner  which  will  give  zero  phase  in  addi- 
tion to  zero  attenuation  throughout  the  transmitting  band.  The 
impossibility  of  this  follows  directly  from  the  phase  constant  theorem 
previously  given,  namely,  that  the  phase  constant  increases  with 
frequency  throughout  the  transmitting  band,  irrespective  of  its  sign. 
Combining  sections  increases  the  rate  of  total  phase  change  with 
frequency. 

Equivalent  Substitutions 

There  are  equivalent  structures  for  certain  wave-filter  sections  as 
well  as  for  many  of  their  impedances  and  impedance  combinations. 
This  is  of  practical  importance  in  design  where  it  is  sometimes  ad- 
vantageous to  use  one  form  in  preference  to  another.  The  number  of 
elements,  their  magnitudes,  or  both,  are  some  of  the  determining 
factors  in  this  choice. 

The  wave-filter  sections  here  considered  are  of  the  band  pass  class 
and  their  equivalence  relations,  both  as  regards  current  propagation 
and  impedance,  are  given  by  the  following  tabluation  in  which  these 
wave-filters  are  referred  to  by  number  as  in  Appendix  II.  The 
subscripts  i  and  2  are  omitted  since  it  is  to  be  understood  that 
the  relations  apply  on  the  one  hand  to  mid-series  sections  having  those 
numbers  with  a   subscript  1  and  on  the  other  to  mid-shunt   sections 
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numbered  correspondingly  with  a  subscript  2-  We  have  then  for 
mid-series    or    mid-shunt    sections: 

(a)  IV=VIII+  IX, 

(b)  VII  =       V+    VI,  (44) 

(c)  X=       V+  IX, 

(d)  XI  =     VI  +  VII  I, 
whence  it  follows  that 

0)     IV+  VII=X+XI, 

etc.  To  verify  these  identities  we  need  to  consider  the  propagation 
constants  only  since  impedance  equivalence  is  known  to  exist.  This 
is  most  easily  accomplished  in  either  the  mid-series  or  mid-shunt 
cases  by  using  the  formula  for  e~v  in  (1)  to  show  the  sufficient  rela- 
tion for  propagation  constant  equivalence, 

e-T  =  e-T'e-T".  (45) 

Here  T  represents  the  propagation  constant  of  the  section  in  the  left- 
hand  member  of  (44)  a,  b,  c,  or  d;  V  and  T"  those  of  the  correspond- 
ing right-hand  member  sections.  It  can  likewise  be  verified  that 
these  identities  hold  even  when  dissipation  is  present  if  in  both  struc- 
tures all  inductances  have  the  same  time  constants  and  if  a  similar 
relation  holds  for  all  capacities.  A  comparison  shows  that  the  num- 
bers of  elements  in  the  two  structures  corresponding  to  the  left-  and 
right-hand  members  of  (44)  are,  respectively,  8  and  10  in  (a),  6  and  8 
in  (b),  7  and  9  in  both  (c)  and  (d),  and  12  and  12  in   (e). 

Equivalent  impedance  structures  involving  two  inductances  and 
two  capacities  have  already  been  mentioned  in  the  discussion  of  the 
"  constant  k  "  low-band-and-high  pass  wave-filter  in  Part  I.  These 
also  include  equivalent  three  element  structures.  The  formulae 
which  hold  when  a  transformation  is  made  from  one  structure  to  an 
equivalent  one  follow  directly  from  those  for  certain  combinations 
of  two  different  general  impedance  components,  as  given  inAppendix 
III.  Because  of  this  generality  of  the  components,  equivalence  exists 
even  when  there  is  dissipation  provided  the  inductances  and  capaci- 
ties have  time  constants  which  are,  respectively,  the  same  in  all. 
Moreover,  since  the  two  structures  are  identical  from  an  impedance 
standpoint  at  all  frequencies  of  the  steady  periodic  state,  they  will 
be  identical  similarly  under  any  conditions  of  the  transient  state. 
The  method  of  deriving  the  formulae  consists  in  first  forming  for 
the  two  corresponding  networks  their  general  impedance  expressions 
which  are  found  to  have  the  same  functional  form  in  the  two  com- 
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ponents  and  differ  only  in  the  constant  factors  involving  the  network 
parameters.  These  corresponding  factors  in  the  two  expressions 
are  then  equated  to  make  the  two  impedances  identical  at  all  fre- 
quencies and  it  is  this  set  of  equations  which  leads  to  the  relations 
between  the  parameters  of  the  two  networks.  The  list  of  structures 
given  in  Appendix  III  covers  the  usual  transformations  in  practice 
and  could  be  extended  by  adding  more  and  more  elements. 

Among  other  types  of  possible  substitutions  are  obviously  those 
involving  a  change  from  three  star-connected  (7")  to  three  delta- 
connected  (n)  similar  impedances,  or  vice  versa,  and  from  three 
star-  or  delta-connected  inductances  to  a  transformer  with  mutual 
impedance.  As  a  simple  illustration  consider  the  mid-series  band 
pass  wave-filter  VI 1  having  series  inductance  and  capacity  and  shunt 
capacity  which  can  be  put  in  the  form  of  series  inductances  connect- 
ing a  series  of  three  star-connected  capacities.  Changing  these 
capacities  into  the  delta  form  gives  a  recurrent  structure  in  which 
inductances  alternate  with  capacities  for  the  series  impedances  and 
capacities  form  the  shunt  impedances.  Similarly  Vi  may  be  changed 
to  a  structure  in  which  inductances  alternate  with  capacities  for  the 
series  impedances  and  inductances  form  the  shunt  impedances. 
Another  structure  for  the  latter  is  a  series  of  transformers  connected 
by  series  capacities. 

Composite  Band  Pass  Wave-Filter  Illustration 

A  band  pass  wave-filter  has  been  chosen  to  show  what  can  be 
accomplished  by  means  of  a  composite  structure  towards  realizing  the 
ideal  of  attenuation  and  impedance  characteristics.  The  transmit- 
ting band  and  impedance  are  specified  by 

/i  =  4,000  ~, 
U  =  7,000  n  , 
and  R  =  600  ohms. 

The  sections  arbitrarily  taken  to  make  up  the  structure  are  one  each 
of  the  following: 

IVX,  M-type,  m  =  .6,  (/l00  =  3739  ~ ,  f2ao  =  7489  ~ ) , 
Zi,/2oo  =  8300«»I 
and  JK7i,/i,e=3300~, 

where  a  half  section  of  the  M-type  is  placed  at  each  end  so  as  to  give 
the    network    a    symmetrical    terminal    characteristic    impedance    of 
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Fig.   10 — Composite  Band  Pass  Wave-Filter. 


32  BELL    SYSTEM    TECHNICAL    JOURNAL 

K.2i(m  =  .6),  as  in  Fig.  10.     Dissipation  in  the  inductances  is  included 

by  assuming  effective  coil  resistance  =  coil  reactance;   it  has  the 

effect  of  eliminating  abrupt  changes  in  the  attenuation  and  impedance 
characteristics.  Computations  made  on  this  basis  give  the  sum  of  the 
three  attenuation  constants  and  the  impedance  K2i(.Q)  as  shown  in 
the  figure. 

The  attenuation  over  a  range  of  2500  cycles  about  the  center  of 
the  transmitting  band  is  less  than  .19  attenuation  units  and  for  fre- 
quencies in  the  attenuating  band  is  high,  remaining  after  the  first 
maximum  on  either  side  of  the  transmitting  band  above  a  value 
7.30  in  the  lower  frequency  attenuating  band  and  a  value  7.10  in  the 
upper.  The  characteristic  impedance  iC2i(-6)  over  the  2500  cycle 
range  is  everywhere  within  3%  of  the  desired  resistance  value,  600 
ohms,  and  has  here  a  negligible  reactance.  Its  resistance  component 
has  maxima  at  the  critical  frequencies  and  decreases  rapidly  to  small 
values  in  both  attenuating  bands.  The  reactance  component  is  nega- 
tive like  a  capacity  reactance  at  very  low  frequencies,  has  a  positive 
maximum  at  the  lower  critical  frequency  and  negative  minimum  at 
the  upper  critical  frequency,  and  is  positive  like  an  inductive  react- 
ance at  very  high  frequencies.  This  demonstrates  the  possibilities 
of  the  composite  structure  method. 


APPENDIX    I 

Derivation  of  Fundamental  Formulae 

Although  formulae  for  the  propagation  constant  and  characteristic 
impedances  of  the  ladder  type  of  recurrent  network  are  well  known 
and  follow  readily  from  a  consideration  of  the  current  and  voltage 
relations  shown  in  Fig.  1,  it  is  perhaps  of  interest  to  derive  them  as 
a  special  case  of  general  formulae  which  involve  admittances3  and 
which  are  directly  applicable  to  any  type  of  recurrent  passive 
structure  including  loaded  lines. 

Let  the  periodic  section  of  the  recurrent  structure  be  defined  by  the 
one-point  and  two-point  admittances  Aaa,  Abb,  and  Aab,  where  the 
subscripts  a  and  b,  respectively,  refer  to  its  two  pairs  of  terminals. 
Then  the  current  at  the  junction,  q,  in  terms  of  the  voltages  at  the 
junctions  q-1,  q,  and  q-\-\,  is 

Iq  —  Adb]  q-\—  Abb\  q  =  Aaa^  q  —  AabVq+i,  (1) 

3  The  solution  by  Difference  Equations  in  terms  of  the  admittances  was  suggested 
by  J.  R.  Carson  and  is  a  convenient  form  for  expressing  the  general  results. 
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whence 

(Aaa+Abb)Vq-Aab(Vq-^+Vq+1)=0  (2) 

which  is  the  Difference  Equation  of  Propagation. 
Letting 

Vq  =  Me-^r-\-Ne^r,  (3) 

equation  (2)  becomes 

(Aaa+Abb-2Aab  coshr)F5  =  0 
which  gives,  for  all  values  of  Vq, 

,     ^       Aaa  +  Abb 
COSh   T  =  —=-. 

^Aab 

Since  equations  (1)  when  combined  give 

Iq  =  h(Aaa-Abb)Va+iAab(;Vr-i-Vq+1)t 

we  have  upon  the  substitution  of  (3) 

Aa  Aft 

wherein  the  characteristic  impedances  Ka  and  Kb,  as  defined   by   the 
equation,  are 

1    \ 

K   i 
j"!  =ila6sinhr±i(i4M— i4'»). 

In  terms  of  the  admittances  then 

i    t,      Aaa-\-Abb 
cosh  r=  — K-j ' 

2Aab 

and  (4) 


1/    Aaa+Abb    \  \  /     2.4afe     \2     /i4aa-^6&\ 

2  L400i4M-^4aJ  >  \         L4aa+.4My  ^  Vi4fl0+^»/ 


These  formulae  can  readily  be  expressed  in  terms  of  the  impedances 
Zaa,  Zbb,  and  Zab;  or  in  terms  of  the  three  star-connected  (T)  or  three 
delta-connected  (II)  impedances  which  may  represent  the  section. 

Another  general  formula  for  the  propagation  constant  which  is 
sometimes  convenient  may  be  derived  as  follows.  Assume  that  the 
recurrent  structure  is  open-circuited  at  the  junction  q;  then  in  (1) 
IQ  =  0,  so  that 

Vq-l  _  Ab^  __    1_ 

|    Vq  Aab  Vab' 

and  Vg+\  _  Aaa  _    1_ 

Vq  A  ab         Vba 
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in  which  i'd6  and  vba  represent  the  transfer  voltage  ratios,  taken  in 
the  two  directions,  of  an  open-circuited  section.     By  (4)  we  find  that 

coshr=i(—  +  -).  (5) 

\Vab  Vba/ 

Hence,  the  hyperbolic  cosine  of  the  propagation  constant  in  a  section 
of  any  recurrent  network  is  the  arithmetic  mean  of  the  reciprocals  of  the 
two  transfer  voltage  ratios  of  an  open-circuited  section. 

For  a  symmetrically  terminated  section 

A  aa  =  A  bb  =  A  o, 

Aab=AT, 

Ka  =  Kb  =  K, 

and  Vab  =  Vba=VT- 


Hence, 


and  A'  = 


cosh  r=  —^-  =  — , 
At      vt 


(6) 


A°<H£y  a°<1-* 


In  the  ladder  type  of  Fig.  1  consider  first  a  mid-series  section.     For 
this 


A0  = 
At  = 


22 


Z1Z2+IZ12 

Then 


cosh  r  =  i-H— ' 

(7) 


and  ^i=v/s1z2+iz12. 

For  a  mid-shunt  section 

Zi+2z2 


A0  = 


and  Ar  =  —  > 

Zi 


L  2ZiZ2 

1 
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giving  necessarily  the  same  propagation  constant  formula  as  in  (7)  and 

_  SiZ2  _ZiZ2 

2    Vz^+w    *i*  () 


The  two  formulae 


~  2K1-\-z1  ~  2z2A-Ki 


(9) 


may  be  verified  by  substitution  in  (7)  and  (8). 
In  the  lattice  type  of  Fig.  6  the  admittances  are 

A  =  2/4-422' 


and  At  = 

which  lead  simply  to  formulae 


42i22'     ' 

4z2'-zi' 


coshr'  =  i  + 


and  4z2'-z'1  ^ 

K'  =  \/z~[zT. 

Properties  of  Reactances 

The  first  half  of  Theorem  1  on  non-dissipative  reactance  networks, 
stated  in  Part  I  and  relating  to  the  positive  slope  of  reactance  with 
frequency,  can  be  shown  easily  by  the  method  of  induction  where  the 
reactance  network  is  the  usual  case  of  series  and  parallel  combina-. 
tions  of  inductances  and  capacities,  considered  as  non-dissipative. 
Let  z'  and  z"  be  two  impedances,  and  let  zs  and  zP  be  the  impedances 
of  their  combinations  in  series  and  in  parallel,  respectively.  It  fol- 
lows that  their  derivatives  with  respect  to  frequency  have  the  relations 


&  (ID 

df 


dzs 
df 

dz'      dz" 
~  df+   df' 

dzp 

1          dz' 

(!+f) 


These  show  that  if  z'  and  z"  are  reactances  having  positive  slopes  with 
frequency,  zs  and  zP  will  also  have  positive  slopes.  Beginning  then 
with  the  two  simplest  elements  known  to  have  positive  reactance 
slopes,  a  single  inductance  and  a  single  capacity,  we  may  combine 
them  and  add  others  in  any  series  and  parallel  combinations   with 
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the  result  of  a  positive  total  reactance  slope  in  every  case,  due  to  the 
above  relations.  That  this  property  is  not  limited  to  such  combina- 
tions is  seen  from  the  general  impedance  expression  for  a  non-dissipa- 
tive  reactance  network,4 

r_iVfw-Jt)---(A.-r>;  (12) 

(fi'-f)  ■  ■ .  (fL-i-f) 

Here  M  is  a  positive  real,  and  the  resonant  and  anti-resonant  fre- 
quencies, f\  .  .  .  fin,  alternate  and  are  in  the  order  of  increasing 
magnitude.  The  exponent,  «,  is  unity  or  zero  according  as  a  resonant 
or  an  anti-resonant  frequency  is  the  last  of  the  series.  Assuming 
without  loss  of  generality  that  /i  is  not  zero,  the  reactance  increases 
with  frequency  from  zero  frequency  up  to  f=fi,  since  all  the  factors 
are  positive.  As  /  passes  thru  this  anti-resonant  frequency  the  re- 
actance changes  abruptly  from  positive  to  negative  infinity  and  when 
/  increases  to  the  resonant  frequency  /2  the  negative  reactance  in- 
creases to  zero.  As  /  increases  beyond  the  value  /2  the  reactance  is 
again  positive  and  the  cycle  of  reactance  changes  with  frequency 
begins  over  again. 

The  possibility  of  representing  such  a  general  reactance  identically 
at  all  frequencies  by  a  network  constructed  of  either  a  number  of 
simple  resonant  components  in  parallel,  or  simple  anti-resonant  com- 
ponents in  series,  follows  from  the  fact  that  in  any  particular  case  the 
number  of  inductances  and  capacities  involved  is  always  equal  to 
the  total  number  of  conditions  which  this  network  must  satisfy  to 
obtain  such  equality.  Thus,  its  reactance  must  be  zero  and  infinite 
at  the  given  resonant  and  anti-resonant  frequencies,  respectively,  and 
must  have  a  definite  magnitude  at  some  one  other  frequency,  which 
conditions  are  sufficient  to  determine  all  the  impedance  elements. 
In  general,  other  equivalent  combinations  of  inductances  and  capaci- 
ties are  also  possible. 

Theorem  2,  relating  to  inverse  networks,  will  be  proved  by  an 
inductive  method  in  which  the  given  reactance  network  is  assumed  to 
have  the  form  of  series  and  parallel  combinations  of  inductances  and 
capacities,  a  form  which  by  the  first  theorem  can  be  taken  to  represent 
the  reactance  of  any  non-dissipative  reactance  network.  Let  zv  and 
z2  be  one  pair  of  impedances  which  are  inverse  networks  of  impedance 
product  D2  to  each  other,  and  let  z{    and  z±    be  another  pair  so  that 

z{z'>  =  zi'z'>'  =  D2  =  a  constant  positive  real. 

Then  z\  and  z[  in  series,  and  z\  and  z!  in  parallel  are  a  pair  of  inverse 
4  See  paper  by  G.  A.  Campbell,  Vol.  I,  No.  2,  p.  30,  this  Journal. 
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networks  of  impedance  product  D2.     This  is  readily  shown,  for  here 
we  have 


Similarly  z{  and  s,  in  parallel,  and  z2  and  z,  in  series  are  another  pair 
of  impedance  product  D2. 

The  simplest  pair  of  inverse  networks  in  the  case  of  reactances  is 
an  inductance  and  a  capacity.  If  in  an  elementary  application  of  the 
above  relations  the  element  Li  corresponds  to  zu  C2  to  z\,  C['  to  z[' , 
and  L,    to  z.  ,  where  then 

%r%=D^  (13) 

it  follows  that  Lx  and  Cx  in  series  or  iti  parallel,  and  V'  and  C'i  in 
parallel  or  in  series,  respectively,  are  inverse  networks  of  impedance 
product  D2.  By  successive  applications  of  these  relations  we  may  con- 
struct any  given  reactance  and  its  inverse  network. 

It  should  be  mentioned  that  these  inverse  network  relations  are 
even  more  general  than  has  been  considered  above,  for  an  elemental 
pair  of  inverse  networks,  besides  an  inductance  and  a  capacity,  is 
two  resistances. 

Phase  Constant 

To  show  that  the  phase  constant  increases  with  frequency  through- 
out each  transmitting  band  of  a  wave-filter,  we  may  proceed  as  fol- 
lows, basing  the  proof  primarily  upon  the  fact  that  the  slopes  with 
frequency  of  non-dissipative  reactances  are  positive.  Consider  a 
mid-series  section  of  the  ladder  type  zit  z2.  The  impedances  as  meas- 
ured across  one  pair  of  terminals  when  the  other  pair  is  open  or  short- 
circuited  are,  respectively, 

and  Z5  =  §si  + 


s1+2z2' 
whose  derivatives  with  respect  to  frequency  may  be  written 

dZ0      .    ,         ,  dZs      .  ,, 
—j-r  =i  s,  and  — 7j  =  t  r, 
,     df  df 

where  s2  and  t2  represent  essentially  positive  quantities  in  accordance 
with   the  above  underlying  fact. 


38  BELL    SYSTEM    TECHNICAL    JOURNAL 

The  general  propagation  constant  formula  is 

cosh  (A  -\-i  B)  =cosh  A  cos  B-\-i  sinh  A  sin  B, 

^i+f-^i+^4^-1-  (i4) 

22  r2+ix2 

_r2  (rl+2r2)+x2  (.Ti  +  2x2)       ■(r2Jc1-ri.r2) 
2(r22+*22)  '  "^  2(r22+*22)  ; 

ri,  r2  and  aci,  x2  being  the  resistance  and  reactance  components  of  the 
two  impedances,  zx  and  z2. 

In   the   transmitting  bands  of  non-dissipative    wave-filters    where 
r\  —  r2  =  o,  the  formula  becomes 

cos  3  =  1  +  1-. 
x2 

Differentiating  this  equation  and  introducing  the  above  facts,  we 
obtain  for  the  rate  of  change  of  the  phase  constant  with  frequency 

TF-frsjf* '(«■  **  5+*°  cos"  B).  (15) 

aj         X\  sin  Jd 

This  rate  obviously  has  the  same  sign  as  the  denominator  which  we 
shall  show  is  positive.  For,  the  non-dissipative  wave-filter  being 
considered  as  the  limiting  case  of  one  having  small  positive  dissipa- 
tion, we  may  temporarily  return  to  the  general  propagation  constant 
relations  (14)  in  which  r\  and  r2  are  assumed  to  be  positive  infinitesi- 
mals. Then  in  the  limit  when  ri  =  r2  =  0,  since  also  X\  and  x2  are  of 
opposite  signs  in  any  transmitting  band,  it  follows  that  Xi  and 
sin  B  are  of  the  same  sign  and  that  their  product  is  positive. 
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APPENDIX    II. 

I.— General  Low  Pass  Wave-Filters  of  Ladder  Type 

L, 
L, 

nms^- 


zr 


c2 


Lx  =  mLik,         L2  =  cLlk, 
Ci  =  mCik- 
R 


Ll  =  mL1k,         C-2  =  mCik, 


II.— General  High  Pass  Wave-Filters  of  Ladder  Type 


C, 


L, 


II 


c2 


x 


n2      c< 


w  — , 

m 


L2  =  ^-\ 
m 

C\b  = 


u  = 


u 


ik 


b  ' 


L»  = 


r  —  *-ik 

ti . 

m 

R 


lir^R'        Uk      4t/!' 


-w=>J.-|   »-^. 


F,.       f, 
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III.  General   Low-and-High    Pass   Wave-Filters   of  Ladder 

Type 

Li 


m, 


' |l_ 

cv1 


IL 


IU    £>U 


c2  =^c2 


X 


Li  =  mL{k,      Lo^a'Lok, 


Ci=- 


L2'  =  e'Zofe, 


Z,ife=[rLife]  = 


C, 


1 


±*{jx-UW 


L, 


L 


FS 


n2    c; 


H    HHiL 


JC2 


7-     /_-^l* 


0     f0   r;„    f,.   f, 

(/i-/o)J? 


L- 


M/1-/0) 

/1-/0 


Ch=\rC*\  = 


Tr/o/ii?' 


m=[m2]  = 


v  ('-!)(-#) 


4 


a,r4a(/, -/.)'-■  =l/1+.V!\_ri/./,-/^r 
L       r/0/1       J     m\       /ii/      L        /0/1       J 

L      /0/1      J     «A      /0/1/      L      r/0/1      J 


.       fofi 

Jlx 7 

Jl* 
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IV.    General  Band  Pass  Wave-Filters  of  Ladder  Type 
Six  Element  Structures 


L 


L' 


^ — '"UW^I 


r/~tfW\  SWS$\ 


iv, 


C 


!l' 


c, 


v  HHHhfi 


IX 


L\  =  m1Lik, 
Clk 


ik, 


Cx 


m2 


L-2  =  aL 
L2  —  cLik, 

(-2  —  —r- 


T     _L2k  T  L2k 

-M lT>  E>2  = , 

Ci  =  aC-k,  C<±  =  m\C<ik, 
C[  =  cC2k. 


0 


f       f 

1  loo  1 1 


L\k  = 
Cxk  = 
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</2-/i)' 

lirfxftR' 


'zoo 
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<f*-fi)R 
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Band  Pass  Wave-Filters  of  Ladder  Type 
Three  Element  Structures 

V.       /i»=0,  /l»=/2. 


L, 

o — rm<y^ 


c. 


•1 


V, 


V- 


X 


Lx- 


fxR        T  _(/i+/8)Je      ^     /!+/, 
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4ir/i/*K 
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c2=c2*= 
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Four  Element  Structures 
VII.     "  Constant  ft',"  /i»  =  0,     /i»=«>,     ft  =  £. 

Llk     C,k 


1 


-Lit  = 


2?        r       (f*-fi)R 

>   -L-2fe  — 


VII,  =  VIIi 


X 


T(/2-/l) 


L2k  l^zk-i^  Cik=-fi=k?  c2fe= 


4rfi/i 

1 


WiR'  *ift-fi)R 


VIII, 


VIII.    /*.=/■. 

• — r$wH| — ^ 

1      Cl      8  L2      VIH- 

o =rC2 


L, 


Ci 


L 


2^=C2 


X 


.  (1—  «i")"T 

-L  i  =  m  \L  ik,  _  1^2  =  — -, L,  ik, 

Cxk         r         -i  mo 
ra2  1  —  w2- 


r  4w2       r  r      _L-2fe 

1  —  m-r  m2 


d  = 


(l-WlS 

4wi 


C2fe,  C2  =  WiC2 


/i  fi2 

Wi  =  — rfflj,  W2=  j-j- 

-^  x  1  _Zlb 

\  ft 


THEORY    AND     DESIGN     OF     WAVE-EILTERS 


43 


Four  Element  Structures — (Continued) 
IX.    /i„  =  /i. 
Same  Structural  Forms  and  L.  C.  Formulae  as  in  Villi  and   VIII2. 


i-£ 


fJL 

ml=        — tt,         m2=-f-mi. 


J  -y 
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XII. — General  Low-and-Band  Pass  Wave-Filters  of  Ladder  Type 
Xli,  XII, 
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APPENDIX   III 

Equivalent  Networks  and  Transformation  Formulae 

Transformation  A 

A/WV-i  a  Z , 

WW o 


L-A/WW 


dZ, 

■vwv 


bZ1 

.- 


cZ2 

^AA/^J 

Equivalent  when 
&  =  a(l+a),         c=(l+a)2  d=l+a. 


Transformation  B 

— VW\ 
aZ, 


Z 


w 


rV\AAn 

bZ1 
cZ2 


wvw- 

dZ, 
AAA/V 


6  = 


1+a' 


Equivalent  when 


d  = 


l+a 


Transformation  C 

Z, 
rAAAAn  aZi 


^2 

•AAA/V 


bZ 


cZ, 
WW 
eZ1 

W\Aa 


AAAA/ \AAAa 

dZ, 


FZ2 


Equivalent  when 


e  = 


N(M+N) 
M+N-2b' 

N(M-X) 


N-M+2b 

M=l+a  +  b, 


d  = 


f  = 


2bN 


M+N-2b 

2b  X 


X-M+2b 
N  =  V(l+a+o)2-4a6. 
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Transformation  D 


c  = 


e  = 


Equivalent  when 

(a-bY  J        (a-by 


(l+a)(l  +  &); 
a 


1+a 


d  = 
f  = 


(l+a)2(l  +  6)' 
b 


1+b 


Transformation  E 
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dZ2 


z 


eZ, 

fZ 


Equivalent  when 
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4bN 
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d  = 


f  = 


2b-M+N 

27V 

M+N-2b 
2N 


M=l+a+b,  N=\/(l+a  +  by2-4ab. 

Transformation  F 
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■     z2 
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Specializing  Transportation  Equipment  in  Order 

to  Adapt  it  Most  Economically  to  Telephone 

Construction  and  Maintenance  Work 

By  J.  N.  KIRK 

Introduction 

IN  this  paper  is  described  in  a  general  way  the  interesting  applica- 
tion of  motor  vehicles  and  their  associated  apparatus  in  con- 
nection with  outside  plant  construction  and  maintenance  work,  out- 
lining through  the  successive  stages  of  development  what  has  been 
accomplished  in  this  respect  up  to  the  present  time.  In  order  to 
present  a  comprehensive  picture  covering  this  field  of  activity,  the 
more  primitive  types  of  equipment,  together  with  the  manual  methods 
of  doing  work,  are  shown  in  comparison  with  representative  instances 
of  higher  development  during  the  past  few  years  in  which  this  phase 
of  the  work  has  been  given  particular  consideration. 

The  telephone  system  is  different  from  most  public  utilities  in  that 
it  is  responsible  for  a  universal  service  throughout  the  United  States. 
Wherever  the  highways  and  byways  may  lead,  and  in  many  instances 
where  no  traveled  way  could  well  exist,  will  be  found  the  familiar 
and  indispensable  telephone,  with  the  wire  and  cable  on  pole  line  and 
in  underground  conduit.  Irrespective  of  the  remoteness  of  the 
territory,  of  the  subsurface  or  the  climatic  conditions  involved,  there 
must  always  be  found  a  way  to  construct  and  maintain  the  telephone 
plant.  To  install  this  widely  distributed  plant  and  continuously 
safeguard  the  service  in  response  to  the  ever  increasing  pubic  demands, 
it  is  essential  that  facilities  be  provided  for  the  prompt  and  safe  trans- 
portation of  quantities  of  heavy,  bulky  materials  and  gangs  of  men 
to  any  point  in  the  telephone  system  during  emergencies  as  well  as 
under  normal  conditions,  and  that  provision  also  be  made  to  supple- 
ment the  necessary  manual  operations  in  every  way  possible  by  the 
proper  adaptation  of  mechanical  apparatus. 

It  might  be  helpful  in  this  consideration  to  compare  the  construc- 
tion problems  of  the  Telephone  Companies  with  the  production  prob- 
lems of  any  large  manufacturing  concern.  The  transportation  of 
raw  materials,  of  the  products  during  manufacture,  and  of  the  finished 
products,  together  with  the  application  of  labor  saving  machinery 
in  this  connection,  unquestionably  constitute  a  very  real  problem  to 
the  manufacturer.  In  this  case,  however,  all  of  the  activities  are  so 
completely  concentrated  and  under  his  control  to  such  an  extent  as 
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to  greatly  simplify  the  efficient  and  economical  operation  of  all  units 
involved.  Let  us  cons'der  this  large,  self-contained  manufacturing 
plant  completely  dismembered,  with  the  various  machines  and  manu- 
facturing processes  widely  scattered  over  distances  of  many  miles 
instead  of  a  few  feet,  and  we  have  a  very  fair  comparative  picture  of 
the  relative  importance  of  the  Telephone  Companies'  transportation 
and  construction  apparatus  problems  in  providing  and  maintaining 
efficient  service.  Because  of  this  fundamental  condition  which  obtains 
in  the  telephone  industry,  all  outside  plant  machinery  units  must 
be  portable,  of  comparatively  small  capacity  and  yet  of  high  efficiency. 

To  meet  these  exacting  requirements  the  Bell  System  is  ever  on  the 
alert  to  avail  itself  of  every  possible  advantage  in  the  development, 
adaptation  and  application  of  transportation  equipment,  machinery 
and  methods.  By  means  of  this  mechanical  equipment  the  heavy 
units  of  material  are  handled  with  ease,  safety  and  dispatch  by  the 
gangs,  leaving  them  fresh  for  the  lighter  detail  work  requiring  dex- 
terity but  practically  no  heavy,  straining  effort. 

When  one  speaks  of  automotive  and  construction  apparatus  or 
machinery  developments  as  applied  to  the  telephone  business,  such 
developments  must  naturally  appeal  to  many  as  being  foreign  to  and 
rather  difficult  to  closely  associate  with  the  furnishing  of  telephone 
service.  We  are,  however,  in  the  midst  of  a  truly  mechanical  age 
and  the  more  we  study  and  experiment  with  the  adaptation  of  me- 
chanical equipment  to  the  new  lines  of  telephone  activity,  the  broader 
seem  to  be  the  fields  of  applicability  and  the  more  evident  becomes 
the  necessity  of  closely  coordinating  the  various  phases  of  adapting 
commercial  equipment  and  developing  new  types  of  apparatus  for 
telephone  use. 

It  is  the  intention  in  the  following  to  outline  a  number  of  the  more 
important  developments  associated  with  the  adaptation  of  mechanical 
methods  to  outside  plant  construction  and  maintenance  work.  In 
presenting  the  picture  contrasting  the  construction  methods  of  today 
with  the  earlier  practices,  one  cannot  but  note  the  remarkable  develop- 
ments and  improvements  which  have  come  about. 

Transportation  Equipment 

It  is  reported  that  some  forty  years  ago,  after  deliberating  for  an 
entire  day  the  directors  of  one  of  the  now  large  Associated  Companies 
decided  that  the  volume  and  nature  of  the  company's  business  war- 
ranted the  purchase  of  a  horse  and  buggy. 

Figure  1  represents  such  an  outfit  as  was  probably  purchased  and 
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which,  in  connection  with  the  telephone  business  of  today,  is  about  as 
rare  as  the  motor  vehicle  is  common-place. 


Fig.    1 — Horse-Drawn   Vehicle   in   Telephone   Service — Courtesy    Telephone  Review 

As  representative  of  some  fifteen  years  later  we  have  illustrated  in 
figure  2  the  one-horse,  light  construction  wagon,  the  predecessor  of 
the  three-quarter  and  one  ton  motor  vehicles  which  now  handle  light 


Fig.  2 — Light  Construction  Truck  of  about  1896 
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construction,  certain  classes  of  station  installation  work,  section  line 
work,  etc.  It  is  interesting  to  note  the  improvised  reel  on  the  rear 
wheel  of  the  wagon  and  also  the  warning  "BE  CAREFUL  OF  ACCI- 
DENTS" which  is  printed  on  the  side  of  the  body.  These  features 
are  indicative  of  the  fact  that  the  labor  saving  equipment  and  "safety 
first"  movements  which  have  now  reached  such  broad  proportions  in 
many  other  industries  were  recognized  as  important  factors  in  the 
Svstem  at  least  as  far  back  as  1896. 


Fig.   3 — Heavy   Construction   Truck   Carrying   Gang,   Tools  and   Materials,    1896 

The  heavy  construction  gang  unit  of  1896  shown  in  Figure  3,  brings 
to  mind  the  original  method  of  employing  large  gangs  which,  with 
practically  no  labor  saving  equipment  available,  necessarily  had  to 
handle  the  heavy  features  of  outside  construction  work  by  "main 
strength". 

In  the  interval  between  the  advent  of  the  horse-drawn  vehicle  and 
that  of  the  motor  vehicle  into  the  telephone  business,  bicycles  were 
used  to  some  extent.  These  comparatively  slow,  energy  consuming 
vehicles,  however,  soon  were  superseded  by  the  motorcycles  which 
for  a  few  years,  principally  during  the  period  between  1914  and  1920, 
were  considered  a  very  necessary  factor  and  played  an  important 
part  in  connection  with  the  maintenance  and,  to  a  lesser  extent,  the 
construction  of  the  telephone  plant. 

Several  hundred  machines  of  these  types  were  at  one  time  used 
by  the  various  companies,  but  experience  has  indicated  that  their  use 
results  in  high  maintenance,  that  they  present  many  features  hazard 
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ous  to  the  employees  and  general  public,  and  that  they  are  more  or  less 
detrimental  to  the  health  of  those  who  use  them  to  any  great  extent. 


Fig.  4 — Motorcycle  which  was  Used  for  Maintenance  Work — Courtesy  Telephone 

Review 


-r"*^ 


Fig.  5 — Motorcycle  with  Sidecar  Used  for  Instrument  Installation  Work — Courtesy 

Telephone  Review 

While  the  motorcycles  have  the  advantage  that  they  can  generally 
worm  their  way  through  traffic  more  readily  than  an  automobile, 
this  advantage  is  completely  overbalanced  by  the  universal  tendency 
to  speed  in  riding  motorcycles,  by  the  many  serious  accidents^from 
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skidding  on  wet  pavements,  the  d'fficulty  in  riding  over  roads  having 
deep  wheel  tracks,  the  entire  lack  of  weather  protection  for  the  rider, 
and  the  instability  of  the  sidecar  outfits  when  turning  corners.  The 
use  of  motorcycles  by  the  Telephone  Companies  is  now  practically, 
if  not  entirely,  obsolete. 

The  man\-  adaptations  of  the  Ford  car  have  proven  in  over  the 
motorcycle  by  a  large  margin  from  practically  every  viewpoint. 
There  are  now  more  than  5,000  Fords  in  the  service  of  the  Associated 
Companies.  This  group  of  cars  is  often  referred  to  in  telephone 
parlance  as  the  "mosquito  fleet"  and  it  is  interesting  to  note  that  the 
building  up  of  this  fleet  had  its  inception  as  late  as  about  1914. 

Approximately  80  per  cent  of  these  Fords  are  equipped  with  various 
types  of  boxes  and  specially  designed  bodies  which  permit  the  carrying 
of  light  loads  of  materials  and  tools.  On  account  of  their  large 
numbers,  low  operating  costs  and  remarkable  ability  to  negotiate 
almost  impassible  roads,  they  go  far  toward  coordinating  the  opera- 
tion of  the  widely  scattered  units  of  the  Telephone  System. 


Fig.  6 — A  Seriously  Overloaded  Ford  Carrying  Splicers  and  Their  Supplies 

In  telephone  work  the  Ford  runabouts  average  approximately 
9,000  miles  per  car  per  year.  Normally,  their  net  loads  vary  from 
150  pounds  to  750  pounds,  although  in  emergencies  they  are  some- 
times seriouslv  overloaded. 
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Fig.  6  shows  a  telephone  company  Ford  seriously  overloaded  while 
transporting  splicers'  equipment.  In  fact,  the  net  load  carried  by 
this  particular  car,  including  the  four  men,  was  about  1,300  pounds. 
This  illustrates  a  case  where  the  service  for  which  the  vehicle  was 
originally  supplied,  has  outgrown  the  load-carrying  and  space  capacity 
of  the  unit.  Of  course,  if  this  practice  were  permitted  to  continue  or 
become  general,  it  would  be  expensive,  both  from  a  motor  vehicle 
operating  and  gang  service  viewpoint,  not  to  mention  the  hazard 
presented  in  carrying  two  of  the  men  in  such  a  precarious  position. 

It  is  apparent  that  in  order  to  find  a  particular  item  of  tools  or 
material  on  this  car  it  might  be  necessary  to  completely  unload.  As 
regards  the  effect  upon  the  car,  the  tires  frequently  blow  out,  the  front 
construction  requires  constant  attention  to  keep  it  tight,  the  springs 
depress  to  the  extent  that  the  fenders  are  permitted  to  ride  upon  the 
tires,  the  steering  is  difficult,  etc. 


Fig.  7 — Ford  Truck  Equipped  with  Modern  Side  Box  Body 


As  soon  as  it  was  recognized  that  this  particular  service  was  out- 
growing the  transportation  unit,  a  special  side  box  body  upon  a  high 
speed  one-ton  Ford  truck  was  developed  and  is  now  undergoing 
service  trials  in  order  to  properly  provide  a  unit  having  ample  space 
and  load-carrying  capacity.  Fig.  7  shows  some  of  the  latest  ideas 
in  the  design  of  such  an  outfit.     Xote  the  ample  kerosene  tank  slung 
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under  the  rear  end  of  the  body  with  a  convenient  filler  pipe  on  the 
rear  end  of  the  left  side  box  and  a  faucet  under  the  tank  with  hose 
connection  for  rilling  the  splicers'  furnaces  with  kerosene. 

As  an  illustration  of  a  Ford  runabout  especially  adapted  for  the 
work  of  serving  an  nstaller  and  helper  in  placing  telephone  sets 
together  with  the  inside  wiring  and  the  drop  wires  from  pole  to  house, 
Fig.  8  is  presented. 


Fig.  8 — Ford  Runabout  of  the  Latest  Type  in  Installation  Service 


It  will  be  noted  that  in  this  design  the  body  extension  back  of  the 
seat  is  limited  in  order  that  only  a  small  weight  over-hang  back  of 
the  rear  axle  is  possible.  This  is  important  in  order  not  to  over- 
strain the  rear  spring.  The  body  design  is  made  as  light  in  weight 
as  practicable  in  order  to  provide  ample  net  load  carrying  capacity. 

There  are  now  on  the  market  innumerable  Ford  accessories  which 
are  claimed  to  correct  all  of  the  ills  to  which  the  Ford  is  subject. 
Careful  studies  and  field  trials,  however,  indicate  that  by  far  the 
greater  portion  of  these  devices  are  of  no  advantage  and  many  are 
actually  detrimental  to  the  efficiency  and  safety  of  operation.  How- 
ever,  through   careful   selection   and   in   some  cases  modification   of 
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certain  of  these  accessories  to  meet  specific  telephone  service  require- 
ments it  now  seems  probable  that  somewhat  more  efficient,  economical 
and  safer  operation  will  be  realized. 


Fig.  9 — Heavy  Construction  Gang  Truck,   1910 

Service 


One  of  the  First  in  Telephone 


About  1910,  carefully  prepared  studies  indicated  the  practicability 
and  economy  of  utilizing  gasoline  driven  motor  trucks  for  the  trans- 
portation of  men,  supplies  and  construction  equipment  of  various 
kinds. 

The  first  automobile  trucks  were  proven  in  over  horse  drawn  vehicles 
on  the  basis  of  using  the  trucks  as  purely  transportation  units.  How- 
ever, it  soon  developed  that  there  were  many  possible  economical 
applications  of  the  motor  truck  in  connection  with  the  placing,  mov- 
ing and  removal  of  pole  lines,  aerial  cables,  underground  cables,  wires, 
etc.,  bringing  into  use  the  many  accessory  devices  such  as  winches, 
derricks,  earth  boring  machines,  various  types  of  trailers,  pumps  and 
other  safety  and  labor  saving  apparatus.  The  importance  of  some  of 
these  devices  in  telephone  construction  work  will  later  be  described. 

The  motorizing  of  the  Bell  System  has  been  very  rapid  since  1910. 
Because  of  the  widely  scattered  distribution  of  outside  telephone 
plant  it  is  necessary,  in  transporting  the  workmen,  together  with 
their  tools  and  materials,  to  employ  in  the  Bell  System  approximately 
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3,000  trucks  and  tractor-trucks  of  from  }4  ton  to  15  tons  capacity. 
These  together  with  the  "Mosquito  Fleet"  and  the  relatively  small 
number  of  supervisory  passenger  cars  of  a  better  class,  make  a  total 
motor  vehicle  strength  of  over  8,000  units  in  the  Bell  System.  In 
addition  to  this  Company  owned  equipment,  there  are  employed 
annually  by  the  Associated  Companies  several  hundred  hired  motor 
vehicles. 

In  the  neighborhood  of  25,000  employees  depend  upon  the  Sys- 
tem's transportation  equipment  as  an  indispensable  part  of  their 
daily  work,  that  is,  in  its  capacity  of  labor  saving  machinery  as  well 
as  in  moving  the  men,  together  with  their  tools  and  materials,  from 
their  bases  of  operation  to  the  job  and  back,  and  also  between  jobs. 
The  annual  cost  of  providing  this  transportation  service  for  the  Bell 
System  is  in  the  neighborhood  of  twelve  to  fourteen  million  dollars. 
Although  this  total  is  a  sizable  amount,  it  is  actually  small  when  com- 
pared with  the  service  rendered  and  when  considered  upon  the  basis 
of  slightly  less  than  $6  average  cost  per  car  per  day  used,  including 
all  units  from  750  to  30,000  pounds  net  carrying  capacities. 

Studies  are  constantly  being  made  in  connection  with  the  oppor- 
tunities presented  along  the  line  of  increasing  the  mechanical  effi- 
ciencies and  lowering  the  maintenance  costs  of  the  various  units.  As 
the  result  of  this  work  much  is  being  accomplished  in  conserving  the 
working  time  and  energy  of  the  men  by  employing  proper  labor  sav- 
ing facilities  with  the  motor  vehicles  in  order  to  do  practically  all  of 
the  slow,  heavy  work  by  proper  application  of  power  from  the  motor 
vehicle  engines.  The  continuation  of  this  field  of  study  should  tend 
toward  offsetting  the  constantly  increasing  construction  costs. 

The  realization  of  the  most  important  savings  in  the  motor  vehicle 
field,  that  is  by  making  the  truck  units  serve  the  gangs  as  labor  sav- 
ing machines  in  addition  to  their  use  as  transportation  equipment, 
involves  the  use  of  winches  driven  from  the  truck  engines,  derricks 
for  all  kinds  of  pole  work,  for  handling  loading  pots,  etc.,  suitable 
trailers  for  transporting  poles,  reels  of  cable  and  other  materials,  the 
use  of  quick  acting  safe  drawbars  for  trailing  loads  behind  the  trucks, 
the  use  of  the  truck  equipment  for  pulling  the  proper  tension  into 
aerial  cable  strand  and  for  pulling  in  the  aerial  cable,  the  use  of  the 
power  equipment  with  suitable  accessory  appliances  for  pulling  in 
or  removing  underground  cable,  of  power  driven  collapsible  reels  for 
quickly  pulling  down  and  coiling  up  open  wire,  employing  improved 
methods  with  the  assistance  of  the  power  equipment  for  the  handling 
of  all  heavy  loads  (such  as  reels  of  cable  on  and  off  trucks),  and  for 
numerous   other   uses.         In   addition    to   these   savings,    important 
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economies  can  be  realized  by  equipping  the  construction  units  with 
suitable  bodies  to  meet  the  various  construction  requirements. 

In  reviewing  the  progress  in  the  use  of  motor  vehicles  it  is  interest- 
ing to  note  that  in  the  first  few  years  it  became  apparent  that  in  order 
to  properly  utilize  the  units  it  would  be  necessary  to  equip  them  with 
special  side  box  bodies,  winches,  derricks,  etc.  Designs  for  these 
various  items  of  equipment  were  prepared  in  accordance  with  the 
best  information  at  hand  and  the  resulting  units  of  about  1914-1916 


Fig.  10 — An  Old  Type  of  Side  Box  Body  Construction 


were  so  heavy  and  bulky  that  some  of  the  3-ton  trucks  carrying  this 
equipment  were  loaded  practically  to  capacity  exclusive  of  their 
complement  of  material,  tools  and  men.  This  led  to  the  introduc- 
tion of  5-ton  truck  units  in  heavy  construction  work.  Figure  10  shows 
an  old  type  of  body  equipment  in  which  the  arrangement  and  size 
of  the  side  box  compartments  was  such  that  practically  no  free  load 
capacity  was  available.  A  fear  view  of  this  outfit  would  more  clearly 
indicate  the  absolute  lack  of  space  for  carrying  materials  such  as  reels 
of  strand  and  cable,  etc. 

In  the  past  few  years  and  at  the  present  time,  the  developments 
are  toward  lighter  weight,  more  efficient  bodies  and  labor  saving 
equipment  as  is  illustrated  in  figure  11  and  later  in  this  paper  under 
the  discussion  of  winches. 

The  use  of  this  equipment  is  permitting  a  material  reduction  in  gang 
sizes  which  in  itself  further  reduces  the  weight  to  be  carried  on  the 
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truck.  The  net  result  is  that  instead  of  a  3  or  5-ton  unit  weighing 
loaded  18,000  or  25,000  pounds,  it  is  possible  to  handle  the  work  more 
satisfactorily  with  2  or  2 J  2-ton  units  weighing  in  the  neighborhood  of 
12,000  pounds. 

The  advantages  gained  by  this  reduction  in  truck  size  are  large. 
Not  only  is  the  initial  and  operating  cost  of  the  equipment  much 
less  but  the  more  important  feature  is  that  these  2-ton  trucks  can 
penetrate   and    economically   operate   in    territories   where   a   heavier 


Fig.  1 1 — Latest  Type  2-Ton  Heavy  Construction  Unit 


unit  could  not  negotiate  the  roads.  Many  country  bridges  will  not 
carry  more  than  6  tons.  Also,  on  narrow  country  roads,  the  com- 
paratively shorter  wheel  base  of  the  2-ton  truck  permits  easier  turn- 
ing around  or  maneuvering. 

Figs.  11,  12,  13  and  18  present  illustrations  of  some  of  the  latest 
developments  in  line  construction  truck  design  and  associated  equip- 
ment. The  particular  type  of  body  shown  has  been  selected  as  an 
example  from  the  various  types  employed  by  the  Telephone  Com- 
panies because  of  its  broad  use  and  because  it  so  well  illustrates  the 
general  development  which  is  taking  place.  The  outfits  shown, 
except  in  Fig.  13,  are  of  2  to  2^2-ton  capacity  and  perhaps  the  most 
outstanding  feature  is  that  of  the  rugged  and  compact  body  arrange- 
ment, each  detail  of  which  has  been  specially  designed  to  meet  a  par- 
ticular construction  need.  The  tool  and  machinery  equipment  is 
applicable  to  the  most  exacting  requirements  of  the  average  outside 
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construction  job.  The  arrangement  is  such  that  all  necessary  tools 
and  materials  can  be  carried  in  a  safe  and  orderly  manner,  and  the 
truck  power  plant,  through  the  introduction  of  suitable  winch  equip- 
ment, is  available  for  the  heaviest  duty,  slow  speed  work,  as  well  as 
the  lightest  duty,  high  speed  work  which  may  be  encountered. 

A  more  complete  description  of  some  of  the  principal  features 
embodied  in  this  combination  material  distributing,  tool  and  gang 
delivering  unit,  power  plant  and  general  work  shop,  may  be  of  interest. 


Fig.  12 — Latest  Type  2-Ton  Heavy  Construction  Unit  Showing  Tool,  Material  and 
Locker  Compartments  Open 


With  regard  first  to  some  of  the  more  important  points  incorpor- 
ated in  the  body:  Every  construction  crew  must  carry  a  large  number 
of  different  comparatively  small  mateiials  and  tools.  The  old  method 
of  piling  the  mixed  tools  and  materials  in  large  boxes  carried  in  the 
truck  body  led  to  much  lost  time  on  the  job  in  looking  for  particular 
items  as  required  in  the  course  of  the  day's  work.  The  foreman 
could  never  be  quite  sure  as  to  just  what  he  had  on  his  truck,  which 
resulted  in  two  unsatisfactory  and  uneconomical  conditions:  First — 
otherwise  unnecessary  extra  trips  were  made  between  the  job  and  the 
storeroom  to  secure  materials  thought  to  be  on  the  truck  but  which 
could  not  be  located  when  needed.    Second — due  to  the  lack  of  orderly 
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arrangement,  much  more  material  was  generally  carried  than  was 
actually  needed,  which  resulted  in  excessive  loads  upon  the  trucks 
and  in  the  aggregate  an  unnecessarily  large  material  supply  balance 
for  the  company. 

The  new  type  of  body  is  the  result  of  careful  field  study.  In  this 
particular  one,  of  the  several  designs  necessary  to  meet  the  require- 
ments of  the  subdivisions  into  which  the  construction  work  naturally 
divides  itself,  it  will  be  noted  that  side  boxes  are  provided  of  such 
sizes  as  to  satisfactorily  house  in  an  orderly  manner  the  small  tools 
and  materials,  suitable  hangers  and  racks  are  arranged  to  carry  the 
larger  tools  and  materials,  space  is  available  for  chauffeur's  chains, 
tools,  grease,  etc.,  and  compartments  are  also  provided  for  the  extra 
clothing  and  lunches  of  the  men.  Safe  and  readily  accessible  loca- 
tions are  provided  for  the  heavier  equipment,  such  as  members  of  the 
pole  derrick,  digging  bars,  shovels,  ladders,  etc.  Fig.  13  shows  a  close 
up  view  of  the  orderly  and  readily  accessible  arrangement  of  tools 
and  materials. 


Fig.  13 — Side  Boxes  Opened  Showing  Arrangement  of  Tools  and  Materials 


It  should  be  particularly  noted  in  this  connection  that  the  truck 
body  arrangement  is  such  that  with  its  full  complement  of^tools  and 
materials  there  is  available  a  maximum  of  free  load  space. 
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With  the  further  thought  of  conserving  the  health  of  the  crew  when 
operating  in  sections  where  suitable  drinking  water  cannot  be  ob- 
tained, a  sanitary  keg  is  provided  for  carrying  an  ample  supply  of 
pure  water.     Paper  drinking  cups  are  used. 

A  safe,  clean,  dry,  convenient  location  for  the  "Safety  First"  kit 
is  built  into  the  top  of  the  cab. 

A  small  vise  for  the  use  of  the  gang  and  chauffeur  is  attached  to 
one  of  the  running  boards. 

The  cab  also  incorporates  every  possible  feature  of  safety  and  pro- 
tection to  the  driver,  and  a  tarpaulin  is  so  arranged  as  to  provide 
maximum  protection  for  the  men  in  case  of  bad  weather. 

As  may  be  noted,  in  Fig.  12  a  spindle  and  sheave  have  been  provided 
which  can  be  mounted  across  the  top  body  rails  either  at  the  rear  end 
or  the  middle  of  the  truck  in  order  to  permit  the  use  of  the  winch 
rope  for  loading  and  unloading  cable  reels 'or  reels  of  strand  without 
the  use  of  skids. 


Fig.  1-4 — Loading  Cable  Reel  on  Horse-drawn  Truck  by  Means  of  Two-Man  Power 

Hand  Winch 

Fig.  14  shows  the  old  manual  method  of  loading  a  reel  of  cable  on 
a  horse-drawn  truck.  This  operation  involves  the  slow  and  laborious 
method  of  rolling  a  two-  or  three-ton  load  up  an  inclined  plane  by 
means  of  a  hand  winch.     It  should  be  noted,  that  six  men  are  engaged 
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in  handling  this -reel  and  that  at  least  two  of  them  must  of  necessity 
occupy  positions  which  present  more  or  less  hazard  in  the  event 
that  the  winch  rope  should  break  or  some  part  of  the  mechanism 
otherwise  fail  to  hold  the  suspended  load.  This  familiar  method  of 
winch  operation  by  means  of  a  manila  rope  laboriously  wound  upon 
a  ratchet  stop  drum  by  two  men,  was  limited  entirely  to  loading  and 
unloading  heavy  items  of  material  from  the  truck  platform.  For  this 
purpose  it  was,  however,  a  great  improvement  upon  former  methods 
even  though  it  was  very  slow  and  not  entirely  free  from  danger. 


Fig.  15— Loading  Cable  Reel  by  Use  of  Sheave  and  Spindle  with  Rope  Sling,  Without 

Skids 


In  Fig.  15  a  similar  reel  of  cable  is  being  loaded  on  a  motor  truck 
by  means  of  the  engine  operated  winch  in" conjunction  with  the  sheave 
and  spindle  feature  previously  mentioned.  In  this  case  the  possi- 
bility of  hazard  to  the  workman  is  completely  removed.  The  reel 
is  loaded  in  a  fraction  of  the  time  required  by  the  old  manual  method 
and  the  entire  operaton,  after  adjusting  the  winch  line,  is  completed 
by  the  chauffeur  from  his  position  in  the  cab.  In  the  event  that  the 
winch  rope  or  other  parts  of  the  mechanism  should  fail,  the  result 
would  be  a  vertical  drop  of  the  reel  of  cable,  perhaps  slightly  damag- 
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ing  the  reel,  but  the  employees  are  not  required   to  take  positions 
where  they  are  in  any  danger. 

Fig.  16  shows  the  first  type  of  power  winch  application  to  tele- 
phone construction  work.  This  unit  consisted  of  a  slow  speed,  heavy 
duty,  single  cylinder,  gasoline  engine  unit  permanently  mounted  on  a- 
horse-drawn  truck.  It  was  used  principally  for  pulling  in  under- 
ground cable  and  was  a  great  improvement  over  the  former  method 
of  pulling  by  means  of  horses.  It  will  be  noted  that  on  this  winch 
steel  rope  was  used. 


Fig.    16 — Old  Type  Gasoline   Engine   Driven  Winch  on   Horse-Drawn  Truck 


With  the  engine  propelled  truck  came  the  possibility  of  utilizing 
the  truck  power  through  a  special  power  take-off  to  drive  a  winch 
which  would  not  only  be  more  powerful,  but  also  much  more  rapid  in 
action  and  distinctly  superior  with  regard  to  the  important  feature 
of  control. 

Fig.  17  illustrates  one  of  the  original  types  of  power  winch  on  a 
5-ton  truck  chassis.  This  was  an  adaptation  of  one  of  the  best 
hoisting  winches  then  available  and  some  ingenious  controls  were 
developed  at  the  time  in  order  to  facilitate  or  in  fact,  even  permit 
of  its  operation  on  the  trucks. 

Y\ "hile  this  unit  was  a  wonderful  labor  saving  device  and  opened 
up  the  possibilities  of  the  broad  field  of  usefulness  for  truck  operated 
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winches,  its  size  and  weight  were  such  that  it  could  not  well  be  used 
on  trucks  of  less  than  5- tons  capacity.  It  will  be  noted  that  the 
winch  extends  well  up  to  the  cab  window  and  would  practically  fill 
the  front  end  of  the  body.  Its  net  weight  exclusive  of  the  truck 
power  take-off  was  2,300  pounds. 


Fig.  17 — Old  Type  Heavy  Winch  on  5-Ton  Truck  Chassis 


The  desirability  and  in  fact  the  indispensable  need  of  using  winches 
on  the  smaller  trucks  has  led  to  the  development  of  a  very  compact 
light  weight  unit  which  will  handle  about  900  feet  of  7/16"  steel 
rope  and  withstand  a  pull  of  10,000  pounds  on  a  single  line.  Ex- 
perience indicates,  that  this  winch  is  capable  of  meeting  the  maximum 
requirements  generally  encountered  in  construction  work. 

The  compactness  of  this  winch  is  illustrated  by  Fig.  18  which  shows 
it  below  the  cab  window  with  only  the  upper  half  of  the  drum  pro- 
jecting above  the  floor  line  in  order  to  give  the  rope  proper  clearance 
in  winding  and  unwinding.  This  winch  weighs  slightly  less  than 
500  pounds. 

In  closing  this  discussion  of  motor  vehicle  application  to  telephone 
work  it  might  be  of  interest  to  examine  the  curve  in  Fig.  19,  which 
shows  the  rate  of  growth  of  the  motor  vehicle  fleet  in  the  Bell 
System. 

This  curve  prepared  from  such  information  as  is  now  available 
presents  a  reasonably  accurate  picture  of  the  motor  vehicle  develop- 
ment which  began  in  the  Bell  System  as  early  as  1904. 
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As  explanatory  of  this  curve  it  may  be  noted  that  previous  to  L910 
very  few  cars  and  no  trucks  were  purchased.  From  1910  to  1913 
various  types  of  equipment  were  placed  in. service  largely  upon  an 
experimental  basis.  The  results  of  these  experimental  installations 
were  so  favorable  that  from  1913  to  1919  the  growth  was  very  rapid 


Fig.  18 — Rear    View   of    Latest  Type   2-Ton   Construction   Truck   Showing  Winch 
Below   Cab  Window.     Generous  Clear  Body  Platform  Space  is  Evident 


due  to  superseding  the  large  number  of  horse-drawn  trucks  with  motor 
vehicles  as  well  as  providing  additional  motor  vehicles  to  keep  pace 
with  the  growth  of  the  telephone  industry.  From  1919  to  1022  the 
slope  of  the  curve  indicates  a  slow,  steady  growth  which  corresponds 
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with  the  growth  in  requirements  of  the  telephone  construction  and 
maintenance  organizations  in  handling  their  steadily  increasing 
activities. 
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Fig.  19 — Curve  Showing  Growth  of  Motor  Vehicle  Fleet  in  Bell  System 


From  the  foregoing  it  will  be  noted  that  a  period  ot  40  years  has 
witnessed  a  striking  development  in  transportation  and  associated 
equipment  as  applied  to  telephone  construction  work,  and  studies 
now  under  way  indicate  that  there  is  yet  much  to  be  accomplished. 

In  a  future  issue  will  be  discussed  the  adaptation  to  telephone  work 
of  the  more  important  items  of  labor  saving  machinery  such  as  pole 
derricks,  trailers  of  various  types,  earthboring  machines,  air  com- 
pressors and  compressed  air  tools,  etc. 


Telephone  Transmission  Over  Long  Cable  Circuits 

By  A.  B.  CLARK 

Synopsis:  The  application  of  telephone  repeaters  has  made  it  possible  to 
use  small  gauge  cable  circuits  to  handle  long  distance  telephone  service  over 
distances  up  to  and  exceeding  1,000  miles.  A  general  picture  of  the  long 
toll  cable  system  which  is  being  projected  for  use  in  the  northeastern  sec- 
tion of  the  United  States  was  presented  recently  by  Mr.  Pilliod  and 
published  in  the  July  number  of  the  Technical  Journal. 

Many  of  the  circuits  in  these  toll  cables  are  so  long  electrically  that  a 
number  of  effects,  which  are  comparatively  unimportant  in  ordinary  tele- 
phone circuits,  become  of  large  and  sometimes  controlling  importance. 
For  example,  the  time  required  for  voice  energy  to  traverse  the  circuits 
becomes  very  appreciable  so  that  reflections  of  the  energy  may  produce 
"echo"  effects  very  similar  to  echoes  of  sound.  The  behavior  of  the 
circuits  under  transient  impulses,  even  when  two-way  operation  is  not  in- 
volved so  that  "echoes"  are  not  experienced,  is  very  important.  In  order 
to  keep  within  proper  limits  of  variation  of  efficiency  with  frequency  over 
the  telephone  range  special  corrective  measures  are  necessary.  Owing  to 
the  small  sizes  of  the  conductors,  the  attenuations  in  the  longer  circuits 
are  very  large.  Special  methods  are,  therefore,  required  to  maintain  the 
necessary  stability  of  the  transmission,  including  automatic  means  for 
adjustment  of  the  repeater  gains  to  compensate  for  changes  in  the  resis- 
tance of  the  conductors  caused  by  temperature  changes. 

THIS  paper  aims  to  present  an  idea  of  what  is  involved  in  the 
transmission  of  voice  currents  over  long  toll  cable  circuits. 
Because  of  the  breadth  of  the  subject  covered,  no  attempt  has  been 
made  to  make  the  discussions  of  the  various  items  complete,  or  to 
include  many  of  the  results  of  the  experimental  and  theoretical  work 
which  contributed  to  a  solution  of  the  problems  and  which  has  involved 
the  cooperative  efforts  of  a  large  number  of  engineers  and  investi- 
gators. This  paper  should  be  considered  merely  as  an  introduction 
to  the  subject.  It  is  hoped  that  subsequent  papers  will  be  presented 
dealing  with  these  matters  in  more  detail. 

For  the  benefit  of  those  who  are  not  intimately  in  touch  with  tele- 
phone transmission  work,  the  different  types  of  circuits  used  in  toll 
cables  are  first  briefly  reviewed.  The  important  characteristics  of 
the  loading  systems  are  then  presented.  Following  this,  various 
important  effects  encountered  in  long  cable  circuits  are  discussed 
and  their  reactions  on  the  design  of  cable  systems  indicated. 

In  view  of  the  discussion  on  telephone  repeaters  given  in  the 
Gherardi-Jewett  paper,1  which  was  presented  before  this  Institute 
on  October  1,  1919,  it  will  be  assumed  that  the  reader  of  the  present 
paper  is  familiar  with  the  general  features  possessed  by  the  various 
types  of  such  devices  and,  accordingly,  no  descriptions  of  them  are 
given,  their  overall  performance  only  being  of  interest  in  the  present 
connection. 

'Transactions  of  A.   I.  E.  E.,  Vol.  XXXVIII   Part  2— Page  1287. 
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I.     Different  Types  of  Circuits 

The  different  types  of  circuits  used  in  toll  cables  are  illustrated  in 
diagrammatic  form  in  Figure  1.  Circuit  "b"  is  a  two-wire  telephone 
circuit  employing  a  21-type  telephone  repeater.  This  type  of  cir- 
cuit is  employed  only  for  handling  connections  on  which  but  one 
telephone  repeater  is  involved.  Circuit  "c"  is  a  typical  two-wire 
circuit  on  which  the  familiar  22-type  telephone  repeaters  are  operated. 
Circuit  "d"  is  of  the  four-wire  type  which  employs  two  transmission 
paths,  one  for  each  direction.  The  function  of  the  pilot  wire  cir- 
cuits, "a,"  will  be  taken  up  later. 

With  the  exception  of  circuit  "b",  which  possesses  the  limitation 
that  it  cannot  advantageously  be  connected  to  another  circuit  con- 
taining telephone  repeaters,  the  circuits  shown  in  the  figure  may  be 
connected  when  required  to  circuits  of  the  same  or  other  types,  such 
as  open-wire  circuits,  to  build  up  various  telephone  connections.  In 
general,  circuits  such  as  "c",  employing  22-type  repeaters,  are  used 
for  handling  connections  of  moderate  lengths,  while  circuits  such  as 
"d",of  the  four-wire  type,  are  employed  for  the  longer  connections 
where  the  transmission  requirements  are  more  severe. 

In  addition  to  employing  the  cable  conductors  for  furnishing  tele- 
phone service,  these  may  also  be  arranged  to  furnish  D.C.  telegraph 
service.  Apparatus  for  compositing  the  circuits  so  as  to  permit  this 
superposition  of  the  D.C.  telegraph  is  indicated  on  the  drawing.  In 
general,  the  method  of  compositing  the  small  gauge  cable  circuits  is 
the  same  as  that  employed  for  compositing  open-wire  lines.  The 
telegraph  circuits  in  cable,  however,  operate  with  a  metallic  instead 
of  a  grounded  return  and  employ  much  weaker  currents  than  those 
common  on  open  wires.  Telegraph  currents  employed  in  the  cables 
are  comparable  in  magnitude  with  the  voice  currents. 

The  two-wire  circuits  in  toll  cables  employ  conductors  of  No.  19 
or  No.  16  American  wire  gauge,  while  for  the  four-wire  circuits.  No. 
19  gauge  conductors  are  usually  employed.  (No.  19  gauge  weighs 
20^2  pounds  per  wire  mile  or  5.8  kilograms  per  kilometer.  No.  16 
gauge  weighs  twice  as  much). 

II.     Loading  Characteristics 

Two  weights  of  loading  are  usually  employed.  These  are  com- 
monly known  as  "medium  heavy  loading"  and  "extra  light  loading" 
and  in  this  paper  they  will  be  referred  to  for  brevity  as  "M.H.L." 
and  "X.L.L."  respectively.  The  medium  heavy  loading  employs 
coils  having  an  inductance  of  about  0.175  henry  in  the  side  circuits, 
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spaced  6,000  feet  apart  (approximately  1.8  kilometers);  the  extra 
light  loading  employs  coils  having  an  inductance  of  about  0.044  henry 
for  the  side  circuits  with  the  same  spacing.  The  capacity  per  load- 
ing section  for  the  side  circuits  is  approximately  0.074  mf. 

The  medium  heavy  loaded  side  circuits  have  a  characteristic  impe- 
dance of  about  1600  ohms,  and  a  cutoff  frequency  of  about  2800  cycles. 
The  extra  light  loaded  side  circuits  have  an  impedance  of  about  800 
ohms  and  a  cutoff  frequency  of  about  5600  cycles. 
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Fig.   2 — Attenuation-frequency    characteristics    of    loaded    cable    side    circuits. 


Figure  2  shows  the  attenuation-frequency  characteristics  of  Xo. 
19  and  No.  16  gauge  side  circuits  with  the  two  types  of  loading.  It 
will  be  observed  that  the  M.H.L.  circuits  have  lower  attenuation 
for  frequencies  below  about  2500  cycles,  as  should  be  expected  from 
the  fact  that  the  inductance  per  mile  introduced  by  the  loading  coils 
is  greater.  However,  the  attenuation  is  more  nearly  equal  at  dif- 
ferent frequencies  in  the  case  of  the  X.L.L.  circuits,  this  being  par- 
ticularly true  at  the  higher  voice  frequencies. 

Another  important  characteristic  of  loaded  circuits  when  repeaters 
are  involved  is  their  velocity  of  propagation.  Since  the  inductance 
per  mile  of  X.L.L.  circuits  is  only  %  of  that  for  M.H.L.  circuits,  the 
velocity  of  propagation  is  twice  as  great  for  the  X.L.L.  circuits  as 
indicated  by  the  well-known  approximate  formula — 

V  =  (L  C)_1  2 
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Where  V  is  the  velocity  in  unit  lengths  per  second,  L  is  the  inductance 
in  henries  per  unit  length  and  C  is  the  capacity  in  farads  per  unit 
length,  the  unit  of  length  for  expressing  velocity,  inductance  and 
capacity  being  the  same. 

The  X.L.L.  type  of  loading  is  best  for  the  longer  circuits,  because 
of  the  more  nearly  equal  attenuation  of  currents  of  different  fre- 
quencies, its  higher  velocity  of  propagation  which  permits  more 
efficient  operation  of  telephone  repeaters,  and  also  its  comparative 
freedom  from  transient  effects,  as  will  be  explained  in  more  detail 
later.  For  the  shorter  circuits  where  these  effects  are  not  so  important, 
the  M.H.L.  type  is  satisfactory  electrically  and  is  therefore  employed 
since  fewer  repeaters  are  required  owing  to  the  lower  attenuation. 

III.     "Echoes" 

As  is  well  known,  whenever  points  of  discontinuity  or  unbalance 
occur  in  a  telephone  circuit,  reflections  of  electrical  energy  take  place. 
If  the  circuit  is  long  so  that  the  time  for  transmission  is  appreciable 
and  if  also  the  losses  are  not  so  great  as  to  cause  the  reflected  energy 
to  become  inappreciably  small  before  it  reaches  the  ear  of  a  listener, 
echo  effects  will  be  experienced.  While,  in  general,  reflections  take 
place  in  any  telephone  circuit  actual  echoes  are  never  appreciable 
unless  telephone  repeaters  are  employed.  In  the  case  of  circuits 
with  repeaters,  the  electrical  length  is  usually  great  enough  so  that 
an  appreciable  length  of  time  is  required  for  the  voice  currents  to 
travel  to  some  discontinuity  and  back  again.  Furthermore,  the 
repeater  gains  keep  the  reflected  voice  currents  large. 

It  should  be  understood  that  the  echo  effects  which  are  experienced 
in  long  repeatered  circuits  are  due  to  the  same  unbalances,  which, 
on  shorter  circuits,  bring  in  trouble  due  to  "singing",  or  distortion 
of  the  voice  waves  due  to  "near-singing".  On  electrically  long  cir- 
cuits, due  to  the  comparatively  great  time  lags  involved,  the  echo 
effects  become  of  controlling  importance.  Consequently,  it  is,  in 
general,  necessary  on  such  circuits  to  work  the  repeaters  at  gains 
well  below  those  at  which  "singing"  or  distortion  due  to  "near-sing- 
ing" is  experienced. 

The  echo  effects  which  occur  in  four-wire  circuits  will  first  be  dis- 
cussed, since  the  effects  are  simpler  in  this  case  "than  they  are  in  the 
case  of  a  two-wire  circuit. 

Figure  3-a  shows  a  four-wire  circuit  in  diagrammatic  form,  while 
Figure  3-b  shows  the  echoes  which  are  caused  by  the  unbalances  at 
the  terminals.     When  someone  at  terminal  A  talks  to  a  person  at 
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terminal  B,  the  heavy  line  in  Figure  3-b  shows  the  direct  transmission, 
which  takes  place  over  the  top  pair  of  wires  in  Figure  3-a.  When  this 
current  reaches  the  distant  terminal,  part  of  it  goes  to  the  listener 
while  another  part,  due  to  the  imperfections  of  balance  between  the 
line  and  network  at  that  terminal,  travels  back  through  the  pair  of 
wires  at  the  bottom  of  Figure  3-a  toward  terminal  A.  The  talker  at 
terminal  A  will  hear  this  current  as  an  echo  if  the  four-wire  circuit 
is  long  enough  so  that  the  time  lag  is  appreciable.  This  first  echo 
heard  by  the  talker  divides  at  terminal  A  in  the  same  way  as  did  the 
direct  transmission  at  terminal  B,  part  of  it  taking  the  upper  path  of 
figure  3-a  back  toward  the  listener.  The  listener  will,  therefore,  first 
receive  the  direct  tansmission  and  then  a  little  later  an  echo.  This 
process  is  repeated  producing  successive  echoes  which  are  leceived 
at  both|terminals  A  and  B  as  indicated. 
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Fig.  3 — Echo  paths  in  four-wire  circuit. 


A  four-wire  circuit  1000  miles  (1600  kilometers)  long  has  been  set 
up  in  which  the  balances  at  the  two  ends  were  deliberately  made  poor 
so  as  to  exaggerate  the  effects.  More  than  a  dozen  successive  echoes 
could  be  heard  before  they  became  inaudible.  Since  for  each  echo 
the  voice  energy  traveled  2000  miles  (3200  kilometers)  this  energy 
must  have  travelled  the  distance  around  the  world  before  becoming 
inaudible. 

In  order  that  a  circuit  will  be  satisfactory  for  regular  telephone 
use,  the  echoes  must  be  kept  small  as  compared  to  the  direct  transmis- 
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sion.  Evidently  if  the  first  echoes  are  small  as  compared  to  the 
direct  transmission,  the  later  echoes  will  be  much  smaller  in  mag- 
nitude. For  example,  if  the  power  in  the  first  echo,  heard  by  the 
listener,  is  1-10  as  great  as  the  directly  transmitted  power,  the  second 
echo  will  have  only  1-100  as  much  power,  the  third  echo  1-1000  etc. 
The  velocity  of  an  X.L.L.  circuit  is  approximately  20,000  miles 
(32,000  kilometers)  per  second,  while  the  velocity  with  M.H.L.  is 
only  10,000  miles  (16,000  kilometers)  per  second.  It  is  thus  seen 
that  the  time  required  for  voice  energy  to  travel  from  one  end  to  the 
other  of  an  X.L.L.  circuit   1,000  miles  (1600  kilometers)  long  is  0.05 
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Fig.  4 — Echo  paths  in  two-wire  repeatereri  circuit. 

second.  An  echo  traveling  from  one  end  of  the  circuit  to  the  other 
and  back  again  would,  therefore,  arrive  0.1  second  behind  the  impulse 
which  started  the  echo.  With  M.H.L.  circuits  these  times  are  of 
course  doubled. 

Figure  4  illustrates  the  condition  existing  in  a  two-wire  circuit. 
For  simplicity,  the  first  echoes  only  are  shown,  the  later  echoes  being 
less  important  owing  to  their  comparative  weakness  as  explained 
above.  In  such  a  circuit  reflections  occur  not  only  at  the  terminals, 
but  at  a  number  of  intermediate  points  in  the  circuit,  the  condition 
of  balance  between  the  networks  associated  with  the  telephone  repeat- 
ers and  the  corresponding  lines  being  necessarily  imperfect.  This 
imperfection  of  balance  is  due  in  part  to  lack  of  perfect  balance  of 
the  apparatus  closely  associated  with   the  repeater,   and   in  part   to 
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the  small  irregularities  which  exist  in  the  make-up  of  any  practical 
loaded  line.  A  further  cause  is  the  reflection  at  the  adjacent  repeat- 
ers, due  to  the  difference  between  the  repeater  impedance  and  the 
line  impedance. 

It  will  be  noted  that  three  sets  of  echoes  are  shown  which  affect 
the  "talker".  In  addition  to  these  which  involve  one  or  more  repeat- 
ers, a  comparatively  small  amount  of  power  is  reflected  back  to  the 
"talker"  from  the  various  irregularities  between  the  "talker"  station 
and  the  nearest  repeater.  These  reflections  have  not  been  indicated 
since  their  effects  are  of  negligible  importance.  Six  sets  of  echoes 
affect  the  "listener".  Both  for  the  echoes  affecting  the  "talker"  and 
the  "listener",  the  dotted  lines  indicate  reflections  from  a  number 
of  different  points  where  irregularities  exist  as  explained  above. 

In  circuits  containing  a  larger  number  of  repeaters  the  numbers 

of  sets  of  echoes  affecting  the  talker  and  listener  are,  of  course,  greater. 

The  number  of  sets  of  first  echoes  affecting  the  talker  is  equal  to  the 

number  of  repeaters.     The  number  affecting  the  listener  is  equal  to 

N(N+1)  AT  .      .  , 

—  where  N  is  the  number  or  repeaters. 

2 

It  is,  of  course,  obvious,  that,  for  either  four-wire  or  two-wire 
circuits,  if  the  circulating  energies  are  large,  they  will  have  an 
adverse  effect  on  the  ability  of  two  people  to  carry  on  a  conversation 
over  a  telephone  circuit.  Xot  only  will  the  transmission  received  by 
the  listener  be  adversely  affected,  but  the  talker  will  be  considerably 
distracted,  particularly  when  the  time  of  the  transmission  over  the 
circuit  is  so  long  that  he  hears  a  distinct  echo  of  his  words. 

Experiments  have  shown  that  the  effects  of  the  echoes  both  on 
the  listener  and  talker  become  more  serious  as  their  time  lag  is  in- 
creased. This  means  that  as  telephone  circuits  are  made  longer  it 
is  necessary  either  to  improve  balances  or  to  design  the  telephone 
circuits  so  that  the  velocity  of  propagation  will  be  higher.  This 
necessity  for  making  the  velocity  of  propagation  high  on  long  cir- 
cuits was  one  of  the  principal  reasons  which  led  to  the  selection  of 
extra  light  loading  for  the  longer  circuits. 

Figure  5  shows  very  approximately  how  the  effects  of  the  echoes 
vary  with  the  length  of  time  by  which  they  are  delayed.  One  curve 
is  given  for  the  effect  on  the  "talker",  another  for  the  effect  on  the 
"listener".  Both  curves  indicate,  for  various  time  lags,  the  com- 
parative magnitude  of  echoes  which  are  small  enough  to  be  inappre- 
ciable when  ordinary  telephone  conversations  are  carried  on.  The 
curve  applying  to  the  "listener"  is  referred  to  the  direct  power  which 
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he  receives,  while  the  curve  for  the  "talker"  is  referred  to  the  power 
which  he  puts  into  the  circuit. 

In  Figure  4  showing  the  condition  existing  in  a  two-wire  circuit, 
the  comparative  magnitudes  of  the  power  in  each  echo  are  indicated, 
a  typical  condition  of  the  lines  being  assumed.  For  the  listener  the 
echo  power  is  expressed  as  a  percentage  of  the  directly  transmitted 
power  which  he  receives.  In  the  case  of  the  talker,  it  is  expressed 
as  a  percentage  of  the  power  which  he  puts  into  the  circuit.  In 
addition  to  the  comparative  amounts  of  power  in  each  echo,  "weight- 
ed" magnitudes  are  indicated.  The  "weighted"  figures  take  account 
of  the  fact  that  the  effects  of  a  given  amount  of  echo  become  more 
serious  as  the  time  lag  is  increased  as  indicated  by  the  curves  in  Figure 
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Fig.  5 — Effect  of  echoes  on  talker  and  listener. 


5.  Referring  to  Figure  4,  it  will  be  noted  that  the  "weighted"  mag- 
nitudes of  the  power  in  the  echoes  are  largest  for  the  long  paths.  In 
general,  this  condition  exists  in  the  case  of  the  majority  of  long  two- 
wire  repeatered  circuits  in  cable. 

In  order  to  compare  the  behavior  of  a  four-wire  circuit  with  a  two- 
wire  circuit,  consider  again  Figures  3  and  4.  It  will  be  observed  that 
in  Figure  4.  showing  the  two-wire  circuit,  there  is  one  echo  received 
by  the  talker  which  travels  from  one  end  of  the  circuit  to  the  other. 
Referring  to  Figure  3  showing  a  four-wire  circuit,  it  will  be  seen  that 
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this  echo  corresponds  to  the  one  labelled  "1st  echo  talker".  Sim- 
ilarly for  the  echoes  affecting  the  listener,  the  echo  whose  path  is 
longest  in  the  two-wire  circuit  corresponds  to  a  similar  echo  in  the 
four-wire  circuit.  Since  many  additional  echo  paths  are  present  in 
the  two-wire  circuit,  it  is  evident  that,  other  things  being  equal,  the 
overall  transmission  result  obtainable  from  the  two-wire  circuit  can- 
not be  made  as  good  as  that  obtainable  from  the  four-wire  circuit. 
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Fig.   6 — Echo  paths  in   two-wire  repeatered  circuit   with   omitted   loading  coil. 

In  a  two-wire  circuit  it  is,  of  course,  obvious  that  any  defect  in  the 
lines  which  will  cause  a  large  irregularity  will  result  in  a  considerable 
impairment  of  the  circuit.  Figure  6  shows  the  effect  of  omitting  a 
loading  coil  at  an  intermediate  point  in  a  circuit,  the  conditions  in 
this  circuit  being  assumed  to  be  the  same  as  those  in  Figure  4  with 
the  exception  of  the  omitted  loading  coil.  The  omitted  loading  coil 
introduces  a  large  impedance  irregularity  which  causes  certain  of  the 
echoes  to  be  made  much  greater  in  comparative  magnitude  as  indicated. 
In  order  to  reduce  the  echoes  in  the  circuit  with  the  omitted  loading 
coil  sufficiently  to  make  the  circuit  satisfactory  for  telephone  use,  it 
is  necessary  to  reduce  the  repeater  gains.  In  this  particular  case  it 
is  necessary  to  lower  the  total  gain  about  4  miles,  which  increases  the 
overall  transmission  equivalent  of  the  circuit  from  about  10  miles 
for  the  normal  condition  to  about  14  miles  for  the  condition  with  the 
omitted  loading  coil. 
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Before  leaving  the  subject  of  "echoes"  it  is  believed  that  it  will  be 
of  interest  to  point  out  some  of  the  important  characteristics  of  two- 
way  repeatered  circuits  which  result  from  these  effects. 

1.  The  minimum  permissible  net  equivalent  ( total  loss  minus  total 
repeater  gain  in  one  direction)  of  a  four-wire  circuit  of  a  given 
length  depends  only  on  the  velocity  of  propagation  and  the 
balance  conditions  at  the  terminals  of  the  circuit.  When  con- 
ditions are  such  that  the  balance  conditions  cannot  be  improved, 
increasing  the  velocity  of  propagation  will  enable  a  lower  net 
equivalent  to  be  obtained. 

2.  In  the  case  of  a  two-wire  circuit  with  reasonably  smooth  lines, 
the  exact  location  of  the  repeaters  and  the  gains  at  which  indi- 
vidual repeaters  are  worked  have  little  effect  on  the  overall 
result  so  far  as  echo  effects  are  Concerned.  This  follows  from 
the  fact  that  the  echo  paths  from  end  to  end  of  such  a  circuit 
are  usually  of  more  importance  than  the  shorter  echo  paths. 
Evidently,  moving  the  individual  repeaters  about  or  altering 
their  gains  has  no  effect  on  the  longest  paths,  provided  the 
total  gain  in  each  direction  is  kept  constant. 

3.  In  the  case  of  a  two-wire  circuit  of  a  given  length,  the  velocity 
of  propagation  and  smoothness  of  the  lines  are  of  most  impor- 
tance in  limiting  the  possible  net  equivalent,  the  line  attenua- 
tion being  of  secondary  importance. 

For  example,  in  the  case  of  the  transcontinental  (New  York- 
San  Francisco)  open-wire  line,  the  original  circuit  was  loaded. 
(Although  this  paper  deals  particularly  with  repeaters  on  cable 
circuit-  this  example  was  selected  because  it  so  well  illustrates 
this  point.)  The  velocity  of  propagation  was  such  that  voice 
currents  required  about  0.07  second  to  travel  from  one  end  of 
the  circuit  to  the  other.  The  total  line  equivalent  was  equal 
to  about  56  miles  of  standard  cable.  By  applying  repeaters 
to  this  circuit  it  was  possible  to  obtain  a  working  net  equivalent 
of  about  21  miles. 

The  unloading  of  the  circuit  increased  the  velocity  so  that  the 
time  of  transmission  was  reduced  to  0.02  second,  about  0.3 
of  the  time  required  when  the  circuit  was  loaded.  The  attenua- 
tion was  increased  so  that  the  total  line  equivalent  without 
repeater-  was  equal  to  about  120  miles  of  standard  cable,  a 
little  more  than  twice  the  equivalent  of  the  loaded  circuit.  By 
applying  repeaters  of  an  improved  type  to  this  circuit  so  as  to 
keep  the  quality  good  in  spite  of  the  increased  attenuation  and 
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correspondingly  increased  gain  required,  it  was  possible  to 
obtain  a  working  equivalent  of  only  12  miles  of  standard  cable 
as  compared  to  the  original  figure  of  21  miles.  This  means 
that  with  the  same  amount  of  speech  power  applied  at  one  end, 
the  power  received  over  the  non-loaded  circuit  is  7  times  as 
large  as  that  formerly  received  over  the  loaded  circuit.2 

The  example  of  the  transcontinental  line,  above,  may  well  bring 
up  the  question  as  to  why  it  is  that  cable  circuits  are  loaded.  This 
is  done  for  two  reasons:  In  the  first  place,  it  is.  in  general  cheaper  to 
load  cables  than  it  is  to  make  up  the  increased  attenuation  by  means 
of  more  repeaters.  In  the  second  place  the  loading  lessens  the  amount 
of  distortion  introduced  by  the  cable  circuits.  In  the  case  of  open 
wire  circuits,  their  series  inductance  is  sufficient  to  keep  the  distortion 
small. 

IV.     Attenuations    and    Corresponding    Amplifications — 

Power  Levels 

Owing  to  the  fact  that  the  weight  of  loading  applied  to  the  longest 
cable  circuits  is  very  light,  the  attenuation  of  such  circuits  is  very 
great.  A  four-wire  X.L.L.  19  gauge  circuit  1,000  miles  long  has  the 
enormous  line  equivalent  of  500  miles  of  standard  cable.  The  total 
power  amplification  applied  to  this  circuit  by  the  repeaters  exceeds 
1047.  This  amount  of  amplification  is  more  than  enough  to  talk  half 
way  around  the  world  at  the  equator  using  non-loaded  No.  8  Bir- 
mingham Wire  Gauge  open-wire  commonly  employed  for  handling 
very  long  distance  business  (No.  8  B.YV.G.  copper  weighs  435  pounds 
per  wire  mile,  or  120  kilograms  per  kilometer). 

In  order  to  obtain  an  idea  of  how  enormous  this  amplification  is, 
assume  that  no  repeaters  were  employed  and  an  attempt  were  made 
to  apply  enough  power  at  one  end  of  the  circuit  to  enable  the  normal 
amount  of  speech  power  to  be  received  at  the  distant  end.  The  power 
applied  at  the  sending  end  would  then  have  to  be  about  50  quadrillion 
times  as  great  as  the  total  power  which  it  is  estimated  is  radiated  by 
the  sun. 

While  the  total  amount  of  power  amplification  is  very  great,  the 

amount  of  amplification  put  in  at  any  one  point  is,  of  course,  limited. 

The  maximum  amount  of  power  at  a  repeater  point  is  limited  partly 

by  the  capacity  of  the  vacuum  tubes  and  partly  by  the  power  carrying 

capacity  of  the  telephone  circuit,  including  the  loading  coils.     (By 

power  carrying  capacity  is  here  meant  the  ability  to  carry  voice  waves 

5  A  material  improvement  in  the  telephone  quality  was  also  effected  by  the  unload- 
ing of  the  circuit. 
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without  serious  distortion.)  It  is  also  necessary  to  limit  this  power 
to  avoid  serious  crosstalk  into  other  circuits. 

In  addition  to  these  limitations  on  the  maximum  power,  it  is  neces- 
sary to  insure  that  the  power  at  any  point  in  a  circuit  does  not  become 
too  small.  Otherwise,  the  normal  voice  power  will  not  be  sufficiently 
large  as  compared  to  the  power  of  crosstalk  from  other  circuits.  It 
is,  furthermore,  evident  that  the  ratio  of  power  from  extraneous 
sources,  such  as  paralleling  telegraph  circuits  and  power  supply  cir- 
cuits, to  the  voice  power  should  be  as  small  as  practicable  in  order  to 
keep  the  circuits  free  from  noise. 

figure  7  will  give  an  idea  of  how  the  telephone  power  attenuates 
and  is  amplified  in  a  long  circuit.  The  circuit  shown  is  similar  to 
those  which  it  is  proposed  to  employ  between  New  York  and  Chicago, 
i.  e.,  it  is  a  four-wire  X.L.L.  19  gauge  circuit  largely  in  aerial  cable, 
equipped  with  automatic  means  for  compensating  for  the  changes 
in  attenuation  caused  by  the  effects  of  varying  temperatures  on  the 
resistance  of  the  conductors.  (These  automatic  devices  are  described 
in  a  later  section  of  this  paper.)  For  simplicity,  the  power  levels  for 
transmission  in  one  direction  only  are  shown.  The  solid  lines  show 
the  power  levels  when  the  temperature  is  a  maximum  so  that  the 
attenuations  are  greatest,  while  the  dotted  lines  show  the  levels  when 
the  temperature  is  a  minimum  and  the  losses  are,  therefore,  also  a 
minimum.  The  shaded  areas  between  the  lines  represent  the  changes 
which  take  place  during  the  course  of  a  year. 

When  the  requirement  is  introduced  that  transmission  must  take 
place  in  both  directions  it  is  found  that  at  the  points  in  the  circuits 
going  in  one  direction  where  the  power  is  a  maximum,  the  power  going 
in  the  opposite  direction  in  other  circuits  is  a  minimum.  This  rep- 
resents a  very  bad  condition  for  crosstalk  from  one  four-wire  circuit 
into  another.  In  order  to  overcome  this  the  conductors  carrying 
strong  voice  power  are  kept  electrically  separated  or  shielded  from 
those  carrying  weak  power  as  indicated  schematically  in  Figure  8. 
The  conductors  which  carry  strong  voice  power  are  shown  heavy, 
while  those  carrying  weak  power  are  shown  light.  In  the  cable  proper 
the  separation  is  effected  by  grouping  the  conductors  in  two  bunches, 
one  for  transmission  in  one  direction,  the  other  for  transmission  in 
the  opposite  direction,  taking  care  that  these  two  bunches  of  con- 
ductors are  separated  electrically  as  far  as  possible.  In  the  loading 
coil  pots  the  coils  employed  on  the  circuits  for  transmission  in  the 
two  directions  are  similarly  kept  separated.  In  the  offices  the  separa- 
tion is  effected  by  arranging  the  repeaters  and  other  apparatus  as 
shown  in  the  figure.     It  will  be  observed  that  no  special  separation 
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is  shown  between  the  repeaters  transmitting  in  the  two  directions, 
since  to  keep  the  conductors  carrying  weak  power  separated  from 
those  carrying  strong  power,  it  is  merely  necessary  to  keep  the  ap- 
paratus and  cabling  connected  to  the  inputs  of  the  repeaters  separated 
from  the  apparatus  and  the  cabling  connected  to  the  repeater  outputs. 

V.     Steady  State  Distortion 

The  possible  sources  of  distortion  may  be  divided  broadly  into  (1) 
repeaters  and  auxiliary  apparatus  and  (2)  the  lines. 

With  reference  to  the  distortion  introduced  by  the  repeaters,  the 
vacuum  tube  is  fortunately  very  nearly  perfect,  at  least  in  so  far  as 
concerns  practical  telephony.  At  one  time,  for  purposes  of  test,  a 
circuit  was  set  up  containing  32  vacuum  tubes  in  tandem.  On  this 
circuit  the  distortion  was  so  small  that  when  listening  to  ordinary 
conversation  it  was  difficult  to  detect  any  difference  in  the  quality 
of  transmission  before  and  after  traversing  the  32  vacuum  tubes. 

It  is  beyond  the  limits  of  this  paper  to  enter  into  the  problems  of 
design  which  were  encountered  in  the  development  of  the  repeater 
circuits.  For  the  present  purpose  of  considering  the  overall  per- 
formance of  repeatered  circuits  in  cable  no  serious  error  will  be  made 
if  it  is  assumed  that  the  complete  repeater  circuits  meet  the  require- 
ments for  an  ideal  repeater  as  set  up  in  the  Gherardi-Jewett  paper. 

Considering  next  the  lines,  it  is  necessary  to  make  the  loading  very 
regular  so  that  balance  difficulties  will  not  cause  an  undue  amount 
of  trouble  on  two-wire  circuits.  Regularity  of  the  loading  is  also 
essential  in  order  to  avoid  irregular  transmission  of  different  fre- 
quencies. In  order  to  secure  this  regularity  of  loading,  it  is  necessary 
that  the  spacing  between  loading  points  be  made  very  uniform  and 
that  the  cable  be  so  manufactured  that  the  electrostatic  capacity 
of  its  circuits  be  held  within  close  limits.  The  loading  coils  them- 
selves must  be  closely  alike  in  their  electrical  properties  and  further- 
more, the- coils  must  be  stable,  i.  e.  these  electrical  properties  must 
not  change  appreciably  due  to  the  passage  of  voice  currents  or  other 
currents  required  for  cable  operation  through  them. 

Next,  it  is  necessary  to  design  the  repeaters  and  associated  apparatus 
used  on  the  longer  circuits,  particularly  the  four-wire  circuits,  so  as 
to  put  in  different  amounts  of  gain  at  different  frequencies,  thereby 
making  the  overall  transmission  at  different  frequencies  approximately 
constant  in  spite  of  the  fact  that  the  loss  introduced  by  the  cable 
circuits  at  different  frequencies  is  not  constant.  Figure  9  shows  the 
overall  or  net  transmission  equivalent  plotted  against  frequency  for 
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an  X.L.L.  four-wire  circuit  1080  miles  long  (1750  kilometers)  which 
was  set  up  for  purposes  of  test.  The  heavy  line  in  this  figure  shows 
the  overall  result  which  was  actually  obtained  with  repeaters  and 
associated  apparatus  designed  to  equalize  the  transmission,  while 
the  dotted  line  shows  what  the  characteristic  would  have  been  had 
the  repeaters  introduced  exactly  the  same  amount  of  gain  at  all 
frequencies. 

VI.     Transients 
In  comparatively  short  telephone  circuits,  good  quality  will  usually 
be  assured  if  the  transmission,  as  measured  at  different  single  fre- 
quencies  within    the   voice    range,    is    kept   approximately   constant. 
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Fig.   9 — Transmission  frequency  characteristic  of  long  extra  light  loaded  four-wire 

circuit. 

For  electrically  long  circuits,  however,  this  is  not  sufficient.  Not  only 
must  the  "echo"  effects  be  kept  within  proper  limits,  but  considera- 
tion must  be  given  to  the  fact  that  when  electrical  impulses  are  applied 
to  such  circuits,  peculiar  transient  phenomena  are  experienced.  These 
transient  phenomena  occur  in  equal  degree  in  two-way  circuits  and 
in  circuits  arranged  to  transmit  in  one  direction  only,  that  is,  they  are 
not  related  to  "echo"  effects. 

In  order  to  give  an  idea  of  the  nature  of  some  of  the  transient  effects, 
some  oscillograms  are  shown  in  Figures  10.  11,  12  and  13.  Figure  10 
shows  an  1800-cycle  current  before  and  after  traversing  a  cable  cir- 
cuit of  an  earlier  type  1050  miles  (1700  kilometers)  long.  This  par- 
ticular circuit  was  Xo.  13  A.W.G.  weighing  .82  pounds  per  wire  mile 
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(23  kilograms  per  kilometer)  loaded  with  inductance  coils  of  0.2  henry 
spaced  1.4  miles  (2.25  kilometers)  apart  and  contained  6  one-way 
repeaters.  It  will  be  noted  that  the  first  sign  of  the  arrival  of  the 
received  current  occurs  about  0.1  second  after  the  wave  is  put  on  at 
the  sending  end.  This  time  checks  with  the  formula  for  velocity 
given  above.  The  time  required  after  arrival  of  the  first  impulse 
(point  "a")  until  the  wave  builds  up  to  a  practically  steady-state 
condition  at  point  "b"  is  about  0.055  second.  The  steady  condition 
is  interrupted  at  point  "c"  by  the  arrival  of  the  break  transient,  the 
time  interval  between  points  "b"  and  "c",  representing  the  period 
when  the  wave  is  in  the  steady-state,  being  only  0.01  second.  The 
wave  required  about  0.055  second  to  die  out — interval  between  points 
"c"  and  "d". 

It  is  interesting  to  note  the  behavior  of  the  current  during  the 
building-up  and  dying-out  intervals.  During  the  building-up  process 
the  frequency  of  the  received  current  increases  from  a  very  low  value 
at  point  "a"  until  at  point  "b"  it  becomes  the  same  as  that  of  the 
source.  The  magnitude  of  the  received  current  also  increases  until 
at  point  "b"  it  reaches  a  value  corresponding  to  the  steady-state 
transmission  equivalent  of  the  line.  The  interval  "a-b"  is  determined 
solely  by  the  structure  of  the  line  and  has  nothing  to  do  with  the  time 
during  which  the  current  is  supplied  at  the  sending  end. 

The  dying-out  process  can  be  considered  to  be  caused  by  the  applica- 
tion at  the  time  of  break  of  a  second  current  equal  in  value  to  the 
current  originally  applied  but  opposite  in  phase,  so  that  the  sum  of 
the  two  currents  will  be  zero.  Hence,  it  is  to  be  expected  that  the 
received  current  will  disappear  by  adding  to  the  steady-state  a  tran- 
sient similar  to  the  building-up  transient  in  the  interval  "a-b".  That 
this  is  true  is  indicated  by  the  behavior  during  the  interval  "c-d". 
At  first  the  low  frequency  current  of  the  break  transient  produces  a 
displacement  of  the  axis  of  the  steady  current.  As  the  frequency 
approaches  a  steady  value  a  beating  effect  becomes  noticeable  which 
grows  smaller  until  complete  opposition  of  phase  obtains  and  the 
received  current  disappears. 

Figure  10  clearly  indicates  that  a  pulse  of  voice  current  having  a 
frequency  in  the  neighborhood  of  1800  cycles,  even  though  received 
in  proper  volume  if  steadily  applied,  would  be  badly  distorted. 

\\  hen  carrying  on  a  conversation  over  such  a  circuit  as  this,  distor- 
tion of  the  voice  waves  makes  understanding  difficult  while  peculiar 
metallic  ringing  sounds  are  very  noticeable. 

Next  consider  a  circuit  of  the  same  character  with  half  the  length. 
The  effect  of  a  circuit  of  this  length  on  an  1800-cycle  wave  is  shown  in 
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the  oscillogram  of  Figure  11.  It  will  be  observed  that  the  propaga- 
tion time  has  been  cut  in  half  while  the  lengths  of  time  for  the  received 
wave  to  build  up  and  die  out  have  also  each  been  cut  in  two.  This 
checks  with  theoretical  work,  indicating  that  the  severity  of  this  type 
of  transient  effect  is  directly  proportional  to  the  length  of  the  circuit. 
This  fact  that  the  transient  effect  is  proportional  to  the  length  of 
the  circuit  furnishes  the  reason  why  a  short  circuit  may  give  tolerably 
good  results,  while  a  long  circuit  gives  poor  results. 

Figure  12  is  of  interest  as  indicating  what  takes  place  when  we  apply 
a  current  at  the  sending  end  of  the  circuit  whose  frequency  is  so  high 
that  no  appreciable  amount  of  the  steady  current  will  pass  through 
the  circuit.  In  this  case  only  transient  oscillations  appear  at  the 
receiving  end  of  the  circuit.  This  particular  circuit  was  of  the  same 
type  as  the  above,  although  it  was  only  350  miles  long  (570  kilometers). 

A  large  number  of  oscillograms  of  this  sort  have  been  taken  in  con- 
nection with  the  study  of  these  transient  effects.  From  these  and 
theoretical  considerations3  it  has  been  proved  that  the  effects  in  a 
given  circuit  are  much  worse  at  high  frequencies  than  at  low  fre- 
quencies, the  severity  of  the  effects,  within  certain  limits,  being  a 
function  of  the  ratio  of  the  frequency  being  transmitted  to  the  fre- 
quency of  cutoff  of  the  loaded  circuit.  The  gauge  of  the  circuit  has 
practically  no  effect. 

Since  in  order  to  give  good  quality  it  is  necessary  to  transmit  fairly 
well  all  frequencies  up  to  at  least  2000  cycles,  it  is  obvious  that  on 
long  circuits  in  order  to  keep  the  transient  effects  small,  the  frequency 
of  cutoff  must  be  kept  high.  In  order  to  do  this,  it  is  necessary  either 
to  make  the  loading  coils  of  very  low  inductance  or  to  space  them  very 
close  together.  This  is  another  one  of  the  reasons  why  extra  light 
loading  was  adopted  for  the  long  cable  circuits.  (It  will  be  remem- 
bered that  the  inductance  of  the  side  circuit  loading  coils  is  only  0.044 
henry  and  the  spacing  6000  feet). 

The  effect  of  lighter  loading  on  the  tiansient  behavior  of  telephone 
currents,  is  shown  in  Figure  13,  which  shows  a  2000-cycle  wave 
transmitted  over  an  X.L.L.  circuit  about  1050  miles  (1700  kilometers) 
long.  This  circuit  contained  23  one-way  repeaters.  It  will  be 
observed  that  both  the  building-up  and  dying-out  transient  periods 
are  very  much  reduced,  which  means  that  all  pulses  of  telephone 
.currents  up  to  at  least  2000  cycles  will  pass  through  such  a  circuit 
with  very  little  distortion. 

3John  R.  Carson — "Theory  of  the  Transient  Oscillations  of  Electrical  Networks 
and  Transmission  Systems".     Transactions  of  A.  I.  E.  E.     Vol.  XXXVIII,  page  407. 
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VII.     Stability 

As  has  been  pointed  out,  the  magnitude  of  the  line  transmission 
loss  in  a  repeatered  circuit  is  of  comparatively  small  importance  in 
determining  its  ^possible  transmission  equivalent,  whether  the  cir- 
cuit be  worked  on  a  four-wire  or  two-wire  basis.  However,  it  is  of 
exfreme  importance  to  be  sure  that  the  repeater  gains  are  kept  adjusted 
so  as  to  compensate  exactly  for  a  large  part  of  the  transmission  loss 
in  the  circuit,  so  that  the  difference  between  the  total  loss  in  the  cir- 
cuit and  the  total  gain,  which  represents  the  net  equivalent  of  the 
circuit,  will  be  kept  constant. 

(  )n  certain  of  the  long  circuits  this  difference  is  very  small  as  com- 
pared to  the  quantities  which  are  subtracted.  For  example,  in  the 
case  of  a  1000-mile  four-wire  circuit  using  X.L.L.  19-gauge  conductors, 
the  total  line  transmission  loss  is  about  500  miles.  Not  counting 
the  gain  required  to  make  up  for  losses  in  apparatus  and  office  cabling, 
the  total  gain  is  about  488  miles,  the  difference,  12  miles,  represent- 
ing the  net  equivalent.  Evidently  only  a  very  small  percentage 
change  in  either  the  transmission  losses  or  the  gains  will  have  a  large 
effect  on  the  net  equivalent.  This  represents  about  the  most  severe 
condition.     Some  examples  of  less  severe  conditions  are — 

2-Wire  19-gauge  M.H.L.  circuit  200  miles  long  (320  kilometers). 
Line  equivalent  58  miles.  Repeater  gain  exclusive  of  gain 
required  to  make  up  for  loss  in  apparatus  and  office  cabling  46 
miles.     Net  equivalent  12  miles. 

4 Wire  19-gauge  M.H.L.  circuit  500  miles  long  (800  kilometers). 
Line  equivalent  145  miles.  Repeater  gain  exclusive  of  gain 
required  to  make  up  for  loss  in  apparatus  and  office  cabling  133 
miles.     Net  equivalent  12  miles. 

In  order  to  maintain  the  necessary  constancy  of  the  overall  or  net 
transmission  equivalent  of  long  repeatered  circuits  in  cable,  it  is 
necessary  first  of  all  to  maintain  the  gains  of  the  individual  repeaters 
within  close  limits.  In  addition,  periodic  transmission  measurements 
are  required  over  the  complete  circuits,  supplemented  by  suitable 
adjustment  of  certain  of  the  individual  repeaters  whenever  the  overall 
equivalent  falls  outside  of  the  prescribed  limits.  Also,  on  the  very 
long  small  gauge  circuits,  the  changes  in  attenuation,  due  to  the 
resistance  changes  caused  by  temperature  variations,  become  so  large 
that  it  is  practically  essential  to  provide  automatic  means  tor  over- 
coming  these  effects. 

The  methods  employed  in  maintaining  the  gains  of  the  individual 
repeaters  and  of  the  overall  transmission  equivalents  within  proper 
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limits  will  first  be  described,  after  which  the  automatic  transmission 
regulators  will  be  discussed. 

VIII.     Important  Tests  and  Adjustments 

In  order  to  hold  the  repeater  gains  constant,  close  inspection  limits 
are  placed  on  the  vacuum  tubes  during  the  course  of  manufacture  to 
insure  great  uniformity  of  the  product,  as  well  as  consistency  of  per- 
formance. In  operating  the  repeaters,  considerable  care  is  taken  to 
maintain  constancy  of  the  operating  currents  and  voltages.  The 
operating  limits  of  currents  and  potentials  together  with  the  cor- 
responding gain  variations  for  one  of  the  types  of  tube  in  common 
use  are  given  in  the  following  table: 


Variable  Ouantity 


Prescribed  Limits 


Gain  Variation 


Plate  Potential. 
Grid  Potential 


\M) ±5  volts 
9±1  volt 


Filament  Current 1.25=*=  .05  ampere 


=±=  .  2  mile 

=±= .  3  mile 
Very   small   for  new 
tube — 1    mile    for 
tube     just     before 
replacement. 


In  addition  to  maintaining  the  tube  currents  and  voltages  within 
the  required  limits,  the  gains  of  the  individual  repeaters  are  checked 
periodically.  Suitable  adjustments  are  made  wdien  the  repeater  gains 
fall  outside  of  the  prescribed  limits.  When  the  filament  emission  of 
a  tube  becomes  so  low  that  the  above  specified  variation  in  the  fila- 
ment current  results  in  more  than  1  mile  gain  variation  the  tube  is 
replaced. 


\_Q_T- 


Fig.    14 — Device  for  measuring  telephone  repeater  gains. 

A  gain  measuring  device  as  indicated  schematically  in  Figure  14 
is  employed  for  this  purpose.  The  measurement  of  gain  is  effected 
by  comparison  of  the  voltages  across  two  resistances,  one  of  which 
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forms  part  of  a  circuit  which  includes  the  repeater,  the  other  being 
simply  a  reference  circuit.  An  amplifier-detector  combination  am- 
plifies the  voltages  across  these  resistances  and  then  rectifies  them  so 
as  to  obtain  an  indication  on  a  d.c.  galvanometer.  Equality  of  volt- 
ages across  the  two  resistances,  which  are  designated  as  R  and  R'  in 
the  figure,  is  thus  indicated  by  equal  deflections  of  the  galvanometer. 
When  this  condition  is  secured,  the  repeater  gain  is  read  directly  from 
the  dials  .4  and  B.  By  means  of  this  device,  it  is  readily  possible  to 
measure  the  gain  of  a  repeater  within  a  few  tenths  of  a  mile.  Owing 
to  the  fact  that  the  measuring  circuits  are  comprised  entirely  of 
resistances,  the  readings  of  the  set  are  independent  of  frequency,  so 
that  gains  can  be  measured  at  all  important  telephone  frequencies. 
As  pointed  out  above,  transmission  measurements  over  the  com- 
plete circuits  including  the  telephone  repeaters  are  required  at  periodic 
intervals  in  order  to  insure  that  proper  transmission  standards  are 
being  maintained.  By  means  of  such  measurements,  the  variations 
in  the  overall  equivalent  of  the  circuits  due  to  the  cumulative  effect 
of  small  gain  variations,  slight  variations  which  remain  after  the  auto- 
matic transmissicn  regulators  have  compensated  for  the  major  varia- 
tions in  the  conductors  and  variations  from  other  causes  including 
the  effect  of  different  conditions  of  humidity  on  the  wiring  in  the  offices, 
are  determined  and  compensated  for.  These  measurements  are  made 
by  applying  a  known  electromotive  force  through  a  known  resistance 
to  one  end  of  the  circuit  and  receiving  the  current  at  the  distant  end 
with  a  suitable  calibrated  arrangement  employing  an  indicating  meter. 
Since  this  type  of  measurement  is  similar  in  principle  to  the  method 
employed  for  measuring  the  gains  of  the  individual  repeaters,  it  will 
not  be  described. 

IX.     Automatic  Transmission  Regulators 

Since  the  resistance  of  long  cable  circuits  employing  small  gauge 
conductors  is  comparatively  large,  it  is,  of  course,  evident  that  changes 
in  this  resistance  caused  by  temperature  changes  to  which  the  cable 
circuits  are  subject  will  have  a  large  effect  on  transmission.  For 
example,  in  the  case  of  an  X.L.L.  19-gauge  1000-mile  circuit  (1600 
kilometers)  in  aerial  cable,  the  total  attenuation  changes  more  than 
110  transmission  miles  during  the  course  of  a  year.  This  corresponds 
to  a  variation  in  the  received  power  of  more  than  1010  or  ten  billion 
times. 

It  is,  of  course,  essential  to  provide  special  means  to  counteract 
these   effects.     Furthermore,    since    the    temperature   changes   which 
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occur  in  an  aerial  cable  are  very  rapid,  it  is  practically  essential  to 
make  these  means  automatic.  In  the  case  of  X.L.L.  19-gauge  cir- 
cuits whose  variation  is  greatest,  it  is  necessary  to  locate  the  automatic 
regulators,  in  general,  at  every  third  or  fourth  repeater  station  in 
order  to  keep  the  transmission  levels  within  proper  limits.  In  Figure 
1-a,  a  typical  method  of  locating  the  regulating  devices  along  a  cable 
is  indicated.  In  this  sketch  each  square. indicates  a  master  automatic 
transmission  controlling  device  while  the  loops  extending  in  either 
direction  from  the  squares  indicate  the  cable  circuits  which  control 
the  functioning  of  these  devices. 

An  automatic  transmission '  regulator  is  shown  schematically  in 
Figure  15.  The  device  comprises  a  Wheatstone  bridge  arrangement. 
In  one  arm  of  the  bridge,  pilot  wire  pairs,  extending  in  either  direc- 
tion in  the  cable,  are  included  as  indicated  in  the  figure.  The  Wheat- 
stone  bridge  has  associated  with  it  certain  apparatus  which  will  not 
be  described  here  in  detail,  which  functions  in  such  a  manner  as  to 
automatically  keep  the  bridge  balanced  at  all  times.  In  the  process 
of  maintaining  balance  of  the  bridge,  angular  motion  is  conveyed  to 
a  shaft  which  is  proportional  to  the  resistance  variations  which  the 
cable  circuits  undergo.  The  movement  of  the  shatt  causes  different 
contacts  to  be  made  and  thus  controls  relays  which  in  turn  control 
the  gains  of  the  telephone  repeaters,  one  way  of  doing  this  being 
indicated  in  the  figure.  The  repeater  gains  are  thus  caused  ~i  be 
raised  and  lowered  automatically,  and  thereby  overcome  the  'dif- 
ferences in  attenuation  caused  by  the  temperature  changes  in  the 
cable  conductors. 


Probability  Curves  Showing  Poisson's 
Exponential  Summation 

By  GEORGE  A.  CAMPBELL 

IN  many  important  practical  operations  the  constant  probability 
of  an  event  happening  in  a  single  trial  is  extremely  small,  but  the 
number  of  trials  is  so  large  that  the  event  may  actually  occur  a  suffi- 
cient number  of  times  to  become  a  matter  of  importance.  The  curves 
of  Figs.  1  and  2  show  the  probability  P  of  such  an  event  happening  at 
least  c  times  in  a  number  of  trials  for  which  the  average  number  of 
occurrences  is  a.  The  probability  range  shown  is  from  0.000001  to 
0.999999  and  the  average  extends  from  0  to  15  in  Fig.  1  and  to  200 
in  Fig.  2.  An  open  scale  is  obtained  at  both  ends,  even  when  the 
probability  approaches  to  within  one  part  in  a  million  of  the  limits 
0  and  1,  by  employing  an  ordinate  scale  corresponding  to  the  normal 
probability  integral. 

In  the  practical  use  of  these  curves  the  first  question  which  arises 
is — What  number  of  trials  is  necessary  to  make  the  curves  applicable? 
In  practice  an  infinite  number  of  trials,  which  is  the  case  for  which 
the  curves  are  drawn,  can  never  be  attained;  and  if  we  had  absolutely 
no  knowledge  of  the  relation  between  the  probabilities  for  an  infinite 
number  and  a  finite  number  of  trials,  the  curves  would  have  a  theo- 
retical interest  only.  We  do.  however,  know  in  a  general  way  when  a 
finite  number  of  trials  approximates  to  the  limiting  case;  the  more 
complete  and  precise  our  knowledge  on  this  point,  the  more  generally 
useful  the  curves  will  become.  Without  attempting  to  go  into  the 
question  exhaustively,  which  would  require  most  careful  analysis,  a 
general  answer  will  be  found  to  the  question  as  to  the  number  of  trials 
required  by  plotting  the  simple  functions  (a  r)'.  z(c  — a  —  l),  and 
%c(c-a-l). 

The  characteristic  of  all  probability  curves  when  >i  is  cither  finite 
or  infinite,  is  shown  by  Fig.  3,  where  P{c,n,a)  denotes  the  probability 
of  an  event  happening  at  least  c  times  in  ;/  trials  when  the  average 
number  of  occurrences  is  a.  Any  curve  P(c.n.a)  is  contained  be- 
tween the  ordinates  at  a=Q  and  a  =  n  and  is  asymptotic  to  these 
ordinates;  it  cuts  P=l/2  between  a  =  c  —  1  and  c  —  0.3.  Thus  as  n 
decreases  from  infinity  to  c,  the  central  portion  of  the  c  curve  changes 
but  little,  but  the  curve  is  confined  to  the  narrowing  band  to  the 
left  of  a  =  n  and  becomes  steeper.  On  reducing  n  to  c—  1  the  c  curve 
disappears  entirely,  since  c  cases  cannot  occur:  the  number  of  trials 
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n  is  an  integer  which  cannot  be  less  than  the  average  a  or  the  number 
of  occurrences  c. 

Fig.  3,  making  use  of  Fig.  2  as  a  background,  shows  for  e  =  l,  10, 
50,  100,  150  and  200,  the  curves  of  the  point  binomial  with  »=oo  and 
n  =  c,  as  heavy  full  and  dashed  lines,  respectively.  Each  pair  of 
curves,  with  the  exception  of  the  first,  crosses  in  the  neighborhood  of 
P  =  £,  and,  except  near  this  crossing,  all  of  the  intermediate  curves  of 
each  family  of  c  curves  lie  between  these  extreme  curves.  The  rela- 
tive change  in  the  probability  P  or  1  —  P,  when  these  probabilities 
are  small,  due  to  reducing  n  to  this  lower  limit  c,  for  the  c  curve,  is 
great,  but  the  relative  increase  in  the  average  a  is  only  moderate  over 
the  greater  part  of  the  range  covered  by  Fig.  3.  The  extreme  rela- 
tive change  in  the  average  a  is  shown  by  dots  placed  on  each  of  the 
Poisson  exponential  curves,  each  dot  being  located  at  the  point  where 
the  extreme  relative  increase  in  the  average  is  ±.25,  ±.50,  or  ±.75. 
The  relative  increment  in  the  average  ranges,  for  Fig.  3,  from  a  de- 
crease of  93  per  cent  at  P  =  .999999  on  c  —  1  to  an  increase  of  97  per 
cent  at  P=. 000001  on  c  =  9  and  10,  but  the  greater  part  of  the  field 
is  included  between  the  beaded  curves  for  ±50  per  cent.  Having 
thus  obtained,  by  examining  Fig.  3,  a  general  idea  of  the  relative  and 
absolute  numerical  magnitudes  of  the  extreme  changes  to  which  the 
probability  curves  are  subject,  we  are  in  a  better  position  to  make 
practical  use  of  the  curves  of  Figs.  4  and  5  for  the  small  initial  shift 
in  the  curves  occurring  when  the  number  of  trials  is  finite  but  still 
large  compared  with  c. 

The  rate  at  which  the  probability  curves  start  to  shift,  when  the 
number  of  trials  is  decreased  from  infinity,  is  shown  by  Fig.  4,  which 
gives  the  value  of  the  first  coefficient  A  in  the  expansion,  in  descending 
powers  of  n,  for  the  relative  increment  in  the  average.  In  the  upper 
part  of  the  curves  the  shift  is  to  the  right  and  in  the  lower  part  of  the 
curves  it  is  to  the  left.  The  point  at  which  the  curve  remains  in- 
itially at  rest  is  shown  by  the  intersection  of  the  c  curve  with  the 
curve  for  ^4=0.  Since  A  =  35  is  the  largest  arithmetical  value  occur- 
ring on  Fig.  4  and  n  =  700  will  make  the  first  term  of  the  series  equal 
1/20,  and  the  next  term  is  then  still  smaller,  it  follows  that  Fig.  2 
redrawn  for  700  trials  would  not  show  a  difference  of  more  than  about 
5  per  cent  in  any  value  of  the  average.  For  Fig.  1  the  corresponding 
number  of  trials  is  220;  it  may  be  shown  by  direct  computation  that 
n  may  even  be  reduced  to  the  lower  limit  1  with  only  a  small 
percentage  change J^in  the  abscissas  of  the  upper  portion  of  the 
curve  c  =  l. 
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Curves  similar  to  Fig.  4  showing  the  exact  number  of  trials  pro- 
ducing a  given  relative  or  absolute  shift  in  the  average  would  be 
useful.  Still  another  variation  is  shown  by  Fig.  5  where  the  curves 
give  the  first  coefficient  in  the  expansion,  in  descending  powers  of  n, 
of  the  ratio  of  the  increments  in  probability,  due  to  a  decrease  in 
n  and  to  unit  increase  in  c.  These  curves  therefore  show  the  initial 
rate  at  which  any  c  curve  approaches  the  c-f-1  curve  above  it,  if  the 
scale  of  ordinates  were  made  linear;  below  the  curve  A  =0  the  initial 
shift  is  downward  as  indicated  by  the  negative  sign  for  the  A's.  If 
sets  of  curves  corresponding  to  Figs.  1  and  2  were  drawn  for  the 
number  of  trials  >/=400  and  2000,  respectively,  no  curve  would  be 
shifted  by  as  much  as  the  original  distance  between  the  curves  shown, 
since  the  maximum  values  on  Fig.  5  up  to  a  =  15  and  200  are  400  and 
10,000,  respectively;  Fig.  2  shows  only  every  fifth  curve;  the  second 
term  of  the  series  indicates  that  the. initial  maximum  rate  of  shift 
is  not  maintained  as  n  decreases  at  these  points. 

The  second  question  arising  in  connection  with  the  use  of  the  curves 
is  their  accuracy.  Fig.  1  was  drawn  with  the  greatest  care  on  a 
scale  somewhat  larger  than  that  of  the  reproduction,  and  errors  are 
believed  to  be  only  of  the  order  of  uncertainty  of  reading  such  curves 
with  the  unaided  eye.  Fig.  2  was  drawn  with  less  skill  and  shows 
larger  deviations  but  it  has  proved  accurate  enough  for  ordinary 
applications.2 

The  third  question  which  may  arise  is  that  of  going  beyond  the 
curves  either  in  range  or  in  accuracy.3  The  exact  calculated  values 
employed  in  plotting  the  curves  up  to  c  =  101  are  contained  in  Table  II, 
every  entry  having  been  independently  checked  by  two  persons. 
The  greater  part  of  the  table  was  calculated  by  means  of  a  new  formula 
which  so  expresses  the  average  in  terms  of  P  and  c  as  to  readily  give 
accurate  results  foi  the  central  range  of  P  with  large  values  of  c,  which 

1  Cf.  Sopcr,  H.E.,  The  Numerical  Evaluation  of  the  Incomplete  B-Function,  1921, 
p.  41,  and  Fisher,  A.,  Mathematical  Theory  of  Probabilities,  2nd  Edition,  1922,  p.  276. 

2  These  claims  for  the  accuracy  of  the  curves  of  Figs.  1  and  2  have  been  confirmed 
by  comparison  with  Pearson's  Tables  of  the  Incomplete  T-Function,  1922,  which 
has  been  received  during  the  proof-reading  of  this  paper.  His  tabulated  function 
I  («,  p)  is,  in  the  notation  of  the  present  paper,  the  probability  P  corresponding 
to  the  average  a  —  iiyj p  +  l  and  the  number  of  occurrences  c=p-\-l. 

3  When  c  is  not  greater  than  51,  Pearson's  tables  may  be  employed.  If  the  prob- 
ability is  assigned,  as  in  many  practical  engineering  problems,  finding  the  corre- 
sponding average  from  the  tables  requires  interpolation.  Formula  (1)  of  the  present 
paper  gives  the  average  directly,  that  is,  it  gives  the  inverse  incomplete  gamma 
function.     The  following  formula  gives  c  in  terms  of  a: 
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is  the  domain  in  which  the  ordinary  formulas  are  not  convenient  for 
calculation.  This  is  formula  (1)  below  which  involved  transforming 
the  normal  probability  integral  to  fit  the  skew  probability  summation 
of  Poisson's  exponential  binomial  limit.  The  reason  for  thinking 
that  this  transformation  would  prove  useful  is  made  clear  by  noting 
that  in  Figs.  1  and  2  the  curves  become  more  and  more  uniformly 
spaced  with  increasing  values  of  the  average  a  and  thus  the  prob- 
ability approximates  more  and  more  closely  to  the  normal  probability 
integral,  since  this  is  the  scale  employed  for  the  ordinates.  The  results 
of  the  mathematical  work  are  summed  up  in  the  following  formula: 

For  Poissons  exponential  binomial  limit  the  average  a  is  expressed 
as  a  function  of  the  probability  P  of  at  least  c  occurrences  by  the  infinite 
series 

X 

a  =  cV^H»,  (1) 


where  the  coefficients  Qn  are  functions  of  the  argument  t  corresponding  to 
the  probability  P  expressed  in  the  form  of  the  normal  probability  integral, 

P  =  ~  \=   f'e-^dt;  (2) 

V27--* 

twelve  of  these  coefficients  are  given  in  the  following  table: 

Table  I    Coefficients  in  Formula  i  1 )  for  the  Average 

n  Qn 

0  1 

1  / 

2  U2-l)/3 

3  U3-7*)/2232 

4  (  — 3/4  — 7f2  +  16)/2134.r> 

5  (9/5-r-256/3-433/)/2i365 

6  ( 12/6  -  243/4  -  923/2+ 1 ,472)/2836517 

7  (-3,753^-4,353/5+289,5 1 7/3  +  289,7 1 7n/273s527 

8  (270^4-4,614/6-9,513/4-104,989/-  +  35,968)/2439527 

9  (-5.139/9—  547,848^  -2,742,210*5+7,016,224/3+37,501,325<)/ 

2U3105*7 
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10  (-364,176/10  +  6,208,146/8+125,735)778/6-f-303,753,83H4 

-  672, 186.949*2  -  2,432,820,224)/273135371 1 1 

11  (199,ir2,985/u  +  lI885,396)761i9-31,857,434,154/7 
-287,542,736,226/5- 556,030,221, 167/3+487,855,454,7290/ 

213314537211 

For  any  given  value  of  P  the  corresponding  value  of  t  in  (2)  can  be 
found  from  tables  of  the  probability  integral.  The  value  of  a  for 
this  value  of  P  and  for  any  value  of  c  can  then  be  determined  by  (1). 
In  this  way  values  of  a  were  calculated  for  every  integral  value  of  c 
from  1  to  101  and  for  eleven  particular  values  of  P:  0.000001,  0.0001, 
0.01,  0.1,  0.25,  0.5,  0.75,  0.9,  0.99,  0.9999,  0.999999.  These  results 
are  presented  in  Table  II.  The  numerical  values  of  the  coefficients 
Qi  to  Qt,  corresponding  to  the  particular  values  of  P  used  in  Table  II, 
are  given  in  Table  VII. 

From  the  information  given  in  Table  II,  two  sets  of  curves  were 
drawn,  Figs.  1  and  2,  the  first  for  each  integral  value  of  c  in  the  range 
a  =  0  to  a  =  15  and  P  =  0.000001  to  P  =  0.999999,  and  the  second  for 
every  fifth  integral  value  of  c  in  the  range  a  =  0  to  a  —  200  and  the  same 
range  of  P.  From  these  curves  any  one  of  the  variables  (P,  c,  a) 
may  be  found  corresponding  to  assigned  values  of  the  other  two.  sub- 
ject to  the  practical  condition  that  c  is  to  be  an  integer. 

Proof 

The  well-known  expressions  for  the  summation  of  Poisson's  ex- 
ponential binomial  limit  are: 

_  ace~a      ac  +  1e~a      ac  +  2e~a 

_d_+  (c  +  1)!  +  (c+2)!  +  ••* 

.s  =  c 


=  1 


L1+n+2i+---+(^iT!> 


c-\ 
s=o 


±-faac-Xe-ada.  (3) 
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The  series  expansion  (1)  is  determined  by  equating  the  integrands 
of  (2)  and  (3), 

J=^a'-1e-ada  =  — ^=e~^dt,  (4) 

IXC)  V27T 

and  solving  for  positive  values  of  a  with  the  condition  that  t  =  —  oo 
when  a  =  0. 

Let     C=l  fl-^Q,  (2  =  ^, 


ft2'  &2 

r(c) 


V^r 


=  6(62e)"1/''s«^> 


R-S=g=l-V+M. 


(5) 


Substituting  these  values  (5)  in  equation  (4), 

L'  =  beR,  (6) 

where  L'  is  written  for  dL/dt. 

■X  00  35  00 

Let  L  =  Vl,6*,     Af=  V  Af,^,     R=^Rsb  ,    ()=  V&&*.  (7) 

5  =  0  5  =  0  5=0  5  =  0 

where  the  coefficients  are  polynomials  in  /  (constants  in  the  case  of 
the  series  for  M).  Upon  substituting  these  series  expansions  for  the 
functions  in  the  last  equality  of  (5)  and  equating  coefficients  of  like 
powers  of  b,  we  obtain 

0  =<2o-£o-l, 

0  =Qi-L1, 

Ro  =  Q2-L2-^+M0, 

R^Qz-U+Mx, 

Rt=Q4-Li+M2, 


Rn  =  Qn+2-Ln+2  +  Mn,  («  =  1.  2,  3  .  .  .  ).  (8) 

From  (5)  we  obtain  Q0  =  eLo,  and  then  L0-\-l  =  eLo,  the  only    real 
solution  of  which  is  Lo  =  0,  and  therefore,  Q0  =  \. 
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Utilizing  these  initial  values  we  obtain 
Qi=Llt 
Q2=L2+§L1Ql, 

Qz^Lz  +  lUQ.  +  lUQ,, 


y  n_s  (W  =  l,  2,  3  .  .  .  )•  0) 

From  (6)  we  obtain  L[  =  eRo,  and  from  that  Li  =e*Li -*»*+*•. 

Since  Li  is  a  polynomial  in  £,  and  Mo  a  constant,  we  must  have  L[  =1, 
Li=  =M,  M0  =  0,  that  is,  Li  =  <,  and  hence  Qi  =  f. 

ThenZ,£=£i, 

Z«4  =  i?3+3   RiLz^Tz  R\L>z, 


L'n  +  1=^^Rn-sL's+u  (n  =  l,  2,  3  .  .  .)•  (10) 

s  •=  o 

The  next  set  of  coefficients  can  now  be  deduced,  as  follows: 
Qz=Lt+iL2Q1+±L1Q2, 
Ri  =  Qz-L3+Mu 
Kx  =  f  L2<2i+i  LXQ2+MU 

L2  =  i?l, 

Q,=Z*+i  1.101, 

L5  =  *  i^Gi+i  Lii«+i  Lf0i+Jli"i, 

Li  =  <, 

Gi  =  <, 

But  Mx  is  a  constant,  and  L2  is  a  polynomial  in  £.     Let 

L->  =  c2/2+Ci/+Co, 
it  being  evident  that  L2  is  of  the  second  degree.     Then 

L2  =  2c2/  +  ci. 
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Substituting  and  equating  coefficients  of  like  powers  of  t 

c2+£  =  0,  cx  =  0,  c0  =  2c2>  Mx  =  cx. 
Hence  L2  =  (-*2-2)/6,  #i=-*/3,  j 

.l/:  =  0.  (?2  =  (^-l)/3. 

Starting  with  these  initial  values  equations  (8)-(10)  are  sufficient 
to  determine  as  many  coefficients  in  the  expansions  (7)  as  are  re- 
quired. In  order  to  demonstrate  this,  assume  that  all  the  coefficients 
up  to  and  including  Lk,  Mk_lt  i?*-i.  Qk  have  been  determined.  It  can 
then  be  shown  that  the  next  coefficient  in  each  expansion  can  be 
obtained  from  these  data,  as  follows: 

For  n  =  k-\-2,  equation  (9)  can  be  written 

Qk+2=Lk+2+^±Lk+1t+  ^  k^~SLk+2-sQs+^Qk+1t,   (12) 

where  Qk+\,  Qk~i-  -^fe+ii  -^fc+2  are  the  unknown  quantities.  For 
n  =  k  and  n  =  k  —  1,  equation  (8)  assumes  the  forms 

Rk=Qk+2-Lk+2+Mk,  (13) 

and  Rk-1  =  Qk+1-Lk+i+Mk-1,  (14) 

respectively,  where  all  the  quantities  are  unknown  except  Rk-\  and 
Mk_i.     For  n  =  k,  equation  (10)  can  be  written  in  the  form 

*-1  b- 

where  L^x  and  Rk  are  the  unknown  quantities.  Substituting  in  (12) 
the  value  of  (Qk+2—Lk+2)  found  from  (13),  and  then  substituting 
the  value  of  Rk  found  from  (15)  and  the  value  of  Qt-i  from  (14), 

L'k+l=  Mk+tj^Lk+J+^r-^iRk-i+Lk^-Mk-dt 

s = 2  s  =  1 

This  is  a  linear  differential  equation  in  Lk^x  as  a  function  of  t,  all  the 
coefficients  being  known  functions  of  t  with  the  exception  of  M^ 
which  is  an  undetermined  numerical  constant.  By  a  suitable  choice 
of  the  constant  M  .     16)  may  U   -olved  for  Lk±x  as   a   polynomial  in 
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t  of  the  (&  +  l)st  degree.  Rk  may  then  be  determined  by  (15)  and 
Qk+i  by  (14).  From  these  results,  the  next  set  of  coefficients  may  be 
found,  and  so  on.  The  values  of  the  coefficients  for  k  =  2  (L2,  Mi,  Ri, 
Qz)  have  been  found,  and  equations  (8)-(10)  are  valid  for  the  par- 
ticular values  of  n  utilized  in  the  above  method.  Hence  the  next  set 
of  coefficients  (L3,  M2,  R2,  Qs)  may  be  found,  and  in  the  same  way,  as 
many  more  as  are  desired.  The  detailed  work  of  the  first  step  is 
indicated  below: 

Substituting  k  =  2  in  (16), 

U  =  Mt+lLat+X.R1+L,-Mdt+hLaQt+iR?U.  (17) 

Substituting  in  (17)  the  values  known  from  (11), 

U  =  L3t+{-ti-2r-  +  2)/36  +  M2.  (18) 

Let  L3  be  a  polynomial  of  the  form  {Aztz-\-A2f-\-Ait-\-Ao)  and  sub- 
stitute in  (18).  Upon  equating  coefficients  of  like  powers  of  t,  we 
find  that  ^3  =  1/36,  A2  =  0,  Ai  =  5/3Q,  A0  =  0,  and  M2  =  l/12.  R7 
is  then  obtained  by  substituting  these  values  in  (15)  and  Q3  from  (14). 
The  results  are  as  follows: 

U  =(t3-  50/36,  i?2=(/2-5)/36,  { 

M2  =  1/12,  Q3  =  (/3-  7/)/36.  } 

The  actual  work  of  computing  these  coefficients  has  been  performed 
up  to  and  including  &  =  11  (In,  Mio,  Rio,  Qn)-  These  results  are  pre- 
sented in  the  attached  tables:  Qn  in  I,  L„  in  III,  Ln  in  IV,  Rn  in  V, 
and  Mn  in  VI.  From  this  information  the  next  coefficient  in  the 
series  (1),  Qi2,  can  be  computed  by  the  method  outlined  above. 

It  maybe  pointed  out  in  conclusion  that  the  expansion  of  ^presented 
in  Table  VI  is  the  asymptotic  series  obtained  in  Stirling's  expansion 
of  T(c),  as  is  to  be  expected  from  equations  (5).  This  in  itself  con- 
stitutes a  partial  check  upon  the  determination  of  the  coefficients. 

Additional  Properties  of  the  Curves 

At  the  probability  P  =  0.5,  the  difference  (c  —  a)  =  1/3,  approxi- 
mately.4    Discrepancies   are   so   small   as   not   to   be   positively   dis- 

4  This  recalls  the  approximate  rule  that  the  median  lines  one-third  of  the  distance 
from  the  mean  towards  the  mode.  (Yule,  Theory  of  Statistics,  1911,  p.  121.)  But 
in  the  Poisson  exponential  the  median  never  lies  between  the  mean  and  the  mode; 
the  median  occurs  at  the  first  integer  above  or  below  the  mean,  whichever  integer 
corresponds  to  the  c  curve  cutting  P  =  0.5  next  below  the  mean,  while  the  mode  is 
always  at  the  first  integer  less  than  the  mean.  For  the  range  of  cases  having  a  given 
mode,  however,  the  mean  and  the  median  are,  on  the  average,  greater  than  the  mode 
by  J  and  approximately  I,  respectively;  thus  the  median  must  line  one-third  of 
the  distance  from  the  mean  towards  the  mode  in  the  case  of  the  corresponding  hetero- 
geneous samplings. 
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cernible  on  Fig.  1,  but  Table  II  gives  for  c=  1,  2,  3  .  .  .  100,  the  differ- 
ences (c-a)  =0.3069,  0.3217,  0.3259,  ...  0.3331,  which  differ  but 
little  from  0.3333  .  .  .  ,  which  is  approached  more  and  more  closely 
for  large  values  of  c. 

At  P  =  0.5  and  large  values  of  c  the  derivative  along  the  c  curve  is 
dP/da  =  l/y/2irc,  as  found  by  differentiating  (3),  substituting 
a  =  c— 1/3  and  Stirling's  expression  for  the  gamma  function.  Thus, 
for  large  values  of  c  the  slope  of  the  curve  at  P  =  0.5  decreases  nu- 
merically as  the  square  root  of  c  increases.  For  large  values  of  c  the 
curves  are  approximately  straight  over  the  wide  range  of  proba- 
bility shown  in  the  figures.  This,  in  connection  with  the  additional 
fact  that  the  standard  deviation  y/npq  is  always  equal  toy/ a  for  the 
Poisson  exponential,  is  an  alternative  way  of  arriving  at  the  ex- 
pression for  the  derivative  given  above. 

I  am  indebted  to  Miss  Edith  Clarke  for  extending  the  series  of 
formula  (1)  to  seven  terms,  for  making,  all  of  the  original  computa- 
tions and  for  drawing  Fig.  1,  and  to  Miss  Sallie  E.  Pero  for  extending 
the  formula  to  its  present  eleven  terms,  and  for  checking  all  of  the 
preceding  work;  the  single  error  which  she  found  occurred  in  the 
seventh  term  of  the  expansion  where  it  was  without  effect  on  the  final 
numerical  results.  Finally,  the  work  was  entirely  rechecked,  with- 
out discovering  additional  errors,  by  Mr.  Ronald  M.  Foster,  who  also 
put  the  mathematical  work  into  its  present  form,  pointed  out  the 
asymptotic  nature  of  the  expansion  and  compared  the  overlapping 
numerical  results  with  those  obtained  by  direct  summation  by  Miss 
Lucy  Whitaker5  and  more  recently  by  Mr.  E.  C.  Molina,  as  well  as 
with  his  earlier  table.6 

5  Tables  for  Statisticians  and  Biometricians,    1914,   Table  LII. 

6  Computation  Formula  for  the  Probability  of  an  Event  Happening  at  Least  C 
Times  in  AT  Trials,  American  Mathematical  Monthly,  XX,  June,  1913,  p.  193. 
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Bell  System  Sleet  Storm  Map 

By  J.  N.  KIRK 

MANY,  no  doubt,  have  seen  copies  of  the  Bell  System  Sleet 
Storm  Map  which  has  been  prepared  to  show  the  relative 
intensities  and  frequencies  of  sleet  storms  throughout  the  United 
States.  In  the  midst  of  the  current  sleet  storm  season  it  may  be  of 
interest  to  discuss  some  of  the  factors  which  have  led  to  the  prepara- 
tion of  this  map,  and  to  outline  in  a  general  way,  the  means  by  which 
its  indications  are  utilized  in  the  design,  construction  and  upkeep  of 
the  pole  and  aerial  wire  plant. 

A  sleet  storm  to  be  destructive  to  telephone  plant  must  be  ac- 
companied by  such  atmospheric  conditions  as  will  cause  either  a 
relatively  heavy  deposit  of  ice  with  no  wind  or  a  deposit  of  ice  with  a 
considerable  amount  of  wind.  It  is  neither  difficult  nor  expensive 
to  construct  the  aerial  plant  so  that  it  will  withstand  winds  of  rela- 
tively high  velocities  provided  the  wires  are  free  of  sleet.  A  slight 
deposit  of  sleet,  however,  rapidly  increases  the  "sail  area"  against 
which  the  force  of  the  wind  is  directed  and  the  resulting  load  con- 
stitutes one  of  the  most  formidable  and  most  difficult  to  anticipate 
of  any  of  the  destructive  agencies  with  which  wire  using  companies 
have  to  contend.  Maintenance  difficulties  unfortunately,  are  not 
necessarily  at  an  end  with  a  lessening  or  cessation  of  the  wind,  for  this 
change  may  often  increase  the  precipitation  of  sleet,  which  undis- 
turbed by  the  wind  builds  up  around  the  wires,  frequently  stressing 
them  beyond  the  breaking  point.  It  is  not  uncommon  for  a  wire  of 
approximately  1  /10  of  an  inch  in  diameter  to  accumulate  sleet  or 
ice  under  favorable  atmospheric  conditions  to  the  extent  of  a  cylin- 
drical coating  from  one  to  two  inches  or  more  in  diameter.  Some 
idea  of  the  destructive  effects  of  such  ice  loads  upon  both  poles  and 
wire  may  be  gathered  from  Fig.  1  in  which  ice  coatings  as  much  as 
2)4.  inches  thick  without  wind  were  responsible  for  practically  a  com- 
plete collapse  of  the  pole  and  open  wire  plant. 

Any  medium  through  which  information  on  the  past  performance 
of  pole  and  wire  plant  when  subjected  to  storm  conditions,  may  be 
collected,  analyzed  and  arranged  in  convenient  form  for  reference 
is  a  very  valuable  aid  in  the  design  and  construction  of  new  plant 
which  may  be  subjected  to  similar  conditions.  It  would  be  both 
impracticable  and  uneconomical  to  attempt  to  design  open  wire  pole 
lines  to  withstand  such  loads  as  are  imposed  by  the  occasional  and 
unusual  storm,  such  for  example,  as  was  responsible  for  the  damage 

114 


BELL   SYSTEM   SLEET  STORM   MAP 


115 


indicated  in  Fig.  1.  It  is,  however,  possible  with  proper  data  available 
to  economically  design  the  telephone  lines  so  that  they  will  withstand 
the  more  frequent  storms  of  an  average  severity  pertaining  to  the  areas 
in  which  the  lines  are  to  be  located.  In  predicting  such  average 
storms  in  different  localities,  a  sleet  storm  map  reflecting  past  per- 
formance as  to  storms  and  resulting  damage  is  of  material  assistance. 
In  1911  arrangements  were  made  to  collect  data  relative  to  sleet 
storms  occurring  in  the  territories  of  the  various  Associated  Com- 
panies and  to  graphically  indicate  the  cumulative  results  of  such  data 


Fig.  1 


with  particular  reference  to  the  intensity  and  frequency  of  the  storms 
recorded.  In  so  far  as  possible  the  collection  of  these  data  was  made 
retroactive  so  that,  at  least  for  those  sections  of  the  country  where 
storms  of  a  destructive  nature  had  occurred,  it  was  possible  to  start 
with  an  accumulation  of  reasonably  accurate  past  performance  data 
to  which  has  annually  been  added  very  carefully  collected  information 
with  regard  to  all  subsequent  storms  of  consequence.  These  data 
have  made  possible  the  preparation  of  a  map,  Fig.  2,  in  which  the 
cumulative  effect  of  storms  extending  over  a  considerable  period  of 
time  is  shown  by  various  colors,  markings  and  groupings  of  pins  in 
such  manner  that  for  relatively  large  areas  the  future  storm  exposure 
to  which  the  telephone  plant  is  likely  to  be  subjected,  is  indicated. 
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A  particularly  important  feature  of  this  map  in  so  far  as  its  applica- 
tion to  the  design  of  telephone  plant  is  concerned,  is  that  it  repre- 
sents actual  destructive  effects  upon  existing  telephone  plant  and  is 
not  directly  governed  by  the  extent  of  precipitation  measured  by  the 
Weather  Bureau  or  otherwise,  which  in  certain  areas  may  have  been 
very  heavy  but  from  which  no  destructive  effects  were  experienced. 

For  convenience  in  preparing  and  interpreting  the  sleet  storm  map, 
all  storms  have  been  classified  as  either  heavy  or  medium  and  the 
frequency  of  their  occurrence  has  been  considered  in  four  sub-divi- 
sions. The  heavy  storm  was  defined  as  one  in  which  the  diameter 
of  the  ice  covering  the  wires  was  3  4"  or  greater  and  is  represented 
on  the  map  by  the  dark  pins.  The  medium  storm  was  defined  as 
one  in  which  the  diameter  of  the  ice  covering  the  wires  was  less  than 
3  4"  yet  sufficient  to  cause  appreciable  damage  to  the  aerial  plant. 
and  is  represented  on  the  map  by  the  light  pins.  In  certain  cases 
where  the  thickness  of  ice  was  not  recorded,  sleet  storms  have  been 
classified  by  the  amount  of  damage  caused,  commensurate  with  storms 
in  which  the  ice  deposit  was  known. 

The  four  sub-divisions  of  storm  frequency  considered  are  repre- 
sented by  different  markings  and  groupings  of  the  pins  corresponding 
to  the  class  of  storm  experienced,  light  marking  being  used  on  the  dark 
pins  and  dark  marking  on  the  light  pins.  At  least  one  storm  every 
three  years  is  represented  by  unmarked,  closely  spaced  pins;  at  least 
one  storm  every  six  years  is  represented  by  a  single  mark  across  the 
face  of  the  pins  the  latter  being  more  widely  spaced  and  staggered ; 
and  storms  occurring  less  frequently  than  every  six  years  are  repre- 
sented by  a  cross  on  the  face  of  the  pins  which  are  more  closely  spaced 
vertically  than  horizontally  on  the  map.  The  fourth  subdivision  is 
in  the  nature  of  an  exception  to  the  third  in  that  it  covers  those  cases 
in  which  only  one  storm  has  been  recorded.  These  single  storms  are 
represented  by  a  single  dot  on  the  face  of  the  pins,  the  latter  being 
widely  but  evenly  spaced.  These  various  arrangements  may  occur 
singly  or  in  combination  resulting  in  the  differently  shaded  areas 
presented  by  the  map  shown  in  Fig.  2.  Xo  shading  or  markings  appear 
in  those  areas  in  which  no  sleet  storms  have  been  reported  either 
because  no  aerial  plant  is  maintained  or  because  that  area  does  not 
experience  sleet. 

The  effect  of  the  wind  has  been  taken  into  consideration  in  the 
preparation  of  the  sleet  storm  map  only  when  such  consideration 
would  change  the  classification  of  the  area  involved.  In  the  design 
of  the  aerial  plant,  however,  the  horizontal  force  exerted  by  the  wind 
on  the  wires  and  therefore  on  the  poles,  is  an  important  factor.     For 
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convenience  in  engineering  studies  and  in  the  design  of  the  pole  and 
wire  plant  the  country  has  been  divided  into  areas  according  to  three 
intensities  of  storm  loading,  designated  as  heavy,  medium  and  light. 
Although  not  defined  by  the  same  limits,  these  classifications  for  all 
practical  purposes  agree  with  the  relative  severities  indicated  by  the 
sleet  storm  map. 

The  heavy  storm  loading  as  used  in  engineering  studies  is  defined 
as  the  load  caused  by  a  1/2"  radial  deposit  of  sleet  on  the  wires, 
strand,  etc.,  combined  with  a  horizontal  wind  exerting  a  pressure  of 
8  pounds  per  square  foot  upon  the  projected  areas  of  cylindrical 
surfaces.  The  medium  storm  loading  is  defined  as  2/3  of  the  heavy 
loading.  The  light  storm  loading  is  defined  as  2/3  of  the  medium 
or  4  /9  of  the  heavy  and  is  in  general  considered  as  applying  to  those 
areas  in  which  no  appreciable  sleet  storm  damage  has  been  recorded. 
This  so-called  light  loading  is,  however,  in  the  case  of  small  wires 
such  as  those  used  in  telephone  plants,  considerably  in  excess  of  the 
load  created  by  high  wind  velocities  with  no  sleet  deposit. 

The  effective  wind  pressures  used  in  defining  these  storm  loadings 
are  considered  as  being  produced  by  steady  winds  of  uniform  velocity. 
The  dynamic  forces  and  cumulative  loads  which  might  be  developed 
by  sudden  gusts  of  wind  and  vibration  of  the  line  are  not  considered 
because  experience  has  indicated  that  aerial  plant  designed  to  with- 
stand the  more  readily  determined  static  forces  is  satisfactory. 

A  brief  discussion  of  the  effect  of  various  sleet  and  wind  loads 
upon  the  tension  in  telephone  wires  will  emphasize  the  value  of  in- 
formation as  to  probable  storm  loads,  in  the  design  of  the  aerial  wire 
and  pole  plant. 

Design  of  the  Wire  Plant 

In  the  design  of  the  wire  plant  the  horizontal  component  and  the 
vertical  component  of  the  storm  load  must  be  considered.  The  weight 
of  the  ice  covered  wire  represents  the  vertical  component.  The  wind 
pressure  upon  the  projected  area  of  the  ice  covered  wire  represents 
the  horizontal  component. 

The  curves  in  Fig.  3,  show  the  relative  magnitude  of  the  loads 
upon  the  wires  caused  by  (a)  winds  of  various  velocities  with  no 
sleet  on  the  wires,  (b)  various  ice  coatings  with  no  wind,  and  (c) 
the  combination  of  an  8-pound  (73.6  miles  per  hour  indicated  velocity) 
wind  with  the  same  ice  coatings  as  in  (b).  These  curves  indicate 
that  the  wind  exerts  a  relatively  small  load  upon  the  wire  plant  even 
at  high  velocities  and  that  the  load  caused  by  ice  accumulation  in- 
creases very  rapidly  as  the  radial  coating  of  the  ice  increases. 
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A  pole  is  subjected  to  vertical  and  transverse  loads.  The  vertical 
load  comprises  the  combined  weights  of  the  pole,  crossarms,  wires 
and  any  snow  and  sleet  that  may  adhere  to  them.  The  transverse 
load  is  considered  to  be  caused  by  a  horizontal  wind  pressure  upon 
the  projected  area  of  pole,  crossarms  and  ice  covered  wires. 
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Fig.  3 
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The  moment  about  the  ground  line  section,  due  to  the  vertical 
loads  is  practically  negligible  due  to  the  fact  that  the  greater  part  of 
the  weight  of  the  pole,  fixtures  and  attachments  is  balanced  and 
therefore  produces  no  moment  upon  the  pole.  Any  small  unbal- 
anced weight  acts  through  such  a  short  lever  arm  that  it  produces  a 
very  small  moment  upon  the  pole.     In  any  particular  storm  loading 
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area,  therefore,  the  pole  should  be  designed  to  resist  only  the  trans- 
verse load  corresponding  to  that  area.  In  calculating  this  load,  the 
wind  pressure  is  considered  as  acting  upon  the  projected  areas  of  the 
pole  and  of  the  ice-coated  wires,  strand,  etc.,  for  1/2  of  each  adjacent 
span. 


70000  t 


60CO0 


50000  3» 


Fig.  4 


Fig.  4  shows  the  relative  magnitude  of  the  bending  moments  at  the 
ground  line  of  a  25-foot  pole  carrying  10  wires,  caused  by  (a)  winds 
of  various  velocities  with  no  ice  on  the  wires,  and  (b)  an  8-pound 
wind  with  various  ice  coatings  on  the  wires.  In  the  case  of  the  pole 
design,  it  is  evident  that  the  wind  pressure  on  the  increased  "sail 
area"  created  by  the  ice  on  the  wires  represents  the  predominant 
portion  of  the  storm  load. 
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There  are  in  the  Bell  System  approximately  14  million  poles, 
carrying  nearly  4  million  miles  of  open  wire  of  which  it  is  estimated 
that  about  9}4  million  poles  and  2x/2  million  miles  of  wire  are  located 
in  what  is  known  as  the  heavy  loading  area,  some  2>2  million  poles 
and  over  700,000  miles  of  wire  in  the  medium  area  and  about  2  million 
poles  and  nearly  600,000  miles  of  wire  in  the  light  or  no  sleet  area. 
Nearly  70  per  cent  of  the  poles  and  aerial  wire  in  the  Bell  System 
are,  therefore,  periodically  exposed  to  storms  of  heavy  loading  in- 
tensity against  which  they  must  be  designed,  constructed  and  main- 
tained in  order  that  there  may  be  minimum  interruption  of  service 
consistent  with  the  practicable  and  economical  design  of  the  plant 
as  a  whole. 


Measurements  on  the  Gases  Evolved  from  Glasses 
of  Known  Chemical  Composition 

By  J.  E.  HARRIS  and  E.  E.  SCHUMACHER 

Synopsis:  This  paper  has  a  very  direct  bearing  upon  the  pumping  or 
exhausting  of  the  vacuum  tubes  used  in  telephone  repeaters  and  similar 
thermionic  tubes.  The  telephone  repeater  bulb,  as  is  well  known,  holds 
a  vacuum  of  the  order  of  10=6  mm.  of  mercury.  In  order  to  produce  this 
vacuum  it  is  necessary  during  the  manufacture  of  the  tube  to  not  only 
remove  the  air  from  the  space  within  the  bulb  but  also  to  allow  very  con- 
siderable amounts  of  various  gases  to  diffuse  out  from  within  the  glass  of 
the  bulb  and  the  metal  parts  of  the  tube  structure.  The  volume  of  gas 
which  is  frequently  removed  from  the  metal  plates,  for  instance,  may  be 
roughly  estimated  as  100  times  the  volume  of  the  plates  themselves,  the 
volume  of  the  gas  being  measured  at  atmospheric  pressure.  To  remove 
these  gases  from  the  bulb  and  metal  parts,  it  is  necessary  to  maintain 
during  the  pumping  process  a  temperature  which  is  far  above  the  normal 
temperature  and  a  fair  degree  of  vacuum  within  the  bulb  for  a  period  of 
time  which  varies  from  a  few  minutes  to  an  hour  or  more  depending  upon 
the  type  of  tube. 

With  a  view  to  simplifying  the  pumping  process,  the  authors  have  found 
that  a  glass  relatively  free  from  absorbed  gases  can  be  produced  by  using 
special  precautions  in  manufacture.  The  authors  have  also  measured  and 
analyzed  the  gases  evolved  from  glasses  of  various  composition.  Seven 
different  samples  representing  four  distinct  types  of  glass  have  been  exper- 
imented with.  Six  of  these  samples  of  glass  have  been  carefully  analyzed 
and  definite  relations  found  between  the  amounts  and  kinds  of  gases  evolved 
and  the  chemical  composition  of  the  glasses. — -Editor. 

THIS  investigation  of  the  gases  evolved  by  certain  glasses  when 
heated  was  undertaken  with  a  view  to  securing  a  glass  which, 
after  an  initial  period  of  heating,  should  cease  to  give  off  appreciable 
quantities  of  gas.  The  use  of  such  a  gas-free  glass  would  obviously 
be  desirable  in  the  experimental  investigation  of  vacuum  tubes,  in 
which  the  filament  and  other  parts  within  the  tube  may  be  affected 
adversely  by  gases  evolved  from  the  heated  glass  during  manufac- 
ture of  the  tube. 

The  work  of  Guichard  (11),  Langmuir  (19),  Sherwood  (30),  Wash- 
burn (37),  and  others  has  established  the  following  points  with  respect 
to  the  gases  evolved  by  the  glass  when  heated.  The  gases  may  be 
held  as  an  adsorbed  film  or  dissolved  throughout  the  glass;  the  ad- 
sorbed gases  are  evolved  readily  at  temperatures  less  than  300°C, 
whereas  the  dissolved  gas,  although  it  begins  to  come  out  of  the  sur- 
face layers  at  200  C,  comes  out  slowly,  by  reasons  of  the  slowness 
of  diffusion  through  the  glass,  even  at  much  higher  temperatures. 
Consequently  the  total  gas  evolved  at  each  of  a  series  of  temperatures 
is  a  maximum  somewhere  between  200°C.  and  400°C;  this  decreases 
to  a  minimum,  and  rises  again  at  temperatures  approaching  the 
softening  range  of  the  glass. 
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The  main  gases  held  by  the  glass  are  carbon  dioxide  (from  the 
carbonates  and  possibly  from  the  furnace  gases),  water  (from  the 
materials  and  the  furnace  gases),  with  smaller  quantities  of  sulphur 
dioxide,  oxygen  and  nitrogen.  The  amounts  of  the  gases  may  cor- 
respond to  a  real  equilibrium  under  the  condition  of  melting;  but 
more  usually  the  viscosity  of  the  melt  has  been  such  as  to  prevent 
the  gases  present  in  solution  from  escaping  completely  during  the 
melting  period.  Commerical  glasses  consequently  retain  some  gas 
which  escapes  slowly  when  the  glass  is  reheated. 

In  most  of  the  investigations  published  in  the  past  the  gases  have 
been  divided  into  three  fractions:  (a)  condensable  above  -78°C.  (b) 
condensable  between  -78°C.  and  -190°C,  (c)  not  condensable  at 
-190°C.  These  fractions  represent  with  fair  accuracy  (a)  water  vapor, 
(b)  carbon  dioxide,  (c)  the  permanent  gases;  oxygen,  nitrogen,  hydro- 
gen. In  general  water  vapor  is  the  most  abundant,  followed  by 
carbon  dioxide;  but,  owing  to  lack  of  the  necessary  data,  it  is  not 
possible  to  correlate  these  findings  with  the  composition  of  the  glass, 
still  less  with  the  mode  of  its  melting. 

Apparatus    and    Method 
The  apparatus  used  for  determining  the  gases  evolved  from  the 
glass  on  being  heated  is  shown  in  Fig.  1. 


--TO    PUMP 


The  water  vapor  was   removed   by  surrounding   the   condensation 
trap  by  a  mixture  of  frozen  and  liquid  acetone  contained  in  a  Dewar 
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vessel;  this  mixture  being  obtained  by  adding  liquid  air  to  acetone 
until  its  freezing  point  -95°C.  was  reached.  The  carbon  dioxide  was 
removed  similarly  by  means  of  liquid  air.  Readings  were  taken  on 
the  McLeod  gauge  (1)  with  no  condensing  agent,  this  giving  the 
pressure  of  the  total  gas  evolved;  (2)  with  frozen  acetone  as  condens- 
ing agent,  this  giving  the  pressure  of  gases  less  the  water  vapor,  and 
(3)  with  liquid  air  as  condensing  material,  corresponding  to  the  pres- 
sure of  the  permanent  gases.  From  the  several  pressures  thus  obtained 
the  respective  volumes  could  readily  be  calculated. 

For  the  purpose  of  determining  the  amount  of  gases  given  up  by 
the  various  types  of  glass,  the  glass  was  first  cleaned  with  chromic 
acid,  and  washed  thoroughly  with  water.  It  was  then  placed  in  the 
sample  container  (made  of  the  same  glass  as  that  being  tested)  and 
the  pump  operated  for  several  hours  in  order  to  dry  the  sample  thor- 
oughly. The  pump  used  (a  mercury  vapor  pump  in  conjunction 
with  two  oil  pumps)  was  operated  until  the  pressure  within  the 
apparatus  after  being  trapped  off  from  the  pump  remained  constant 
at  about  1  x  10-6  mm.  for  a  period  of  at  least  two  hours.  The  glass 
was  then  heated  to  a  temperature  as  close  to  the  softening  range  as 
it  was  possible  to  go  without  causing  the  container  to  collapse;  it  was 
kept  at  this  temperature  until  the  gas  pressure  became  constant, 
when  the  volumes  of  the  gases  were  determined  in  the  manner  out- 
lined above.  The  period  required  for  completely  driving  off  the 
gases  ranged  from  sixty-five  to  eighty  hours. 

Types  of  Glass  Used 
The  types  of  glass  worked  with,  together  with  their  chemical  com- 
positions are  given  in  Table  I. 

TABLE   I. 

Chemical  A  nalysis  of  the  Glasses  Used 


/ 

2 

3 

4 

5 

6 

Si  02 

A1203 

69.93 

1.54 

.19 

1.44 

3.17 

.03 

21.02 

.10 

.08 

.05 

.09 

2.36* 

69.40 

.78 

.14 

Trace 

5.15 

4.09 

16.67 

.20 

.16 

10 

.19 

3'l2* 

64.64 

.20 

.04 

21.66 

.02 

.02 

9.10 

3.20 

.75 

Trace 

.37* 

61.50 

.57 

11 

22.55 

.21 

.36 

8.14 

3.76 

.34 

'  .19 

2*27* 

72.05 

2.21 

.05 

6.11 

.06 

.09 

4.23 

1.12 

Trace 

Trace 

.01 

Trace 

14.07* 

65.47 
2.99 

Fe203 

PbO 

.51 
20.20 

Ca  0 

.22 

MgO 

Na20 

K20 

P206 

.13 

6.40 

3.59 

Trace 

Mn  0, 

F2 

B2O3 

'073 

S  03 

.013 

Ba  0 

Trace 

*  Bv  difference. 
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It  will  be  observed  that  glasses  No.  1  and  Xo.  2  are  soda-lime  glasses; 
3.  4  and  6  are  soda-lead  glasses;  5  is  a  boro-silieate  of  lead  and  soda. 

Experimental   Results 
The  results  of  the  determinations  are  shown  in  Table  II. 


TABLE    II. 

Gases  Evolved  from  Glass  of  Known   Chemical   Composition   During  Heat   Treatment 

in  Vacuo 


I 

II 

III 

IV 

V 

Temp. 

VI 

VII 

VIII 

IX 

No.  of 
Sample 

% 
Alkali 
in  the 
Glass 

Vol.  of 

Sample 

cc 

Surface 
Area 
Cm? 

to 

which 

Glass 

Was 

Heated 

°C. 

Total  Gas 
Vol. 
cc 

Comp. 
of  Gas 

% 

Vol.  in 
cc  Per 

Cm2 
x  W 

Wl. 
Per  cc 
Glass 
x  104 

H20   |  2.70 

88.5 

46.6 

7_'o 

1 

21    12 

37.2 

580 

40(1 

C  C)., 

.32 

10.5 

5  5 

86 

P.G. 

.03 

1.0 

.  5 

8 

3.05 

52  6 

820 

(  H20 

1.62 

92.6 

30  0 

508 

2 

16.87 

31.9 

540 

400 

c  02 

.11 

6.3 

2.0 

34 

P.G. 

.02 

1    1 

4 

6 

1.75 

32.4 

548 

H,Q 

1.34 

96.4 

23.7 

506 

3 

12.30 

26  5 

565 

400 

J  CO, 

.03 

2.2 

5 

11 

'  P.G. 

.02 

1.4 

.4 

8 

1.39 

24.6 

525 

H,U 

1.37 

97.2 

25  4 

568 

4 

11.90 

24    1 

540 

400 

•  C  0- 

02 

1.4 

4 

8 

P.G. 

02 

1.4 

4 

8 

1.41 

26  2 

584 

H20 

03 

33.3 

.6 

12 

5 

5  35 

25   2 

469 

500 

-:  c  o-. 

04 

44.5 

.9 

16 

P.G. 

.02 

22  .2 

.4 

8 

.09 

1.9 

36 

H.O 

.03 

49.6 

1.0 

19. 

6 

9  99 

15.6 

2<>2 

400 

C  0 . 
P.G. 

.03 

49.6 

1.0 

19 

• 

.0005 

.8 

,02 

.3 

.  0605 

2.02 

38  3 

*  P.G.  =  Permanent  Gases. 
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If  we  may  assume  that  the  low  melting  glasses  (1-4)  worked  with 
in  this  investigation  received  approximately  the  same  heat  treatment 
during  their  manufacture,  then  the  data  presented  in  Table  II  would 
indicate  that  there  is  a  definite  relation  between  gas  evolved  and  the 
chemical  composition  of  the  glass.  The  amount  of  gas  given  up  per 
square  centimeter  of  glass  surface  is  found  to  be  closely  parallel  to 
the  alkali  content  except  in  the  case  of  glass  number  6.  This  par- 
allelism holds  more  closely  for  the  amount  of  water  vapor  than  it 
does  for  the  other  gases,  although  the  relation  does  hold  to  a  less 
striking  extent  for  carbon  dioxide.  In  a  paper  by  Niggli  (24),  that 
treats  of  the  phenomena  of  equilibrium  between  R20,  Si  02  and  C02 
(R20  =  Na20,  K20,  Li20),  in  melts  at  temperatures  of  900  to  1000°C. 
under  a  pressure  of  one  atmosphere  CO?,  it  is  interesting  to  note,  that 
the  results  obtained  show  the  amount  of  CO%  in  the  melt,  when  equi- 
librium is  reached,  to  decrease  as  the  composition  of  the  melt  becomes 
less  alkaline.  The  amount  of  permanent  gases  evolved  is  roughly 
the  same  for  the  various  types  of  glass.  The  reason  for  glass  number 
6  falling  out  of  line  with  the  other  glasses  will  be  discussed  later.  The 
authors,  after  making  inquiries  at  several  glass  manufacturing  con- 
cerns, feel  that  the  statement  can  be  made  with  a  fair  degree  of  justice 
that  ordinary  commercial  glasses  of  like  composition  usually  receive 
approximately  the  same  heat  treatment  in  their  manufacture.  Pres- 
ervation of  melting  pots,  saving  in  fuel,  etc.,  make  it  very  essential 
for  the  glass  manufacturer  to  know  the  lowest  temperature  that  can 
be  used  with  the  assurance  of  producing  good  glass.  In  all  the  glass 
factories  where  we  made  inquiries  we  found  that  this  minimum  tem- 
perature was  about  constant  in  cases  where  glasses  having  about  the 
same  melting  points  were  being  made.  In  these  factories  we 
were  also  told  that  the  furnaces  were  usually  held  as  near  this 
minimum  temperature  as  possible  throughout  the  entire  melting 
process. 

Glass  number  5  undoubtedly  received  a  higher  heat  treatment  in 
the  melting  process,  because  of  its  higher  melting  point  and  greater 
viscosity,  than  did  the  other  glasses  that  were  tested.  The  data 
given  in  Table  II  shows  that  this  glass  gave  off  very  little  gas  when 
subjected  to  heat  treatment  in  vacuo.  The  high  heat  treatment 
that  this  glass  received  in  its  manufacture  is  probably  responsible  in 
part  for  this  small  evolution  of  gas,  but  its  low  alkali  content  is  prob- 
ably equally  responsible.  It  will  be  noted  when  reference  is  made  to 
Table  II  that  this  glass  was  heated  to  500°C.  whereas  the  other  glasses 
were  only  subjected  to  a  heat  treatment  of  400  C. 
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Evolution  of  Adsorbed  and  Absorbed  Gas 
To  determine  the  relations  of  adsorbed  gases  to  absorbed  gases  in 
the  six  samples  of  glass,  the  pressures  of  the  gases  evolved  were  deter- 
mined at  intervals  of  100°C.  from  I00°C.  to  the  softening  point  of 
the  glass.     In  addition  to  the  six  samples  of  glass,  a  run  was  taken  on 
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a  Pyrex  Glass  which  will  be  indicated  in  the  experiment  as  number  7. 
No  analysis  was  made  of  this  glass  but  it  is  known  to  be  a  boro-silicate 
glass  practically  free  from  alkali  and  heavy  metals.  From  the  pres- 
sures of  the  gases  obtained,  the  distribution  of  gas  evolution  over  the 
various  intervals  was  determined.  Expressed  in  terms  of  percent- 
age of  the  total  gas  evolved  over  the  entire  range,  these  results  are 
shown  graphically  in  Fig.  II. 

It  will  be  noted  first  of  all  that  these  curves  with  the  exception  of 
number  6,  are  in  general  similar  to  those  obtained  by  Sherwood  (loc. 
cit.)  in  that  they  show  both  maximum  and  minimum  points.  Glass 
No.  6  was  found  in  this  experiment  as  in  the  preceding  one  to  behave 
quite  differently  from  numbers  3  and  4,  although  chemically  it  is  very 
similar.  The  explanation  for  this  difference  will  appear  later.  The 
curves  show  very  clearly  the  distinction  between  the  adsorbed  and 
absorbed  gases.  It  is  seen  that  the  adsorbed  gases  for  the  lime  and 
lead  glasses  are  practically  all  given  up  at  a  temperature  of  200°C. 
while  300°C.  is  required  in  the  cases  of  the  boro-silicate  glasses.  The 
absorbed  gases  begin  to  come  off  at  the  softening  points  of  the  various 
glasses;  400°C.  for  the  lead  and  lime  glasses  and  600°C.  for  the  boro- 
silicate  glasses.  The  steeper  slopes  of  the  curves  1  and  2  above  300  , 
as  compared  to  3  and  4  are  undoubtedly  due  to  the  fact  that  these 
glasses  (lime  glasses)  become  fluid  more  rapidly  than  do  the  lead 
glasses  and  therefore  give  up  their  dissolved  gases  at  a  more  rapidly 
increasing  rate  than  do  the  others.  In  this  connection  it  should  be 
stated  that  the  amount  of  absorbed  gases  found  in  the  above  exper- 
iments represent  only  that  portion  of  the  dissolved  gases  which  lie 
nearest  the  surface  of  the  glass.  Owing  to  the  great  viscosity  of  the 
glass  at  the  temperatures  used,  the  rate  of  diffusion  of  the  gas  would 
be  altogether  too  slow  to  permit  any  considerable  port'on  to  reach 
the  surface. 

Some  data  that  were  taken  in  some  of  the  experiments  carried  on 
in  the  investigation  of  the  adsorbed  gases  are  interesting  in  that  they 
seem  to  throw  considerable  light  on  the  question  of  the  manner  in 
which  these  gases  are  held  to  glass.  Warburg  and  Ihmori  (36)  have 
maintained  that  the  gases  are  held  by  chemical  forces  (primary  valence 
forces)  while  other  writers  have  maintained  that  the  gases  are  held 
primarily  by  physical  forces  (secondary  valence  forces).  The  measure- 
ments of  Warburg  and  Ihmori  were  made  with  water  vapor  and  while 
no  analyses  of  the  glasses  were  made,  it  was  found  that  only  those 
glasses  that  contain  alkali  were  capable  of  taking  up  water  vapor. 

Glasses  Xos.  1.  2,  3,  4,  5  and  6  were  experimented  with  in  this  con- 
nection.    The  glasses  were  heated  to  a  temperature  high  enough  to 
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drive  off  all  the  adsorbed  gases  as  indicated  by  the  curves  in  Fig.  1 
(200°  for  Nos.  1,  2,  3  and  4  and  300°  for  No.  5.)  and  the  amount  of 
carbon  dioxide  and   permanent  gases   determined.     The  results  are 

shown  in  Table  III. 

tabu-:   III. 

Showing   the   Relation    Existing    Between    Adsorbed    Carbon    Dioxide   and   Percentage 

Alkali  in  the  Glass 


Glass  Xo. 

Vol.  of  Adsorbed 
C02  in  cm3  x  105 
per  cm2 

Vol.  of  Adsorbed 
Permanent  Gas  in 
cm3  x  105  per  cm2 

';   Na20+K20 

in  Glass 

1 

19.3 
10.4 

7  5 
7  5 
4   5 
6.5 

1.30 
1.80 
2.65 
2.35 
.48 
.009 

21.12 

2 

16.87 

5          

4 

5 

6 

12.30 

11   90 

5.35 

9.99 

These  data  show  in  a  remarkable  way  the  relation  existing  between 
the  adsorbed  carbon  dioxide  and  the  alkali  content  of  the  glass.  This 
experiment  would  seem  to  indicate  that  adsorbed  carbon  dioxide  is 
held  by  primary  valence  forces.  Many  other  glasses  must  be  tested, 
however,  before  such  a  statement  can  be  accepted  as  a  fact.  It  seems 
very  plausible,  however,  to  believe  that  carbon  dioxide  is  taken  up  by 
a  film  of  sodium  hydroxide  which  has  been  formed  by  the  slow  hydrol- 
ysis of  the  glass. 

This  coincides  with  the  view  of  Kraus  (17)  who  found,  in  the  case 
of  a  single  glass  which  was  high  in  soda,  that  no  carbon  dioxide  was 
adsorbed  when  glass  and  gas  were  both  carefully  dried  and  also  that 
on  carbon  dioxide  is  adsorbed  by  the  glass  if  it  has  been  washed  with 
boiling  water  to  remove  the  film  of  alkali  on  the  surface.  The  above 
results  do  not  necessarily  indicate,  however,  that  all  gas  held  on  the 
surface  of  the  glass  is  held  by  primary  valence  forces.  Indeed  a 
determination  that  was  made  of  the  permanent  gases  given  up  by  the 
glass  up  to  200 °C.  would  indicate  that  these  gases  are  held  to  the 
glass  primarily  by  secondary  valence  forces.  Table  III  shows  that 
while  appreciable  quantities  of  these  gases  were  evoked,  no  correla- 
tion existed  between  these  quantities  and  the  chemical  composition 
of  the  glass.  A  similar  determination  was  not  made  for  water  vapor 
because  the  capacity  of  the  McLeod  gauge  used  in  the  experiment 
was  too  small  to  take  care  of  the  large  quantities  of  water  vapor 
evoked;  if  a  determination  had  been  made  in  this  connection,  it 
seems  highly  probable  that  a  definite  relationship,  existing  between 
the  adsorbed  water  vapor  and  the  alkali  content  of  the  glass,  would 
have  been  noted. 
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Manufacture  of  Relatively  Gas  Free  Glass 

In  our  first  experiment  we  melted  some  ordinary  commercial  glass 
in  vacuo.  The  temperature  within  the  vacuum  furnace  was  kept 
considerably  above  the  melting  point  of  the  glass  under  examination 
and  was  held  there  for  a  period  of  about  one  hour.  For  a  portion  of 
this  time  huge  quantities  of  gas  were  evolved.  After  this  evolution 
subsided  the  furnace  was  cooled  to  room  temperature  and  the  melt 
was  removed.  Some  of  the  glass  obtained  from  this  melt  was  later 
reheated  in  vacuo  at  various  temperatures  up  to  500°C.  At  the  lower 
temperatures  from  20°C.  to  200°C.  a  measurable  amount  of  gas  was 
evolved,  but  above  200°C.  there  was  practically  no  gaseous  evolo- 
tion.  The  results  obtained  from  this  and  other  similarly  conducted 
experiments  make  it  seem  probable  that  a  vacuum  furnace  process 
for  the  manufacture  of  certain  kinds  of  glass  is  possible.  The  expense 
incurred,  however,  in  the  manufacture  of  gas  free  glass  by  this  method 
would  undoubtedly  always  prohibit  its  general  use  in  the  industries. 
After  realizing  that  owing  to  the  difficulties  of  making  it,  a  gas  free 
glass  could  be  used  only  in  a  very  limited  field,  we  sought  next  to 
determine  if  it  would  not  be  possible  to  modify  the  ordinary  standard 
procedure  now  pursued  in  glass  making  in  such  a  way  as  to  make  a 
relatively  gas  free  glass. 

At  our  request,  the  Corning  Glass  Works  agreed  to  undertake  some 
experiments  to  produce  glass  that  would  be  more  nearly  gas-free  than 
that  obtainable  on  the  market. 

In  one  of  the  most  successful  experiments  and  the  only  one  that  will 
be  recorded  here,  materials  that  would  produce  a  low  melting  point 
glass  were  subjected  to  a  heat  treatment  of  between  1500  C.  and 
1600°C.  for  a  period  of  one  hour.  For  a  chemical  analysis  of  the  glass 
produced  and  for  its  behavior  upon  being  heated  in  vacuo  see  Tables 
I  and  II — Glass  6. 

Attention  has  been  called  to  the  fact  that  this  glass  behaved  quite 
differently  in  the  above  experiments  from  the  other  glasses  of  the 
same  type  in  two  particulars  (1)  the  total  amount  of  gas  given  up  by 
the  glass  is  very  much  less  than  for  the  other  glasses  of  like  composi- 
tion and  (2)  of  the  gas  given  up  by  this  glass,  90^  is  given  up  at  200  C. 
indicating  that  this  proportion  of  the  gas  is  adsorbed  gas.  We  may 
conclude  then  that  the  special  treatment  of  this  glass  in  its  manufac- 
ture was  very  efficient  in  so  far  as  the  removal  of  the  absorbed  or 
dissolved  gas  was  concerned.  It  could  not,  however,  prevent  the 
adsorption  of  gases  by  the  glass  on  standing.  The  adsorbed  gases, 
however,   are   rather   unimportant   from   the   standpoint  of   vacuum 
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tube  work  since  such  gases  can  be  fairly  readily  removed  by  a  pre- 
liminary heating. 

Summary   of   Results 
The  results  of  our  investigation  may  be  summarized  as  follows: 

(1)  Glasses  whose  compositions  run  high  in  alkali  give  off  more 
gas  during  their  heat  treatment  than  do  those  of  lower  alkali 
content. 

(2)  A  definite  relation  appears  to  exist  between  the  amount  of 
water  vapor  held  by  a  glass  and  its  alkali  content. 

(3)  A  relation,  although  not  as  pronounced  as  that  mentioned 
above,  appears  to  exist  between  the  amount  of  carbon  dioxide 
held  by  a  glass  and  its  alkali  content. 

(  t)  Adsorbed  carbon  dioxide  seems. to  be  held  to  glass  primarily 
by  primary  valence  forces. 

(5)  Adsorbed  permanent  gases  seem  to  be  held  to  glass  primarily 
by  secondary  valence  forces. 

(6)  Glass  relatively  free  from  absorbed  gas  can  be  produced  by 
means  of  heating  the  glass  during  its  melting  process  to  a 
sufficiently  high  temperature. 

In  conclusion  the  authors  wish  to  express  their  thanks  to  Dr.  J. 
fohnston  to  whom  they  are  especially  indebted  for  assistance  and 
advice. 
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Impedance  of  Smooth  Lines,  and  Design  of 
Simulating  Networks 


By  RAY  S.  HOYT 


Introduction 


THE  transmission  of  alternating  currents  over  any  transmission 
line  between  specified  terminal  impedances  depends  only  on  the 
propagation  constant  and  the  characteristic  impedance  of  the  line 
(at  the  particular  frequency  contemplated).  In  this  sense,  then,  the 
properties  of  transmission  lines  may  be  classed  broadly  as  propagation 
characteristics  and  impedance  characteristics.  In  telephony  we  are 
primarily  concerned  with  the  dependence  of  these  characteristics  on 
the  frequency,  over  the  telephonic  frequency  range. 

Prior  to  the  application  of  telephone  repeaters  to  telephone  lines  the 
propagation  characteristics  of  such  lines  were  moie  important  than 
their  impedance  characteristics,  because  the  received  energy  depended 
much  more  on  the  former  than  on  the  latter. 

The  application  of  the  two-way  telephone  repeater  greatly  altered 
the  relative  importance  of  these  two  characteristics,  decreasing  the 
need  for  high  transmitting  efficiency  of  a  line  but  greatly  increasing 
the  dependence  of  the  results  on  the  impedance  of  the  line.  As  well 
known,  this  is  because  the  amplification  to  which  a  two-way  repeater 
can  be  set  without  singing,  or  even  without  serious  injury  to  the 
intelligibility  of  the  transmission,  depends  strictly  on  the  degree  of 
impedance-balance  between  the  lines  or  between  the  lines  and  their 
balancing-networks.  In  the  case  of  the  21-type  repeater  the  two  lines 
must  have  such  impedances  as  to  closely  balance  each  other  throughout 
the  telephonic  frequency  range.  In  the  case  of  the  22-type  repeater, 
which  for  long  lines  requiring  more  than  one  repeater  is  superior  to  the 

1 
Vol.  2— No.  2 


2  BELL  SYSTEM  TECHNICAL  JOURNAL 

21-type,  impedance  networks  are  required  for  closely  balancing  the 
impedances  of  the  two  lines  throughout  the  telephonic  frequency 
range.  Such  balancing  networks  are  necessary  also  in  connection 
with  the  so-called  four-wire  repeater  circuit.1 

Smooth  lines  are  fundamental  in  telephonic  transmission;  for  any 
telephone  line  is  either  a  simple  smooth  line,  or  a  compound  smooth 
line,  or  a  periodically  loaded  line  whose  sections  are  themselves  short 
smooth  lines.  In  any  case  the  characteristic  impedances  of  the  con- 
stituent smooth  lines  enter  importantly  into  the  impedance  of  the 
system.  Moreover,  the  characteristic  impedance  of  the  series  type  of 
periodically  loaded  line,  at  frequencies  low  relatively  to  its  critical 
frequency,  is  closely  the  same  as  the  characteristic  impedance  of  the 
corresponding  smooth  line. 

Parts  I,  II,  and  III  of  this  paper  aim  to  present  in  a  simple  yet 
comprehensive  manner  the  dependence  of  the  characteristic  impedance 
of  the  various  types  of  smooth  lines  on  the  frequency  and  on  the  line 
constants,  by  means  of  description  accompanied  by  equations 
transformed  to  the  most  suitable  forms  and  by  graphs  of  such 
equations. 

Part  IV  describes  the  principal  networks  devised  by  the  writer  at 
various  times  within  about  the  last  ten  years,  for  simulating  the  im- 
pedance of  the  various  types  of  smooth  lines.  Of  course,  the  imped- 
ance of  any  line  could  be  simulated,  as  closely  as  desired,  by  means 
of  an  artificial  model  constructed  of  many  short  sections  each  having 
lumped  constants;  but  such  structures  would  be  very  expensive  and 
very  cumbersome.  Compared  with  them  the  networks  described  in 
this  paper  are  very  simple  non-periodic  stiuctures  that  are  relatively 
inexpensive  and  are  quite  compact;  yet  the  more  precise  of  them  have 
proved  to  be  adequate  for  simulating  with  high  precision  the  im- 
pedance of  most  types  of  smooth  lines,  while  even  the  least  precise 
(which  are  the  simplest)  suffice  for  a  good  many  applications.  The 
paper  includes  first  approximation  design-formulas  and  outlines  a 
supplementary  semi-graphical  method  for  arriving  at  the  best  pro- 
portioning of  the  networks.  A  typical  illustrative  example  is  worked 
out  in  Appendix  E. 

It  is  hoped  to  devote  a  succeeding  paper  to  the  impedance  char- 
acteristics of  periodically  loaded  lines,  and  to  various  networks  de- 
vised for  simulating  and  compensating  such  impedance. 

'Regarding  the  broad  subject  of  repeaters  and  repeater  circuits,  reference  may 
be  made  to  the  paper  by  Gherardi  and  Jewett:  "Telephone  Repeaters,"  A.  I.  E.  E. 
Trans.,  1919,  pp.  1287-1345. 
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Part  I 

General  Considerations  Pertaining  to  Smooth  Lines 

The  exact  formula  for  the  characteristic  impedance  K  of  any  smooth 
line  is  usually  written  in  the  form 


A-=x™  (1) 

\   G  +  lwC 

R,  G,  L  and  C  denoting,  as  usual,  the  fundamental  line  constants,' 
namely,  the  resistance,  leakance  (leakage  conductance),  inductance, 
and  capacity,  per  unit  length;  w  denoting  2tt  times  the  frequency/; 
and  i  the  imaginary  operator  V  —  1. 

However,  this  form  is  neither  the  simplest  nor  the  most  significant. 
For  it  involves  separately  the  four  quantities  R,  G,  L,  and  C  and  is 
thus  a  function  of  not  less  than  four  3  variables,  whereas  its  value 
evidently  depends  on  only  the  relative  values  of  these  quantities  and 
hence  must  be  expressible  as  a  function  of  only  three  independent 
variables — namely  the  ratios  of  any  three  of  them  to  the  fourth. 

In  deciding  just  what  form  or  forms  of  expression  to  adopt  for  K 
we  shall  here  be  guided  by  the  following  practical  considerations: 

A)  In  telephony  we  are  chiefly  interested  in  the  dependence  of 
A"  on  the  frequency/;  or,  stated  more  generally,  in  the  dependence  of 
some  quantity  that  is  approximately  proportional  to  K  on  some 
quantity  that  is  approximately  proportional   to  /. 

The  class  of  smooth  lines  is  comprised  between  the  following  two 
rather  wide  extremes,  having  very  different  characteristics: 

(B)  At  one  extreme  are  the  large  gauge  open-wire  lines,  particularly 
when  used  at  high  frequencies.  For  them  R  is  small  relatively  to  uL, 
and  G  relatively  to  wC;  and  hence  K  is  approximately  or   at    least 

loughly  equal  to  vl  C. 

(C)  At  the  other  extreme  are  the  small  gauge  cables,  particularly 
when  used  at  low  frequencies.  For  them  R  is  large  relatively  to  ooL, 
though  G  is  small  relatively  to  <aC;  and  hence  K  is  approximately  or  at 

least  roughly  equal  to   v  R  iusC. 

(D)  The  line  constants  R,  L,  C  do  not  change  much  with  frequency 
over  at  least  the  voice  frequency  range;  and  hence  they,  or  combina- 
tions of  them,  serve  suitably  as  parameters. 

E)  The  leakance  (/'.  which  is  nearly  always  the  least  important 
of  the  four  line  constants,  usually  varies  greatly  with  the  frequency 

2  Constants  as  to  current  and  voltage. 

1  Five  if  co  is  regarded  separately  from  L  and  C. 
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and  hence  by  itself  does  not  serve  very  suitably  as  a  parameter.  How- 
ever, in  a  wide  range  of  applications  G  is  approximately  or  at  least 
roughly  proportional  to  the  frequency;  and  then  a  suitable  parameter 
is  G/f  or  preferably  G/ojC.  This  is  true  of  cables  except  at  extremely 
low  frequencies.  It  is  at  least  roughly  true  of  open-wire  lines  at  very 
high  frequencies,  such  as  carrier  frequencies,  but  usually  not  at  voice 
frequencies.  For  most  lines  the  leakance  G  is  usually  approximately 
or  at  least  roughly  a  linear  function  of  the  frequency,  namely, 
Q  =  Q0-^-vft  where  Go  is  the  leakance  at/  =  0,  and  v  is  approximately 
independent  of  the  frequency.  For  cables,  G0  is  small  compared 
with  vf  except  at  very  low  values  of  /;  but  for  open-wire  lines  Go  is 
usually  not  negligible  except  at  high  values  of  /. 

In  the  light  of  these  considerations  a  study  of  equation  (1)  suggests 
the  employment  of  the  quantities  F,  E,  k,  g,  a,  b  defined  by  the  follow- 
ing six  equations.  Not  all  of  these  substitutions  will  be  employed 
simultaneously,  but  it  is  convenient  to  set  them  all  down  here  together. 

E  =  uC/R,  (3) 

g  =  VGjR,  (5) 

b  =  G/u>C.  (7) 

Usually  F  or  E  will  be  treated  as  the  independent  variable;  and 
k,  g,  a,  b  as  parameters. 

It  should  perhaps  here  be  emphasized  that  the  approximations 
mentioned  in  the  foregoing  set  of  five  considerations,  (A)  to  (E), 
are  employed  merely  as  guide  in  the  selection  of  the  variables  and 
parameters  defined  by  the  above  equations  (2)  to  (7),  and  in  the 
choice  of  the  forms  adopted  below  for  the  formula  for  the  character- 
istic impedance.  Except  where  the  contrary  is  definitely  indicated, 
the  formulas  that  will  be  adopted  for  the  characteristic  impedance  are 
rigorously  exact;  though  the  variables  F  and  E  are  never  exactly  pro- 
portional to  the  frequency,  and  the  parameters  k,  g,  a,  b  are  never 
exactly  independent  of  the  frequency.  If  the  independant  variables 
were  exactly  proportional  to  the  frequency  and  the  parameters  were 
exactly  independent  of  the  frequency,  the  graphs  of  the  formulas 
would  by  a  mere  change  of  scales  exactly  represent  the  impedance 
as  an  explicit  function  of  the  frequency. 

With  particular  regard  to  considerations  (B)  and  (C)  it  will  be 
found  convenient  to  divide  the  further  treatment  of  smooth  lines 
into  two  main  parts,  pertaining  to  open-wire  lines  and  to  cables 
respectively;  and  then,  in  each  of  those  parts,  to  present  the  impedance 
formulas  in  the  two  forms  respectively  most  suitable  for  the  cases 


F=aL/R, 

(2) 

k  =  Vl/c, 

(4) 

a  =  GL/RC, 

(6) 
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where  the  leakance  is  approximately  proportional  to  the  frequency 
and  approximately  independent  of  the  frequency,  corresponding  to 
consideration  (E). 

While  the  classification  of  smooth  lines  into  open-wire  lines  and 
cables  is  convenient,  there  is,  of  course,  no  very  sharp  distinction 
between  the  open-wire  type  of  lines  and  the  cable  type  of  lines,  since 
the  distinction  depends  on  the  line  parameters  and  on  the  frequency 
range  involved,  rather  than  on  the  physical  form  of  the  line;  for,  any 
line  at  sufficiently  high  frequencies  has  the  open-wire  type  of  char- 
acteristics, and  at  sufficiently  low  frequencies  the  cable  type  of  char- 
acteristics. With  regard  to  the  relative  importance  of  the  funda- 
mental line  constants  R,  G,  L,  C  when  the  frequency  range  is  that  of 
the  voice,  it  may  be  said  that  for  the  open-wire  type  of  lines  L  and  C 
are  of  about  equal  importance,  R  of  secondary,  and  G  of  tertiary  im- 
portance; while,  on  the  other  hand,  for  the  cable  type,  R  and  C  are 
of  about  equal  importance,  L  of  secondary,  and  G  of  tertiary  import- 
ance. In  illustration  of  the  above  remarks  it  may  be  noted  that 
smoothly  loaded  cables  (unless  loaded  very  lightly)  have  the  open- 
wire  type  of  characteristics;  as  have  also  periodically  loaded  cables  at 
low  frequencies. 

Before  proceeding  to  the  separate  treatments  of  open-wire  lines 
and  cables,  it  seems  desirable  to  indicate  the  general  nature  of  the 
effect  produced  on  the  impedance  by  leakance. 

The  General  Effect  of  Leakance 

The  amount  of  leakance  that  is  normally  allowable  as  regards  its 
attenuating  effects  is  so  small  as  to  produce  only  very  slight  effects  on 
the  characteristic  impedance  of  either  type  of  line  (except  at  very  low 
frequencies). 

In  ordinary  telephone  cables  the  leakance  is  so  small  that,  except  at 
very  low  frequencies,  the  impedance  of  such  cables  is  very  closely  the 
same  as  in  the  limiting  case  of  no  leakance;  whence  that  limiting  case 
may  be  taken  as  being  a  good  approximation  to  the  actual  case.  In 
open-wire  lines  leakance  may  be  much  larger  than  in  cables,  yet 
normally  it  is  small  enough  so  that  its  effects  on  the  impedance  are 
slight,  except  at  very  low  frequencies,  so  that  usually  the  limiting 
value  of  zero  leakance  is  still  a  good  approximation  when  calculating 
the  characteristic  impedance.  However,  during  wet  weather  and 
in  particularly  humid  climates  and  locations  the  leakance  in  open- 
wire  lines  becomes  large  enough  to  affect  the  impedance  quite  ap- 
preciably, even  within  the  voice  frequency  range,  while  enormously 
affecting  it  at  very  low  frequencies. 
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The  general  nature  of  the  effect  produced  on  the  characteristic 
impedance  K  by  any  value  of  the  leakance  G  is  readily  seen  from  mere 
inspection  of  equation  (1),  so  far  as  regards  the  absolute  value  and 
angle  of  the  impedance.  Thus,  increasing  G  from  any  initial  value 
decreases  the  absolute  value  of  the  impedance  and  (algebraically) 
increases  the  angle.     Starting  with  l7  =  0,  the  angle  is  negative  and 

has    the    value   —  \  tan-  — — ;    increasing   G    decreases   this    negative 

angle  until  G  has  become  as  large  as  RC  L,  when  the  angle  has  become 
zero  and  the  impedance  has  become  equal  to  the  simple  value  V  L/C, 
and  thereby  equal  also  to  Vi?  G.  Increasing  G  beyond  this  transi- 
tion value  RC  L  toward  infinite  values  gives  to  the  impedance  a 
positive  angle  which  continually  increases  toward  its  limiting  value 

h  tan-      — ,    while  the  absolute  value  of  the   impedance  goes  on  con- 
R 

tinually  decreasing  toward  its  limiting  value  of  zero. 

The  statements  in  the  foregoing  paragraph  hold  at  all  frequencies, 

though  the  effects  of  leakance  are  usually  most  pronounced  at  low 

frequencies.     In  fact  at  zero  frequency  the  characteristic  impedance 

of  a  line  having  any   finite  leakance  however  small  is  merely   vR/G\ 

and  at  frequencies  so  low  that  uL  is  small  compared  with  R  and  wC 

small  compared  with  G,  the  impedance  K  is,  approximately, 

and  hence  is  at  least  roughly  equal  to  vi?  G. 

Of  course,  with  actual  lines  the  whole  physically  possible  range  of 
variation  of  G  from  zero  to  infinite  values  is  never  traversed.  On  the 
contrary  the  leakance  G  even  in  open-wire  lines  seldom  reaches  a 
value  as  large  as  the  transition  value  RC,  L  and  hence  the  angle 
seldom  becomes  positive;  while  in  cables  the  angle  probably  always 
remains  negative  and  indeed  is  at  least  roughly  equal  to  its  limiting 

value  of  —  h  tan-    — ,  except  at  very  low  frequencies. 
ooL 

Although,  as  already  indicated,  the  effects  of  normal  amounts  of 

leakance  are  usually  very  small  for  both  cables  and  open-wire  lines, 

yet  the  effects  in  the  two  cases  differ  rather  markedly  in  their  nature, 

owing  to  the  difference  in  the  angles  of  the  impedances  of  these  two 

types  of  lines;  the  angle  of  cables  begin  almost   —45°,  while  that  of 

open-wire  lines,  though  likewise  negative,  is  much  smaller  (except  at 

very  low  frequencies). 
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To  formulate  analytically  the  effects  of  any  value  of  the  leakance  G, 
let  K0  denote  the  value  of  K  when  G  =  0,  and  let  AK  denote  the  incre- 
ment K  —  Ko  due  to  the  presence  of  the  leakance  G.  A  suitable  meas- 
ure of  the  effect  of  the  leakance  is  then  the  ratio  AK/K0-  In  order 
to  obtain  for  the  value  of  this  ratio  a  formula  which  will  be  convenient 
for  use  with  the  formula  for  K  (which  involves  a  radical)  it  is  ad- 
vantageous to  write  AA"  in  the  form  AA"  =  (A"2  —  A"02)/ \K-\-KQ),  and 
to  introduce  for  brevity  the  quantity  /jl  defined  by  the  equation 

M  =  A"7AV-1.  (7.1) 

This   procedure   leads   readily   to   the   following   simple   identity   for 
AA"  A~r,,  namely 

AA  n  . 

iro  =  irvr+rVl+*-L  (7-2) 

In  particular,  when  this  is  applied  to  the  formula  (1)  for  K,  the  value 
of  ji  is  found  to  be 

(7.3) 


1—iG/ojC' 


Equations  (7.2)  and  (7.3)  enable  the  exact  value  of  &K/K0  to  be  cal- 
culated for  any  value  of  G  uC.  For  small  values  of  G/wC,  the  formula 
for  AA  A",,  takes  the  very  simple  approximate  form 

A  A  K0  =  iG/2u>C;  (7.4) 

and  this  shows  that,  to  the  degree  of  approximation  involved,  AA 
is  proportional  to  iK0  through  a  proportionality  factor  (G/2a)C)  which 
is  real  and  positive.  Now,  for  cables,  K0  has  an  angle  of  nearly 
—  45  ;  and  hence,  by  (7.4),  it  is  seen  that  the  addition  of  small  leakance 
increases  the  resistance  component  and  decreases  the  negative-re- 
actance component  of  the  impedance  by  about  equal  amounts.  For 
open-wire  lines,  on  the  other  hand,  the  angle  of  A"0  is  much  smaller, 
though  negative,  and  hence  a  small  increase  in  the  leakance  changes  the 
reactance  component  of  the  impedance  much  more  than  it  does  the 
resistance  component;  evidently,  the  change  in  the  negative-reactance 
component  is  a  decrease,  but  the  change  in  the  resistance  component 
may  be  of  either  sign,  depending  on  the  frequency.  This  fact  regard- 
ing the  effect  of  leakance  on  the  resistance  component  of  the  impedance 
is  not  completely  represented  by  the  approximation  (7.4) — which 
indicates  the  change  as  being  always  an  increase — but  it  can  be  in- 
ferred from  a  study  of  the  exact  formulas  (7.2)  and  (7.3).  These 
would  have  to  be  employed  also  if  the  effects  of  large  leakance  were 
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being  studied — or,  more  generally,  large  G/wC.  If  it  were  not  for  a 
need  of  these  exact  formulas,  the  approximate  formula  (7.4)  would 
have  been  derived  by  the  mere  application  of  Taylor's  theorem  to  (1). 

Part  II 

Impedance  of  Open-Wire  Lines 

It  will  be  recalled  that  the  characteristic  impedance  of  an  ordinary 
open-wire  line  depends  primarily  on  its  inductance  and  its  capacity, 
onjy  recondarily  on  its  resistance,  and  far  less  still  on  its  leakance; 
and  hence  that  its  impedance  is  at  least  roughly  equal  to  V  L/C. 

Of  the  quantities  defined  by  equations  (2),  .  .  .  (7),  the  four  most 
suitable  for  describing  open-wire  lines  are  F,  k,  b,  and  a.  F  is  suitable 
as  the  independent  variable,  approximately  proportional  to  the  fre- 
quency, k  is  suitable  as  one  parameter.  For  the  other  parameter, 
which  evidently  must  involve  the  leakance,  b  or  a  respectively  is  the 
most  suitable  according  as  the  leakance  G  is  approximately  propor- 
tional to  the  frequency  or  is  approximately  independent  of  the  fre- 
quency. The  corresponding  suitable  forms  of  the  equation  for  the 
characteristic  impedance  K  are  then 


K  =  kJ  l±lL,  (8)  K  =  kJl±H.  (9) 

\(b+i)F  \a+iF 

The  quantity  k  =  V  L/C  which  occurs  in  (8)  and  (9)  as  a  mere 
factor  is  significant  as  being  the  value  that  the  impedance  approaches 
when  the  frequency  is  indefinitely  increased4;  it  is  also  the  value  the 
impedance  would  have  at  all  frequencies  if,  without  changing  L  and  C, 
the  line  could  be  rendered  non-dissipative.  For  ordinary  open-wire 
lines  at  voice  frequencies  (R/coL  small  or  fairly  small  compared  to 
unity)  it  is  at  least  a  rough  approximation  to  the  value  of  the  im- 
pedance. This  limiting  value  k  =  V L/C  will  be  termed  the  "  nominal 
impedance  "  or,  more  fully,  the  "  nominal  characteristic  impedance."  6 

The  amount  K  —  k  by  which  the  characteristic  impedance  K  exceeds 
the  nominal  characteristic  impedance  k  will  be  termed  the  "  excess 
impedance,"  and  hence  its  two  components  the  "  excess  resistance  " 
and  the  "  excess  reactance  ";  (or,  more  fully,  for  the  three:  the  "  excess 
characteristic  impedance,"  "  excess  characteristic  resistance,"  and 
"  excess   characteristic    reactance,"    respectively).      The   latter    two 

4  Provided  that  G/f  approaches  zero. 
_  *  Strictly  speaking,  k  varies  slightly  with  the  frequency,  because  of  the  varia- 
tions of  L  and  even  C. 
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have  respectively  the  values  M—k  and  N,  since  k  is  real;  M  and  N 
denoting  the  resistance  and  reactance  components  of  K.  The  concept 
"  excess  impedance  "  will  be  found  convenient  in  various  connections, 
particularly  in  the  description  of  networks  for  simulating  the  impedance 
of  smooth  lines. 

The  ratio  K/k  of  the  characteristic  impedance  K  to  the  nominal 
impedance  k  will  be  termed  the  "  relative  impedance  "  and  will  be 
denoted  by  z  =  x-\-iy;  whence  x  =  M/k  will  be  termed  the  "  relative 
resistance,"  and  y  =  N/k  the  "  relative  reactance."  This  complex 
number  z  is  roughly  equal  to  unity  over  most  of  the  voice  frequency 
range,  and  approaches  unity  as  a  limit  when  F  is  indefinitely  in- 
creased. Its  exact  value,  written  in  the  two  forms  corresponding  to 
(8)  and  (9)  respectively,  is 


z=A  l+iF ,  (io)  z=Ji±if.  (id 

\(b+i)F  '  \a+iF 

Thus  z,  which  is  proportional  to  the  characteristic  impedance  K 
(except  for  the  fact  that  the  proportionality  factor  k  is  not  strictly 
independent  of  the  frequency),  depends  merely  on  the  two  quantities 
F  and  b,  or  F  and  a,  and  hence  can  be  readily  represented  by  tables 
or  graphs. 

When  z  has  once  been  tabulated  or  graphed  the  value  of  K  in  any 
specific  case  (R,  G,  L,  C  specified)  is  readily  obtained  therefrom  by 
entering  such  tables  or  graphs  of  z  with  the  values  of  the  arguments 
F  =  uL/R  and  b  =  G/uC  of  (10)  or  the  arguments  F  =  uL/R  and 
a  =  GL/RC  of  (11),  and  then  multiplying  the  value  of  s  there  found  by 

k  =  V  L/C.  (Graphically  this  would  amount  merely  to  a  change  of 
scales  if  the  parameters  employed  were  strictly  independent  of  the 
frequency.)      Thus  the   function 

2  =  \/~{\  +  iF)/(b+i)F=  V(l+iF)/(a+iF) 

represents  simply  and  comprehensively  the  properties  of  the  char- 
acteristic impedance  of  all  smooth  lines,  though  it  is  more  suitable 
for  representing  open-wire  lines  than  cables. 

The  two  components  x  and  y  of  z  are  represented  as  functions  of 
F  by  the  curves  in  Figs.  1  and  2  with  b  and  a  respectively  as  para- 
meters.    (Explicit  formulas  for  x  and  y  are  included  in  Appendix  A.) 

The  effects  produced  on  z=x-\-iy  by  the  leakance  G  are  exhibited, 
in  Figs.  1  and  2,  through  the  parameters  b  and  a.  These  effects  may 
be  conveniently  represented  analytically  in  a  manner  formally  the 
same  as  that  already  outlined  in  connection  with  equations  (7.1)  and 
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(7.2);  with  K,  K0,  AK  (there)     corresponding  to 
Thus,  by  applying  (7.1)  to  (10)  and  (11), 


As   (here), 


Relative  Impedance  K/k  of 
Open  Wire  lines  when  — 
leakage  is  proportional 
to  frequency 


-1.2 


(i  =  ib/{\  —  ib)  =  ia/  (F—ia). 
Or,  approximately,  when  b  and  a  are  small, 

H=ib=ia/F\ 
and  thence,  approximately,  by  (7.2), 

Az/z0=ib/2=ia/2F. 

This  analysis  serves  to  account,  approximately,  for  the  nature  of  the 
effects  of  small  leakance,  as  depicted  in  Figs.  1  and  2  by  the  curves  for 
small  b  and  small  a.  To  account  for  the  effects  of  large  leakance,  as 
depicted  by  the  curves  for  large  b  and  large  a,  recourse  to  the  exact 
formula  for  Az/z0  would  be  necessary ;  but  the  curves  for  large  leakance 
possess  hardly  more  than  academic  interest,  as  will  be  realized  from 
the  remarks  already  made  under  the  heading  The  General  Effect  of 
Leakance. 
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When  there  is  no  leakance  (G  —  0,  and  hence  b—0  and  a  —  0)  equa- 
tions (10)  and  (11)  reduce  to  the  same  form,  namely 


vi-i  F. 


(12) 


This  limiting  form  of  the  equation  for  the  relative  impedance  z  is 
rather  important  because  it  is  comparatively  simple  and  yet  is  a  close 
approximation  for  the  impedance  of  most  actual  lines  except  at  very 
low  frequencies  (since  the  effects  of  normal  amounts  of  leakance  are 


Relative  Impedance  K/k  of 
Open-Wire  Lines  When  . 
leakage  is  independent 
of  frequency 
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very  small  except  at    very   low   frequencies).     It  will  therefore  now 
be  discussed  with  some  fullness: 

For  the  case  of  no  leakance  the  formulas  for  x  and  v  are  given 
under  equation  (12)  in  Appendix  A;  and  are  graphed  in  Fig.  1,  (6  =  0), 
and  in  Fig.  2,  (a  =  0).  If  the  wires  were  devoid  of  resistance  (R  =  0), 
x  would  be  equal  to  unity  and  y  would  be  zero.  Thus  the  effect  of 
wire  resistance  (in  a  non-leaky  line)  is  to  make  x  greater  than  its 
limiting  value  unity  by  the  amount  x—  1  (the  "relative  excess  resist- 
ance"), and  to  introduce  a  negative  value  of  y  (the  "relative  excess 
reactance,"  which  is  equal  to  the  "relative  reactance").  Both 
.v— 1  and  —  y  increase  with  decreasing  F;  the  increase  being  slow  at 
large  values  of  F.  but  more  and  more  rapid  as  F  is  decreased,     x  —  1 
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is  always  smaller  than  —  v;  and  is  much  smaller  except  at  low  values 
of  F,  where  the  two  approach  equality  as  F  approaches  zero.  The 
statements  regarding  x  and  y  hold  also  for  the  effect  of  wire  resistance 
on  the  characteristic  resistance  and  the  characteristic  reactance,  since 
these  are  (approximately)  proportional  to  x  and  y  respectively,  the 
proportionality  factor  being  the  nominal  impedance  VL/C. 

Before  leaving  equation  (12)  attention  will  be  directed  to  certain 
approximate  and  exact  forms  of  this  equation  that  have  been  found 
very  useful  in  devising  and  proportioning  networks  for  simulating 
the  characteristic  impedance  of  smooth  lines,  as  will  appear  more 
fully  in  the  latter  part  of  this  paper.  At  large  values  of  F  equation 
(12)  yields  immediately  the  approximation 

2  =  1  +8F2~{2F'  (13) 

whence  x  —  1  and  y  have  approximately  the  values 

From  equation  (12)  of  Appendix  A  the  exact  values  of  x—  1  and  y  are 
known  to  be 

X-l=^Jx^'         (16)  y=~Wx  (17) 

Thus  it  is  seen  that  each  of  the  approximations  (14)  and  (15)  is  always 
somewhat  larger  than  the  exact  value,  since  x  is  always  greater  than 
unity.  However,  these  two  approximations  are  fairly  good  for 
values  of  F  as  small  even  as  unity,  since  there  x  does  not  exceed  1.1; 
and  they  rapidly  approach  exactness  when  F  is  increased,  since  x 
rapidly  approaches  unity.  The  exact  equation  for  z  will  now  be  set 
down  for  purposes  of  reference;  by  (16)  and  (17)  it  is 

0  =  1 +8^  Tx^Tjx-*-12Fx-  (18) 

At  small  values  of  F  formula  (12)  shows  that  z  is  approximately 
equal  to  z"=x"-\-iy",  defined  by  the  equation  z"  =  \/viF.  The 
exact  value  of  the  fractional  departure  (z  —  z")/z"  is 

z-z"  iF 


l+Vi+i'^' 


(18.1) 


which,  at  small  F,  is  approximately  equal  to  iF/2  merely.    Thus,  at 
small  F,  z  exceeds  its  approximate  value  z"  by  an  amount  which  is 
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proportional  to  iz",  through  a  proportionality  factor  (F/2)  which  is 
real  and  positive;  since  the  angle  of  z"  is  —45  it  follows  that  x  is 
greater  than  x"  by  about  the  same  amount  that  —  y  is  less  than  —y". 
This  analysis  serves  to  account  for  the  shape  of  the  curves  of  x  and  y 
at  small  values  of  F  and  no  leakance  (the  curves  b  —  Q  in  Fig.  1,  and 
a  =  0  in  Fig.  2).  The  shape  of  the  curves  at  any  value  of  F  can  be 
accounted  for  by  means  of  the  exact  formula  (18.1),  or  a  suitable 
approximation  thereof.  In  fact  formula  (18.1)  shows  immediately 
that 

x-x">(-y")-(-y) 

and  that  this  inequality  increases  with  F. 

Part  III 
Impedance  of  Cables 

It  will  be  recalled  that  the  impedance  of  an  ordinary  cable  depends 
chiefly  on  its  capacity  and  resistance,  relatively  little  on  its  inductance, 
and  far  less  still  on  its  leakance;  and  hence  that  its  impedance  is  at 
least  roughly  equal  tov  R/iwC=  (1  —  i)  V R/2uC. 

Of  the  quantities  defined  by  equations  (2),  .  .  .  (7),  the  four  most 
suitable  for  describing  cables  are  E,  k,  b  and  g.  E  is  suitable  as  the  in- 
dependent variable,  approximately  proportional  to  the  frequency,  k  is 
suitable  as  one  parameter.  For  the  other  parameter,  which  evidently 
must  involve  the  leakance,  b  or  g  respectively  is  the  most  suitable  ac- 
cording as  the  leakance  G  is  approximately  proportional  to  or  approxi- 
mately independent  of  the  frequency.  The  corresponding  suitable 
forms  of  the  equation  for  the  impedance  are  then 


K-J1*"*,  (IS)  *=J^f.  (20, 

\  (b+t)E  \  g-+iE 

These  two  formulas  (19)  and  (20)  for  cables  are  less  simple  than 
the  corresponding  formulas  (8)  and  (9)  for  open-wire  lines,  because 
in  (19)  and  (20)  neither  of  the  two  parameters  enters  as  a  mere  factor, 
and  hence  the  number  of  effective  parameters  cannot  be  reduced  to 
less  than  two.  For  purposes  of  mere  specific  computations  this  is 
not  much  of  a  complication;  but  in  graphical  representation  it  is 
enough  to  prevent  the  desired  simplicity  and  compactness,  if  the 
representation  is  required  to  be  exact  and  comprehensive.  (Explicit 
formulas  for  the  two  components  M  and  N  of  K  are  included  in 
Appendix  A.) 
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The  effects  of  the  leakance  (/',  as  represented  through  the  medium  of 
the  parameters  b  and  g,  may  if  desired  be  conveniently  formulated  and 
analyzed  in  a  manner  formally  the  same  as  that  already  outlined 
under  the  heading  The  General  Effect  of  Leakance. 

In  cables,  particularly,  the  effect  of  leakance  is  usually  extremely 
small  except  at  very  low  frequencies.  Hence  in  the  graphical  repre- 
sentation of  formulas  (19)  and  (20)  it  will  suffice  very  well  to  confine 
ourselves  to  the  limiting  case  of  no  leakance  (G  =  0,  and  hence  b  =  0 
and  g  =  0),  when  these  two  equations  reduce  to  the  same  form,  namely 

K  =  Vk2-i/E.  (21) 

The  curves  in  Fig.  3  represent  the  resistance  and  reactance  components 
.1/  and  N  of  K  as  functions  of  E  with  k  as  parameter. 


k=200 


Fig.  3 


The  effects  produced  on  K  =  M-\-iN  by  the  inductance  L  are  ex- 
hibited, in  Fig.  3,  through  the  parameter  k.  These  effects  may  be 
conveniently  represented  analytically  in  a  manner  formally  the  same 
as  that  already  employed  for  the  effects  of  leakance,  under  the  heading 
The  General  Effect  of  Leakance.     Thus,  if  K'  denotes  the  value  of  K, 
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expressed  by  (21),  when  k  =  0,  then  K'  here  will  correspond  to  K0 
there;  hence  n  =  ik~E,  and  thence,  when  k2E  is  small  compared  to 
unity, 

&K/K'=ik2E/2. 

This  analysis  serves  to  account  approximately  for  the  nature  of  the 
effects  of  small  inductance  as  depicted  in  Fig.  3.  When  the  leakance 
is  not  zero  but  is  small,  the  effects  of  inductance  are  still  about  the 
same.  The  general  nature  of  the  effect  of  the  inductance  L  on  the 
characteristic  impedance  of  any  smooth  line,  so  far  as  regards  the 
absolute  value  and  the  angle  of  the  impedance,  can  be  readily  de- 
termined by  mere  inspection  of  equation  (1),  in  a  manner  similar,  to 
that  already  outlined  regarding  the  effect  of  leakance  under  the  head 
ing  The  General  Effect  of  Leakance. 

An  alternative  mode  of  lepresenting  the  characteristic  impedance  of 
cables  is  suggested  by  the  fact,  already  mentioned,  that  the  impedance 
of  a  cable  is  at  least  roughly  equal  to  \R  iwC,  whence  its  absolute 
value  is  at  least  roughly  equal  to  vR/wC.  This  suggests  that  we 
study  a  relative  impedance  consisting  of  the  ratio  of  K  to  V  R  co,C 
where  wx  denotes  any  fixed  value  of  w;  and  that  we  adopt  the  ratio 
u  wi  as  the  independent  variable.  In  this  mode  of  treatment  it  will 
be  convenient  to  employ  the  quantities  w,  r,  Fu  b,  bx  defined  by  the 
equations 

w=     t  K        =  JL,  (22) 

VR/o>iC       \Ki\ 

r  =  a/oi=f/fi,  (23)  FX  =  ^L/R,  (24) 

b  =  G  u>C,  (25)  &1  =  G/«1C.  (26) 

Thus,  w  denotes  the  relative  impedance  to  be  studied;  its  real  and 
imaginary  components  will  be  denoted  by  u  and  v,  so  that  w  =  u-\-iv. 
r  denotes  the  relative  frequency — relative  to  any  fixed  frequency  f\. 
Fi  is  one  parameter.  The  other  parameter  is,  respectively,  b  or  b\ 
according  as  the  leakance  G  is  approximately  proportional  to  or  ap- 
proximately independent  of  the  frequency.6  The  corresponding 
forms  of  the  equation  for  the  relative  impedance  w  are 


ll+iFir  .     .  1+iFir  /OQ  v 

v=\  ,,   ,    .v  ,  (2/)  w=x    ,     .    .    .         (28) 

\  (b  +  i)r  \    bx+ir 

These  are  seen  to  be  of  the  same  functional  forms  as  (19)  and  (20) 
respectively;  with  w  corresponding  to  K,  r  to  E,  Ft  to  k'2,  and  bi  to  g2. 

*  It  will  be  noted  that  b  is  the  same  as  already  defined  by  (7);  bi  is  related  to  b; 
and  F\  is  related  to  F,  which  has  already  been  defined  by  (2). 
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In  other  respects,  however,  there  are  marked  differences:  K  is  an 
impedance,  while  w  is  a  pure  number,  being  the  ratio  of  K  to  V  R/a)}C; 
E,  though  approximately  proportional  to  the  frequency,  is  not  a  pure 
number  (for  it  is  not  dimensionless),  while  r  is  a  pure  number,  being 
the  ratio  of  the  general  frequency  to  any  fixed  frequency ;  of  the  para- 
meters, k2  is  very  different  from  Fu  and  &i  is  very  different  from  g2. 
The  fact  that  (27)  and  (28)  are  of  the  same  functional  forms  as  (19) 
and  (20)  respectively  renders  formally  applicable  the  material  per- 
taining to  equations  (19)  and  (20)  given  in  Appendix  A. 

As  already  remarked,  the  effect  of  leakance  in  cables  is  usually 
extremely  small  except  at  very  low  frequencies.    Hence  in  the  graphi- 


mpedanceK/|K,|of 
Leaky  Cables 


Fie.  4 


cal  representation  of  formulas  (27)  and  (28)  it  will  suffice  for  most 
purposes  to  confine  ourselves  to  the  limiting  case  of  no  leakance 
(G  =  0,  and  hence  b  =  0  and  &i  =  0),  when  these  two  equations  reduce 
to  the  same  form,  namely, 


•  =  \/Fi-i/i 


(29) 


This  has  the  same  functional  form  as  (21),  with  w  corresponding  to 
K,  r  to  E,  and  Fi  to  k2;  a  circumstance  rendering  formally  applicable 
the  material  pertaining  to  equation  (21)  given  in  Appendix  A.  The 
curves  in  Fig.  4  represent  the  two  components  u  and  v  of  w  as  functions 
of  r  with  Fi  as  parameter. 
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Part  IV 
Networks   for  Simulating  the   Impedance   of  Smooth   Lines 

Under  this  heading  will  be  described  the  various  networks  devised 
by  the  writer,  for  simulating  the  characteristic  impedance  of  smooth 
lines,  as  mentioned  in  the  latter  part  of  the  Introduction.  Before 
proceeding  to  the  systematic  description  of  these  networks,  some  of 
their  practical  uses  will  be  mentioned.  Foremost  of  these  is  their 
employment  for  balancing  purposes  in  connection  with  22-type  re- 
peaters, already  spoken  of  in  the  Introduction.  Another  application 
is  for  properly  terminating  an  actual  telephone  line  in  the  field  or  an 
artificial  line  in  the  laboratory,  usually  for  electrical  testing  purposes 
or  electrical  measurements  on  the  lines.  In  making  certain  tests 
on  apparatus  normally  associated  with  a  telephone  line,  such  line 
may  be  conveniently  represented  for  impedance  purposes  by  the  ap- 
propriate simulating  network. 

Some  of  the  networks  to  be  shown  are  potentially  equivalent  in 
impedance;  but  may  differ  somewhat  in  cost,  space  occupied,  etc. 
For  the  purpose  of  this  paper  any  two  networks  will  be  called  "  po- 
tentially equivalent  "  if,  when  the  elements  of  either  network  are 
assigned  any  arbitrary  values,  the  other  network  can  be  so  pro- 
portioned as  to  have  at  all  frequencies  identically  the  same  impedance 
as  the  first  network.  Evidently  the  mathematical  condition  for 
such  equivalence  is  that  the  expressions  for  the  impedances  of  the  two 
networks  have  the  same  functional  forms  when  the  frequency  is  re- 
garded as  the  independent  variable.  The  two  networks  will  then 
have  the  same  number  of  independent  parameters,  or  degrees  of 
freedom  for  adjustment;  and  this  number  is  the  same  as  the  mini- 
mum number  of  elements  requisite  for  the  construction  of  a  network 
to  have  identically  the  impedance  of  the  given  network. 

For  most  of  the  networks  described,  there  are  included  design- 
formulas  for  the  values  of  the  network  elements  (resistances  and 
capacities).  But  in  any  applications  requiring  the  highest  simulative 
precision  attainable  with  such  networks,  these  formulas  should  be 
regarded  merely  as  first  approximations  serving  to  reduce  the  requisite 
detailed  design-work  down  to  a  relatively  small  amount  but  not 
permitting  it  to  be  dispensed  with  entirely;  for  the  best  values  of  the 
network  elements  depend  somewhat  on  the  particular  frequency- 
range  involved,  and  on  the  preassigned  weighting  of  the  desired 
simulative  precision  with  respect  to  the  frequency.  Moreover,  these 
formulas  completely  ignore  leakance;  while  actually  leakance  may 
not  always  be  quite  negligible,   even  in  the  voice  frequency-range. 
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A  supplementary  semi-graphical  method  as  an  aid  to  finally  arriving 
at  the  best  proportioning  of  the  networks  will  be  found  outlined 
in  Appendix  C. 

lite  Basic  Resistance  and  the  Excess  Simulator 

The  first  approximation  to  a  network  for  simulating  the  character- 
istic impedance  A'  of  a  smooth  line  is  evidently  a  mere  resistance  Ri 


(3)  o WWVWl — o       o J    I 0(b) 

^1 


J 


(C)  o — WVVVWV — o- 

R. 

Fig.  5 — Synthesis  of  the  General  Form  of  Complete  Network,     (a).  Basic  Resist- 
ance  Element   Ri   for  Simulating   Nominal   Impedance,     (b).   Excess-Simulator   J 
(Abstractly  Symbolized)   for  Simulating  Excess   Impedance,     (c).  Complete   Net- 
work for  Simulating  Line  Impedance 


(Fig.  5a)   approximately  equal  to  the  nominal  impedance  k  of  the 
line,  that  is, 

Ri  =  VIJC,  (30) 

and  this  is  a  very  close  approximation,  for  instance,  in  the  case  of 
open-wire  lines  at  the  frequencies  of  carrier  current  transmission. 

Over  the  voice  frequency  range,  however,  a  mere  resistance  does 
not  suffice;  since  there  the  excess  characteristic  impedance  K  —  k  is 
not  negligible,  particularly  at  the  lower  frequencies.  But  the  re- 
sistance R\  equal  to  the  nominal  impedance  may  be  retained  as  the 
natural  basis  of  a  network  if  it  is  supplemented  by  an  element  or 
elements  such  as  to  approximately  simulate  the  excess  characteristic 
impedance.  Such  a  supplementary  network  is  here  termed  an  "  ex- 
cess-simulator "7,  and  is  symbolized  abstractly  by  Fig.  5b;  while 
Fig.  5c  represents  the  corresponding  complete  network  consisting  of 
the  basic  resistance  Ri  in  series  with  the  excess-simulator,  whose 
impedance  is  denoted  by  /.  The  requisite  excess-simulator  is  obvi- 
ously less  simple  in  structure  and  proportioning  than  the  mere  basic 
resistance;  whence  most  of  the  remainder  of  this  paper  will  be  con- 
cerned with  various  specific  types  of  excess-simulators. 

7  But  in  practice  the  term  "low  frequency  corrector"  has  become  rather  firmly 
established.  It  was  suggested  by  the  fact  that  the  excess  impedance  to  be  simulated 
is  largest  at  relatively  low  frequencies. 
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The  Simplest  Excess-Simulator,  and  Complete  Network 

The  simplest  type  of  excess-simulator  is  a  mere  capacity  C\  (Fig.  6b). 
This  is  adequate  only  for  those  lines  whose  excess  characteristic 
resistance  is  negligible;  as,  for  instance,  large  gauge  open-wire  lines, 
and  even  then  not  at  very  low  frequencies.     The  capacity  C\  is  cap- 

(a)o WVWWV — o        o 1|- o(b) 

R1  C1 

(C)  ° WVWWV — ° — 
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Fig.  6 — Synthesis  of  the  Simplest  Type  of  Complete  Network,      (a).   Basic  Resist- 
ance,     (b).   Excess-Simulator,     (c).   Complete  Network 

able  of  simulating  the  reactance  N  of  such  a  line  rather  closely,  and 
its  proper  value  for  that  purpose  is  approximately 

c  _2Vlc=c2Vl7ci  (31) 

R  R 

although  the  most  suitable  value  depends  somewhat  on  the  specific 
frequency-range  involved.  The  complete  network  (Fig.  6c)  thus 
consists  merely  of  a  resistance  Ri  and  a  capacity  C\  in  series  with  each 
other,  having  approximately  the  values  expressed  by  (30)  and  (31). 8 
The  simple  network  in  Fig.  6c  was  devised  a  good  many  years  ago.9 
The  majority  of  present-day  applications  require  such  high  simulative 
precision  that  the  excess  characteristic  resistance  of  the  line  is  not 
negligible,  and  also  a  mere  capacity  does  not  in  all  cases  simulate 
the  excess  characteristic  reactance  quite  as  closely  as  desirable.  To 
meet  these  needs  there  have  been  devised  the  much  more  precise, 
yet  fairly  simple,  excess-simulators  and  complete  networks  described 
under  several  of  the  following  headings. 

Two  Precise   Types   of  Excess-Simulators,  and   Their  Limiting   Forms 

Fig.  7  represents  two  potentially  equivalent  10  excess-simulators 
that  in  most  cases  admit  of  such  proportioning  as  to  simulate  with 

"  See  Appendix  B  for  the  derivation  of  formula  (31  )  for  C\,  and  incidentally  formula 
(30)  for  R\\  and  for  a  discussion  of  the  simulative  precision  of  this  network;  also 
for  the  values  R/  and  C/  requisite  for  exact  simulation  at  any  preassigned  single 
frequency. 

9  In  1913.     U.  S.  Patent  No.   1,167,694  of  January  11,   1916. 

10  In  comparing  networks  as  to  equivalence  I  have  found  very  useful  the  general 
theorems  on  equivalence  given  by  O.J.  Zobel  in  his  paper  on  electric  wave-filters 
in  the  January  Number  of  this  JOURNAL,  pages  45-46. 
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the  requisite  high  precision  the  excess  characteristic  impedance  of 
the  line;  the  complete  network  then  consisting  of  either  of  these  excess- 
simulators  in  series  with  the  basic  resistance  element  R\  of  Fig,  5a. 
In  any  specific  application  the  most  suitable  values  for  the  elements 
constituting  either  of   the   two   excess-simulators  in   Fig.   7   depend 


(a) 


C2 


(b)o-jH 
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Fig.  7 — Two  Potentially  Equivalent  3-Element  Excess-Simulators  Possessing  High 
Simulative  Precision  for  Most  Applications,  Except  at  very  Low  Frequencies 


somewhat  on  the  particular  frequency-range  involved,  and  also  on 
the  weighting  of  the  desired  simulative-precision  with  respect  to  the 
frequency.  As  might  be  expected,  therefore,  the  work  of  determining 
closely  the  best  combination  of  values  for  the  elements  of  the  excess- 
simulator  can  hardly  avoid  a  certain  amount  of  tentative  detailed 
design-work;  but  usually  this  can  be  reduced  to  a  relatively  small 
amount  by  a  semi-graphical  method  such  as  outlined  in  the  latter 
part  of  Appendix  C.  Moreover,  first-approximation  values  that  will 
usually  prove  to  be  rather  close,  can  be  quickly  found  by  means  of 
the  following  approximate  design-formulas  (32),  .  .  .  (37),  which  are 
explicit  except  for  containing  the  single  undetermined  parameter  D. 
These  formulas  are  such  that  the  excess-simulator  will  possess  high 
simulative-precision  at  large  and  even  fairly  large  values  of  F,  for  all 
physcially  admissible  values  of  D  (O^D^l);  and  at  the  lower  values 
of  F  will  have  a  considerable  range  of  adjustment  by  means  of  D,  whose 
optimum  value  can  be  readily  determined  from  inspection  of  Figs.  8 
and  9,  as  described  below.  The  above-mentioned  approximate  design- 
formulas  for  the  elements  of  the  two  excess-simulators  in  Fig.  7  are11 : 

c^jWlc  (32) 

#3  =  2^£,  (34) 

11  The  first  part  of  Appendix  C  gives  the  derivation  of  these  formulas,  and  also 
the  equation  of  the  curves  in  Fig.  8. 
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When  the  excess-simulator  is  proportioned  in  accordance  with  these 
design-formulas  the  corresponding  complete  network  consisting  of 
such  excess-simulator  J  in  series  with  the  basic  resistance  Ri=  v  L/C 
will  possess  the  simulative  precision  represented  by  the  set  of  graphs 
in  Fig.  8,  which  shows  the  percentage  impedance-departure  5  of  the 


Simulative  Precision  (percentage) 

of  the  Networks  in  Fig.ii.  when 

Proportioned  in  Accordance 

with  Formulas  (32),... (3 7). 
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Fig.  8 

complete  network  Ri  +  J  from  the  line-impedance  K,  as  function  of 
F  with  D  as  parameter.  In  any  specific  case,  where,  of  course,  the 
F-range  would  be  known,  inspection  of  these  graphs  (Fig.  8)  enables 
the  best  value  of  D  to  be  readily  determined,  and  the  corresponding 
resulting  precision  5  to  be  seen  as  function  of  F.  The  curves  show  that 
the  best  value  of  D  is  determined  by  the  lowest  value  of  F  contem- 
plated, since  the  departure  5  is  largest  at  small  values  of  F  and  rapidly 
decreases  toward  the  larger  values  of  F.  It  will  be  noted  that  the 
curves  for  the  limiting  values  D  =  Q  and  £>  =  1  have  been  included 
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in  Fig.  8;  the  corresponding  limiting  forms  of  the  excess-simulators 
are  considered  a  little  further  on. 

Fig.  9,  derived  from  Fig.  8,  represents  the  optimum  value  of  D 
as  function  of  F;  and  shows  also  the  corresponding  minimum  de- 
parture 8m  of  the  complete  network.     If  D  is  chosen  to  be  the  optimum 


Opt.D 
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Optimum  Value  of  D  (Opt.  D) 

IN  THE  DESIGN-F0RMULAS(32)....(37) 
PERTAINING  TO  THE  NETWORKS  IN  FlG.ll.' ' 

Also  the  Corresponding  Precision  6m. 
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value  at  any  fixed  F,  the  resulting  network  will  have  at  that  F  exactly 
the  departure  shown  on  Fig.  9,  but  at  all  other  values  of  F  will,  of 
course,  have  departures  larger  than  those  on  Fig.  9. 

It  should  be  noted  that  these  statements  regarding  the  departures 
pertain  to  the  network  when  the  excess-simulator  is  proportioned  in 
accordance  with  formulas  (32),  .  .  .  (37).  As  those  are  only  first- 
approximation  formulas,  the  ultimate  precision  attainable  will  usually 
be  better,  and  may  be  adjusted  to  possess  a  somewhat  different  dis- 
tribution over  the  frequency-range. 

Although  the  two  excess-simulators  in  Fig.  7'are  potentially  equiva- 
lent as  regards  impedance  there  is  a  slight  choice  between  them  from 
the  viewpoints  of  cost  and  space  occupied.  For  it  is  readily  seen  by- 
mere  inspection  of  the  networks  at  zero  frequency  that  when  they  have 
equal  impedances  the  total  capacity  C2+C3  of  the  excess-simulator 
in  Fig.  7a  is  equal  to  merely  the  capacity  C\  of  the  excess-simulator 
in  Fig.  7b,  thus  leaving  C5  in  excess.  As  regards  the  relative  magni- 
tudes  of   their   various  elements   the   two   excess-simulators   can   be 
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readily  compared  by  means  of  the  following  equations  (38)  derived 
from  (32),   .   .   .   (37): 


(38) 


Fig.  10  represents  the  two  limiting  forms  of  the  excess-simulators 
in  Fig.  7,  corresponding  to  the  limiting  values  0  and  1  of  the  para- 
meter D  occurring  in  the  design-equations  (32),  .  .  .  (37).  For 
D—0  the  limiting  form  is  that  in  Fig.  10a,  and  will  be  recognized  as 
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Fij.  10 — The  Two  Limiting  Forms  of  the  Excess-Simulators  in  Fig.  7,  Corresponding 
to  the  Limits  0  and  1  of  the  Parameter  D 


the  simple  excess-simulator  already  shown  in  Fig.  6b  consisting  of  a 
mere  capacity  C\  having  the  value  expressed  by  (31);  while  for  D  =  1 
the  limiting  form  is  that  in  Fig.  10b,  and  is  thus  of  the  same  form  as 
one  mentioned  below,  under  the  heading  Modifications  for  Very  Lqw 
Frequencies,  as  being  capable  of  furnishing  approximate  simulation 
extending  down  to  zero  frequency.  The  departure-curves  for  these 
two  limiting  forms  (D  =  0  and  D  =  l)  are  included  in  Fig.  8,  as  already 
mentioned;  and  from  them  it  is  seen  that  the  form  in  Fig.  10b  (D  =  l) 
possesses  much  higher  simulative  precision  than  the  form  in  Fig.  10a 
(D  =  0) — as  would  be  expected. 

Four  Precise  Types  of  Complete  Networks,  and  Their  Limiting  Forms 

Figs.  11a  and  lib  represent  the  two  potentially  equivalent  com- 
plete networks  that  can  be  constructed  from  the  basic  resistance 
Ri  of  Fig.  5a,  and  the  excess-simulators  in  Figs.  7a  and  7b  respectively; 
and  hence  having  for  their  elements  approximately  the  values  ex- 
pressed by  equations  (30),  (32),  .  .  .   (37). 
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Figs,  lie  and  lid  represent  two  other  complete  networks  that  also 
are  potentially  equivalent  to  those  in  Figs.  11a  and  lib12. 

Appendix  D  gives  the  three  sets  of  formulas  expressing  the  values 
of  the  elements  constituting  the  networks  in  Figs,   lib,  lie,  lid  re- 
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Fig.    11 — Four  Potentially   Equivalent  4-Element   Complete   Networks   Possessing 
High  Simulative  Precision  for  Most  Applications,  Except  at  Very  Low  Frequencies 


spectively,    in   terms  of   the   elements   constituting   the   network   in 
Fig.  11a,  when  those  four  networks  have  equal  impedances. 

Although  the  four  complete  networks  in  Fig.  11  are  potentially 
equivalent  as  regards  impedance  there  is  some  choice  among  them  from 
the  viewpoint  of  cost  and  space  occupied.  For  it  is  readily  seen  by 
mere  inspection  of  the  networks  at  zero  frequency  that,  when  they 
have  equal  impedances, 


C-2_rC-3  —  L8TC9-  64  —  Ce 


(30) 


Thus  the  networks  in  Figs.  11a  and  lid  have  the  same  total  capacity; 
and  this  is  less  than  the  total  capacity  of  the  network  in  Fig.  lib 
by  the  amount  C$,  and  is  less  than  the  total  capacity  of  that  in  Fig.  lie 
by  the  amount  C7.  Similarly  by  mere  inspection  of  the  networks  at 
infinite  frequency  it  is  seen  that 


Gf,-\-G-,  —  G&-\-G$  —  G\, 


(40) 


the  G's  being  the  reciprocals  of  the  R's  and  thus  being  the  corre- 
sponding conductances. 

Before  leaving  Fig.  11  it  may  be  noted  that  the  network  in  Fig.  lid 
has  the  same  form  as  though  obtained  by  connecting  in  parallel  two 
networks  having  the  same  form  as  Fig.  6c  but  with  elements  Ri,  CY 
and  Ri",  C\" ,  say.     Now  it  is  known  that,  in  most  applications,  the 

12  In  connection  with  Figs,  lib  and  lie  the  network  shown  in  U.  S.  Patent  No. 
1,240,213  of  September  18,   1917  may  be  of  some  interest. 
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network  in  Fig.  lid  has  much  higher  simulative  precision  than  that 
in  Fig.  6c.  These  considerations  suggest  the  possibility  of  attaining 
still  higher  precision  by  connecting  in  parallel  several  such  networks, 

having  constants  RS,  Cx'\  Rx",  &";  Rx"\  Cx'" 

Fig.  12  represents  the  two  limiting  forms  of  the  network  in  Fig.  11, 
corresponding  to  the  limiting  values  0  and  1  of  the  parameter  D 
occurring  in  the  design-equations  (32),  .  .  .  (37).  For  D  =  0  the 
limiting  form  is  that  represented  in  Fig.  12a, and  this  will  be  recognized 
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Fig.   12 — The  Two  Limiting  Forms  of  the  Networks  in  Fig.  11,  Corresponding  to 
the  Limits  0  and  1  of  the  Parameter  D.     Networks  (b)  and  (c)  are  Potentially 

Equivalent 


as  the  simple  2-element  network  already  shown  in  Fig.  6c;  while  for 
D  =  1  the  limiting  forms  are  the  two  potentially  equivalent  3-element 
networks  represented  in  Figs.  12b  and  12c,  and  are  thus  of  the  same 
forms  as  two  mentioned  below,  under  the  heading  Modifications  for 
Very  Low  Frequencies,  as  being  capable  of  furnishing  approximate 
simulation  extending  down  to  zero  frequency.  The  values  of  the 
elements  of  the  network  in  Fig.  12c  in  terms  of  the  elements  of  the 
network  in  Fig.  12b,  for  equivalence  of  these  two  networks  as  regards 
impedance,  are 

R6  =  RX  +  R3  =  3RX,  (41) 


R7  =  Rl(l+R1/R3)=3Rl/2, 

_G =  4G 

(1+Rx/RzY  =     9  ' 


G  = 


(42) 
(43) 


Thus    the   network   in   Fig.    12c  requires  only   four-ninths  as  much 
capacity  as  the  network  in  Fig.  12b. 
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Modifications  for   Very  Low  Frequencies 

Thus  far  the  present  paper  has  dealt  with  the  characteristic  im- 
pedance of  smooth  lines  as  distinguished  from  their  sending-end 
impedance,  strictly  speaking.  The  two  are  closely  equal  when  the 
lines  are  electrically  long,  which  is  usually  the  case  for  the  telephonic 
frequency  range;  but  at  very  low  frequencies  the  sending-end  im- 
pedance of  even  a  rather  long  line  may  depend  very  greatly  on  the 
distant  terminating  impedance  and  hence  depart  widely  from  the 
characteristic  impedance.  In  case  the  terminating  impedance  is 
conductive  to  direct  current  the  sending-end  impedance  of  even  a 
strictly  non-leaky  line  would  have  a  finite  value  at  zero  frequency;  its 
resistance  component  evidently  being  equal  to  the  total  line-wire 
resistance  plus  the  terminating  resistance,  while  its  reactance  com- 
ponent would,  of  course,  be  zero.  Actually,  on  account  of  line  leak- 
ance,  the  resistance  component  would  be  somewhat  less;  and  in  case 
the  distant  terminating  impedance  permits  no  passage  of  direct  cur- 
rent the  sending-end  impedance  of  the  line  at  zero  frequency  would 
depend  largely  on  the  line  leakance. 

Most  of  the  simulating  networks  thus  far  described  were  devised 
primarily  with  regard  to  the  voice  range  of  frequencies,  without  refer- 
ence to  frequencies  very  far  below  that  range.  At  very  low  fre- 
quencies these  networks  become  unsuitable  because  their  impedance 
is  not  only  much  too  large  but  also  has  not  even  approximately  the 
proper  angle.  There  have  not  been  many  occasions  for  modifying 
the  networks  so  as  to  extend  their  range  of  simulation  down  toward 
zero  frequency;  but  it  seems  likely  that  in  most  cases  the  requisite 
modification  in  the  network  impedance  could  be  attained,  at  least 
roughly,  by  shunting  the  excess-simulator  (Fig.  5b)  with  a  mere 
resistance  S'  approximately  equal  to  the  zero-frequency  sending-end 
resistance  of  the  line  diminished  by  the  resistance  R\  of  the  basic 
resistance  element.  Clearly  this  modification  will  give  the  network 
the  desired  impedance  at  zero-frequency,  without  affecting  its  im- 
pedance at  infinite  frequencies;  since  the  impedance  of  the  unshunted 
excess-simulator  is  infinite  13  at  zero-frequency  and  is  zero  at  infinite 
frequencies.  At  the  intermediate  frequencies  the  resulting  modifi- 
cation would  doubtless  be  slight  except  toward  the  lower  frequencies, 
where  it  would  increase  more  and  more  rapidly  as  zero-frequency  is 
approached.  Of  course,  the  addition  of  the  modifying  element  S' 
would   usually  entail  some    alterations  in  the    proportioning  of  the 

15  Except  for  the  limiting  form  in  Fig.  10b. 
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original  network,  as  indicated  by  Fig.  13a,  where  the  altered  values  of 
J  and  Ri  are  denoted  by  J'  and  Rx'  respectively. 
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Fig.  13 — Two  Potentially  Equivalent  Modifications  for  Extending  Range  of  Simula. 

tion  Down  to  Zero  Frequency,      (a  .   Modification  by  Shunting  the  Excess-Simulator 

J',      (b).   Modification    by   Shunting   the    Complete    Network    R/'  +  J" 


Fig.  13b  represents  an  alternative  but  potentially  equivalent  form 
of  modification,  obtained  by  shunting  the  original  form  of  network 
(Fig.  5c)  with  a  resistance  S";  and  the  conditions  for  equivalence  arc 

S"  =  £'+£/,  (44) 

Rl"=R1'(l+Rl'/S'),  (45) 

-     J"  =  J'(1+R1'/S')*.  (46) 

Since  the  shunts  S'  and  S"  are  potentially  equivalent  in  their  effects 
their  simultaneous  application  would  be  potentially  equivalent  to 
the  application  of  either  alone. 

Thus  far  the  suggested  modifications  have  been  stated  only  with 
reference  to  the  excess-simulator  regarded  abstractly.  When  the 
specific  structure  of  the  excess-simulator  is  regarded,  the  modification- 
can  take  several  different  forms  which,  for  any  one  excess-simulator, 
are  equivalent  as  regards  impedance.  Certain  of  these  are  noted  in 
the  following  paragraphs: 

Among  the  modified  excess-simulators  will  evidently  be  found  one 
having  the  limiting  form  already  depicted  in  Fig.  10b. 

Fig.  14  represents  by  (a)  and  (b),  respectively,  the  3-element 
excess-simulators  in  Figs.  7a  and  7b  modified  by  the  shunt  resistance 
S',  and  thereby  converted  to  4-element  excess-simulators.  Figs.  14c 
and  14d  represent  two  other  4-element  excess-simulators  that  are 
potentially  equivalent  to  those  in  Figs.  14a  and  14b  as  regards  im- 
pedance. 
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Before  leaving  Fig.  14  it  may  be  noted  that  the  excess-simulator  in 
Fig.  14d  has  the  same  form  as  though  obtained  by  connecting  in 
series  two  of  the  simple  form  of  modified  excess-simulator  in  Fig.  10b 
having  elements  C2',  Rz  and  C2",  R3",  say.    This  observation  suggests 
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Fig.    1-4 — Four    Potentially    Equivalent   4-Element    Excess-Simulators    Embodying 
Shunt-Resistance  Modifiers  for  Extending  the  Range  of  Simulation  down  to  Zero 

Frequency 


the  possibility  of  attaining  still  higher  simulative  precision  for  a 
modified  excess-simulator  by  connecting  in  series  several  such  simple 
modified  excess-simulators. 

Among  the  modified  complete  networks  will  evidently  be  found  two 
having  respectively  the  forms  already  depicted  in  Figs.  12b  and  12c. 

Fig.  15  represents  four  potentially  equivalent  complete  networks 
derived  from  Fig.  lid  by  application  of  a  shunt  resistance  S" .    The 
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Fig.    15 — Four  Potentially  Equivalent  Complete  Networks  Embodying  Shunt-Re- 
sistance Modifiers  for  Extending  the  Range  of  Simulation  Down  to  Zero  Frequency 
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forms  in  Figs.  15c  and  15d,  though  each  containing  a  superfluous 
element,  are  of  interest  because  they  have  the  same  forms  as  though 
obtained  by  connecting  in  parallel  two  networks  of  the  forms  already 
depicted  in  Figs.  12c  and  12b  respectively. 


Modifications  For  Leaky  Lines 

For  lines  whose  leakance  is  not  quite  negligible  a  study  of  the 
formulas  and  graphs  of  the  line  impedance  indicates  that  the  effects 
of  such  leakance  can  be  sufficiently  taken  into  account  by  a  mere  slight 
reproportioning  of  the  network  without  the  addition  of  any  further 
element,  except  that  a  small  series  inductance  might  be  a  slight  im- 
provement in  those  cases  where  the  leakance  increases  rapidly  with 
the  frequency. 

Appendix  A 
Equations  of  the  Components  of  the  Line  Impedance 

This  Appendix  contains  the  equations  for  the  rectangular  compon- 
ents and  the  equation  for  the  angle  of  the  relative  impedance  z  and  of 
the  impedance  K,  corresponding  to  most  of  the  various  forms  of  the 
equations  employed  in  this  paper  for  expressing  z  and  K.  It  thereby 
includes  the  equations  for  all  the  graphs  employed  in  representing 
z  and  K.  It  contains  also  the  equations  for  the  network  of  curves  of 
z  and  K  in  the  complex  plane  for  certain  of  the  more  important  limit- 
ing cases  involving  not  more  than  one  parameter. 

With  regard  to  the  notation  it  will  be  recalled  that  z=x-\-iy  and 
K  =  M+iN.  The  angles  of  z  and  K  will  be  denoted  by  ag  z  and  ag  K, 
respectively,  "ag"  being  an  abbreviation  for  "angle  of". 


Equation  (10) :  2  =  a|  tt 


+iF 


(b  +  i)F' 


.    b  +  F+V(l+b*)  (1  +  F2), 
A      \    '  2  (1+62)  F 

1-bF 

2(l+b2)Fx 

.  \-bF 
agz  =  -i  tan      j-^-y 
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Equation  (11):  z  =  \'  — 


+iF. 


+  iF 


fq  +  F2+V(l  +  ^2)(a2  +  /r2) 
X      >l  2(a2+F2) 

(l-a)F 

y=  —\ 


2(a2  +  JF2).r 


x  i      _,  (l-a)F 
agz=  —\  tan   i .   „„  • 


Equation  (12):  z  =  Vl-i/F\ 


x=-±=  N|l  +  Vl  +  1/F2, 


V=  -l;2/^=-V/X2-l, 

_1=J 2_ 

*  8F2   (.T+1).T2' 

ag  z=  —\  cot~1F. 
The  relation  y==  —  V x2  —  1  can  be  written  in  the  form 

x-l=    |x-l 

which  shows  that  x  —  1  is  always  smaller  than  — y;  and  is  very  much 
smaller  except  at  small  values  of  F,  where  the  two  approach  equality 
as  F  approaches  zero. 

The  locus  of  z  in  the  .vy-plane  is  the  hyperbola  x2— y2  =  l.  For  any 
preassigned  value  of  F  the  corresponding  values  of  x  and  y  on  this 
locus  can  be  accurately  calculated  by  means  of  the  above  equations 
for  x  and  y.  For  any  pair  of  values  of  x  and  y  situated  on  this  locus 
the  corresponding  value  of  F  is  given  by  F—  —1   2xy. 


Equation  (19) :  K  =  J        *        ; 

\  (b-\-i)E 


u  =      6  +  ^2£  +  V(l+62)  (l+^£2) 
\  2{1 +b2)E 


l-bk-E 

N  =  - 


2(l+b2)EM' 

\-bk2E 


agK=-±  tan       b  +  k2R 


SMOOTH  LINES  AND  SIMULATING  NETWORKS  31 


Equation  (20)  K  =  ^^S> 


M_J?  +  k*E*  +  V(l+k*E>)  (g4+£2) 


N-- 


2  (g4+£2) 
(l-g2fc2)E 


2(g4  +  E2)lT 


v         t  ■       _,  (l-g2&2)E 
agK=-i  tan        g2  +  ^2£2  • 


Equation  (21)  :  K  =  Vk2-i/E; 

a/2  \ 

iV  =  - 1  2£Af  =-VM2-^ 

M-*  =  ^ *— > 

8£2  (Af+AOM2 

agX=-i  cot-1  fc2£. 

The  relation  iV=  —  VM2— fc2  can  be  written  in  the  form 

M-k        \~M^k 


-N      \  M+k' 

which  shows  that  M—k  is  always  smaller  than  —N,  though  the  two 
approach  equality  when  E  approaches  zero. 

The  network  of  curves  of  K  in  the  MW-plane  are  the  equi-&  curves 
consisting  of  the  family  of  hyperbolas  M2  —  X2  =  k2,  and  the  equi-£ 
curves  consisting  of  the  family  of  hyperbolas  MN=  —1/2E. 

Appendix  B 

On  the  Simple  Tvpe  of  Complete  Network   (Fig.   6) 

The  network  in  Fig.  6c  consisting  of  a  resistance  Ri  and  capacity 
C\  in  series  with  each  other  and  having  the  values  expressed  by  equa- 
tions (30)  and  (31)  was  originally  arrived  at  by  working  with  values  of 
F  large  or  at  least  fairly  large  compared  with  unity;  for  then,  by 
equation  (12),  the  characteristic  impedance  K  has  approximately  the 
value. 

K  =  k-ik/2F.  (1-B) 
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This  represents  K  as  having  a  resistance  component  k  that  is  inde- 
pendent of  frequency,  and  a  reactance  component  —k/2F  that  is 
negative  and  inversely  proportional  to  the  frequency/  (since  F  =  wL/R) 
and  thus  leads  exactly  to  the  values  of  Ri  and  C\  expressed  by  (30) 
and  (31),  whence  the  impedance  of  this  network  is  exactly  equal  to 
the  approximate  value  of  the  line  impedance  expressed  by  (1-B). 

To  obtain  more  precise  and  comprehensive  knowledge  regarding 
the  simulative  precision  of  this  network  its  exact  impedance  k  —  ik/2F 
will  here  be  compared  with  the  exact  value  of  the  line  impedance 
(when  leakance  is  neglected).  For  this  purpose  it  is  convenient  to 
employ  the  line  impedance  in  the  form 

K  =  xk-ik/2xF,  (2-B) 

obtained  by  means  of  the  relation  y=  —  12Fx  found  under  equation 
(12)  in  Appendix  A.  The  equation  (2-B)  shows  that  to  exactly  simu- 
late the  line  impedance  by  a  resistance  Ri  and  capacity  C\  in  series 
with  each  other  these  would  have  to  possess  the  values 

Ri'=xVL/C,  (3-B) 

Ci,=2xVLCt  (4_B) 

R, 

which  differ  only  by  the  factor  x  from  the  values  of  Ri  and  C\  ex- 
pressed by  (30)  and  (31).  Thus  the  ideal  resistance  R\  and  capacity 
C\  for  exactly  simulating  the  line  impedance  would  vary  with  F  in 
precisely  the  same  way  as  x  varies  with  F.  Moreover  the  ratio  of 
these  ideal  values  to  the  fixed  values  of  R\  and  C\  expressed  by  (30) 
and  (31)  is  merely  x.  By  reference  to  Fig.  1  (with  b  =  0)  it  will  be 
seen  that,  except  at  small  values  of  F,  the  factor  x  is  nearly  inde- 
pendent of  F  and  is  only  slightly  greater  than  unity.  Thus  the  values 
of  Ri  and  C\  determined  by  means  of  equations  (30)  and  (31)  are 
slightly  too  small  at  all  frequencies;  while  the  values  determined  by 
means  of  equations  (3-B)  and  (4-B),  for  any  specified  frequency 
(by  inserting  the  appropriate  value  of  x),  are  slightly  too  small  at 
lower  frequencies  and  slightly  too  large  at  higher  frequencies. 
Since  (3-B)  can,  by  (30),  be  written  in  the  form 

Rt' =R1+{x-IWl]C',  (5-B) 

and  since  x  is  always  greater  than  unity,  it  is  seen  that  the  simulation 
can  be  somewhat  improved  by  supplementing  the  excess-simulator 
with  a  small  series  resistance  element  Ru,  the  ideal  value  of  which 
would  be 

Ru  =  (x-l)\/L/C.  (6-B) 
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Actually,  since  x  varies  with  frequency,  Rn  is  limited  to  some  com- 
promise value.  In  practice  Rn  would  usually  be  combined  with 
the  basic  resistance  A\,  though  the  functions  of  the  two  are  distinctly 
different.  (If  the  requisite  value  of  Ru  were  negative,  Ri  would 
merely  be  decreased  by  that  amount.) 

Appendix  C 

On  the  Precise  Types  of  Excess-Simulators  (Fig.  7) 

The  two  sets  of  formulas  (32),  (33),  (34)  and  (35),  (36),  (37).  rep- 
resenting first-approximations  to  the  proper  values  of  the  elements 
constituting  the  excess-simulators  in  Figs.  7a  and  7b  respectively, 
were  originally  obtained  by  working  with  values  of  F  large  or  at 
least  fairly  large  compared  with  unity;  for  then,  by  (13),  the  excess 
characteristic  impedance  K  —  k  has  approximately  the  value 

k  k 

while,  at  large  or  fairly  large  values  of  T,  the  impedance  J  —  P-\-iQ 
of  each  excess-simulator  in  Fig.  7  can  be  expressed  approximately 
by  the  equation 

j^.^l+p,  (2.C) 

derived  from  the  exact  equation  (16-C)  below,  in  which  t,  P0,  and  T 
have  the  values  defined  by  the  following  two  sets  of  equations  (3-C), 
(4-C),  (5-C)  and  (6-C),  (7-C),  (8-C)  for  the  excess-simulators  in 
Figs.  7a  and  7b  respectively : 

t  =  C2/C3,  (3-C)  t=C6/Cit  (6-C) 

r  =  cuC^sj  (5C)  T  =  u>CbRb,  (8-C) 

Po  thus  being  the  value  of  P  at  a>  =  0.  Comparison  of  the  approxi- 
mate equations  (1-C)  and   (2-C)  gives  immediately 

Po  T-  =  k  8F2,  (9-C) 

(l+/)Po  T=k  2F,  (1C-C) 

as  the  two  conditions  that  are  necessary  and  sufficient  for  (approxi- 
mate) equality  of  J  and  K  —  k  at  large  values  of  F  and  T.    This  pair 
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of  equations  is  equivalent  to  the  more  convenient  equations  (11-C), 


T 


8P0 


F     1+/     \     k 


(11-C) 


Thus  the  ratio  of  T  to  F  is  fixed  as  soon  as  either  /  or  Po/k  is  fixed. 
It  will  be  convenient  to  adopt  V  i\  2k  as  the  arbitrary  quantity  and 
to  denote  it  by  D,  so  that 


whence 

and 

and 


D  =  VPo/2k, 
Po  =  2Dn-k, 

T  =  ADF. 


(12-C) 
(13-C) 

(14-C) 
(15-C) 


Since  only  positive  values  of  /  and  D  are  physically  admissible,  equa- 
tion (14-C)  shows  that  the  admissible  range  of  D  is  0  to  1. 

From  (13-C),  (14-C),  (15-C)  and  the  defining  equation  F  =  uL/R 
the  two  sets  of  equations  (32),  (33),  (34)  and  (35),  (36),  (37)  follow 
readily  from  the  two  sets  of  defining  equations  (3-C),  (4-C),  (5-C)  and 
(6-C),  (7-C),  (8-C),  respectively. 

The  formula  for  plotting  the  curves  in  Fig.  8  depends  on  the  exact 
equation  for  J/Po  which  is 


J 


1 


.t  +  (\+t)T2 


Po     1  +  7'2        7^(1  +  7^-) 


(16-C) 


By  substituting  herein  the  values  of  Pu,  /,  and  T  expressed  by  (13-C), 
(14-C),  (15-C)  the  equation  for  J.'k  becomes 


1=       2L>2  .l-\-\QD2F2-D 

k~l  +  l6D2F2     l2F(l-\-lW2F-)' 


(17-C) 


which  is  thus  the  exact  formula  for  the  relative  impedance  J/k  of 
each  of  the  excess-simulators  in  Fig.  7  when  these  are  proportioned  in 
accordance  with  the  formulas  (32),   .   .   .   (37). 

A  semi-graphical  method  will  now  be  outlined  in  the  remainder  of 
this  Appendix.  In  this  method  the  ratio  T/f  is  of  frequent  occur- 
rence and  will  be  denoted  by  d.  Then,  recalling  that  P-\-iQ  =  J,  it 
will  be  seen  from  equation  (16-C)  that  P/Po  depends  only  on/  and  (/; 
while  Q/Po  depends  on  /,  d,  and  /.  These  observations  are  the  basis 
for  the  method  now  to  be  described  for  evaluating  the  three  para- 
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meters  P0,  d,  and  /  which  implicitly  determine  the  elements  of  the 
excess-simulators  in  Fig.  7. 

In  the  first  step  of  this  method  the  two  parameters  d  and  Po  are 
so  chosen  that  the  resistance  component  P  of  the  excess-simulator 
will  he  approximately  equal  to  the  excess  resistance  M—k  of  the  line- 
impedance  K,  over  the  specific  /-range  contemplated,  or  else  will 
differ  therefrom  by  a  nearly  constant  amount,  which  can  be  approxi- 
mately simulated  by  a  mere  series  resistance  element.  In  the  second 
step  of  the  method  the  remaining  parameter,  t,  is  so  chosen  that  the 
reactance  component  Q  of  the  excess-simulator  will  be  approximately 
equal  to  the  reactance  TV  of  the  line  impedance,  when  d  and  P0  have 
the  pair  of  values  already  chosen  in  the  first  step.  The  technical 
procedure  in  these  two  steps  may  now  be  formulated  explicitly  as 
follows: 

First,  over  the  contemplated  /-range,  plot  a  set  of  curves  represent- 
ing P/Po  as  function  of/  with  d  as  parameter;  and  on  the  same  sheet 
a  set  of  curves  representing  (M—k  I  P0  as  function  of/  with  P0  as  para- 
meter. To  evaluate  d  and  P0  choose  (by  interpolation,  if  necessary) 
such  P  iVcurve  and  (M  —  k)  P0-curve  as  most  closely  coincide.  A 
preliminary  idea  regarding  the  useful  ranges  of  d  and  P»  can  be  readily 
obtained  from  the  approximate  formulas  (15-C)  and  (13-C),  together 
with  Fig.  8. 

Second,  on  another  sheet  plot  as  function  of/  that  particular  N/P0- 
curve  having  as  parameter  the  value  of  P0  already  found  in  the  first 
-step.  With  this  value  of  P0  and  the  corresponding  value  of  d,  as 
found  in  the  first  step,  plot  also  a  sufficient  set  of  (?/P0-curves  as 
function  of/  with  /  as  parameter  to  find  the  one  that  coincides  most 
closely  with  the  single  X  P„-curve  already  plotted.  To  abridge 
this  step  tentative  values  for  /  can  be  readily  obtained  from  the  ap- 
proximate formula  (14-C),  together  with  Fig.  8.  But  the  useful 
range  of  /  can  be  demarcated  more  closely  by  solving  for  /  the  equation 
obtained  by  equating  the  expressions  for  Q  and  .V;  the  value  for  t 
thus  found  is  N 

dfN         d2f 


t  = 


Po        L+rf2/2' 


This  may  even  be  plotted,  as  function  of/,  to  see  whether  the  requisite 
value  of  t  varies  much  in  the  contemplated  /-range. 

If  the  best  compromise  value  of  t  found  in  the  second  step  is  un- 
satisfactory as  regards  simulation  of  X  by  Q,  it  will  be  necessary  to 
revert  to  the  first  step,  choose  some  other  pair  of  values  for  d  and 

14  It  will  be  recalled  that  the  line-reactance  N  is  practically  always  negative. 
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Po,  and  with  these  repeat  the  second  step.  In  this  connection  it 
should  be  noted  that,  in  the  first  step,  it  is  not  necessary  to  choose 
the  P  Po-curve  and  (M—k)/P0-cur\e  which  most  closely  coincide; 
on  the  contrary  it  suffices  to  choose  two  curves  that  are  closely  parallel 
(that  is,  have  closely  equal  slopes  at  each/).  For,  corresponding  to 
the  nearly  constant  distance  between  such  two  curves,  it  will  only  be 
necessary  to  supplement  the  excess-simulator  with  a  series  resistance 
element  Rn — which  will  thus  in  the  complete  network  be  also  in  series 
relation  to  the  basic  resistance  Ri  and  hence  can  be  merged  therewith 
(even  when  the  requisite  Rn  is  negative,  provided  it  is  less  than  Ri 
in  absolute  value). 

After  the  parameters  /,  P0,  and  d=T/f  have  been  evaluated,  the 
values  for  the  elements  of  the  excess-simulators  in  Figs.  7a  and  7b 
can  be  readily  obtained  from  the  two  sets  of  equations  (3-C),  (4-C), 
(5-C)  and  (6-C),  (7-C),  (8-C),  respectively;  it  thus  being  found  that 

C2  =  d/2Tr(l+t)Po, 
Cs  =  d/2Tr(l+t)tP0, 
Rs  =  P0(l+t)\ 

Ci  =  d/2TrtP0, 
C6  =  d/2irP0, 
Rb  =  Po- 


The  requisite  value  for  the  supplementary  series  resistance  element 
Rn  is  evidentlv 

_p(M-k       P\ 

which  will  be  approximately  independent  of  /  if  the  curves  of  P/Po 
and  (M  —  k)  Po  chosen  in  the  first  step  are  approximately  parallel. 
If  the  requisite  value  of  Rn  is  negative,  the  basic  resistance  R\  will 
merely  be  decreased  by  that  amount. 

For  the  limiting  form  of  excess-simulator  in  Fig.  10b  the  design- 
procedure  is  considerably  simpler,  because  the  parameter  /  is  fixed 
(/  =  0).  The  two  remaining  parameters  d  and  P0  can  be  evaluated 
by  inspection  of  two  sheets  of  curves  plotted  as  functions  of/:  One 
sheet  containing  a  set  of  curves  of  P/P0  with  d  as  parameter,  and 
curves  of  (M  —  k)/Po  with  P0  as  parameter;  and  the  other  sheet, 
curves  of  Q/Po  with  d  as  parameter,  and  curves  of  N/P0  with  P0  as 
parameter. 
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Instead  of/  as  the  independent  variable  it  may  be  more  convenient 
to  employ  some  quantity  proportional  to  /  (for  instance,  F  or  E) ; 
likewise,  instead  of  P,  Pq,  Q,  M,  N,  some  quantities  proportional  to 
them  (for  instance,  their  ratios  to  k). 

Appendix  D 

Relative  Values  of  the  Elements  in  the  Four  Precise  Types 
of  Complete  Networks  (Fig.  11) 

The  following  three  sets  of  formulas  express  the  values  of  the  ele- 
ments constituting  the  networks  in  Figs,  lib,  lie,  lid,  respectively,  in 
terms  of  the  elements  constituting  the  network  in  Fig.  11a  when  those 
four  networks  have  equal  impedances.  These  formulas  involve 
the  two  ratios  £  and  f  pertaining  to  the  network  in  Fig.  11a  and  de- 
fined by  the  equations 

£  =  C3  C2)      i-  =  RLR-s. 
For  Fig.  1  lb, 

For  Fig.  lie, 


:-'+(i£i) 


R3    s     Vl  +  £7  C3       £ 


a+Kif^) 


For  Fig.  lid, 


i?8==  2fT 

#3    (n+T)-2a+o' 

#9  = 2Tr 

i?3        2(l+£)-(77-T), 

C8_2£-r(l  +  £)(r?-r) 
G  2tfr 

C9  =  r(l  +  £)U  +  T)-2S 
c3  2tfT 


where  tj  =  1  +  £+|>       r  =  ^  ^l  +  ^-f-iV  — 4^ 
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Appendix  E 
Illustrative  Example 

The  example  contained  in  this  Appendix  serves  two  purposes. 
First,  it  illustrates  the  use  of  two  types  of  the  general  line-impedance 
graphs  contained  in  Parts  II  and  III  of  the  paper;  second,  it  illus- 
trates the  first-approximation  design  of  a  simulating  network  by 
means  of  the  method  in  Part  IV. 

The  specific  example  chosen  pertains  to  a  well-insulated  open-wire 
line  consisting  of  two  horizontal  parallel  copper  wires,  of  No.  12 
N.  B.  S.  gauge,  having  per  loop-mile  the  constants 

R=  10.4  ohms,  L  =  .00367  henry,  C=.00835xl0~6  farad, 

the  leakance  G  being  regarded  as  negligible.  This  particular  type  and 
gauge  of  line  was  chosen  because  it  is  rather  extensively  employed  in 
practice,  and  also  because  its  excess  impedance  is  far  from  being 
negligible  even  as  regards  its  resistance  component. 

For  the  illustratve  purposes  contemplated,  it  will  be  supposed  that 
it  is  desired  to  evaluate  the  resistance  and  reactance  components 
M  and  AT  of  the  characteristic  impedance  K  of  this  line  over  the 
frequency-range  from  200  to  2500  cycles  per  second;  and  also  to 
design  a  network  for  approximately  simulating  this  impedance  over 
that  frequency-range,  and  to  determine  the  simulative  precision  of 
such  network. 

The  procedure  and  results  are  indicated  by  the  following  table 
together  with  the  supplementary  description  coming  thereafter. 


/ 

F 

X 

— y 

M 

-N 

r 

u 

-v 

5n    8 

200 

.444 

1.32 

86 

876 

570 

.222 

1.87 

1.22 

3 

0 

300 

.666 

1  19 

64 

790 

425 

.m 

1.69 

.91 

16.6  1 

3 

500 

1.110 

1.08 

42 

717 

279 

.555 

1 .  53 

.60 

8.1 

3 

800 

1.776 

1  04 

27 

691 

179 

.888 

1.48 

.38 

3.6 

1200 

2.664 

1.02 

19 

676 

126 

1.332 

1.45 

.27 

17 

1600 

3.552 

1.01 

14 

670 

93 

1.776 

1.43 

.20 

1.0 

2000 

4  440 

1  01 

12 

670 

80 

2  220 

1.43 

.17 

.6 

2300 

5.106 

1.01 

10 

670 

66 

2.553 

1.43 

.14 

.5 

2500 

5 .  550 

1.01 

10 

670 

66 

2.775 

1.43 

.14 

4 

X 

X 

1 

0 

663 

0 

X 

VI 

0 

0 

0 

The  first  column  in  the  table  is  a  set  of  values  of  the  frequency  / 
distributed  over  the  specified  range  200  to  2500. 

The  columns  headed  F,  x,  —y,  M,  —N,  show  the  successive  steps  in 
evaluating   the   characteristic   impedance   K  =  M-\-iN   by    means   of 
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Fig.  2  15,  with  a  =  0  (since  the  leakance  G  is  neglected).  The  F- 
column  was  obtained  from  the  /-column  by  means  of  the  equation 
F  —  wL  R  =  . 00222/.  Next  the  values  of  x  and  y  were  read  from  the 
curves  a=0  in  Fig.  2.  Finally  M  and  AT  were  obtained  from  M  =  kx 
and  X  =  ky,  with  &  =  VL/C  =  663  ohms  (whence  .1/  and  A7  are  in 
ohms).  From  the  table  it  will  be  noted  that  at  /  =  200  the  excess 
resistance  i>  about  one-third  as  large  as  the  nominal  impedance,  and 
the  reactance  is  about  nine-tenths  as  large  as  the  nominal  impedance. 
The  columns  r,  a,  —v  show  the  steps  in  evaluating  M  and  N  by 
means  of  Fig.  4.  After  choosing  Fi  (in  Fig.  4)  equal  to  2  16,  the  r- 
column  was  obtained  from  the  /-column  by  means  of  the  equation 
r=f/fi  =  2wLf/RFi  =  .00111f.  Next  the  values  of  u  and  v  were  read 
off  from  the  curves  F\  =  2  in  Fig.  4.  Finally  the  values  of  M  and  N 
were  obtained   from    M=  Kill  and  A'  —  \Ki\v,  with  \Ki\  =  V i?/coiC  = 

Vl/cf]  =  mv.k 

The  two  last  columns  (5o,  5)  of  the  table  show  the  percentage  pre- 
cision of  certain  simulating  networks  designed  in  accordance  with  the 
first-approximation  methods  of  this  paper,  and  having  for  their  ele- 
ments the  values  given  in  the  last  paragraph  of  this  Appendix. 

6(,  pertains  to  the  simple  2-element  network  in  Fig.  6c  when  propor- 
tioned in  accordance  with  equations  (30)  and  (31).  The  values  of  50 
were  read  from  the  curve  D  =  0  in  Fig.  S.  The  precision  at  the  lowei 
frequencies  could  be  considerably  improved  by  the  addition  of  a  small 
resistance  Kn  (as  already  noted  in  connection  with  equation  (6-B)  of 
Appendix  Hi.  but  with  a  corresponding  sacrifice  in  the  rest  of  the 
range. 

o  pertains  to  the  4-element  networks  in  Figs.  11a  and  lib  when 
proportioned  in  accordance  with  (30),  (32),  (33),  (34)  and  (30),  (35) i 
(36),  (37)  respectively;  and  o  pertains  also  to  the  networks  in  Figs. 
1  Ic  and  1  Id  when  these  are  proportioned,  by  Appendix  D,  so  as  to  be 
equivalent  to  the  network  in  Fig.  11a.  The  values  of  5  were  read 
from  the  curve  D  =  0.55  in  Fig.  8,  this  value  of  D  being  known  from 
Fig.  9  to  be  about  the  best. 

The  values  of  the  elements  of  the  networks  to  which  50  and  5  per- 
tain will  now  be  set  down,  each  preceded  by  a  reference  to  the  cor- 
responding diagram  and  design-formulas: 

Fig.  6c — Formulas  (30);  (31);  Precision  5o. 

7?,  =663  ohms,  d  =  1,063x1 0~6  farad. 

15  Or  Fig.  1,  with  6=0;'but  Fig.  2  is  plotted  to  a  larger  scale. 
10  F,.  =  1  would  he  somewhat  preferable  for  reading  off  values;  but  the  principles 
are  more  clearly  exhibited  by  choosing  for  F\  some  other  value  than  unity. 
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Fig.  11a— Formulas  (30),  (32),  (33),  (34);  Precision  5. 

i?!  =  663  ohms,  C2  =  1.063xl0"6  farad,  C3  -  1.300x10  6  farad, 
R3  =  1326  ohms. 

Fig.  lib—Formulas  (30),  (35),  (36),  (37);  Precision  8. 

i?!  =  663  ohms,  C4  =  2.362xl0-6  farad,  C5  =  1.932xl0-6  farad, 

i?5  =  401  ohms. 

Note: — To  furnish  sufficiently  high  precision  for  most  engineering  applications 
the  curves  and  the  cross-section  lines  in  the  line- impedance  charts  would  evidently 
have  to  be  drawn  at  much  closer  intervals  than  has  been  done  in  the  present  paper, 
where  the  purpose  of  the  charts  is  mainly  qualitative,  or  only  roughly  quantitative, 
to  exhibit  the  general  nature  of  the  functions  involved. 


Practical  Application  of  Carrier  Telephone  and 
Telegraph  in  the  Bell  System 

By  ARTHUR  F.  ROSE 

IN  1918  it  was  announced  that  the  engineers  of  the  Bell  System 
had  perfected  carrier  current  telephone  apparatus  to  such  a  point 
that  four  talking  circuits  had  been  added  to  one  pair  of  wires  already 
in  use  for  telephone  and  telegraph  communication  and  were  being 
used  commercially  between  Pittsburgh  and  Baltimore  for  providing 
needed  telephone  facilities.  Since  that  time  the  growth  of  carrier 
application  in  the  Bell  System  has  been  quite  rapid.  The  purpose 
of  this  paper  is  to  summarize  the  applications  of  carrier  up  to  the 
present  time  and  give  a  few  typical  examples  where  it  has  been  found 
economical  to  provide  circuits  by  means  of  carrier  rather  than  by  other 
types  of  facilities. 

Principles  of  Operation 

The  theory  of  carrier  current  systems,  together  with  a  historical 
sketch,  was  presented  by  Messrs.  Colpitts  and  Blackwell  before  the 
American  Institute  of  Electrical  Engineers  in  February,  1921,  and 
was  published  in  Volume  XL  of  the  Transactions  of  the  Institute. 
For  those  who  do  not  wish  to  go  into  the  detailed  theory  given  in  that 
paper,  it  may  suffice  to  say  that  in  a  carrier  current  system  a  number 
of  telephone  or  telegraph  messages  are  simultaneously  superposed  on 
a  single  pair  of  wires  by  means  of  high  frequency  currents  of  different 
frequencies  on  which  the  individual  messages  are  impressed.  It 
is  from  this  principle  that  the  carrier  current  systems  get  their  name, 
as  the  individual  high  frequency  currents  may  be  said  to  "carry" 
the  telegraph  or  telephone  messages.  By  using  different  frequencies 
for  the  carrier  currents,  the  individual  messages  retain  distinctive 
features  which  enable  them  to  be  separated  one  from  another  at  the 
receiving  end  of  the  circuit. 

On  account  of  the  much  higher  frequencies  that  are  used  in  carrier 
operation,  the  carrier  currents  are  attenuated  more  rapidly  than  the 
ordinary  low  frequency  voice  currents.  This  requires  that  repeaters 
be  located  at  frequent  intervals  in  a  carrier  system.  In  these  re- 
peaters all  the  carrier  channels  are  amplified  together  although  the 
ordinary  voice  frequency  channel  is  separated  out  and  amplified  in 
its  own  repeater. 
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The  telephone  and  telegraph  carrier  systems  although  alike  in  their 
essentials  differ  very  materially  in  the  details  of  their  operation.  With 
the  present  equipment  the  frequencies  employed  in  carrier  telephony 
are  much  higher  than  in  carrier  telegraphy,  thereby  requiring  more 
frequent  repeater  stations.  In  both  telephone  and  telegraph  systems 
it  is  necessary  to  provide  for  two  way  operation.  This  may  be  ac- 
complished by  using  different  carrier  frequencies  in  the  two  directions 
or  by  using  the  same  frequency  in  each  direction  with  directional 
selectivity  obtained  by  the  three-winding  coil  (hybrid  coil)  used  in 
repeater  work.     In  this  latter  case  it  is  necessary  to  provide  networks 


Fig.  1 

to  balance  the  lines  over  which  the  carrier  system- is  operated.  In 
the  past  both  of  these  methods  have  been  used  but  the  tendency  is 
now  in  the  direction  of  eliminating  balance  entirely  on  account  of  its 
attendant  maintenance  difficulties  and  of  providing  for  directional 
selectivity  entirely  by  means  of  different  frequencies  in  the  two 
directions. 

In  order  to  show  the  variations  in  equipment  arrangements  which 
have  been  used  in  carrier  systems,  Figs.  1,  2  and  3  have  been  included. 
Fig.  1  shows  one  terminal  of  the  original  Pittsburgh-Baltimore  carrier 
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telephone  system.  In  this  picture  it  will  be  noted  that  the  apparatus 
is  mounted  on  racks  about  6  feet  high  and  occupying  about  one  square 
foot  of  floor  jpace,  which  are  lined  up  in  rows  as  space  permits.  Fig.  2 
shows  a  terminal  of  a  later  type  of  carrier  telephone  equipment  which 
was  installed  between  Harrisburg  and  Detroit.      In  this  case  the  ap- 


Fig.  2 

paratus  for  a  complete  terminal  (4  channels)  is  mounted  on  four 
relay  bays  as  shown.  The  carrier  telegraph  equipment  shown  in 
Fig.  3  is  a  typical  installation  of  the  latest  apparatus.  Here  rack 
construction  is  used  although  the  individual  panels  are  considerably 
larger  than  the  older  telephone  equipment. 


Present  Development 

As  pointed  out  by  Mr.  Vail  in  his  original  announcement  of  the 
successful  development  of  the  carrier  equipment,  carrier  systems  are 
economical  only  for  the  longer  circuits  in  the  plant.  The  cost  of  the 
terminal  equipment  is  so  great  that  short  circuits  cannot  economically 
be  provided  by  carrier  apparatus.  Repeaters,  for  amplifying  the 
high  frequency  currents  must  also  be  installed  at  frequent  intervals. 
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The  permissible  distance  between  these  repeaters  depends  on  the 
gauge  of  wire  employed  in  the  circuits  on  which  the  carrier  circuits  are 
superposed.  For  this  reason  the  large  gauge  circuits  of  the  Bell 
System  have  been  equipped  first  with  the  result  that  practically  all 
the  existing  carrier  installations  are  installed  on   the   165  mil  wires 


Fig.  3 

which  are  the  largest  generally  in  use  throughout  the  Bell  plant.  This 
wire  is  largely  used  on  the  important  backbone  routes  of  the  country 
and  it  is  on  these  that  the  existing  catrier  circuits  are  superposed. 
In  looking  over  the  map  of  Fig.  4,  which  shows  all  the  existing  carrier 
installations,  this  fact  will  be  noted  and  also  that  the  carrier  systems 
in  most  cases  provide  circuits  over  250  miles  in  length. 

It  is  of  interest  to  note  that  the  application  of  carrier  very  com- 
pletely covers  the  important  cross  country  routes.  In  the  west  the 
circuits  from  Portland  to  Los  Angeles  are  equipped,  the  transcon- 
tinental line  from  San  Francisco  east  to  Harrisburg,  and  the  eastern 
coast  route  from  Bangor  to  Atlanta  with  the  exception  of  the  all  cable 
sections  between  Boston  and  Washington.  As  each  line  on  the  map 
represents  several  channels  the  number  of  circuits  obtained  by  carrier 
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does  not  appear  as  large  as  is  actually  the  case.  In  order  to  give  a 
better  idea  of  the  extent  of  the  carrier  application  the  following  table 
has  been  prepared  which  lists  all  the  systems  shown  on  the  map  and 
totals  the  channel  miles  obtained  by  each  system.  The  telegraph 
channels  if  placed  end  to  end  would  circle  the  globe  3  times  and 
the  telephone  channels  would  extend  somewhat  more  than  half  way 
round. 


Carrier  Telephone  System 


Harrisburg-Chicago 

Boston-Bangor 

San  Francisco-Los  Angeles 

Harrisburg-Detroit 

Boston-Burlington 

Oakland-Portland 

Pittsburgh-Chicago 

Chicago-Detroit 

Total 


Channels 

Miles 

4 

742 

4 

250 

4 

446 

3 

605 

1 

2S4 

3 

735 

6 

552 

4 

527 

29 

3,941 

Channel 
Miles 


2,968 
1,000 

1,784 
1,815 
284 
2,205 
3,312 
1,308 


14,676 


Carrier  Telegraph  System 


Washington- Atlanta 

Harrisburg-Chicago 

Oakland-Portland 

Chicago-Omaha 

Chicago-Pittsburgh  (Via  Terre  Haute) 
Chicago-Pittsburgh  (Via  Indianapolis) 

Key  West-]  [avana 

Chicago-Minneapolis 

Chicago-St.  Louis 

St.  Louis-Kansas  City    

Omaha-Denver 

Denver-Salt  Lake 

Salt  Lake-Oakland 

San  Francisco-Los  Angeles 

Total 


Channels 


8 
18 
10 

20 

20 

8 

3 

10 
10 
10 
10 
8 
6 
10 


151 


Miles 


647 
749 
755 
495 
634 
588 
115 
424 
333 
294 
584 
580 
771 
446 


7,395 


Channel 
Miles 


5,176 

13,482 

7,350 

9,900 

12,680 

4,704 

345 

4,240 

3,330 

2,940 

5,840 

4,640 

4,626 

4,460 


83,713 


Typical  Cases — Telegraph 

It  will  perhaps  ba  of  interest  to  consider  several  typical  cases  of 
carrier  installations  in  order  to  see  the  economies  involved  in  pro- 
viding circuits  by  carrier  rather  than  by  other  methods.  Taking 
first   the   carrier    telegraph   systems   as   the   considerations   involved 
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there  are  usually  very  simple,  we  shall  consider  the  Pittsburgh- 
Chicago  section.  There  are  at  present  three  carrier  telegraph  systems 
actually  in  operation  between  Pittsburgh  and  Chicago.  They  pro- 
vide a  total  of  twenty-eight  full  duplex  channels.  These  give  service 
which  could  not  be  given  otherwise  as  all  the  open-wire  facilities 
between  Pittsburgh  and  Chicago  are  completely  equipped  with 
direct  current  composited  telegraph  sets  (to  give  all  possible  tele- 
graph channels).  The  layout  of  the  carrier  telegraph  systems  between 
these  points  is  shown  in  Fig.  5. 

The  above  example  is  representative  of  the  conditions  under  which 
carrier  telegraph  will  be  installed.  In  cases  where  open  wire  or 
cable  facilities  are  available  which  can  be  composited  with  the  ordi- 
nary direct  current  methods,  the  telegraph  facilities  can  be  obtained 
as  a  by-product  most  cheaply  in  this  way.  As  soon  as  these  facilities 
are  all  in  use  or  an  insufficient  number  of  spare  circuits  remains, 
carrier  telegraph  can  properly  be  used  provided  the  returns  from  the 
special  contract  telegraph  service  are  sufficient  to  meet  the  annual 
charges  on  the  apparatus  itself. 

One  of  the  carrier  systems  listed  in  the  above  tables  is  the  Key 
West-Havana  carrier  system.  The  details  of  the  telephone  and 
telegraph  channels  obtained  tor  the  submarine  cables  were  described 
in  detail  in  the  paper  on  the  "Key  West-Havana  Submarine  Tele- 
phone and  Cable  System"  published  in  the  journal  of  the  A.  I.  E.  E., 
dated  March,  1922.  On  account  of  the  considerable  length  of  this 
cable  and  its  high  attenuation,  the  carrier  equipment  is  special  al- 
though resembling  in  principle  the  carrier  telegraph  apparatus  used 
in  our  ordinary  land  installation.  Without  the  carrier  equipment 
it  would  have  been  possible  to  obtain  only  one  telegraph  channel 
on  each  of  the  three  submarine  cables  by  means  of  direct  current 
composite  sets.  With  the  carrier  apparatus  it  is  possible  to  obtain 
4  telegraph  channels  in  addition  to  the  single  telephone  channel. 
- 

Typical  Cases — Telephone 

The  most  important  application  at  the  present  time  of  carrier 
telephone  apparatus  is  probably  between  Pittsburgh  and  Chicago 
where  the  existing  open  wire  leads  are  so  congested  that  the  additions 
of  further  circuits  would  require  extensive  construction  work  and 
possibly  an  entirely  new  pole  line.  An  engineering  study  of  this 
situation  resulted  in  the  drawing  up  of  plans  for  an  aerial  toll  cable 
which  will  largely  replace  the  open  wire.  Work  is  already  well 
advanced  on  the  installation  of  this  cable  and  it  will  be  completed 
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within  the  next  few  years  but  in  the  meantime,  the  use  of  carrier 
apparatus  enables  the  traffic  growth  to  be  taken  care  of  without 
stringing  wire  which,  under  the  circumstances.would  be  very  expensive. 
There  are,  at  present,  operating  between  Harrisburg  and  Chicago, 
one  4-channel  telephone  system  and  between  Pittsburgh  and  Chicago, 
two  3-channel  systems,  providing  a  total  of  10  carrier  telephone 
channels.  These  will  be  supplemented  by  at  least  two  additional 
systems  before  the  cable  is  completed.  As  soon  as  the  cable  is  in- 
stalled the  carrier  systems  will  probably  be  removed  from  service 
here  and  reinstalled  in  other  locations. 

In  most  cases  the  problem  of  providing  additional  circuits  is  not  as 
difficult  as  in  the  section  between  Pittsburgh  and  Chicago.  For 
this  reason  the  relative  economies  of  providing  circuits  by  carrier 
and  by  the  other  methods  must  be  more  carefully  considered.  Even 
where  no  congestion  exists,  however,  it  will  be  found  that  where  the 
circuits  are  long  enough  the  carrier  circuits  will  be  cheaper  than  any 
other  method  of  providing  the  facilities.  The  circuits  to  be  provided 
must  usually  be  several  hundred  miles  in  length  before  this  is  the 
case;  also,  since  the  cost  of  a  carrier  channel" goes  down  as  the  number 
of  channels  installed  at  one  time  is  increased  it  will  usually  be  found 
that  an  installation  of  3  channels  will  prove  in  for  considerably  shorter 
distances  than  would  be  necessary  if  a  lesser  number  of  channels  are 
installed.  In  the  practical  case  a  complete  system  consisting  of 
either  three  or  four  channels  is  usually  installed  at  one  time. 

A  typical  case  of  a  carrier  telephone  installation  where  the  existing 
open  wire  lead  is  not  already  full  but  where  the  circuits  required  are 
long,  is  the  Oakland-Portland  system  which  in  conjunction  with  a 
short  cable  between  Oakland  and  San  Francisco  provides  San  Fran- 
cisco-Portland circuits.  The  detailed  layout  is  shown  on  Fig.  6. 
Here  the  cost  study  showed  a  considerable  saving  in  annual  charges 
in  favor  of  the  carrier  although  there  was  room  for  stringing  open  wire 
on  the  existing  pole  line.  This  system  was  put  in  service  by  the 
Pacific  Telephone  and  Telegraph  Company  in  1921  and  has  since 
given  very  satisfactory  service. 

Another  type  of  carrier  installation  is  one  installed  to  defer  a  pro- 
posed cable  project.  A  long  toll  cable  project  involves  the  invest- 
ment of  such  large  sums  of  money  that  deferring  the  annual  charge  on 
the  cable  circuit  for  one  year  will  frequently  be  sufficient  to  pay  for 
and  maintain  a  carrier  system  over  the  same  period.  Additional 
carrier  systems  may  then  be  added  to  further  defer  the  cable  if  this 
appears  economical.  The  addition  of  a  second  system  to  a  lead 
usually  involves  some  considerable  line  expense  for  transposition  work, 
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however,  and  this  may  prove  out  the  further  addition  of  carrier. 
Even  if  it  appears  economical  to  install  additional  carrier  systems,  a 
point  will  soon  be  reached  where  the  cumulative  annual  charges  of 
the  caivier  systems  will  exceed  that  of  the  cable.  The  first  few  sys- 
tems prove  in  over  the  cable  because  the  carrier  provides  only  for  the 
immediate  circuit  requirements  while  the  cable  must  take  care  of 
growth  and  therefore  includes  many  idle  facilities  when  first  in- 
stalled. Where  carrier  is  used  to  provide  facilities  in  place  of  a  toll 
cable  it  should  always  be  considered  an  intermediate  and  temporary 
step  between  open  wire  and  cable  plant. 

The  use  of  carrier  as  outlined  above  may  effect  further  economies 
after  the  apparatus  has  been  removed  as  the  equipment  may  be 
reused  at  some  other  point  to  advantage.  A  typical  example  of  the 
use  of  carrier  apparatus  to  defer  a  cable  is  the  Boston-Bangor  carrier 
system  which  was  put  in  to  defer  the  installation  of  the  first  section  of 
the  Boston-Portland  cable.  The  layout  of  this  system  is  given  in 
Fig.  7.     It  will  be  seen  that  this  system  is  fairly  short  but  the  first 
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Fig.  7 — Boston-Bangor  Carrier  Telephone  System 


vear's  annual  charge  on  the  first  50  miles  of  the  Boston-Portland 
cable  would  have  been  sufficient  to  pay  the  entire  first  cost  of  this 
carrier  project.  It  is  possible  that  further  carrier  may  be  installed 
on  this  route  before  the  cable  is  finally  installed.     The  present  system 
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has  deferred  the  cable  somewhat  longer  than  was  originally  expected 
as  the  growth  of  traffic  has  not  been  quite  as  rapid  as  was  expected 
at  the  time  of  the  war  emergency. 

Another  example  of  line  congestion  enabling  the  carrier  to  be 
proved  in  on  somewhat  shorter  than  the  ordinary  economical  length 
is  in  case  a  considerable  amount  of  line  reconstruction  is  involved  if 
open-wire  circuits  are  added  to  an  existing  lead.  A  case  of  this 
kind  was  the  Boston-Burlington  system  where  a  very  considerable 
amount  of  line  reconstruction  work  would  have  been  involved  if  an 
effort  had  been  made  to  add  a  phantom  group  to  the  existing  lead. 
The  use  of  the  carrier  system  on  the  existing  104  mil  circuits  enabled 
this  work  to  be  eliminated  from  consideration  and  it  is  possible  that 
the  work  will  not  need  to  be  done  until  this  section  of  the  line  is  re- 
lieved by  cable  or  other  means. 

There  are  many  cases  in  which  the  use  of  carrier  can  be  considered 
a  stop-gap  to  take  care  of  the  transient  period  between  open  wire 
and  cable  facilities.  This  has  been  true  in  the  case  of  the  former 
Baltimore-Pittsburgh  system  where  the  original  apparatus  has  been 
removed  from  service  as  cable  facilities  are  now  available  between 
these  points  via  Philadelphia,  Reading  and  Harrisburgh.  This  does 
not  mean  that  the  equipment  is  no  longer  of  value,  since  it  usually 
can  be  used  again  on  some  other  location.  Even  the  experimental 
panels  which  were  used  in  the  Pittsburgh-Baltimore  system  will 
probably  be  reinstalled  within  the  next  year.  It  is  now  thought  that 
this  apparatus  will  be  used  between  Chicago  and  Minneapolis  in 
connection  with  some  additional  panels  to  provide  for  new  telephone 
circuits  there. 

Expected  Development 

Looking  forward  for  the  next  ten  years,  it  is  expected  that  carrier 
telephone  facilities  will  be  installed  at  the  rate  of  about  5,000  to  10,000 
channel  miles  and  telegraph  facilities  at  the  rate  of  from  20,000  to 
30,000  channel  miles  per  year.  In  the  meantime  development  work 
may  produce  cheaper  systems  which  will  prove  in  on  shorter  circuits, 
thereby  extending  the  field  of  use  so  that  the  rate  of  application  may 
possibly  be  doubled  or  trebled.  Even  now  the  number  of  channel 
miles  in  service  constitutes  an  important  part  of  the  total  facilities 
of  the  Bell  System  and  present  a  very  interesting  picture  of  rapid 
growth  when  compared  with  the  beginning  between  Baltimore  and 
Pittsburgh  in  1918. 


Machine  Switching  Telephone  System  for 
Large  Metropolitan  Areas 

By  E.  B.  CRAFT,  L.  F.  MOREHOUSE  and  H.  P.  CHARLESWORTH 

Synopsis:  From  the  earliest  forms  of  telephone  switchboards  to  the 
modern  types,  the  development  of  the  switchboard  has  been  marked  by  the 
increasing  use  of  automatic  methods  to  supplement  the  manual  operation 
wherever  this  would  result  in  better  service  to  the  public  or  more  efficient 
operation. 

In  addition  to  all  that  has  been  done  in  developing  and  introducing  auto- 
matic operations  with  manual  switchboards,  it  has  been  found  desirable  and 
practicable  to  go  further  in  the  direction  of  introducing  automatic  opera- 
tion in  the  telephone  plant  and  a  machine  switching  system  has  been 
developed  in  which  the  bulk  of  the  connections  are  established  without  the 
aid  of  an  operator. 

The  complexity  of  a  large  metropolitan  area  and  the  exacting  requirements 
which  a  machine  switching  system  must  meet  are  outlined  briefly,  and  the 
system  which  has  been  developed  to  meet  these  requirements  is  described. 

The  application  of  the  system  to  a  typical  large  metropolitan  area  and  the 
means  provided  for  permitting  its  gradual  introduction  into  the  existing 
plant  are  discussed. 

|"T  is  the  purpose  of  this  paper  to  outline  briefly  certain  important 
*~  developments  in  connection  with  machine  switching  telephone 
systems  and  to  discuss  the  application  of  the  results  of  these  develop- 
ments to  the  problem  of  providing  telephone  service  in  large  metro- 
politan areas. 

The  telephone  was  invented  in  1876.  Almost  immediately  there- 
after it  was  recognized  that,  for  it  to  attain  its  greatest  field  of  use- 
fulness, switchboards  and  switching  centers  would  have  to  be  estab- 
lished for  effecting  interconnection  between  subscriber's  lines. 

Professor  Bell's  vision  of  the  future  was  given  in  a  statement  to 
prospective  investors.     He  said  : 

"It  is  conceivable  that  cables  of  telephone  wires  could  be  laid 
underground,  or  suspended  overhead,  communicating  by  branch 
wires  with  private  dwellings,  country  houses,  shops,  manufac- 
tories, etc.,  etc. — uniting  them  through  the  main  cable  with  a 
central  ofhce  where  the  wires  could  be  connected  as  desired, 
establishing  direct  communication  between  any  two  places  in  the 
city.  Such  a  plan  as  this,  though  impracticable  at  the  present 
moment,  will,  I  firmly  believe,  be  the  outcome  of  the  introduction 
of  the  telephone  to  the  public.  Not  only  so,  but  I  believe  in  the 
future  wires  will  unite  the  head  offices  in  different  cities,  and  a 

Presented  at  the  Midwinter  Convention  of  the  A.  I.  E.  E.,  Xew  York,  X.  V., 
February  14-17,  1923.     Published  in  the  Journal  of  A.  I.  E.  E.  April,  1923. 
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man  in  one  part  of  the  country  may  communicate  by  word  of 
mouth  with  another  in  a  distant  part. 

"Believing,  as  I  do,  that  such  a  scheme  will  be  the  ultimate 
result  of  the  telephone  to  the  public,  I  will  impress  upon  you  all 
the  advisability  of  keeping  this  end  in  view,  that  all  present 
arrangements  of  the  telephone  may  be  eventually  realized  in  this 
grand  system." 

Early  Developments 

The  only  apparatus  available  at  that  time  for  this  purpose  was 
that  employed  in  telegraph,  messenger,  fire  and  burglar  alarm  services. 
Some  of  this  apparatus,  such  as  wire,  insulators,  batteries,  annuncia- 
tors, etc.,  was  found  to  be  useful  in  the  new  art;  other  apparatus  had 


Fig.  1 — Early  Type  Switchbeard 


to  be  developed.  The  switchboards  of  that  day  employed  this  ap- 
paratus. They  were  small  in  size,  and  could  accommodate  only  a 
limited  number  of  lines. 

It  soon  became  evident  that  the  requirements  of  the  telephone 
exchange  service  demanded  signaling  and  switching  equipment 
different  from  that  employed  in  any  of  the  other  branches  of  the 
electrical  industry,  and  it  became  necessary  to  create  an  entirely 
new  art,  involving  many  branches  of  science,  before  commercial 
telephone  service  could  be  given  on  an  adequate  scale.  The  switch- 
boards grew  from  small  boards,  capable  of  handling  a  few  lines,  as 
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shown  in  Fig.  1,  to  the  very  complex  arrangements  providing  signaling, 
switching,  and  transmission  facilities  for  as  many  as  ten  thousand 
lines  in  a  single  board,  of  the  type  shown  in  Fig.  2. 

As  the  subscribers  increased  in  number  it  was  found  that  beyond 
a  certain  point  it  was  no  longer  practicable  or  economical  to  have  all 
of  the  subscribers'  lines  brought  to  one  center.  It  was  therefore, 
necessary  to  have  several  centers,  the  number  depending  upon  many 
factors,  the  most  important  <>l  which  are  the  size  and  telephone  needs 
of  the  community. 


Fig.  2 — Modern  Type  Common  Battery  Switchboard 


The  consequence  of  all  this  is  that  in  large  metropolitan  areas  the 
number  of  centers  is  large,  and  the  trunking  system  complex,  as  each 
center  must  be  provided  either  directly  or  indirectly  with  trunks  to 
every  other  center. 

As  an  illustration,  take  the  Xew  York  Metropolitan  area,  shown  in 
Fig.  3,  where  the  telephone  plant  is  of  the  greatest  intricacy  because 
of  the  very  large  number  ot  subscribers  served.  There  are  at  the 
present  time  158  central  office  switchboards,  many  of  them  having 
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equipment  for  10,000  lines.  These  offices  and  the  associated  plant 
provide  for  intercommunication  between  1,400,000  telephones,  and 
approximately  two  trillion  possible  connections.  It  is  estimated 
that  by  the  year  1940  there  will  be  300  central  office  switchboards 
within  the  New  York  Metropolitan  area,  serving  some  3,300,000  tele- 
phones— or  nearly  two  and  a  half  times  the  present  number. 


- 


Fig.  3 — Map  Showing  Location  of  Central  Offices  in  New  York  Metropolitan  Area 


Manual  Switchboards 

The  system  most  commonly  employed  today  for  connecting  sub- 
scribers' lines  together  is  the  so-called  "manual"  system;  that  is,  a 
system  in  which  operators  are  employed  to  make  the  actual  connec- 
tions between  subscribers'  lines,  although  so  -many  of  the  functions 
are  performed  automatically  that,  except  in  name,  it  is  to  a  large 
degree  automatic. 

It  is  a  long  step  from  the  early  switchboards  to  the  modern  common 
battery  multiple  manual  switchboards.  The  history  of  the  develop- 
ment of  switchboard  equipment  and  apparatus  shows  that  enormous 
progress  has  been  made  in  this  art  in  a  comparatively  few  years. 
As  the  telephone  subscribers  have  grown  in  number  and  as  the  amount 
and  complexity  of  the  traffic  have  increased,  it  has  been  only  by  the 
most  intensive  development  that  it  has  been  possible  to  keep  ahead  of 
the  demand  for  telephone  service,  and  that  telephone  engineers  have 
been  able  to  get  the  speed,  efficiency  and  accuracy  that  are  obtained 
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today  in  so-called  manual  operation.  It  is  worthy  of  note  in  this  con- 
nection that  the  attainment  of  these  ends  was  made  possible  by  the 
extensive  introduction  of  automatic  features. 

A  very  brief  description  at  this  point  of  the  type  of  manual  switch- 
board more  commonly  employed  will  be  helpful. 

In  this  switchboard  the  subscriber's  line  terminates  at  the  central 
office  in  so-called  "jacks."  Associated  with  each  line  is  a  lamp, 
individual  to  it,  which  automatically  lights  when  the  subscriber 
removes  his  receiver  from  the  hook.  This  serves  as  a  signal  to  the 
operator  that  a  connection  is  desired. 

The  operator  answers  this  call  by  inserting  one  end  of  a  cord  in  the 
jack  associated  with  the  calling  subscriber's  line,  operates  a  listening 
key  which  connects  her  telephone  set  to  the  subscriber's  line,  and  asks 
for  the  number  desired.  When  this  is  obtained  the  operator  com- 
pletes the  connection  by  inserting  the  other  end  of  the  cord  in  the 
jack  of  the  desired  subscriber's  line,  and  the  subscriber's  bell  is  rung. 
Suitable  lamp  signals  are  provided  so  that  the  operator  may  know 
when  the  called  subscriber  answers,  when  either  subscriber  desires 
further  attention,  or  when  either  or  both  of  them  have  finished  talking 
and  have  hung  up  their  receivers. 

If  the  subscriber  desired  is  connected  to  a  distant  office,  the  operator 
receiving  the  call  would,  instead  of  plugging  directly  into  the  subscrib- 
er's line,  directly  connect  the  subscriber's  line  to  a  trunk  terminating 
in  the  desired  office,  where  the  connection  would  be  completed  by  a 
second  operator,  known  as  the  "B"  operator,  as  shown  in  Fig.  4. 
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A  BOARD  B  BOARD 

Fig.  4 — Diagram  Showing  Manual  Interoffice  Connection 


Such  communication  between  the  two  operators  as  is  necessary  to 
establish  this  connection  takes  place  over  a  special  pair  of  wires  known 
as  a  ''call  circuit . " 
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The  method,  of  which  the  above  is  a  bare  outline,  is  that  used  in 
completing  ordinary  connections.  Different  arrangements  and  differ- 
ent operating  methods  have  to  be  provided  for  handling  short  haul 
toll  calls,  long  distance  calls,  calls  from  coin  boxes,  and  calls  of  many 
other  kinds. 

In  the  simplest  types  of  manual  systems,  the  subscriber,  in  order 
to  signal  the  central  office,  turns  a  crank  thus  operating  a  magneto 
generator.  This  throws  a  drop  in  front  of  an  operator  at  the  central 
office.  In  the  switchboards  developed  to  meet  the  needs  of  the  larger 
areas,  electric  lamps  are  substituted  for  the  drop,  and  relays  auto- 
matically controlled  by  the  subscriber  bring  them  into  play  at  the 
proper  time.  Electric  lamps  which  serve  as  visual  signals  to  the 
operator  to  indicate  the  status  of  the  connection  are  also  associated 
with  the  cords  that  the  operator  uses  for  connecting  subscribers 
together.  The  operation  of  these  lamps  is  automatic  and  is  under 
the  control  of  the  switchhook  at  the  subscriber's  station. 

Manv  other  arrangements  of  an  automatic  character  have  been 
developed  and  are  used  as  occasion  requires — not  merely  because 
they  are  automatic  in  character  but  only  when  it  has  been  established 
that  they  make  for  better  service  to  the  public  or  for  efficiency  and 
economy  of  operation,  or  both.  Among  these  may  be  mentioned 
automatic  ringing,  automatic  listening,  and  many  forms  ot  automatic 
signaling.  Many  of  these  arrangements  are  highly  ingenious  and 
contribute  greatly  to  the  efficiency  and  economy  of  operation.  Thus, 
the  trend  of  switchboard  development  has  been  more  and  more  in 
the  direction  of  automatic  operation  and  automatic  methods. 

In  addition  to  all  that  has  been  done  in  developing  and  introducing 
automatic  operation  with  so-called  manual  switchboards,  it  has  been 
felt  for  a  long  time  that  in  large  and  complex  telephone  areas,  such  for 
example  as  New  York  City,  the  time  would  ultimately  come  when  it 
would  be  desirable  to  go  further  in  the  direction  of  introducing  auto- 
matic operation  in  the  telephone  system.  This  whole  matter  has 
been  the  subject  of  much  thought  on  the  part  of  engineers  of  the  Bell 
System  and,  as  a  lesult,  there  has  been  developed  and  recently  put 
into  operation  a  system  in  which  the  work  of  establishing  most  of  the 
local  connections  is  done  entirely  by  machinery. 

The  introduction  of  this  system  will  eventually  make  a  considerable 
reduction  in  the  telephone  company's  requirements  for  operators 
which  are  becoming  more  difficult  to  fulfill  year  by  year.  Operators 
will  be  required,  however,  to  handle  toll  and  many  special  classes  of 
local  calls  and  for  this  reason,  together  with  the  constant  growth  of 
the  business  and   the  considerable  period  of  time   that   will   be   re- 
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quired  to  introduce  the  new  system  completely,  we  can  expect  little 
or  no  reduction  in  the  present  operating  forces  for  some  time  to  come, 
and  no  operator  will  find  herself  out  of  employment  on  account  of  the 
introduction  of  the  machine  switching  system. 

Machine  Switching 

It  is  the  purpose  of  this  paper  to  describe  this  system  sufficiently 
in  detail  to  give  a  general  picture  of  it,  but  because  of  the  limitation 
as  to  space  no  attempt  will  be  made  to  go  into  the  intricacies  of  cir- 
cuits and  apparatus,  which  doubtless  would  be  of  interest  only  to  the 
telephone  engineering  specialists. 

Among  other  requirements,  the  following  must  receive  special 
consideration  in  the  design  of  a  machine  switching  system. 

The  functions  to  be  performed  by  the  telephone  subscriber  in  getting 
a  connection  must  be  simple  and  easily  understood. 

It  must  work  efficiently  and  with  accuracy  and  speed,  and,  of 
course,  must  be  capable  of  handling  the  various  types  of  calls  that  the 
subscriber  wishes  to  make. 

The  system  must  not  require  modifications  in  the  existing  rate 
structure,  otherwise  than  desirable.  If  the  rate  structure  calls  for 
message  register  operation,  coin  boxes,  etc.,  means  must  be  provided 
for  automatically  operating  the  register  and  collecting  the  coins  on 
such  calls,  and  for  preventing  a  charge  on  calls  not  answered,  calls 
tor  iree  lines,  busy  lines,  etc. 

The  system  should  employ,  as  nearly  as  practicable,  the  conven- 
tional numbering  scheme. 

It  should  work  with  the  existing  telephone  network,  so  that  its 
introduction  does  not  require  wholesale  number  changes  and  extensive 
rearrangement  or  the  abandonment  of  existing  switchboards  or  other 
plant.     Its  introduction  must,  of  necessity,  be  on  a  gradual  basis. 

It  must  be  sufficiently  flexible  in  design  to  care  for  growth  and  such 
changing  traffic  conditions  as  occur  from  time  to  time. 

In  large  telephone  areas,  such  as  the  New  York  Metropolitan  area, 
there  is  a  great  variety  of  calls  to  be  handled  and  many  different  classes 
of  service  furnished  the  public,  such  as  message  rate,  flat  rate,  official, 
coin  box,  non-attended  pay  station,  attended  pay  station,  special 
services  such  as  information,  etc.  Not  only  individual  lines  but  party 
lines,  and  private  branch  exchanges  must  be  cared  for,  and  provision 
must  be  made  for  thousands  of  toll  messages  which  must  be  recorded, 
supervised  and  timed. 

A  call  originating  in  a  machine  switching  office  in  New  York  City 
may  have  as  its  destination  any  one  of  a  great  number  of  points.     It 
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may  be  for  another  subscriber  in  the  same  office  or  for  one  in  another 
nearby  machine  switching  or  manual  office;  it  may  be  for  one  of  a 
large  number  of  suburban  toll  points,  or  it  may  be  to  some  point  in  a 
distarft  city. 

The  machine  switching  system,  which  is  the  subject  of  this  ptpe", 
meets  these  requirements.     After  long-continued  laboratory  experi- 


Fig.  5 — Desk  Stand  Equipped  with  Dial 


ments,  supplemented  by  field  trials,  power-driven  apparatus  of  the 
panel  type  has  been  found  to  be  the  most  suitable,  and  is  now  in 
successful  operation  in  New  York  City  and  in  other  large  cities  in  the 
country. 

General  Plan  of  Operation 

At  the  expense  of  some  repetition  it  seems  desirable  in  order  to  give 
as  clear  an  understanding  as  possible  as  to  the  operation  of  the  system, 
to  first  give  a  brief  outline  of  how  the  call  is  handled  and  a  description 
of  the  more  important  elements  of  the  equipment,  before  going  into 
a  detailed  description  of  the  operation  of  the  system. 
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The  subscriber's  station  is  equipped  with  the  usual  form  of  tele- 
phone instrument  and,  in  addition,  with  a  calling  device  known  as  a 
"dial,"  mounted  at  the  base  of  the  desk  stand,  as  shown  in  Fig.  5. 
This  dial  has  ten  finger  holes,  bearing  letters  and  figures,  as  shown  in 
Fig.  6. 


Fig.  6 — Subscriber's  Dial  - 

In  making  a  call  the  subscriber  will,  of  course,  first  refer  to  the 
telephone  directory.  He  will  find  in  the  directory  a  listing  that  is 
only  slightly  different  from  that  to  which  he  is  accustomed.  Typical 
samples  of  this. new  form  of  telephone  listing  for  New  York  City 
are  shown  in  Fig.  7.  As  will  be  noted,  these  conform  to  the  present 

Argent  Co,    1400    Bway GRE  eley  5513 

Argentina  Brazil  &  Chile  Shipping  Co 

70  Wall.  HAN  over  0307 
Argentine  Genl  Consulate,  17  Batry  pl..RECtor  6948 
Argentine  Impt  &  Expt  Cnrp,  Prod  Ex...BR0ad   1768 

Argentine  Mercantile  Corp.   42   Bway BR0  ad  5066 

Argentine  Naval  Commission,  2   W  67..C0Lmbus  5623 

Argentine  Quebracho  Co,   80  Maiden  la J0H  n   1652 

Argentine  Railway   Co,    25   Broad BR0  .id   1383 

Argentine  Trading  Co,  1164  Bway MAD  Sq  1871 

ArgeresBros,    Restrnt,   86   6th   av SPR  ing   5337 

ArgeroA.  Grocer,  119  9th  av CHE  lsea  6255 

Arghis  A,  Tobacco,    74    Wall HAN  over  6311 

Argirople  Theodore,  Jwlr,  406  8th  a?..FARragut  9772 
Argo  Packing  Corpn,    705   Greenwich.  .  .FAR  ragut  4505 

Argon  Dress  Co,   24  E   12 STU  yvsnt  2011 

Argonaut  Supply   Corp,    50    Union   sq..  STU  yvsnt  7476 
Argonne  Steamship  Co,    17   Battery  pl...RECtor  2493 

Argos  Ad-Art  Co,   1133  Bway FAR  ragut   5986 

Argosy  The    (A   Pub),    280    Bway W0R  th  8800 


Fig.  7 — Typical  Examples  of  New  Form  of  Listing  Telephcne  Numbers 

manual  listings,  except  that  the  first  three  letters  of  the  office  name 
are  set  out  prominently.  This  numbering  system  will  be  discussed 
later  in  this  paper. 
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Having  secured  the  desired  telephone  number  from  the  directory, 
which  we  will  assume  is  "ACAdemy  1234,"  the  subscriber  will  first 
remove  his  receiver  from  the  hook  and  will  hear  the  so-called  "dial 
tone,"  which  indicates  that  the  apparatus  is  ready  to  receive  the  call. 
He  will  then  insert  his  finger  in  the  hole  over  the  letter  ,4,  rotate  the 
dial  until  the  finger  comes  in  contact  with  the  metal  stop  shown  in 
the  picture,  then  release  the  dial,  which  will  automatically  return  to 
normal.  He  will  repeat  this  operation  for  the  letters  C  and  A,  and 
in  turn  for  the  four  numerals,  7,  2,  J,  4. 

This  operation  of  dialing  on  the  part  of  the  subscriber  is  exactly 
the  same,  whether  the  telephone  number  he  desires  is  in  a  manual 
or  a  machine  switching  office.  Similarly,  the  method  employed  by 
a  subscriber  who  is  connected  to  a  manual  office  in  getting  a  sub- 
scriber connected  to  a  machine  switching  office,  is  the  same  as  though 
the  desired  subscriber  were  connected  to  another  manual  office. 
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Fig.  8 — Diagram  Showing  Connections  from  Machine  Switching  to  Machine  Switch- 
ing, Machine  Switching  to  Manual  and  Manual  to  Manual  Switching 

The  progress  of  a  call  originating  in  a  machine  switching  office  is 
briefly  as  follows: 

As  will  be  seen  from  Fig.  8,  the  line  of  the  calling  subscriber,  whom 
we  will  assume  to  be  a  subscriber  in  the  Academy  office,  appears  in  a 
so-called    "line    finder"    frame.     When    the    subscriber's    receiver    is 
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removed  from  the  switchhook  preparatory  to  dialing,  the  line  is 
selected  by  a  "line  finder"  and  connected  to  an  idle  "sender"  by 
means  of  a  "sender-selector." 

Upon  completion  of  these  operations  which  take  but  a  fraction  of 
a  second,  the  dial  tone  is  sent  to  the  calling  subscriber  as  previously 
mentioned.  When  the  subscriber  dials,  electrical  impulses  on  a 
decimal  basis  are  transmitted  to  the  sender  which  receives  and  regis- 
ters them,  translating  them  in  turn  to  the  proper  basis  for  the  control 
of  the  selectors  which  are  not  operated  on  a  decimal  basis.  The 
sender  automatically  causes  the  particular  "district  selector"  which 
is  permanently  associated  with  the  line  finder  originally  used,  to  select 
a  trunk  to  the  office  desired. 

Assuming  that  the  call  is  for  a  subscriber  in  the  same  office,  Aca- 
demy, the  trunk  chosen  will  terminate  at  an  "incoming  selector" 
frame  and  the  sender  above  referred  to  will  cause  the  call  to  be  routed 
through  the  incoming  selector  to  a  final  selector,  and  thence  to  the 
particular  line  desired.  When  the  connection  is  thus  completed, 
audible  signals  will  be  sent  back  to  the  calling  subscriber  to  indicate 
that  the  station  is  being  rung  or  that  the  line  is  busy. 

It  the  call  had  been  tor  a  subscriber  in  another  machine  switching 
office,  namely,  Pennsylvania,  the  call  would  be  routed  from  the  district 
selector  to  the  office  desired,  either  directly  or  through  an  "office 
selector"  in  case  the  total  number  of  trunks  to  all  offices  is  too  large 
to  be  placed  on  the  district  selector  multiple.  These  trunks  terminate 
on  incoming  selectors  at  the  Pennsylvania  office  which  select  the  sub- 
scriber's line  through   final  selectors,  as  described  above. 

It  the  call  is  tor  a  subscriber  connected  to,  say,  the  Worth  Office, 
which  is  a  manual  office,  the  call  would  be  routed  from  a  district 
selector  directly  or  through  an  office  selector  to  the  "B"  board  in  the 
Worth  Office,  where  the  number  desired  appears  in  front  of  the  oper- 
ator at  a  "call  indicator  position"  in  the  form  of  visible  numbers  on 
the  keyshelf.  The  operator  is  advised  of  the  trunk  to  which  the  call 
is  connected  by  suitable  signals,  and  the  call  is  completed  by  plugging 
this  trunk  into  the  desired  subscriber's  line. 

Calls  originating  in  a  manual  office  and  intended  for  a  machine 
switching  office  reach  the  machine  switching  office  over  trunks  from 
the  "A"  operators  in  the  manual  office.  At  the  machine  switching 
end  these  trunks  terminate  in  incoming  selectors,  which  have  access 
to  the  final  selectors  on  which  the  subscriber's  lines  are  located.  The 
selectors  are  under  the  control  of  a  special  group  of  senders,  and 
operators  are  provided  with  suitable  keys  for  setting  up  in  these 
senders  the  number  of  the  desired  subscriber.     These  operators  at 
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the  machine  switching  office  receive  the  information  as  to  the  desired 
number  from  "A"  operators  in  the  distant  manual  office,  exactly  as 
is  done  in  the  case  of  manual  operation. 

The  introduction  of  machine  switching  equipment  does  not  require 
radical  changes  in  private  branch  exchanges.  The  private  branch 
exchange  is  provided  with  dials,  and  calls  to  the  central  office  are 
dialed  by  the  private  branch  exchange  attendant  or  by  the  extension 
user  in  the  same  way  that  the  ordinary  subscriber  dials.  No  change 
in  the  private  branch  exchange  is  required  for  handling  incoming 
calls.  An  idle  trunk  in  the  private  branch  exchange  group  is  selected 
by  the  mechanism  in  the  machine  switching  office,  in  much  the  same 
way  as  an  individual  subscriber's  line  is  selected. 

Numbering  System 

One  of  the  unique  advantages  of  the  plan  developed  for  designating 
telephone  numbers,  to  which  reference  has  already  been  made,  is 
that  it  does  not  necessitate  the  abandonment  of  the  existing  manual 
listings.  It  requires  no  change  except  that  the  first  three  letters  of 
the  office  name  are  set  out  more  prominently.  Simple  as  this  change 
in  the  form  of  listing  appears,  until  it  was  developed  by  the  Bell 
System  no  satisfactory  method  of  designating  telephone  numbers  for 
machine  switching  offices  in  large  cities  was  known. 

Many  plans  had  been  proposed,  to  all  of  which  there  were  serious 
objections.  Some  of  them  required  changing  the  whole  system  of 
manual  designation,  others  the  use  of  combinations  difficult  for  the 
subscriber  to  use.  In  small  cities  a  numbering  plan  employing 
only  digits  is  sometimes  practicable,  but  in  such  a  large  area  as  we 
are  considering,  such  a  plan  would  involve  seven  digits.  The  sub- 
scriber's number  would  take  the  form  of  say  786-3549.  Such  numbers 
would  be  difficult  for  operators  to  use  and  for  the  subscribers  to  carry 
in  mind  and  would  require  that  every  subscriber's  number  in  the 
entire  area  be  changed  before  the  first  machine  switching  office  could 
be  cut  into  service.  With  the  new  system,  the  subscriber's  number 
and  office  in  general  remains  as  before.  It  is  necessary  to  change  only 
a  few  conflicting  office  names  in  order  to  make  them  fit  into  the  system. 

Description  of  the  Equipment 

A  detailed  description  of  each  unit  employed  in  this  system  would 
be  impracticable,  in  this  connection,  but  a  brief  description  of  the 
more  important  ones  will  be  of  interest. 

Sender.  The  use  of  the  sender  makes  practicable  the  introduction 
of  machine  switching  in  large  metropolitan  areas  where,  of  necessity, 
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the  service  conditions  are  extremely  complex.  It  is,  in  effect,  the 
brains  of  the  system,  dealing  with  the  subscriber  and  controlling  the 
selection  until  the  destination  is  reached,  as  an  operator  deals  with 
the  subscriber  and  controls  the  selection  in  a  manual  system.  The 
number  dialed  conveys  the  same  information  to  the  sender  in  a  ma- 
chine switching  system  as  the  number  spoken  by  the  subscriber  does 
to  an  operator  in  a  manual  system. 

The  sender  is  an  arrangement  of  relays,  sequence  switches,  and 
selectors,  so  worked  out  as  to  perform  the  following  more  important 
functions: 

1.  It  receives  a  succession  of  electrical  impulses  from  the  subscrib- 
er's dial  which  are  on  a  decimal  basis,  stores  them  and  translates 
them  to  a  non-decimal  basis,  corresponding  to  the  particular  group  of 
lines  and  trunks  that  is  involved  in  the  path  of  the  call. 

2.  It  controls  selecting  mechanisms  which  build  up  the  connection 
to  the  called  party  in  such  a  manner  that  each  mechanism  is  given 
the  exact  time  required  to  perform  its  functions  without  any  waste  of 
time,  independently  of  the  rate  received  from  the  dial. 

3.  It  makes  the  central  office  designations  entirely  independent  of 
the  arrangement  of  the  trunk  groups  on  the  selector  frames.  This 
is  a  very  important  matter,  inasmuch  as  it  allows  the  selectors  to  be 
used  to  full  efficiency.  It  provides  the  desired  flexibility  for  growth 
and  permits  any  desirable  rearrangement  of  the  trunks  on  the  selector 
frames  that  the  telephone  company  may  find  desirable  at  any  time. 

4.  The  sender  is  capable  of  distinguishing  the  class  of  office  at 
which  the  connection  terminates.  That  is,  if  the  call  is  to  terminate 
at  a  mechanical  office,  the  sender  will  arrange  to  govern  the  selection 
accordingly.  If  the  call  is  to  terminate  at  a  manual  office,  the  sender 
recognizes  this  and  arranges  to  send  out  impulses  to  the  call  indicator 
equipment  in  the  manual  office. 

5.  For  the  completion  of  certain  calls,  traffic  conditions  require  the 
introduction  of  tandem  centers  as  discussed  later.  The  sender 
recognizes  calls  to  be  routed  via  tandem  centers  and  arranges  to 
handle  these  correctly.  The  tandem  center  may  be  manual  or  it 
may  be  mechanical,  and  the  control  must  be  determined  accordingly. 

6.  Certain  senders  are  arranged  to  serve  lines  supplied  with  coin 
boxes.  These  senders  are  arranged  to  make  a  test  to  determine 
whether  a  coin  has  been  deposited  and  do  not  allow  the  connection  to 
be  cut  through  so  that  conversation  can  take  place  until  the  coin  is 
deposited.  If  the  subscriber  does  not  deposit  the  coin,  after  a  reason- 
able time  has  elapsed  the  sender  connects  an  operator  to  the  subscriber, 
and  this  operator  notifies  the  subscriber  of  his  omission.     After  the 
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coin  has  been  deposited,  the  sender  allows  the  called  subscriber  to  be 
rung  and  permits  the  conversation.  In  case  the  called  subscriber 
is  busy  or  does  not  answer,  or  if. the  call  is  to  a  free  line,  the  sender 
returns  the  coin  to  the  calling  party.  If  the  called  party  answers, 
the  sender  causes  the  coin  to  be  collected. 

The  sender  makes  a  test  of  the  calling  line  after  the  subscriber  has 
completed  dialing,  to  insure  the  deposit  of  the  coin,  and  recognizes 
whether  a  coin  has  actually  been  deposited  or  whether  some  abnormal 
condition  exists,  in  which  case  the  call  will  be  routed  to  an  operator 
who  causes  an  investigation  to  be  made. 

7.  In  large  areas,  such  as  the  New  York  Metropolitan  area,  there 
are  distant  points,  connection  to  which  requires  toll  charges.  In 
such  cases  the  subscriber  is  instructed  to  dial  a  special  operator  who 
will  ascertain  his  wishes,  complete  the  call,  and  make  the  prope: 
charge.  Shojld  a  subscriber  attempt  to  dial  outside  of  his  own  local 
service  area,  his  call  will  automatically  be  routed  to  an  operator. 


Fig.  9 — Views  of  the  Selector 

Panel  Type  Selecting  Mechanism.  An  important  mechanism  of  a 
machine  switching  system  is  the  selector  and  its  associated  multiple 
bank.  It  is  a  device  by  means  of  which  trunks  or  lines  are  connected 
together  as  required.  It  performs  the  same  function  as  the  switch- 
board cord  and  plug  which  in  a  manual  exchange  can  be  plugged  by 
the  operator  into  any  one  of  a  number  of  jacks  which  are  the  terminals 
of  trunks  or  lines. 

Fig.  9.  shows  the  mechanical  elements  of  the  selectors.  The  mov- 
able member  corresponds  to  the  cord  and  plug  of  the  manual  system 
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and  the  fixed  terminals  or  multiple,  to  which  the  movable  member 
can  make  connection,  corresponds  to  the  jacks  of  the  manual  system. 
Fig.  10  shows  the  fixed  terminals  or  multiple  to  which  the  selectors 
connect.  This  multiple  consists  of  flat  punchings  about  3>^  feet 
long  and  1  inch  wide  overall.  Each  of  these  strips  has  lugs  on  each 
side  with  which  the  selectors  can  make  contact.  In  this  particular 
panel,  three  hunderd  of  these  strips  are  piled  one  above  the  other, 
separated  by  insulation,  and  securely  bolted  together,  forming  a  panel 
about  15  inches  high.  This  panel  provides  a  multiple  consisting  of 
"tip,"  "ring"  and  "sleeve"  connection  for  one  hundred  lines  appear- 
ing sixty  times;  that  is,  thirty  on  each  side.  The  insulating  material 
consists  of  special  impregnated  paper  and  is  of  such  a  nature  that, 
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Kig.  10 — Selector  Multiple  Bank 

after  the  panel  is  assembled  and  baked,  it  becomes  inert  and  is  not 
adversely  affected  by  any  conditions  met  with  in  a  central  office. 
It  is  this  panel  which  has  given  the  name  to  the  system. 

The  selector  (see  Figs.  9  and  13)  consists  of  a  metal  tube  supported 
in  bearings  allowing  vertical  motion  and  carrying  five  sets  of  brushes. 
Each  one  of  the  five  sets  of  brushes  is  arranged  to  make  connections 
to  the  tip,  ring  and  sleeve  terminals  of  the  panel  banks  before  which 
it  normally  stands,  and  the  tip,  ring  and  sleeve  contact  members  of 
all  five  of  these  brushes  are  multipled  together.  They  are  normally 
free  from  contact  with  the  terminals,  but  any  set  may  be  tripped  me- 
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chanically,  so  that  that  set  will  contact  successively  over  terminals 
as  the  selector  rises. 

A  friction  clutch  is  provided  at  the  base  of  each  selector,  so  arranged 
that  the  selector  can  be  raised  or  lowered  by  power  supplied  by  a 
constantly  rotating  small  motor,  common  to  60  selectors.  A  magnet 
is  also  provided  for  tripping,  by  means  of  a  rotating  rod,  any  one  of 


Fig.  11 — Commutator  for  Controlling  Vertical  Movement  of  Selecting  Mechanism 


the  five  sets  of  brushes  into  mechanical  engagement  with  the  terminals. 
In  choosing  a  trunk  or  line,  that  one  of  the  five  sets  of  brushes  which 
has  access  to  the  panel  in  which  the  desired  trunk  or  line  happens 
to  be,  is  tripped  so  that  it  makes  contact  with  the  bank  terminals 
before  it.     The  selector  then  moves  upward,  under  the  proper  control, 
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until  the  tripped  brush  engages  the  desired  line  or  trunk.  The 
selector  is  then  held  in  this  position  by  a  pawl  associated  with  the 
clutch.  When  the  connection  is  to  be  taken  down,  the  pawl  is  with- 
drawn, and  the  selector  is  carried  back  by  means  of  the  power  drive 
controlled  by  the  clutch.  When  the  selector  reaches  its  normal  posi- 
tion the  tripped  brush  is  reset. 

Selectors  used  for  different  purposes  are  arranged  to  move  their 
brushes  upward  at  different  speeds.  The  speed  most  commonly 
employed  moves  the  brushes  over  the  terminals  at  the  rate  of  60 
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Fig.  12 — Sequence  Switch  Assembly 


trunks  per  second.  At  the  top  of  the  frame,  just  above  the  fifth 
bank,  are  located  commutators  as  shown  in  Fig.  11,  one  for  each 
selector.  The  multiple  wiring  of  the  brushes  on  the  selector  leads 
to  other  brushes  which  move  over  strips  on  these  commutators,  and 
thereby  completes  the  connection  from  the  movable  selector  to  the 
rest  of  the  circuit,  thus  avoiding  flexible  wire  connections  with  their 
attendant  troubles.  This  commutator,  also,  performs  the  more 
important  service  of  controlling  the  travel  of  the  selector.  Brushes 
moving  over  conducting  segments  separated  by  insulation  produce 
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impulses  which,  when  sent  back  to  the  sender,  indicate  to  it  the  exact 
position  of  the  selecting  mechanism. 

Sequence    Switch.     Another    device    of  great     importance    is     the 
"sequence  switch,"  shown  in  detail  in  Fig.  1*2.      It  is  operated  through 


Fig.  13 — Selector  Frame  Completely  Equipped 


an   electromagnetic   clutch    from    the   same   motor   that    drives     the 
selectors. 

The  sequence  switch  may  be  described  as  a  circuit  controller  or 
device  whose  function  is  to  establish  in  a  definite  sequence  such  circuit 
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conditions  as  are  required  in  the  operation  of  the  system.  It  is  made 
up  of  circular  disks  called  cams  mounted  rigidly  on  a  shaft.  The 
plates  of  the  cams  are  cut  so  that  brushes  come  in  contact  with  the 
plates  only  when  the  circuit  is  to  be  closed.  The  sequence  switch 
can  be  stopped  at  any  one  of  eighteen  different  positions  as  required, 
by  the  simple  opening  of  the  electromagnetic  clutch. 

There  are  many  of  these  sequence  switches  used  in  this  system, 
and  the  arrangement  of  cutting  the  cams  varies,  depending  upon  the 
particular  circuit  combinations  which  it  is  desired  to  establish. 

Selector  Frames.  Fig.  13  shows  thirty  selectors  with  all  of  the 
associated  mechanism  mounted  upon  one  side  of  a  frame  ready  for 
operation  in  an  exchange.  Both  sides  of  the  frame  are  alike.  Five 
panels  of  100  lines  each  are  mounted  in  this  frame,  one  above  the  other 
giving  a  total  capacity  of  500  trunks  or  lines.  Thirty  selectors,  each 
capable  of  making  connection  with  any  one  of  the  500  trunks  or  lines, 
are  placed  adjacent  to  each  other  on  each  side  of  these  panels;  the 
entire  frame  thereby  having  a  capacity  of  sixty  selectors,  each  of 
which  has  access  to  500  trunks  or  lines. 

Immediately  to  the  right  of  the  selectors  are  the  sequence  switches 
and,  under  protective  covers,  such  relays  as  are  used  in  connection 
with  the  selectors  upon  the  frame  shown. 

Selecting  apparatus  of  this  general  type,  but  differing  in  details  of 
design,  is  used  during  the  different  stages  of  the  call  as  line  finders, 
district  selectors,  incoming  selectors  and  final  selectors,  reference  to 
which  has  been  made  before.  Fig.  14  shows  a  section  of  a  machine 
switching  office  with  some  of  the  typical  frames. 

The  use  of  apparatus  of  the  substantial  construction  just  described 
is  made  possible  only  through  the  use  of  the  sender  which  receives 
impulses  from  the  subscriber  at  the  rate  they  are  dialed  and  receives 
impulses  from  the  selecting  mechanism  at  the  rate  it  is  traveling. 
This  obviates  the  necessity  for  restrictions  in  the  design  of  either 
the  dialing  circuit  or  the  selecting  circuit,  such  as  would  be  necessary 
if  they  were  tied  together. 

Power  Supply  Arrangements.  Since  most  of  the  operations  normally 
required  in  handling  a  call  in  a  machine  switching  office  are  carried 
out  mechanically,  it  is  evident  that  a  considerably  larger  amount  of 
power  is  required  than  with  the  manual  system.  Selectors  and 
sequence  switches  are  propelled  mechanically  by  rotating  shafts 
driven  continuously  by  small  motors  mounted  on  each  frame. 

The  use  of  small  motors  on  each  frame  gives  a  flexible  and  reliable 
source  of  power  particularly  since  the  motors  now  being  used  are  of 
the  special  "duplex"  type  developed  for  the  purpose.     They  consist 
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of  two  motor  elements  in  one  frame,  one  element  being  normally 
driven  from  the  commercial  power  service  and.  the  other  being  driven 
by  the  telephone  reserve  storage  batten,'  to  which  it  is  automatically 


Fig.  14 — Group  of  Typical  Selector  Frames 


connected  by  a  relay  inside  the  motor  when  the  regular  power  fails. 
A  power  failure,  therefore,  causes  no  interruption  to  the  drive.  The 
selectors  are  arranged  so  that  not  more  than  half  in  any  one  group  are 
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driven  by  the  same  motor  which  insures  continuous  service  in  case 
of  motor  failure. 

The  main  power  requirement  is  for  direct  current  at  about  24  and 
48  volts  which  is  furnished  from  motor  generator  sets  (Fig.  15)  of 
special  construction  to  reduce  noise,  converting  the  commercial 
alternating  or  direct  power  current  into  current  which  is  regulated 
as  to  voltage  and  is  free  from  variations  which  would  cause  noise  in 
the  telephone  circuits. 


Fig.   15 — Power  Machine  and  Control  Equipment  for  Two  10,000-Line  Units 


Storage  batteries  (Fig.  16)  floating  across  the  current  supply  bus- 
bars insure  regulation.  In  addition  to  stabilizing  the  voltage  and 
reducing  noise  interference  from  the  machines  and  between  tele- 
phone circuits,  the  batteries  perform  the  important  function  of  keep- 
ing the  exchange  in  operation  during  interruptions  to  the  commercial 
power  service.  Small  motor  generators  furnish  current  for  ringing 
subscribers'  bells  and  drive  commutators  supplying  various  tones  and 
signals.     Batteries   or   machines   supply   current   for   operating   coin 
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boxes  and  pulse  machines  provide  impulses  for  the  operation  of  cer- 
tain  of   the   machine   switching  apparatus. 

Whenever  practicable,  two  or  more  commercial  power  services  from 
independent  generating  stations  are  secured,  either  of  which  will  keep 
the  office  supplied.  Where  independent  generating  systems  are  not 
available  a  reserve  gas  engine  supply  (Fig.  17)  is  installed  to  take 
the  place  of  the  incoming  power  service,  such  engine  also  being 
equipped   for  emergency  operation  on  gasoline. 


Fig.  16 — Batten,'  Room  for  Two  10, 000-Line  Units 


All  of  the  essential  power  machines  and  batteries  are  provided 
in  duplicate  and  are  arranged  to  come  into  action  automatically 
wherever  this  is  necessary  to  insure  continuity  of  service  in  the  event 
of  loss  of  power  or  trouble  with  any  of  the  power  equipment.  Alarms 
are  provided  to  detect  variations  in  battery  voltage,  blowing  of  fuses, 
stopping  of  machines  or  any  failure  of  service  on  all  power  busses 
which  feed  energy  to  the  telephone  or  signaling  circuits.  The  power 
plant  is  thus  designed  to  give  an  uninterrupted  energy  supply  at  all 
times  even  when  the  usual  sources  of  power  may  have  been  tempor- 
arily discontinued. 
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Detailed  Plan  of  Operation 

The  following  will  give  in  some  detail  the  plan  of  operation  for 
handling  typical  calls  between  various  types  of  offices  in  a  large 
metropolitan  area  such  as  New  York  City. 

Calls  Originating  in  Machine  Switching  Offices.  Fig.  18  shows 
schematically  the  path  of  a  call  originating  in  a  machine  switching 
office.  The  pair  of  wires  of  a  subscriber's  line  is  attached  to  one  of 
the  sets  of  fixed  terminals  in  a  panel  bank  appearing  before  a  group  of 
selectors  of  the  type  which  has  been  described.     By  putting  fewer 


Fig.    17 — 165   H.   P.   Gas  Engine  Generating  Set  for  Emergency  Use 


lines  in  these  panels  and  increasing  the  number  of  selector  brushes, 
we  attain  the  speed  necessary  at  this  stage  of  the  connection.  These 
selectors  are  called  "line  finders,"  since  their  function  is  to  find  calling 
lines.  The  terminals  correspond  to  the  answering  jacks  and  the 
selectors  to  the  "A"  operators'  answering  cords  of  the  manual 
system. 
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When  the  subscriber  removes  his  receiver,  he  closes  the  circuit  of 
his  line,  causing  a  relay  at  the  central  office  in  series  with  his  line,  to 
operate.  This  relay  causes  an  idle  line  finder,  having  access  to  his 
line,  to  trip  the  proper  brush  and  then  move  upward  to  his  line.  At 
the  same  time  a  sender  selector  attached  to  that  line  finder  is  choosing, 


LINE  FINDER 
FRAME 


^SENDERS 
Fig.  13 — Diagram  of  Line  Finder,  District  and  Office  Frames 


out  of  a  common  group,  an  idle  sender.  The  sender  selector  is  a  small 
selector  of  a  type  in  which  the  brushes  are  driven  by  a  magnet  over 
contacts  arranged  as  shown  in  Fig.  19. 

The  sender  having  been  attached  in  this  manner  to  the  calling  line, 
a  low  humming  sound,  known  as  the  dial  tone.,  is  heard  by  the  sub- 
scriber, advising  him  that  the  mechanism  is  ready  for  him  to  dial. 
The  entire  sequence  of  events  just  described  takes  place  in  a  fraction 
of  a  second,  so  that  ordinarily  the  subscriber  finds  the  dial  tone  when 
the  receiver  reaches  his  ear.  The  subscriber  now  dials  the  required 
letters  of  the  office  name,  and  the  numerals  of  the  called  number. 

The  pulses  from  the  dial  come  over  the  subscriber's  line  through  the 
line  finder  and  sender  selector  to  the  sender  which  records  and  trans- 
lates them  to  control  the  setting  up  of  the  connection.  As  soon  as 
the  connection  has  been  established,  the  sender  is  released  and  is 
ready  to  be  used  for  a  new  call,  being  kept  in  use  only  a  few  seconds 
for  each  call. 
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The  first  step  in  completing  the  connection  is  to  choose  an  idle 
trunk  in  the  proper  direction.  To  the  nearby  offices  there  are  groups 
of  direct  trunks,  whereas  the  more  distant  offices  are  reached  through 
tandem  centers  described  later. 

The  line  finder  leads  to  the  movable  element  of  a  panel  selector 
known  as  a  "district  selector."  This  district  selector  has  capacity 
for  450  working  outgoing  trunks,  the  other  50  trunks  being  used  for 
control  purposes.     In  a  small  city  450  trunks  would  be  sufficient  to 


Fig.  19 — Sender  Selector 


reach  all  points,  but  in  the  case  of  the  New  York  offices  450  outgoing 
trunks  are  not  sufficient.  Accordingly,  only  a  few  of  the  trunk  groups 
outgoing  from  these  offices  leave  directly  from  the  district  selectors. 
To  obtain  access  to  the  remaining  trunks  there  are,  on  every  district 
selector  frame,  groups  of  trunks  leading  to  so-called  "office  selectors." 
These  office  selectors  are  of  the  panel  type  and  each  has  a  capacity 
for  450  outgoing  trunks. 

The  path  of  a  call  through  a  district  and  office  selector  will  now  be 
traced.     The  district  selector  starts  upward  under  the  control  of  the 
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sender.  As  the  district  selector  moves  upward,  it  produces  pulses  by 
means  of  the  brushes  which  slide  over  the  commutator  at  the  top  of 
the  selector.  These  pulses  are  transmitted  back  to  the  sender,  and  are 
there  counted.  When  the  sender  has  counted  the  number  of  pulses 
which  indicates  to  it  that  the  district  selector  has  proceeded  to  the 
proper  position,  the  sender  opens  the  fundamental  ciicuit  to  the 
selector  and  causes  it  to  stop.  This  method  of  controlling  the  mov- 
ment  of  the  selector  is  termed  the  reverse  control  method. 

The  first  selection  made  chooses  the  set  of  brushes  to  be  tripped 
into  engagement  with  the  terminals.  Assume,  as  shown  in  Fig.  18, 
the  desired  trunk  appears  on  the  second  panel  from  the  bottom. 
Therefore,  the  district  selector  is  allowed  to  make  two  pulses  and 
is  then  stopped  by  the  sender.  The  brush-tripping  device  is  thus  set 
in  position  to  trip  the  second  brush,  and  the  selector  is  started  again 
by  a  signal  from  the  sender,  which  operation  completes  the  process 
of  tripping  the  brush. 

The  selector  now  continues  upward,  making  a  pulse  for  every  group 
of  trunks  which  it  passes  over,  until,  having  reached  the  desired  group, 
as  indicated  by  the  number  of  pulses  counted  by  the  sender,  it  is  again 
stopped  by  the  sender  at  the  beginning  of  this  group.  The  selector 
is  now  started  again,  and  this  time  under  its  own  control,  hunts  for 
an  idle  trunk  in  the  group.  Busy  trunks  are  grounded  on  the  third 
or  signaling  terminals,  whereas  idle  trunks  are  open.  A  testing  relay, 
associated  with  the  selector,  keeps  the  selector  moving  upward  until 
a  trunk  with  an  open  third  wire  is  found,  whereupon  the  selector  stops, 
makes  connection  with  this  trunk,  and  renders  it  busy  to  other  selectors 
by  grounding  the  signaling  strip. 

This  trunk,  as  indicated  in  Fig.  18,  leads  to  an  office  selector.  The 
same  process  is  repeated  by  the  office  selector,  under  control  of  the 
sender,  to  trip  first  the  proper  brush,  then  choose  the  proper  group, 
and  finally  to  choose  an  idle  trunk  in  the  group.  The  connection 
is  now  extended  to  an  outgoing  trunk.  The  sender  still  remains 
attached  to  the  connection,  since  it  must  still  control  the  further 
setting  up  of  the  connection. 

The  sizes  of  the  working  trunk  groups  on  district  and  office  selectors 
can  vary  from  5  to  90,  depending  upon  the  traffic  to  be  handled. 

Calls  Between  Machine  Switching  Offices.  If  the  call  is  for  a  sub- 
scriber in  a  machine  switching  office  it  is  completed  as  shown  in 
Fig.  20.  This  figure  shows  a  diagram  of  the  apparatus  used  to  con- 
nect an  incoming  full  mechanical  trunk  to  a  subscriber's  line,  whether 
this  line  is  in  the  originating  machine  switching  office  or  in  another 
which  must  be  reached  over  interoffice  trunks. 
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The  incoming  trunk  to  the  machine  switching  office  terminates 
on  an  "incoming  selector,"  which  is  of  the  type  already  described. 
The  machine  switching  office  has  a  capacity  for  10,000  numbers,  but 
the  incoming  selector  has  capacity  of  only  500  trunks,  so  that  the 
same  arrangement  is  employed  as  on  the  district  selectors;  that  is, 
the  incoming  selector  chooses  one  of  a  number  of  other  selectors, 
called  "final  selectors,"  which  have  access  to  the  subscribers'  lines. 
Since  each  group  of  final  selectors  has  access  to  500  subscribers,  20 
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Fig.  20 — Diagram  of  Incoming  and  Final  Frames 


groups  of  finals  will  be  necessary  to  care  for  the  full  10,000  numbers. 
On  the  incoming  selector  frames,  therefore,  appear  20  groups  of  trunks, 
each  group  leading  to  a  different  frame  of  final  selectors. 

The  method  of  selection  is  the  same  as  described  for  the  district 
and  office  selectors;  that  is,  first  the  incoming  selector,  under  control 
of  the  sender  in  the  originating  office,  trips  the  proper  brush,  chooses 
the  proper  group,  and  finally  chooses  an  idle  trunk  leading  to  a  final 
selector.  The  final  selector  then  goes  through  the  process  of  brush, 
group,  and  subscriber's  terminal  selection.  The  terminal  selection 
is  under  the  control  of  the  sender  which  counts  line  by  line  in  the 
group  of  ten,  until  the  desired  one  is  reached.  If  the  called  line  is 
idle,  it  is  rung,  and  the  calling  subscriber  is  advised  of  that  fact  by 
hearing  the  audible  ringing  signal.  If  the  called  line  is  busy  it  is  not 
connected,  but  an  intermittent  buzz,  recognized  as  the  busy  signal,  is 
sent  back  to  the  calling  subscriber.  If  the  called  number  is  that  of  a 
P.  B.  X.  having  several  trunks,  the  final  selector  automatically  hunts 
for  an  idle  one.  If  the  final  selector,  after  testing  all  the  P.  B.  X. 
trunks  finds  them  all  busy,  it  sends  back  the  busy  signal. 
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As  soon  as  the  called  line  is  reached,  the  sender  is  dropped  from  the 
circuit  to  be  available  for  another  connection.  It  is  not  held  during 
the  period  of  ringing,  during  the  time  that  the  busy  signal  is  being 
given,  if  the  line  is  busy,  or  during  any  part  of  the  period  of  con- 
versation. 

It  will  be  noted  that  the  method  of  selection  is  not  on  a  decimal 
basis.  The  first  selection  is  to  choose  one  of  five  brushes  on  the  in- 
coming selector  as  already  explained ;  that  is,  we  choose  that  partucular 
fifth  of  the  terminals  in  which  the  called  line  happens  to  be,  and  since 
1-5  of  10,000  is  2000,  we  choose  the  2000  group  desired.  The  next 
selection  is  by  groups  of  500,  which  is  again  non-decimal.  This 
"translation,"  as  it  is  called,  of  the  number  from  the  decimal  notation, 
as  dialed  by  the  subscriber,  into  the  notation  as  needed  by  the  selectors, 
is  taken  care  of  very  simply  in  the  senders. 

Calls  from  Machine  Switching  to  Manual  Offices.  Calls  from  ma- 
chine switching  to  manual  offices  are  handled  at  the  manual  office  on 
call  indicator  "B"  positions.  Fig.  21  shows  a  diagram  of  the  equip- 
ment used  to  connect  such  a  call  to  a  subscriber  in  the  manual  office. 
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Fig.  21 — Diagram  of  Connection  from  Machine  Switching  to  Manual 


The  call  progresses  through  the  district  and  office  selector  in  the 
same  manner  as  described  for  the  machine  switching  call,  but  the 
trunk  which  it  takes  up  leads  to  a  call  indicator  "B"  position  in  the 
manual  office  selected.  The  operator  is  notified  that  a  call  has  reached 
her  position  by  the  lighting  of  a  lamp  associated  with  the  cord  and 
plug  in  which  the  incoming  trunk  terminates.  Upon  perceiving  this 
signal,  she  presses  a  display  key  associated  with  that  trunk,  and 
thereupon   the  called   subscriber's   number   is  displayed   on   a   bank 
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of  numbered  lamps  located  on  this  operator's  keyboard.  The  oper- 
ator picks  up  the  plug,  tests  the  called  line  and,  if  it  is  found  idle, 
plugs  in;  or,  if  it  is  found  busy,  she  plugs  into  a  special  jack  which  is 
arranged  to  send  the  intermittent  busy  tone  back  to  the  calling 
subscriber. 

The  called  subscriber's  number  is  displayed  in  the  following  manner. 
Associated  with  the  operator's  position,  and  with  her  call  indicator,  is 
a  group  of  relays.  When  the  display  key  is  depressed,  this  group  of 
relays  is  attached  to  the  trunk.  The  sender  which  has  meanwhile 
been  waiting  on  the  connection,  is  thereby  given  a  signal,  and  sends  the 
number  called  by  means  of  code  pulses  which  are  received  by  the 
group  of  relays.  These  relays,  in  turn,  light  the  set  of  lamps  on  the 
call  indicator  corresponding  to  the  digits  of  the  called  number,  as 
shown  in  Figs.  22  and  23.     The  code  pulses  employed  for  sending 


Fig.  22 — Incoming  Trunk  Position  in  a  Manual  Office  Arranged  for  Call  Indicator 

Operation 

this  called  number  are  positive  and  negative,  strong  and  weak,  and 
are  translated  by  the  sender  from  the  decimal  dial  pulses  to  this  type 
of  pulse  to  reduce  the  time  required  and  to  simplify  the  receiving 
apparatus. 
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Incoming  Calls  from  Manual  to  Machine  Snitching  Offices.  Calls 
from  manual  offices  are  handled  at  the  machine  switching  office  on 
the  cordless  "B"  positions.     Fig.  24  shows  a  diagram  of  the  equip- 
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Fig-   23 — Call    Indicator  at   an    Incoming  Trunk   Position   in   a    Manual   Office 

ment  used  to  connect  a  call  originating  in  a  manual  office  destined 
for  a  subscriber  in  a  machine  switching  office.  Such  a  call  i>  an>wered 
by  the  "A"  operator  in  the  manual  office  in  the  usual  manner.  She 
takes   up   the   call   circuit    by   depressing   her   call   circuit    key    to   the 
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Fig.  24 — Diagram  of  a  Connection  from  a  Manual  to  a  Machine  Switching  Office 


machine  switching  office  desired,  passes  the  called  subscriber's  num- 
ber, and  receives  a  trunk  assignment  in  exactly  the  same  manner 
as  if  the  call  were  going  to  another  manual  office.     The  cordless  "B" 
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operator,  upon  assigning  a  trunk,  presses  the  assignment  key  of  that 
crunk,  which  temporarily  attaches  her  keyboard  to  a  sender  and 
simultaneously  to  the  incoming  trunk  which  she  has  assigned.  As 
shown  in  Fig.  24,  the  incoming  trunk  terminates  on  an  incoming 
selector  which  has  access  to  final  selectors  On  which  the  called  num- 
ber appears,  in  the  same  manner  as  described  before. 

The  operator*  now  sets  up  on  her  numbered  keys  the  number  de- 
sired, and  this  information  is  transmitted  immediately  to  the  sender. 
These  keys,  which  lock  mechanically,  are  released  after  a  fraction  of 
a  second  by  a  magnet  controlled  by  the  sender  and  aie  ready  for  the 


Fig.  25 — Cordless  "B"  Positions  in  Machine  Switching  Office 


next  call.  The  "B"  operator's  sender  now  controls  the  incoming 
and  final  selectors  in  the  same  manner  as  the  subscribers'  senders, 
causing  the  incoming  selector  to  choose  an  idle  trunk  to  a  final  selector 
having  access  to  the  desired  group  of  500  numbers.  The  final  selector 
reaches  its  destination  in  the  manner  previously  described  and,  as 
soon  as  the  line  is  found,  the  sender  is  released. 

Fig.  25  shows  a  line  of  cordless  positions.  The  section  at  the 
left  is  the  cable  turning  section,  having  nothing  to  do  with  the  oper- 
ation of  the  board. 
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Manual  Positio?is  Required  in  Machine  Switching  Offices.  While 
regular  calls  between  two  subscribers  will  be  completed  in  this  system 
without  the  aid  of  operators,  certain  classes  of  calls,  such  as  toll  calls 
to  suburban  points  and  calls  for  discontinued  or  changed  numbers, 
etc.,  will  require  the  assistance  of  an  operator.  Special  manual  posi- 
tions are  therefore  provided  in  the  machine  switching  office  for  this 
service.  These  positions  also  care  for  cases  where  the  subscriber 
may  need  the  assistance  of  an  operator  for  other  reasons  than  the 
above,  and  are  in  addition  to  the  cordless  "B"  positions  previously 
described. 

The  operators  are  called  "Special  Service  Operators."  The  sub- 
scriber signals  them  by  dialing  "Zero,"  which  on  the  dial  is  also 
marked  with  the  word  "Operator."  The  connection  then  progresses 
in  the  same  general  manner,  through  the  district  and  office  selectors, 
as  for  any  originating  call.  An  idle  trunk  appearing  on  the  office 
selector  leading  to  an  answering  jack  before  the  special  service  oper- 
ator is  chosen  and  the  sender  released.  Should  a  subscriber  in  any 
local  service  area  dial  a  subscriber  in  another  area,  the  sender  will 
automatically  route  the  call  to  a  special  service  operator. 

The  special  service  operator  in  large  areas  has  before  her  a  number 
of  cord  circuits  having  one  end  terminating  in  a  cord  and  plug.  She 
also  has  upon  a  keyboard  a  set  of  keys  similar  to  those  described  for 
the  cordless  "B"  position,  except  that  there  are  additional  strips  of 
keys  upon  which  she  can  write  up  an  office  code.  The  operator 
answers  the  subscriber  by  inserting  one  of  the  plugs  in  the  answering 
jack  and,  having  ascertained  the  desires  of  the  subscriber,  directs 
the  connection  to  the  proper  destination  by  setting  up  on  her  keys  the 
proper  numerical  code.  Senders  are  furnished  for  these  positions 
so  that,  as  soon  as  the  information  from  the  keyboard  has  been  regis- 
tered on  the  sender,  the  keys  are  released  and  are  ready  for  another  call. 

The  other  end  of  the  special  service  operators'  cord  circuit  termi- 
nates in  a  district  selector  which,  either  directly  or  through  other 
selectors,  has  access  not  only  to  trunks  which  the  subscriber  himself 
might  call,  but  also  to  trunks  leading  to  more  distant  offices  which  he 
cannot  dial  directly  because  they  are  toll  points. 

Tandem  Operation.  There  aie  about  158  central  offices  in  the  area 
shown  on  the  map,  Fig.  3.  While  it  is  an  essential  requirement  that 
any  subscriber  connected  to  any  of  these  offices  be  able  to  reach  any 
subscriber  connected  to  any  other  office,  it  is  obvious  that  to  furnish 
trunks  from  each  office  direct  to  every  other  office  would  require 
a  great  number  of  long  trunks  in  small  groups  carrying  a  very  light 
load  most  of  the  time. 
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In  order  to  eliminate  the  inefficiency  that  such  an  arrangement 
would  entail,  it  has  been  the  practise  in  manual  operation  to  handle 
the  traffic  from  one  part  of  the  area  to  another  part  of  the  area  over 
main  trunk  routes.  The  collecting  and  distributing  points  on  these 
trunk  routes  are  known  as  "tandem  centers,"  and  the  plan  of  oper- 
ation is  known  as  "tandem  operation." 


Fig.  26 — Typical  Tandem  Trunking  Plan 

Fig.  26  shows  an  arrangement  of  offices  in  a  typical  tandem  trunk- 
ing plan.  Offices  marked  M  are  local  offices,  either  manual  or  ma- 
chine switching.  The  office  marked  T  is  a  tandem  office.  If  a  call 
is  originated  by  a  subscriber  in  office  M-l  for  a  subscriber  in  offices 
M-4,  M-5,  or  M-6,  to  which  no  direct  trunks  are  provided,  the  call  is 
routed  at  office  M-l  to  trunks  terminating  at  tandem  office  T.  At 
this  point  they  are  connected  to  trunks  leading  to  the  proper  office, 
where  the  connection  is  completed  to  the  desired  subscriber  in  the 
usual  manner.  Likewise,  calls  from  offices  M-2  and  M-3  are  com- 
pleted over  the  same  groups  of  trunks  from  the  tandem  office  T  to 
offices  M-4,  M-5,  or  M-6. 

The  plan  described  above  is  typical  of  that  followed  in  the  New 
York  Metropolitan  area  for  many  years,  the  completion  of  the  call 
being  controlled  at  the  tandem  office  by  operators. 

The  machine  switching  system  is  not  only  adapted  to  fit  into  the 
existing  tandem  plan,  either  when  used  in  the  local  central  office  or 
at  the  tandem  office,  but  also  makes  available  possibilities  for  con- 
siderably extending  the  field  of  usefulness  of  the  tandem  system,  due 
to  certain  advantages  in  handling  calls  at  tandem  points  by  the  use 
of  machinery. 

The  use  of  a  sender  at  the  machine  switching  office  which  is  cap- 
able of  routing  a  call  in  any  way  desired  permits  locating  the  selectors 
which  have  access  to  the  interoffice  trunks  at  any  convenient  point 
either  at  the  originating  office  or  at  some  distant  point.     In  other 
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words,  the  tandem  office  T  shown  on  Fig.  26  may  consist  of  a  group  of 
office  selectors  such  as  have  been  described  previously.  In  this  case 
the  trunks  from  offices  M-l,  M-2  and  M-3  would  lead  from  district 
selectors  in  these  offices  to  the  office  selectors  at  office  T  which  would 
select,  under  control  of  the  sender  in  the  originating  office,  an  idle 
trunk  to  office  M-4.  M-5,  or  M-6,  as  desired.  At  the  terminating 
office  the  call  would  be  completed  through  incoming  and  finals  if  it  is 
a  machine  switching  office,  or  call  indicator  "B"  positions  if  it  is  a 
manual   office,   exactly   as   described   previously. 

If  the  number  of  points  to  be  reached  through  the  tandem  office  is 
greater  than  the  capacity  of  a  group  of  office  selectors,  a  group  of 
district  selectors  may  be  provided  at  the  tandem  office  which  have 
access  to  groups  of  office  selectors  located  at  the  same  office  or  at 
some   distant    point,    as   described   above. 
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Fig.  27 — Tandem  Trunking  Plan  Showing  Distant  Office  Selector 


Fig.  27  shows  schematically  a  tandem  plan  using  the  above  method. 
Tandem  office  T  is  provided  with  district  selectors  on  which  terminate 
trunks  from  local  office  M-l,  M-2  and  M-3.  These  selectors  have 
access  to  office  selectors  in  the  same  office  through  which  offices  M-4 
and  M-5  are  reached,  and  to  office  selectors  located  in  the  distant 
tandem  office  T-l  through  which  office  M-6  and  M-7  are  reached. 

To  handle  calls  at  a  machine  switching  tandem  office  originating 
from  manual  offices,  operators  are  required  at  the  tandem  office. 
These  operators  handle  calls  in  much  the  same  manner  as  cordless 
"B"  operators  in  a  machine  switching  office,  as  already  described. 
The  operator  receives  the  desired  office  name  and  number  from  the 
originating  operator  over  a  call  circuit  and  sets  it  up  on  her  keyboard, 
which  is  similar  to  the  cordless  "  B  "  board,  except  that  it  has  office  keys 
in  addition  to  numerical  keys.  The  number  is  received  by  a  sender 
which  then  controls  the  operation  of  the  selecting  mechanism  in  the 
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tandem  office  and  other  offices  through  which  the  call  may  pass,  to 
the  desired   local  office  and  subscriber's  line. 

Many  different  combinations  of  the  above  are  possible  and  are 
employed  when  desired. 

Maintenance 

As  will  have  become  apparent  from  the  description  already  given 
there  is,  in  the  machine  switching  telephone  central  office,  a  large 
amount  of  apparatus  which,  in  order  to  insure  service  of  good  quality, 
must  be  maintained  in  proper  working  condition.  Consequently, 
the  subject  of  maintenance  has  been  very  carefully  kept  in  mind 
throughout  the  design  of  the  system.  For  instance,  all  new  pieces 
of  apparatus  used  in  this  system  have  been  subjected  to  the  most 
rigid  tests  to  insure  that  they  will  have  a  satisfactory  life  and  that 
their  margins  of  adjustment  will  be  adequate. 

When  maintaining  machine  switching  equipment,  the  main  reli- 
ance is  placed  on  preventive  measures,  so  that  incipient  faults  will 
be  detected  and  corrected  before  they  have  got  to  the  point  of  inter- 
fering with  service.  Ingenious  automatic  testing  arrangements  have 
been  designed  to  aid  in  this  preventive  maintenance  work.  They 
subject  the  various  circuits  in  the  exchange  to  routine  tests,  and  are 
arranged  so  that  they  will  automatically  test  all  of  the  circuits,  one 
by  one,  under  conditions  more  severe  than  they  will  ever  be  called 
upon  to  meet  in  service.  In  case  some  feature  of  any  circuit  has 
deteriorated  from  its  normal  standard  of  adjustment — which  includes 
a  wide  margin— so  that  it  will  not  meet  this  severe  testing  condition, 
the  testing  apparatus  automatically  stops  and  by  supervisory  lamps 
indicates  the  location  of  the  trouble.  An  audible  alarm  is  also  sounded 
which  notifies  the  maintenance  man  responsible  that  something 
requiring  his  attention  has  been  found.  The  circuit  in  trouble  may 
still  be  capable  of  giving  service,  but  is  below  the  standard  set  and 
may  soon  give  service  trouble  if  not  corrected. 

As  applied  to  the  sender,  for  example,  the  automatic  routine  test 
equipment  picks  up  each  sender  in  turn  and  puts  it  through  its  regular 
process  of  operation,  under  conditions  more  severe  than  are  en- 
countered in  practise.  If  the  sender  under  test  meets  the  operating 
conditions  without  failure,  the  sender  is  dropped  and  the  test  equip- 
ment moves  to  the  next  sender.  If  any  trouble  develops  an  alarm 
is  given,  which  summons  the  maintenance  man  who  is  able  to  de- 
termine by  the  condition  of  the  apparatus  the  location  of  potential 
trouble. 
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The  operation  of  the  testing  equipment  may  be  varied  by  suitable 
keys,  so  that  all  the  features  of  each  sender  may  be  tested  once,  or 
so  that  any  one  feature  of  the  sender  may  be  tested  as  many  times 
as  desired. 

All  the  equipment  in  the  office  occurs  in  groups,  and  arrangements 
are  made  for  readily  taking  out  of  service  for  readjustment  any  piece 
of  apparatus  which  may  have  been  found  to  have  potential  trouble — 
the  other  members  of  the  group  continuing  to  handle  the  calls. 

Application 

In  the  preceding  pages  there  has  been  briefly  described  a  switching 
system  which  meets  the  exacting  and  complex  requirements  of  tele- 
phone service  in  the  largest  cities  and  in  which,  so  far  as  is  practicable, 
the  various  switching  operations  are  performed  automatically.  Only 
such  operators  are  required  in  connection  with  this  system  as  are 
necessary  for  handling  special  classes  of  service  and  certain  operations 
in  connection  with  the  interchange  of  calls  between  manual  and 
machine  switching  central  offices  during  the  transition  period. 

Variations  in  the  arrangements  which  have  been  described  have 
been  developed  and  are  available  for  use  whenever  the  conditions 
warrant.  An  illustration  of  this  is  the  so-called  key  indicator,  which 
permits  the  handling  of  calls  from  manual  to  machine  switching 
offices  without  the  aid  of  the  cordless  "  B  "  operators.  This  is  effected 
by  providing  the  operators  in  the  manual  offices  with  special  keys 
and  equipment  for  controlling  directly  the  selection  of  the  subscrib- 
er's line  in   the  machine  switching  office. 

This  machine  switching  system  marks  a  very  important  advance 
in  a  development  which  began  shortly  after  the  telephone  was  in- 
vented, and  which  has  been  most  vigorously  prosecuted  by  the  en- 
gineers of  the  Bell  System  from  then  to  the  present  time.  Through- 
out this  entire  development  period  the  tendency  has  been  to  introduce 
automatic  methods  and  apparatus  whenever  they  gave  a  better  result 
to  the  public,  or  whenever  they  were  attended  by  an  economy  of  any 
kind. 

How  this  system  works  has  been  briefly  explained.  What  arrange- 
ments are  provided  for  handling  regular  machine  switching  calls, 
calls  to  and  from  existing  manual  offices,  private  branch  exchanges, 
etc.,  has  been  described.  How  the  introduction  of  this  system  into 
a  telephone  network  is  affected  will  now  be  discussed  briefly. 

Obviously,  the  problem  of  introducing  machine  switching  equip- 
ment into  such  an  extensive  and  complex  structure  as  is  the  telephone 
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plant  of  a  big  city,  is  a  large  one.  It  is  impracticable  to  introduce  it 
all  at  once.  Its  introduction  must  be  effected  gradually  and  this  is 
accomplished  by  using  it  for  growth  and  such  replacements  as  are 
necessary,  later  extending  its  use  as  conditions  warrant. 

The  fundamental  engineering  studies  which  have  to  be  made  and 
which  must  precede  the  manufacture  and  installation  of  the  equip- 
ment for  a  machine  switching  office  are,  in  all  important  respects, 
the  same  as  those  which  must  precede  the  manufacture  and  installa- 
tion of  the  equipment  in  a  new  manual  office.  They  involve  a  careful 
study  of  the  telephone  needs  of  the  area,  with  a  view  to  determining 
ultimately  the  quantities  of  the  different  kinds  of  arrangements  neces- 
sary to  give  the  service.  This  requires  a  study  of  the  commercial 
requirements  at  the  time  when  the  equipment  should  be  cut  over  and 
for  several  years  thereafter.  Data  must  be  collected  as  to  the  prob- 
able rates  of  calling,  the  average  duration  of  the  calls  and  the  amount 
of  trunking  to  and  from  other  offices. 

With  these  data  available,  the  size  and  arrangement  of  the  trunk 
groups  on  the  selector  frames,  the  number,  grouping  and  type  of 
selectors  and  senders  required,  and  the  size  of  the  power  plant  can  be 
determined.  From  this  the  cabling  arrangement  can  be  worked  out, 
and  suitable  floor  plans  prepared. 

Manufacturing  specifications  can  then  be  prepared  in  accordance 
with  which  the  equipment  of  the  office  is  manufactured  and  installed. 
Before  the  equipment  is  cut  into  service,  the  various  arrangements  are 
thoroughly  tested  individually,  and  when  in  proper  condition  the 
whole  is  checked  up  by  making  complete  operation  tests. 

If  time  and  space  permitted,  it  would  be  of  interest  to  discuss  the 
methods  of  actually  cutting  the  equipment  into  service,  and  the 
comprehensive  program  which  is  worked  out  for  the  training  of  the 
employees  who  are  to  handle  the  equipment  and  advising  the  public 
which  is  to  use  it.  All  these  matters  are  of  the  utmost  importance, 
and  must  be  carried  out  systematically  in  order  that  there  may  be 
no    reactions  on    the    general   service  at  the   time    of    the  cut-over. 


Relations  of  Carrier  and  Side-Bands  in  Radio 
Transmission1 

Ey  R.  V.  L.  HARTLEY 

Synopsis:  This  paper  discusses  generally  the  characteristics  of  carrier 
transmission  as  applied  in  radio  and  in  carrier  current  communication  o\er 
wires  and  analyses  the  factors  which  affect  the  faithfulness  with  which  such 
systems  reproduce  the  signals  imparted  to  them.  Modulation  is  shown  to 
generate  two  side  bands  which,  with  respect  to  frequency,  lie  just  above  and 
just  below  the  carrier  frequency,  the  frequency  width  of  each  side  band 
being  the  same  as  the  frequency  width  of  the  original  signals.  Upon  detec- 
tion, currents  of  frequencies  corresponding  to  the  difference  frequencies 
between  all  the  possible  pairs  of  component  frequencies  of  the  side  bands  and 
carrier  are  produced  and,  in  general,  are  all  found  in  the  received  message. 
It  is  therefore  impossible  to  transmit  messages,  either  telephone  or  tele- 
graph, by  carrier  which  will  be  absolutelv  free  of  distortion,  but  since  the 
amplitude  of  any  particular  difference  frequency  is  proportional  to  the 
product  of  the  amplitudes  of  its  two  generating  frequencies  the  distortion 
can  be  reduced  below  a  troublesome  value  by  maintaining  the  amplitude 
of  the  original  carrier  sufficiently  large  with  respect  to  the  amplitudes  of  the 
signal  components.  The  distortion  which  arises  from  phase  shifts  between 
the  component  frequencies  of  the  transmitted  message  and  carrier  is  also 
considered. 

The  paper  discusses  single  side-band  transmission  and  carrier  suppression 
with  homodyne  detection  and  their  various  merits  are  pointed  out.  Single 
side  band  transmission  reduces  the  width  of  frequency  band  required  for 
each  message.  Carrier  suppression  results  in  a  saving  of  power,  or  a  more 
economical  expenditure  of  power,  it  having  been  determined  that  for  proper 
freedom  from  distortion  the  power  of  the  carrier  component  alone,  when 
transmitted,  should  be  rather  larger  than  the  peak  power  in  a  carrier  sup- 
pression system.  The  use  of  local  carrier  in  homodyne  radio  telephony 
assists  in  frequency  selection  in  the  same  way  as  does  the  heterodyne  wave 
in  radio  telegraph  reception.  The  same  applies  also  to  static  interference 
and,  as  the  object  of  high  power  stations  is  to  make  the  signals  large  com- 
pared with  static,  there  is  a  gain  in  concentrating  the  power  in  side  bands 
rather  than  in  carrier. 

Consideration  of  distortion  arising  from  phase  shifts  shows  that  in  homo- 
dyne telegraphy  distortion  can  most  readily  be  avoided  by  transmitting 
both  side-bands,  while  in  telephony  these  factors  favor  the  transmission  of 
only  one  side-band.  The  power  of  the  reproduced  signals  is  twice  as 
great  with  two  side-bands  as  with  one,  but  there  is  no  choice  between  one 
and  two  side-bands  on  the  basis  of  the  ratio  of  signals  to  interference. 

The  result  of  using  a  local  detecting  frequency  "which  is  not  exactly 
equal  to  the  original  carrier  frequency  is  discussed,  and  a  balanced  detector 
is  described  by  means  of  which  the  distorting  effect  of  the  received  carrier 
may  be  very  much  reduced.  Considering  a  local  carrier  which  is  out  ot 
synchronism  with  the  original  carrier,  it  is  again  found  that  single  side- 
band transmission  is  most  favorable  in  telephony,  and  the  transmission 
of  both  side-bands  is  best  in  telegraphy. Editor. 


A 


S  indicated   by   the    title,    this    paper   will    discuss   some    of    the 
phenomena  associated  with  radio  transmission  in  terms  of  the 
carrier  currents  and  side-bands  into  which  a  modulated  wave  may 

1  Presented  before  The  Institute  of  Radio  Engineers,  New  York,  December  13, 
1022.  Printed  in  the  Proceedings  for  February,  1923,  and  reprinted  here  by  per- 
mission of  the  Institute. 
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be  resolved.  The  use  of  these  terms  implies  a  point  of  view  which 
perhaps  is  employed  less  commonly  in  radio  engineering  than  in  some 
of  the  other  branches  of  the  communication  art.  For  this  reason, 
I  shall,  at  the  risk  of  repeating  much  that  is  already  in  the  literature,2 
review  such  of  the  fundamentals  of  this  viewpoint  as  are  necessary 
to  an  understanding  of  what  is  to  follow. 

Analysis  of  a  Signal  Wave 

Briefly  stated,  the  point  of  view  is  that  any  signaling  wave  may 
be  resolved  into  sustained  sinusoidal  components,  which  may  be 
thought  of  as  traversing  the  system  as  individual  currents  and  re- 
combining  at  the  receiving  end  to  form  the  reproduced  signal.  The 
possibility  of  such  a  resolution  has  been  demonstrated  mathematically 
and  the  formulas  for  evaluating  the  amplitudes  and  phases  of  the 
components  are  well  known.  A  periodic  wave  may  be  expressed 
as  a  Fourier  series,  that  is,  as  the  sum  of  an  infinite  series  of  com- 
ponents the  frequencies  of  which  may  be  thought  of  as  harmonics 
of  a  fundamental  frequency  which  is  equal  to" the  frequency  of  repeti- 
tion of  the  wave.  Such  a  resolution,  however,  is  not  directly  ap- 
plicable to  the  waves  employed  in  communication,  for  by  their  very 
nature  they  are  not  periodic.  A  communication  system  must  be 
capable  of  transmitting  any  individual  symbol  regardless  of  what 
precedes  or  follows  it.  VYe  may,  however,  resolve  such  an  aperiodic 
wave  by  the  mathematical  device  of  assuming  it  to  be  one  cycle  of  a 
periodic  wave  in  which  the  interval  between  successive  occurrences 
of  the  disturbance  in  question  approaches  infinity.  The  frequency  of 
repetition  is  then  infinitesimal.  The  fundamental  frequency  of  the 
Fourier  series  and  the  frequency  interval  between  adjacent  compo- 
nents are  also  infinitesimal;  that  is,  the  series  of  discrete  lines  of  the 
Fourier  series  spectrum  merge  into  a  continuous  spectrum.  Mathe- 
matically this  continuous  spectrum  is  represented  by  the  expression 

F(t)=    Tscos  (qt  +  Q)  dq,  (1) 

which  is  known  as  the  Fourier  integral.  Physically  we  are  to  picture 
this  infiinte  series  of  sustained  sinusoids  as  having  such  amplitudes 
and  phases  that  the  algebraic  sum  of  their  instantaneous  values  is 

2  "Carrier  Current  Telephony  and  Telegraphy,"  by  E.  H.  Colpitts  and  0.  B. 
Blackwell;  "Transactions  of  the  American  Institute  of  Electrical  Engineers," 
volume  XL,  page  205,  1921.  "Application  to  Radio  of  Wire  Transmission  En- 
gineering," by  L.  Espenschied;  presented  before  The  Institute  of  Radio  Engineers, 
January  23,  1922. 
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zero  for  all  instants  before  and  after  the  disturbance  in  question,  and 
equal  to  the  instantaneous  value  of  the  wave  thruout  its  duration. 
In  Fig.  1,  curve  A  represents  a  telegraph  dot,  curve  B  gives  the  rela- 
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Fig.   1 

tive  amplitudes,  S,  of  its  components  plotted  against  their  frequencies, 
and  curve  C,  their  phase,  0,  also  as  a  function  of  frequency.  The 
so-called  "dot  frequency"  corresponding  to  a  sustained  succession  of 
such  dots  is  indicated  on  curve  B. 
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It  is  obvious  that  if  either  the  amplitudes  or  the  phases  of  the 
components  be  distorted,  their  instantaneous  sum  will  be  changed; 
that  is,  the  wave  resulting  from  their  re-combination  will  be  a  dis- 
torted reproduction  of  the  original  wave.  Also,  those  parts  of  the 
frequency  range  in  which  the  amplitude  is  negligibly  small  can  con- 
tribute little  to  the  reproduced  wave,  and  the  elimination  of  all  com- 
ponents in  those  ranges  will  have  little  effect  on  the  quality  of  repro- 
duction. Just  what  ranges  it  is  essential  to  retain  depends  upon  the 
nature  of  the  signal  and  the  standard  of  reproduction  that  is  set  up. 
What  is  important  for  present  purposes  is  the  fact  that  the  faithfulness 
with  which  a  system  will  reproduce  any  arbitrary  signal  disturbance 
is  deducible,  in  theory  at  least,  from  a  knowledge  of  its  transmission 
of  sustained  single  frequencies.  By  this  is  meant  a  knowledge  of  how 
the  relation,  both  in  amplitude  and  phase,  between  the  inp\it  and 
output  sinusoidal  wave  varies  as  the  frequency  of  the  wave  is  pro- 
gressively varied  thruout  the  frequency  range. 

Analysis  of  a  Modulated  Wave 

Let  us  assume  now  that  a  radio  system  is  called  on  to  transmit 
such  a  signal  wave,  F(t),  which  may  be  either  a  telephone  or  a  tele- 
graph signal.  If,  as  is  commonly  assumed,  the  modulator  causes 
the  amplitude  of  the  carrier  wave,  C  cos  p  t,  to  be  varied  in  accordance 
with  the  signal,  the  resulting  modulated  wave  may  be  expressed  as 

m=C[l+k  F(t)]  cospt,  (2) 

where  k  is  a  factor  which  measures  the  so-called  degree  of  modulation. 
If  the  largest  negative  value  of  k  Fit)  is  just  equal  to  unity,  so  that 
the  instantaneous  amplitude  of  the  carrier  wave  just  falls  to  zero, 
the  modulation  is  said  to  be  complete.  The  significance  of  complete 
modulation  will  be  discussed  later. 

Now  let  us  resolve  the  signal  wave  into  its  infinite  series  of  com- 
ponents, each  of  the  form  5  cos  (g/+9),  where  S  and  6  vary  with  the 

frequency^.      Neglecting  non-essential   frequencies,  q  may  be  con- 

sidered  to  cover  a  range  from  51  to  q2.  If  this  value  of  F{t)  be  sub- 
stituted in  (2)  we  get 

m  =  C  cos  pt  +  k  C  cos  pt  I     S  cos  (qt  +  e)  dq.  (3) 

The  first  term,  which  is  independent  of  the  signal,  represents  a  com- 
ponent having  the  carrier  frequency,  ^-.  The  second  term  represents 
an  infinite  series  of  terms   each  derived  from  only  one  component  of 
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the  signal.  Hence  each  component  of  the  signal  is  represented  in  the 
modulated  wave  by  an  expression  of  the  form, 

kCScos(qt+Q)  cospt  =  \kCS  \cos[(p+q)t+e]+cos[(p-q)t-e]  \.  (4) 

This  represents  two  sinusoidal  components,  the  frequencies  of  which 
differ  from  that  of  the  carrier  by  the  frequency  of  the  particular  signal 
component.  The  similar  expressions  for  the  other  signal  components 
each  yield  a  pair  of  components  similarly  placed  with  reference  to  the 
carrier.  All  of  these  taken  together  form  a  pair  of  spectra  or  fre- 
quency bands  extending  on  either  side  from  the  carrier  frequency 
in  the  same  way  that  the  spectrum  of  the  signal  extends  from  zero 
frequency.  These  bands  of  frequencies  are  spoken  of  as  "side- 
bands" and  the  component  currents  of  these  frequencies  as  "  side- 
band currents,"  or,  more  often,  simply  as  "  side-bands."  The  side- 
band which  extends  upward  in  frequency  from  the  carrier  is  called 
the  "  upper  side-band,"  and  the  other,  which  extends  downward,  the 
"  lower  side-band." 

The  form  of  these  side-bands  is  shown  schematically  in   Fig.   2, 
where  purely  arbitrary  curves  are  used  to  represent  the  amplitudes  and 
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Fig.  2 

phases  of  the  signal  components  over  a  limited  frequency  range.  It 
will  be  seen  that  the  corresponding  curves  for  the  upper  side-band 
are  derived  from  these  by  displacing  them  along  the  frequency  axis 
by  the  amount  of  the  carrier  frequency.  The  amplitude  curve  of  the 
lower  side-band  is  derived  by  inverting  that  of  the  upper  with  respect 
to  the  carrier  frequency.  For  the  phase  curve  of  the  lower  side-band 
that  of  the  upper  is  to  be  similarly  inverted  and  also  reversed  in  sign. 
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The  actual  magnitude  of  the  side-band  currents  relative  to  the  carrier 
depends  on  the  degree  of  modulation,  k,  of  equation  (2).  For  com- 
mercial telephony  the  limits  of  the  essential  band  may  be  taken  rough- 
ly as  200  and  2,000  cycles.  If  high  quality  speech  or  music  is  to  be 
transmitted,  a  wider  band  is  required.  For  telegraphy  the  band 
width  required  varies  widely  with  the  speed  of  sending  and  the  type 
of  apparatus  used.  In  general,  it  is  desirable  to  preserve  very  low 
frequencies,  which  means  that  the  two  side-bands  practically  meet 
at  the  carrier  frequency. 

Reproduction*  of  the  Signal  Wave 

Having  arrived  at  a  picture  of  the  modulated  wave  as  given  In- 
equation (4),  we  shall  first  discuss  the  reproduction  of  the  signal  from 
this  as  it  stands,  and  then  consider  the  effect  on  this  reproduction 
of  various  modifications  to  which  the  modulated  wave  may  be  sub- 
jected before  or  during  the  process  of  detection.  While  any  device 
in  which  the  current-voltage  characteristic  is  non-linear  may  be  used 
as  a  detector,  the  operation  of  the  vacuum  tube  lends  itself  to  analysis 
because  of  its  approximation  to  a  parabolic  current-voltage  relation. 
That  is,  we  may  write, 

i  =  a0-\-a1vJraoV2,  (5) 

where  v  is  the  voltage  impressed  on  the  grid,  in  this  case  the  modu- 
lated wave,  and  i  is  the  resulting  current.  As  the  first  term  is  in- 
dependent of  v  and  the  second  represents  simple  amplification,  detec- 
tion 3  can  result  only  from  the  third  term,  a»  v-.  Since  a2  multiplies 
all  components  of  r2  alike,  we  may  neglect  it  and  simply  consider  the 
square  of  the  expression  for  the  modulated  wave.  This  results  in  a 
series  of  terms  which  are  the  squares  of  the  individual  components 
and  another  which  are  their  products  taken  in  pairs.     Since 

cos2  x  =  \  (1+cos  2.y),  (6) 

the  square  terms  will  yield  only  direct  current,  and  currents  of  ap- 
proximately twice  the  carrier  frequency.  The  product  terms,  each 
of  which  contains  the  product  of  two  cosines,  may,  as  in  the  case  of 
the  modulated  wave  above,  be  transformed  into  the  sum  of  two 
cosine  terms  the  frequencies  of  which  are  respectively  the  sum  and 
difference  of  the  component  frequencies.  Of  these  only  the  difference 
frequencies  can  lie  in  the  range  of  the  original  signal.  In  other  words, 
wre  may  think  of  the  reproduced  wave  as  made  up  of  the  sum  of  all  the 

3  In  practice  this  parabolic  law  seldom  holds  strictly,  and  secondary  contributions 
are  made  to  the  detected  wave  by  terms  of  higher  power. 
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heterodyne  beat  notes  resulting  from  all  the  pairs  of  component 
sinusoids  of  the  modulated  wave. 

The  carrier  component,  C  cos  pt,  beating  with  a  component  of 
the  upper  side-band,  \  k  C  S  cos  [(p+q)  t  +  0],  equation  (4),  gives 
the  beat  note  or  reproduced  component, 

r+  =i£  C2S  cos  (qt  +  e),  (7) 

which  is  identical  in  frequency  and  phase  with  the  corresponding 
component  of  the  signal,  and  has  an  amplitude  proportional  to  that 
of  the  signal  component.  Exactly  the  same  expression  results  from 
beating  the  carrier  and  the  corresponding  component  of  the  lower 
side-band.  These  two  low  frequency  components,  being  in  phase, 
add  directly  to  give 

r  =  k  C2  S  cos  (qt  +  e)  (8) 

as  the  reproduced  component.  As  the  factor  k  C2  is  independent 
of  q,  all  of  the  signal  components  are  reproduced  with  the  same  rela- 
tive amplitudes  and  phases,  as  in  the  original  signal.  Their  sum  is 
therefore  k  C2  F(t),  and  the  signal  is  accurately  reproduced. 

However,  there  are  still  other  components  of  the  modulated  wave 
to  be  considered.  Every  pair  of  components  in  one  side-band  beat 
to  give  the  difference  of  their  frequencies,  which  is  also  the  difference 
of  the  corresponding  signal  components.  The  corresponding  pair  of 
components  of  the  other  side-band  yield  an  identical  component  and 
the  two  add  in  phase.  Similarly  every  component  of  one  side-band 
beats  with  every  component  of  the  other,  giving  in  each  case  the 
sum  of  two  component  frequencies  of  the  signal  wave.  Like  the 
difference  frequencies,  each  of  these  sum  frequencies  is  produced 
twice.  The  combination  of  the  components  of  the  two  side-bands 
which  were  derived  from  the  same  signal  component  yields  a  com- 
ponent of  twice  the  frequency  of  the  signal  component.  The  addi- 
tion of  these  extraneous  components  serves  to  distort  the  reproduced 
wave  in  a  manner  quite  similar  to  that  of  external  interference.  It 
is  of  interest  therefore  to  consider  the  magnitude  of  these  distorting 
components  relative  to  the  reproduced  signal.  The  product  of  two 
side-band  components  of  amplitudes  \  k  C  S  and  h  k  C  S',  equation 
(4),  gives  as  the  amplitude  of  one  of  the  two  components  of  the  differ- 
ence frequency,  ~r-^-,  1  k2  C2  S  S' .     Comparing  this  with  the  ampli- 


tude, \  k  C2  S,  equation  (7),  of  one  of  the  two  reproduced  signal  com- 
ponents of  frequencv-^-,  the  ratio  of  the  undesired  to  desired  compo- 
nent  is  found  to  be  |  k  S'.     It  is  evident  that  this  type  of  distortion 
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increases  with  the  degree  of  modulation,  k,  or,  as  will  be  discussed 
more  fully  later,  with  the  ratio  of  carrier  to  side-band.4 

Single  Side-Band  Transmission 

So  far  it  has  been  assumed  that  the  wave  applied  to  the  detector 
is  identical  with  that  produced  by  the  modulator,  a  condition  seldom 
enccuntered  in  practice.  For,  in  addition  to  the  undesired  modifica- 
tions which  the  modulated  wave  undergoes  because  the  transmission 
characteristics  of  practical  circuits  are  not  ideal,  there  are  other 
changes  which  when  properly  made  yield  distinct  advantages.  These 
intentional  changes  will  be  discussed  first. 

It  will  be  remembered  that  any  component  of  the  signal  can  be 
reproduced  by  the  combination  of  the  carrier  with  either  side-band. 
Hence  it  is  unnecessary  to  transmit  both  side-bands.  Suitably 
designed  electrical  filters  make  it  possible  to  transmit  one  side-band 
and  effectively  suppress  the  other.5  This  makes  possible  a  very 
great  saving  in  the  frequency  range  required  per  channel.  It  is  of 
particular  importance  for  long  wave  radio  "telephone  transmission 
where  the  width  of  a  single  side-band  is  so  large  a  fraction  of  the  total 
frequency  range  available  that  the  number  of  independent  channels 
is  at  best  very  limited.  The  intensive  development  of  a  limited 
frequency  range  by  the  use  of  single  side-band  transmission  has  prob- 
ably progressed  farthest  in  connection  with  carrier  telephony  over 
wires.  Here  commercial  service  is  being  given  over  circuits  on  which 
the  carrier  currents  of  adjacent  channels  are  separated  by  only  3,000 
cycles.  It  is  obvious  that  the  transmission  of  both  bands  would 
nearly  double  this  separation,  thereby  halving  the  number  of  channels 
per  circuit.  There  is,  of  course,  no  reason  why  similar  savings  may 
not  be  effected  in  the  field  of  radio  transmission.  In  addition  to  this 
major  advantage  there  is  an  incidental  improvement  in  the  quality 
of  reproduction,  for  the  distorted  components  resulting  from  beats 
between  components  of  the  two  side-bands,  that  is,  the  sums  of  the 
signal  frequencies,  are  eliminated. 

Carrier  Suppression  and  Homodyne  Reception 

The  other  important  modification  has  to  do  with  the  so-called 
"  unmodulated  "  component  of  carrier  frequency,  C  cos  p  t,  in  equation 

4  A  similar  form  of  distortion  generally  occurs  in  modulation,  resulting  in  new 
components  being  produced  in  the  frequency  range  of  the  side-band. 

5  For  a  description  of  such  filters  see  the  Colpitts  and  Blackwell  paper  referred  to 
above. 
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(3).  As  already  pointed  out,  good  signal  reproduction  requires  that 
at  the  detector  this  shall  not  be  too  small  relative  to  the  side-bands. 
However,  it  is  merely  a  continuous  alternating  current,  and  does  not 
itself  partake  of  the  signal  variations.  It  is  therefore  immaterial 
whether  it  is  transmitted  from  the  modulator  or  is  supplied  to  the 
detector  by  a  local  source  such  as  an  oscillator.  The  elimination  of 
this  component  from  the  modulated  wave  at  the  sending  station  is 
spoken  of  as  "carrier  suppression,"  and  its  re-introduction  at  the 
receiving  end  as  "homodyne"  or  "zero  beat"  reception.  The  term 
homodyne  implies  supplying  the  same  wave  as  distinguished  from 
heterodyne,  meaning  another.  ■  Zero  beat  refers  to  the  bringing  of 
the  local  carrier  into  synchronism  with  the  sending  carrier  by  reducing 
the  beat  note  between  them  to  zero  frequency.  While  homodyne 
reception  is  essential  to  carrier  suppression,  the  reverse  is  not  true. 
The  reception  of  an  ordinary  modulated  wave  may  sometimes  be 
improved  by  the  addition  of  carrier  at  the  receiving  end. 

The  primary  advantage  of  carrier  suppression  lies  in  the  saving  of 
sending  power  which  it  makes  possible,  or,  what  is  equivalent,  the 
increase  in  range  made  possible  when  all  the  power  of  a  given  station  is 
utilized  in  the  side-band.  Of  the  various  ways  in  which  this  sup- 
pression may  be  accomplished,  the  simplest  is  by  the  use  of  a  so-called 
balanced  modulator  as  shown  schematically  in  Fig.  3.     Carrier  fre- 


Fig.  3 — Balanced  modulator 

quency  from  the  source  C  is  applied  to  the  grids  of  two  vacuum  tubes 
in  the  same  phase,  while  signal  currents,  indicated  at  S,  are  applied 
to  the  two  in  opposite  phase.  The  two  plate  circuits  are  differentially 
connected  with  a  common  output  circuit.  In  the  absence  of  signaling 
current  the  amplified  carrier  frequency  currents  from  the  two  tubes 
neutralize  each  other  and  nothing  is  transmitted.  With  the  applica- 
tion of  signaling  current  one  grid  is  raised  in  potential  and  the  other 
lowered,  with  the  result  that  more  radio  frequency  is  developed  by  the 
first  tube  than  by  the  second  and  the  excess  appears  at  O.  The 
magnitude  of  this  radio  frequency  current  is  proportional  to  the  in- 
stantaneous value  of  the  signaling  current.     Upon   reversal  of  the 
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direction  of  the  signaling  current  the  effect  of  the  second  tube  pre- 
dominates and  radio  frequency  is  again  transmitted,  this  time  with  the 
phase  reversed,  owing  to  the  differential  connection.  The  wave  form 
of  a  signaling  current  and  the  resulting  output  current  are  roughly 
as  shown  in  Fig.  4,  A  and  B.     If  this  output  be  amplified  for  trans- 


SPEECH  WAVE 


SUM  OF  THE  TWO  SIDE -BANDS 
RESULTING  FROM  THE  SPEECH   WAVE. 


Fig.  4. 


mission  there  will  be  no  load  on  the  amplifier  and  antenna  except 
during  actual  speech,  when  it  will  be  proportional  to  the  intensity  of 
the  speech. 

That  these  intermittent  pulses  of  carrier  frequency  produced  by  a 
balanced  modulator  are  equivalent  to  a  modulated  wave  from  which 
the  carrier  frequency  component  has  been  removed,  may  be  easily 
shown.  Consider  a  single  sinusoidal  component  S  cos  (qt-\-Q),  of 
the  signaling  wave  which  is  applied  to  the  balanced  modulator.  The 
resulting  output  current  is  a  wave  of  carrier  frequency,  the  amplitude 
of  which  is  proportional  to  C  and  to  5  and  varies  cyclically  with  a  fre- 
quency -^-  between  the  values  -f  K  C  S  and  —KCS,  where  K  is  a 
Zir 
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constant  of  proportionality  and  the  negative  amplitude  indicates  a 
reversal  of  phase  during  half  of  the  audio  frequency  cycle.  Such  a 
variation  may  be  represented  by  the  expression 

i  =  K  C  S  cos  (q  /  +  e)  cos  p  t.  (9) 

Taking  the  sum  of  these  expressions  for  all  the  components  of  the 
signal  gives  the  second  term  of  equation  (3)  which  was  shown  to  rep- 
resent the  side-bands. 

In  estimating  the  power  saved  by  carrier  suppression  the  com- 
parison should  be  made  with  a  system  transmitting  the  carrier  which 
has  been  so  adjusted  that  the  power  is  used  to  the  best  advantage. 
So  far  as  a  single  signal  component  is  concerned  this  would  call  for 
making  the  carrier  and  side-band  equal,  as  their  product  would  then 
be  a  maximum.  This,  however,  would  imply  that  the  distorting  cur- 
rents from  the  interaction  of  two  side-band  components  would  be  as 
large  as  the  signal  currents  themselves.  That  is  to  say,  quality 
considerations  require  that  the  major  part  of  the  transmitted  power 
be  in  the  carrier  component.  Quantitative  data  on  the  relation  be- 
tween the  ratio  of  carrier  to  side-band  and  the  quality  of  transmission 
has  been  secured  in  the  laboratories  of  the  Western  Electric  Company, 
and  it  is  hoped  it  will  be  published  in  the  near  future.  Briefly,  the 
results  indicate  that  the  good  quality  which  is  obtained  when  the 
carrier  component  is  large  falls  off  very  rapidly  as  the  magnitude  of 
the  carrier  component  is  reduced  so  as  to  approach  that  of  the  side- 
band, the  latter  being  measured  when  a  sustained  "ah"  sound  is  used 
as  the  signal.  Under  these  conditions  the  side-band  is  sustained  at  a 
value  about  equal  to  the  maximum  occurring  in  ordinary  speech. 
That  is  to  say,  even  the  peak  power  in  a  carrier  suppression  system  is 
less  than  the  carrier  component  alone  in  an  ordinary  system  adjusted 
to  give  the  same  side-band.  From  these  considerations  it  appears 
that  there  has  been  a  tendency  to  attach  undue  significance  to  "com- 
plete modulation,"  as  a  more  or  less  unique  and  ideal  condition  of 
operation.  For  nothing  revolutionary  occurs  as  the  carrier  is  de- 
creased thru  the  value  corresponding  to  that  condition.  The  dis- 
tortion due  to  interaction  between  the  side-bands  is  present  for  larger 
values  of  carrier  and  continues  to  increase  progressively  for  smaller 
values.  The  exact  degree  of  modulation  to  be  permitted  therefore 
depends  upon  the  standard  of  quality  to  be  met.  In  a  carrier  sup- 
pression system  the  degree  of  modulation,  k,  approaches  infinity  more 
or  less  closely  depending  on  the  completeness  of  the  suppression. 

In  addition  to  making  possible  the  use  of  carrier  suppression, 
homodyne  reception  presents  other  advantages.     It  furnishes  a  ready 
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means  of  increasing  the  intensity  of  the  reproduced  signal,  since  this 
is  proportional  to  the  carrier  component  at  the  receiver  as  well  as  to 
the  side-band.  Also,  by  making  the  carrier  large,  k  is  made  very 
small  and  the  distorting  currents  due  to  interaction  of  the  side-bands 
become  negligible.  The  use  of  a  large  local  carrier  in  homodyne 
radio  telephony  assists  in  frequency  selection  in  the  same  way  as  does 
the  hetrodyne  wave  in  radio  telegraph  reception.  Suppose  an  inter- 
fering message  is  separated  from  the  desired  one  by  only  a  few  thou- 
sand cycles  and  so  is  not  entirely  suppressed  by  the  receiving  selective 
circuits.  Currents  of  voice  frequency  can  be  reproduced  from  its 
side-bands  only  by  interaction  with  its  own  carrier,  and  hence  they 
will  be  small  compared  with  those  of  the  desired  message,  which  are 
proportional  to  the  local  carrier.  On  the  other  hand,  the  large  cur- 
rents due  to  the  interfering  message  and  local  carrier  will  all  have 
frequencies  above  the  voice  range,  and  so  can  be  suppressed  by  selec- 
tive circuits  in  the  output  of  the  detector. 

The  same  general  reasoning  applies  also  to  static  interference. 
Appreciable  interfering  currents  of  signal  frequency  can  result  only 
from  those  components  of  the  static  wave  which  lie  in  the  frequency 
range  of  the  side-bands.  Moreover,  they  will  bear  the  same  ratio 
to  the  signal  currents  as  do  the  static  components  to  the  side-band 
components.  We  may  conclude,  then,  that  when  means  are  pro- 
vided for  eliminating  all  of  the  static  except  that  which  is  inherently 
inseparable  from  the  signal,  the  disturbing  effect  of  the  residue  is 
determined  solely  by  the  relative  magnitude  of  the  side-band  com- 
ponents and  the  static  components  which  lie  in  the  same  frequency 
range.  As  the  object  of  high  power  stations  is  to  make  the  signals 
large  compared  with  the  static,  the  importance  of  concentrating  the 
power  in  the  side-bands  rather  than  in  the  carrier  is  obvious. 

Effect  of  Radio  Distortion 

Let  us  pass  now  from  the  intentional  modifications  of  a  modulated 
wave  and  consider  the  effects  of  unintentional  distortions.  Limiting 
our  attention  first  to  systems  in  which  the  carrier  is  transmitted,  we 
have  to  consider  the  effect  of  distortion  such  as  might  be  introduced 
by  the  sending  and  receiving  circuits  and  the  transmitting  medium. 
Assuming  the  characteristics  of  these  to  be  known  in  terms  of  their 
transmission  of  sinusoidal  components  of  various  radio  frequencies, 
we  wish  to  determine  their  effect  on  the  amplitudes  and  phases  of 
the  components  of  the  reproduced  wave.  We  shall  assume  the 
current-voltage  relations  in  the  transmission  system  to  be  linear,  so 
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that  no  new  frequencies  are  introduced.  Then  any  possible  distor- 
tion in  the  modulated  wave  may  be  represented  by  assigning  the 
proper  amplitudes  and  phases  to  all  of  the  components.  Correspond- 
ing to  a  single  component  of  the  signal  we  may  write  for  the  received 
wave 

m=B  cos  (pt-4>)+B+cos  \{p+q)  /  +  e-0+]  + 

B_cos[(p-q)  t-e-<f>-]  (10) 

where  the  amplitude,  B,  and  phase  lag,  0,  may  vary  in  any  arbitrary 
manner  for  the  different  components  of  the  modulated  wave.  We 
shall  assume  that  B  is  always  large  enough  compared  with  B+  and 
5_  that  the  interaction  between  the  side-band  components  may  be 
neglected.  It  will  be  seen  that  the  single  frequency  components 
reproduced  from  the  two  side-bands  are  not  in  general  equal  nor  in 
phase  and  may  either  aid  or  tend  to  neutralize  each  other.  They 
will  be  of  the  form, 

r  =  B]B+cos[qt  +  e-(<t>+  -*)]+.B_aw[gH-e-(0-0_)]}.        (11) 

Taking  the  resultant  of  these  two  gives  as  the  component  of  the 
reproduced  wave, 

r  =  Rcos  (qt  +  e-V)  (12) 

where 


R  =  B\/B*+  +  i,2_  +  2  5+i5_aw[(0+  -<*>)- (tf>  -  <Mj  (13) 

tan  *=  B+Sin  (</>+  ~<fi+B-sin  &-*-)  (u) 

B+cos  (0+  —  4>)+B_cos  (0  — 0_)' 

It  is  evident  that  both  the  amplitude,  R,  and  the  phase  shift,  ^, 
of  the  reproduced  component  depend  upon  both  the  amplitudes  and 
phases  of  the  corresponding  components  of  both  side-bands  and  on 
the  phase  of  the  carrier.  The  amplitude  depends  also  on  the  ampli- 
tude B  of  the  carrier,  but  as  variations  in  this  affect  all  components 
alike,  they  do  not  alter  the  wave  form  of  the  reproduced  signal,  but 
only  its  magnitude. 

The  expressions  for  the  reproduced  wave  become  much  simpler 
for  a  system  in  which  one  side-band,  say  the  lower,  is  suppressed. 
Then 

5_  =  0  (15) 

and  equations  (13)  and  (14)  reduce  to 

R  =  BB+  (16) 

>£  =  0+-0.  (17) 

The  amplitude  of  the  reproduced  component  is  independent  of  the 
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phases  in  the  modulated  wave,  and  is  proportional  to  the  amplitude 
of  the  side-band  component.  Hence  amplitude  distortion  of  the 
reproduced  wave  can  result  only  from  unequal  transmission  of  the 
different  component   frequencies  of  the  side-band.     The  change  in 


AMPLITUDE-FREQUENCY  AND   PHASE-FREQUENCY 
CHARACTERISTICS  FOR  BAND- PASS  FILTER 
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Fig.    5 


the  amplitude  curve  for  the  signal  will  be  identical  with  that  of  the 
side-band.  The  phase  shift,  ^  is  independent  of  amplitude  distor- 
tion of  the  modulated  wave.  It  is  equal  to  the  difference  between 
the  phase  lags  of  the  side-band  component  and  the  carrier.     Fortu- 
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nately  the  quality  of  telephone  reproduction  is  not  seriously  impaired 
by  shifting  the  phases  of  the  various  components  by  even  as  much  as 
several  cycles.  In  telegraphy,  however,  the  shape  of  the  signal  current 
which  operates  the  relay  depends  very  much  on  the  preservation  of 
the  proper  phase  relations  of  the  components,  and  the  entire  nature 
of  the  signal  may  be  changed  by  phase  shifts  of  even  a  fraction  of  a 
cycle. 

It  is  worth  while  then  to  examine  some  of  the  phase  shifts  which 
are  likely  to  occur  in  practice.  Transmission  of  a  sinusoidal  wave 
thru  the  free  ether  involves  a  phase  lag  proportional  to  the  distance 
and  to  the  frequency.  Hence  the  phase  lags,  4>+  and  </>,  due  to  this 
cause,  will  be  proportional  to  p-\-q  and  p  respectively,  and  their 
difference,  ^,  will  be  proportional  to  q.  Replacing  ^  by  h  q  in  equa- 
tion (12)  and  regrouping  terms  gives 

r  =  Rcos[q(t-h)+e\.  (IS) 

By  displacing  the  origin  of  time  by  h  this  becomes  identical  with 
the  original  signal  component.  Also,  since  h  is  independent  of  q,  the 
same  time  shift  brings  all  the  components  into  agreement;  that  is, 
a  phase  shift  proportional  to  the  frequency  does  not  distort  the  wave, 
but  merely  delays  it  by  the  corresponding  time  of  transmission.1'' 
In  considering  the  terminal  circuits  then  it  is  only  the  departure  of 
their  phase  lag  versus  frequency  curve  from  a  straight  line  that  need 
be  considered  as  a  source  of  distortion.  It  is  of  interest  to  note  here 
that  for  most  filters  this  relation  is  approximately  linear  thruout 
the  range  of  free  transmission.  The  actual  curves  for  a  particular 
band  filter  are  shown  in  Fig.  5,  where  there  is  plotted  against  frequency 
the  relation  of  the  amplitude  and  phase  of  the  current  at  the  third 
section  of  an  infinite  filter  to  those  of  the  voltage  applied  to  the  first 
section.  It  will  be  noticed  how  the  phase  curve  departs  abruptly 
from  a  straight  line  at  the  edges  of  the  band  where  the  sudden  drop 
in  the  amplitude  curve  occurs.  Similarly  Fig.  6  shows  how  in  the  cur- 
rent-voltage relation  of  a  simple  resonant  circuit,  the  distortion  of 
phase  and  of  amplitude  occur  together. 

In  case  both  side-bands  are  transmitted,  a  simple  relation  is  found 
if  the  distortion  is  symmetrical  with  respect  to  the  carrier  frequency. 
By  this  is  meant  that,  however,  the  different  components  are  distorted 
relative  to  each  other,  for  every  signal  component  the  two  corre- 
sponding  side-band    components    are    equal    in    amplitude    and    are 

6  For  a  fuller  discussion  of  this  point  see  a  paper  by  T.  C.  Fry  on  "Theorie  des 
binauralen  Horens  nebst  einer  Erklarung  der  empirischen  Hornbostel-Wertheimer- 
schen  Konstanten,"  "Physikalische  Zeitschrift,"  23,  page  273,   1922. 
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shifted  in  phase  relative  to  the  carrier  by  the  same  amount;  that  is 
to  say,  for  every  value  of  q  considered  separately, 


Then 


B+=B_=B± 

).(.    — 0  =  0 —  0_=<5. 

i?-25  B± 
^  =  5. 


(19) 
(20) 

(21) 
(22) 


The  same  considerations  as  to  distortion  of  the  side-band  apply 
here  as  for  the  single  side-band.  There  is  one  point,  however,  of 
some  practical  significance.     As  is  evident  from  Fig.  6,  the  charac- 


AMPLITUDE- FREQUENCY  AND  PHASE  FREQUENCY 
CHARACTERISTICS   OF  SIMPLE   RESONANT  CIRCUIT 
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teristics  of  a  resonant  circuit  come  very  close  to  satisfying  these 
symmetrical  conditions  if  the  carrier  coincides  with  its  resonance 
frequency.  Its  effect  on  the  amplitude  and  phase  curves  of  the  re- 
produced signal  may  therefore  be  derived  independently  from  the 
amplitude  and  phase  curves  of  the_tuned  circuit.^  If,  however,  the 
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circuit  be  detuned,  this  symmetry  is  upset  and  we  are  forced  to  the 
complicated  relations  of  equations  (13)  and  (14),  from  which  it  is 
difficult  to  draw  general  conclusions. 

An  interesting  case  of  unsymmetrical  transmission  is  that  in  which 
one  side-band  is  only  partially  suppressed  owing  to  insufficient 
selectivity.  Let  us  assume  that  the  upper  side-band  is  transmitted 
without  distortion.  Then  for  a  given  amplitude  of  the  lower  side- 
band its  effect  on  the  amplitude  curve  of  the  reproduced  signal  will 
be  worst  when  the  phase  relations  are  such  that  for  some  frequencies 
it  aids  the  upper  side-band  and  for  others  it  opposes.  The  greatest 
fractional  change  in  the  amplitude  of  any  one  signal  component  due 
to  the  presence  of  the  lower  side-band  occurs  when  the  two  oppose. 
It  is  then  reduced  in  the  ratio 

^--i-h  (23) 

Thus,  if  the  lower  side-band  component  were  a  tenth  of  the  upper, 
the  most  it  could  do  would  be  to  change  the  amplitude  of  the  signal 
component  by  a  tenth.  Such  a  change  would  have  little  effect  on 
telephone  quality,  particularly  as  it  would  have  this  maximum  value 
at  only  a  few  frequencies.  The  case  of  telegraphy  is  rather  different. 
Here  the  two  side-bands  lie  so  close  together  that  it  is  practically 
impossible  to  separate  them  by  radio  selective  circuits,  and  even 
when,  as  in  wire  transmission,  so  low  a  carrier  frequency  is  used  that 
the  two  may  be  separated  fairly  well  by  filters,  the  side-bands  cor- 
responding to  the  lower  signal  components  differ  so  little  in  frequency 
that  even  a  sharp  filter  does  not  produce  very  great  discrimination 
between  them.  This,  coupled  with  the  fact  that  the  phase  shift 
of  a  filter  ceases  to  be  linear  near  the  edge  of  the  transmitted  band, 
leads  to  very  considerable  amplitude  distortion. 

The  effect  of  the  unsuppressed  side-band  on  the  phases  of  the  re- 
produced components  is  also  rather  complicated.  Equation  (14) 
shows  that  it  is  a  maximum  when 

04-0  =  0 

(24) 
0-0_  =  9O°, 

in  which  case  the  presence  of  the  lower  side-band  changes  tan  ^  from 

B- 

0  to  d~.      As  in  the  case  of  amplitude,  this  effect  is  unimportant  in 

telephony,  but  would  need  to  be  considered  in  telegraphy. 
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Phase  of  the  Local  Carrier 

Coming  now  to  homodyne  reception,  the  important  new  factor 
to  be  considered  is  the  fact  that  the  carrier  component  is  now  per- 
fectly arbitrary  in  amplitude  and  phase.  This  is  true  even  tho  the 
sending  carrier  is  not  suppressed,  for,  by  suitably  choosing  the  local 
carrier,  the  resultant  of  the  two  may  be  given  any  desired  value.  Since 
the  amplitude  of  the  carrier  affects  only  the  magnitude  of  the  re- 
produced signal  as  a  whole,  we  need  consider  here  only  the  effect  of 
arbitrary  values  of  its  phase,  0.  For  simplicity  we  shall  assume  that 
the  modulated  wave  reaches  the  receiver  unchanged  except  for  the 
phase  lags  involved  in  undistorted  transmission.  Let  us  designate 
by  0i  the  phase  lag  of  the  carrier  which  is  received  from  the  trans- 
mitting station  or  would  be  received  if  it  were  not  suppressed.     Then 

4>  =  <f>i+v,  (25) 

where  rj  may  be  regarded  as  the  phase  displacement  of  the  local  carrier. 
Consider  first  a  system  in  which  one  side-band  is  suppressed.  From 
equation  (16),  the  amplitudes  of  the  reproduced  signal  componants 
are  independent  of  the  phase  of  the  carrier.  From  equation  (17), 
the  phase, 

^=0+-01-r7.  (26) 

But  0+  —0i  represents  only  the  phase  shifts  of  undistorted  trans- 
mission ;  that  is,  the  delay  suffered  by  the  signal  as  a  whole.  Hence 
the  net  result  is  that  all  components  have  their  phases  shifted  by 
the  same  amount;  namely,  the  phase  displacement  of  the  carrier, 
which  can  never  be  more  than  a  single  cycle.  For  telephony  this  is 
of  no  practical  importance,  but  it  is  evident  that  in  a  telegraph  system 
using  side-band  suppression  and  homodyne  reception  the  phase  of 
the  local  carrier  would  have  to  be  very  carefully  controlled. 

Consider  now  the  case  of  homodyne  reception  of  both  side-bands 
received  without  distortion;  that  is, 

B+=B^  =  B=i:  (27) 

and                                        0+  —0i  =  0i  —  0_  =  //  q.  (28) 

From  these  relations  and  equations  (13)  and  (14)  we  get 

R  =  2B  B^cos  r,.  (29) 

¥  =  h  q.  (30) 

This  shows  that  the  amplitude  of  every  component  varies  as  cos  rj; 
that  is,  when  the  local  carrier  is  in  phase  or  180°  out  of  phase  with  the 
received  carrier  the  reproduced  components  are  maximum;  for  inter- 
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mediate  values  they  decrease,  becoming  zero  when  the  two  carriers 
are  in  phase  quadrature.  The  phase  lag,  h  q,  is  that  due  to  trans- 
mission alone;  that  is,  the  phases  of  the  reproduced  components  are 
independent  of  the  phase  of  the  local  carrier.  Since  the  phase  of  the 
local  carrier  affects  only  the  amplitudes  and  affects  these  the  same  for 
all  components,  it  does  not  alter  the  wave  form  of  the  reproduced 
signal,  but  does  affect  its  magnitude  very  materially. 

Thus  in  a  carrier  telephone  system  fluctuations  in  the  phase  of  the 
local  carrier  are  much  more  serious  when  both  side-bands  are  trans- 
mitted than  when  one  is  suppressed,  the  only  effect  then  being  an 
unimportant  phase  distortion.  In  a  carrier  telegraph  system,  how- 
ever, the  amplitude  fluctuations  which  occur  when  both  side-bands 
are  transmitted  may  not  be  particularly  troublesome  since  telegraph 
receiving  apparatus  is  designed  to  operate  over  quite  a  range  of  signal 
intensity.  The  phase  distortion  occurring  in  single  side-band  trans- 
mission is  however  serious.  It  may  perhaps  be  considered  fortunate 
that  the  requirements  as  to  phase  regulation  are  least  severe  in  tel- 
ephony with  a  single  side-band  and  in  telegraphy  with  both  side- 
bands, since  these  modes  of  operation  appear  on  other  grounds  to  be 
the  most  practical  for  the  two  cases. 

In  comparing  single  and  double  side-band  transmission  it  is  inter- 
esting to  note  that  for  equal  sending  power,  the  power  of  the  repro- 
duced signal  component  is  twice  as  great  with  two  side-bands  as  with 
one.  However,  the  power  of  the  same  frequency  resulting  from 
static  is  also  twice  as  great,  so  that  the  ratio  of  signal  to  interference 
is  the  same  in  both  cases.  To  show  this,  let  B\  be  the  amplitude  of  a 
component  of  the  single  side-band  and  B2  that  of  each  of  the  cor- 
responding components  of  the  double  side-band.  Then  equality  of 
power  gives 

Bl2  =  2Bti.  (31) 

For  the  single  side-band  the  amplitude  of  the  reproduced  component  is 

Ri  =  gBlt  (32) 

where  g  is  a  constant  of  proportionality.     The  power, 

Px  =  \gB?  =  gB?.  (33) 

(The  resistance  is  here  omitted  as  it  is  assumed  constant  thruout.) 
For  the  double  side-band,  since  the  two  components  are  in  phase, 
the  resultant  amplitude, 

Ri  =  2gBi,  (34) 

and  the  power, 

P2  =  2g2522  =  2  P,.  (35) 
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If  the  static  be  assumed  to  approximate  an  impulse,  the  ampli- 
tudes of  all  its  components  will  be  sensibly  the  same.  If  we  call  this 
amplitude  S,  then,  in  the  case  where  the  receiving  circuit  admits 
only  one  side-band,  the  amplitude  of  the  reproduced  interfering  cur- 
rent of  the  frequency  of  the  signal  component  is 

Ii=gS,  (36) 

and  its  power, 

Wi  =  ±g*&.  (37) 

With  both  side-bands  this  interfering  current  is  made  up  of  two  equal 

components  derived  from  the  static  components  of  frequencies     — - 

2t 

P  —  Q 
and  — —  respectively.     The  phase  difference  e  between  these  two  will 

be  accidental,  so  for  any  one  case  the  resultant  amplitude, 

h  =  2  g  S  cos  t,  (38) 

and  the  power, 

W2  =  2  g-  S-  cos2 1.  (39) 

As  all  values  of  e  are  equally  probable,  we  may  average   W2  with 
respect  to  e,  whence 

W*  =  g*S2  =  2  TTV  (40) 

There  is  then  no  choice  between  one  and  two  side-bands  on  the 
basis  of  the  ratio  of  signal  to  interference.  With  a  single  side-band, 
the  major  advantage  of  economy  in  frequency  range  is  secured  at  the 
expense  of  the  minor  disadvantage  that  to  give  the  same  response 
the  amplification  of  the  receiving  set  must  be  greater  by  a  factor  of 
two  in  power,  or  about  three  miles  of  standard  cable. 

Use  of  Non-synchronous  Local  Carrier 

In  practice,  however,  unless  the  receiving  carrier  frequency  is  con- 
trolled by  the  same  source  as  the  sending  carrier,  it  is  rather  difficult 
to  maintain  even  the  frequencies  alike,  to  say  nothing  of  the  phases. 
Let  us  suppose  that  the  local  carrier  is  out  of  synchronism  by  a  small 
amount,  n.  Consider  first  the  simplest  case  where  the  carrier  is 
suppressed  and  one  side-band  only  is  transmitted.  The  local  carrier 
beating  with  each  component  of  this  side-band  gives  a  component 
of  normal  amplitude,  but  of  a  frequency  differing  from  that  of  the 
original  signal  component  by  n.  That  is,  all  the  frequencies  of  the 
speech  are  raised  or  lowered  by  the  same  amount,  n.     This  must  alter 
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the  wave  form  very  decidedly,  but  the  surprising  thing  is  that  in 
telephony  the  intelligibility  is  not  seriously  affected  when  the  differ- 
ence is  made  as  much  as  fifty  cycles  or  so.  The  apparent  pitch  of 
the  voice  changes,  of  course,  as  n  is  varied. 

If  the  carrier  is  transmitted,  either  intentionally  or  thru  incomplete 
suppression,  the  situation  is  less  favorable  to  asynchronous  recep- 
tion. The  two  carriers  then  beat  together,  giving  a  component  of 
frequency  n  which  may  be  troublesome  if  the  received  carrier  is  large. 
However,  its  frequency  is  generally  below  the  voice  range,  and  so  it 
can  be  suppressed  by  a  filter  in  the  detector  output.  In  addition  the 
received  carrier  beating  with  the  side-bands  gives  the  components 
of  the  original  signal.  These  are  superposed  on  the  displaced  speech 
from  the  local  carrier,  the  corresponding  components  of  the  two 
differing  in  frequency  by  n.  As  a  result,  the  two  sounds  beat  to- 
gether just  as  two  tuning  forks  would.  For  very  little  differences 
in  frequency  a  periodic  rise  and  fall  in  intensity  is  heard.  When  the 
difference  is  increased  so  that  the  individual  beats  can  no  longer  be 
distinguished,  a  sensation  of  roughness  results.  And  when  the  differ- 
ence is  made  still  greater  the  two  waves  may  be  heard  as  separate 
sounds  of  noticeably  different  pitch.  The  prominence  of  this  beating 
effect  depends,  of  course,  upon  the  relative  magnitude  of  the  two 
carriers,  since  the  two  sets  of  speech  currents  are  in  the  same  ratio 
as  the  two  carriers. 

This  effect  of  the  received  carrier  may  be  very  much  reduced,  and 
in  the  ideal  case  entirely  eliminated,  by  the  use  of  a  balanced  de- 
tector similar  in  structure  to  the  balanced  modulator  of  Fig.  3.  It 
can  be  shown  that  with  such  a  circuit  the  combination  frequencies 
resulting  from  any  two  components  applied  at  S  are  neutralized  in 
the  output  circuit,  while  the  combination  of  each  with  the  carrier 
applied  at  C  is  transmitted.  Thus  if  the  side-band  and  received 
carrier  enter  together  at  S,  the  components  having  the  original  signal 
frequencies  are  eliminated  and  only  the  displaced  components  remain. 

When  the  other  side-band  is  added,  the  situation  is  still  further 
complicated.  In  the  absence  of  received  carrier,  the  local  carrier  and 
one  side-band  give  a  set  of  components  the  frequencies  of  which  are 
greater  than  those  of  the  signal  by  n,  while  the  carrier  and  other  side- 
band give  a  set  less  by  the  same  amount.  These  two  sets  combine 
in  much  the  same  way  as  do  the  displaced  and  normal  speech  ob- 
tained with  a  single  side-band  and  received  carrier.  Here,  however, 
the  beat  frequency  is  2  n.  Also,  as  the  two  sets  are  equal  in  ampli- 
tude, the  beats  will  be  much  more  pronounced,  the  intensity  falling 
to  zero  each  time  the  two  waves  are  in  opposition.     For  slow  beats  the 
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apparent  pitch  of  the  sound  is  half  way  between  the  frequencies  of 
the  two  equal  components,  and  so  the  normal  voice  frequency  will  be 
heard.  With  large  frequency  displacements  of  the  carrier  the  two 
displaced  speech  waves,  being  of  equal  intensity,  will  be  more  easily 
distinguished  than  in  the  case  of  the  single  side-band. 

It  is  interesting  to  note  that  this  result,  as  well  as  the  frequency 
shift  that  occurs  with  a  single  side-band,  follows  directly  from  the 
relations  arrived  at  above  for  the  phase  displacement  of  a  synchronous 
carrier.  The  non-synchronous  carrier  may  be  thought  of  as  a  syn- 
chronous one  the  phase  of  which  is  varied  with  the  frequency  of  the 
departure  from  synchronism.  With  a  single  side-band  it  was  shown 
that  a  phase  displacement  of  the  carrier  affects  only  the  phase  of  the 
reproduced  component  and  that  it  changes  this  by  an  amount  equal 
to  its  own  displacement.  This  progressive  phase  displacement  in 
all  the  components  of  the  reproduced  wave  is,  of  course,  equivalent 
to  a  change  in  their  frequencies  equal  to  the  frequency  displacement 
of  the  carrier.  With  both  side-bands  present,  a  phase  displacement 
was  shown  to  have  no  effect  on  the  phases  but  to  change  the  ampli- 
tudes of  the  reproduced  components  by  the  factor  cos  rj.  Thus  a 
progressive  change  in  i\  will  cause  a  cyclic  variation  in  amplitude 
having  two  minima  for  each  cycle  of  77;  that  is,  a  frequency  of  2n. 

If  the  two  side-bands  are  accompanied  by  the  carrier  there  are 
added  the  beat  note  of  the  two  carriers  and  the  components  of  the 
original  signal.  The  addition  of  a  small  amount  of  this  speech  of 
uniform  amplitude  to  that  of  varying  amplitude  already  present 
merely  tends  to  make  the  variation  slightly  less  pronounced.  From 
the  foregoing  it  appears  that  for  telephony  the  most  favorable  condi- 
tion for  using  a  local  carrier  which  is  out  of  synchronism  is  that  in 
which  only  one  side-band  is  transmitted.  Fairly  considerable  fre- 
quency variations  are  then  permissible  and  asynchronous  operation 
appears  to  have  practical  possibilities. 

For  telegraphy  the  case  is  quite  different.  In  the  first  place  the 
important  components  of  telegraph  signals  are  much  lower  in  fre- 
quency, so  that  the  side-band  lies  closer  to  the  carrier,  and  a  much 
smaller  absolute  displacement  of  the  carrier  frequency  is  needed  to 
give  the  same  effect  as  in  the  telephone  case.  Considering  only  such 
small  displacements,  it  appears  that  the  general  addition  or  sub- 
traction of  frequencies  which  occurs  with  a  single  side-band  will  alter 
the  shape  of  the  signals  quite  seriously.  The  slow  fluctuations  in 
signal  intensity  which  occur  with  both  side-bands  are  probably  less 
serious  over  most  of  the  cycle.  However,  they  might  well  cause  some 
signals  to  be  lost  entirely  each  time  the  intensity  passed  thru  zero. 
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For  asynchronous  reception,  then,  just  as  for  the  case  of  a  local 
carrier  displaced  in  phase,  single  side-band  transmission  is  preferable 
for  telephony  and  double  side-band  for  telegraphy.  The  difficulties 
are  of  the  same  general  nature  in  the  two  cases,  but  with  the  asynchron- 
ous carrier  they  are  considerably  greater.  This  is  in  agreement  with 
the  idea  expressed  above,  that  lack  of  synchronism  may  be  looked 
upon  as  an  aggravated  case  of  phase  displacement. 


Public  Address  Systems1 

By  I.  W.   GREEN  and  J.  P.  MAXFIELD 

Synopsis:  A  public  address  system  comprises  electrical  equipment  to 
greatly  amplify  a  speaker's  voice  so  it  will  reach  a  much  larger  assemblage 
than  he  could  speak  to  unaided.  Beginning  with  the  presidential  conven- 
tions of  the  two  major  parties  in  1920  and  the  inaugural  address  of  President 
Harding  in  March  1921,  when  a  special  address  system  installed  by  the 
telephone  engineers  enabled  him  to  address  an  audience  estimated  at  125,- 
000,  there  followed  in  rapid  succession,  many  public  events  demonstrat- 
ing the  value  of  such  systems.  One  of  the  most  notable  of  these  occurred 
on  Armistice  Day  1921,  when  the  speeches,  prayers  and  music  at  Arlington, 
Virginia,  were  heard,  not  only  by  100,000  persons  gathered  there  at  the 
National  Cemetery,  but  by  some  35,000  in  New  York  City  and  20,000  in 
San  Francisco.  On  this  occasion  the  three  public  address  systems,  one 
for  each  of  these  cities,  were  joined  by  long  distance  telephone  circuits. 

The  fundamental  requirements  of  a  satisfactory  public  address  system 
are  naturalness  of  reproduction  and  wide  range  of  output  volume.  The 
meeting  of  these  two  requirements  for  music  proves  more  difficult  than  for 
speech. 

The  public  address  system  here  described  is  most  readily  considered  in 
three  sections — "pick-up"  apparatus  which  is  placed  in  the  neighborhood 
of  the  speaker  and  converts  his  words  into  undulatory  electric  currents;  a 
vacuum  tube  amplifier  for  amplifying  these  currents;  and  a  "receiver- 
projector"  for  reconverting  the  current  into  sound  waves  and  distributing 
the  sound  over  all  of  the  audience.  In  the  present  system  each  of  these 
three  parts  of  the  equipment  has  been  designed  with  the  intention  of 
making  it  as  nearly  distortionless  as  possible,  so  that  the  various  parts 
might  be  adaptable  for  audiences  ranging  in  size  from  possibly  one 
thousand  to  several  hundred  thousand,  and  might  also  be  used  in  connec- 
tion with  the  long  distance  telephone  lines  and  with  either  radio  broad- 
casting or  receiving  stations.  One  of  the  larger  public  address  systems  is 
easily  capable  of  magnifying  a  speaker's  voice  as  many  as  10,000  times. 

The  pick-up  device  whether  of  the  carbon  microphone  variety  or  a  con- 
denser transmitter  need  not  be  placed  close  to  the  speaker's  lips  but  will 
operate  satisfactorily  when  four  or  five  feet  away.  The  loud-speaking 
receiver  mechanism  is  so  designed  that  it  will  carry  a  power  of  several  watts 
with  small  distortion.  Under  normal  conditions,  40  watts  distributed 
among  a  number  of  receiver-projectors  arranged  in  a  circle  is  ample  to 
reach  an  audience  of  700,000  persons. — Editor. 

THIS  paper  aims  to  present  the  problems  encountered  in  the 
development  of  electrical  systems  for  amplifying  the  voices  of 
public  speakers  and  music;  and  to  describe  the  equipment  as  brought 
to  a  commercial  state  and  now  in  use  in  the  United  States  and  various 
other  countries. 

The  two  main  requirements  of  a  successful  public  address  or  loud 
speaking  system  are,  first,  that  it  shall  reproduce  the  sounds,  such  as 
speech  or  music,  faithfully;  and  second,  that  this  faithful  reproduction 
shall  be  loud  enough  and  sufficiently  well  distributed  for  all  of  the 
audience   to   hear  it  comfortably.     Most  of  the  development  work 

'Presented  at  the  Midwinter  Convention  of  the  A.  I.  E.  E.,  New  York,  N.  Y., 
February  14-17,  1923.     Published  in  the  Journal  of  the  A.  I.  E.  E.  for  April,  1923. 
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has  been  directed  toward  obtaining  these  two  results  under  the  various 
conditions  which  surround  the  operation  of  these  systems. 

The  faithful  and  natural  reproduction  of  sound  depends  upon  many 
factors,  of  which  the  following  are  some  of  the  more  important:  The 
acoustics  of  the  space  in  which  the  sound  originates,  the  characteristic 
of  the  loud  speaking  system  itself  and  the  acoustics  of  the  space  in 
which  the  sound  is  reproduced.  Where  the  sound  is  picked  up  and 
reproduced  in  the  same  space,  as  is  the  case  when  the  speaker  is  using 
one  of  these  systems  to  address  a  large  audience  locally,  there  is  a 
reaction  between  the  horns  and  the  transmitter  or  pick-up  mechan- 
ism which  is  controlled  by  the  acoustic  conditions  under  which  the 
system  is  operated. 

Acoustics  of  the  Space 

In  connection  with  the  acoustics  of  the  space  in  which  the  sound 
originates,  or  in  which  it  is  reproduced,  four  factors  stand  out.  These 
concern  the  effects  of  reverberation,  of  echo,  of  resonance,  and  of 
diffraction.  In  the  specific  cases  where  the  sound  is  reproduced  in 
the  same  space  or  room  in  which  it  originates,  another  effect  is  en- 
countered, which  has  generally  been  termed  "singing,"  and  is  evi- 
denced if  sufficiently  great  by  the  emission  of  a  continuous  note  from 
the  equipment. 

Reverberation  is  caused  by  reflection  and  is  evidenced  by  the 
persistence  of  the  sound  after  its  source  has  ceased  emitting.  When 
the  reverberation  in  the  space  in  which  the  initial  sound  is  being 
picked  up  is  sufficient  to  cause  one  sound  to  hang  over  and  become 
mingled  with  succeeding  sounds,  in  other  words,  so  that  the  sound 
from  one  syllable  interferes  with  that  of  the  succeeding  syllable,  it  is 
practically  impossible  to  improve  the  acoustic  conditions  solely  by 
the  use  of  the  public  address  system.  In  such  a  case,  the  first  pro- 
cedure is  to  place  material  which  absorbs  sound  in  the  space.  The 
purpose  of  this  absorbing  material  is  to  lower  the  time  required  for  the 
sound  to  die  away  after  the  source  ceases  to  emit.  The  amount  which 
any  given  material  lowers  the  time  of  reverberation  depends  not  only 
upon  the  amount  of  material  introduced,  but  also  upon  its  disposition 
within  the  space. 

The  term  "echo"  applies  to  a  similar  phenomenon,  but  is  gener- 
ally used  where  there  is  sufficient  time  lag  between  the  reflected  sound 
and  that  originally  emitted,  so  that  two  distinct  impressions  reach 
the  ear.2 

2Collected  Papers  on  Acoustics,  Wallace  Clement  Sabine,  Harvard  University 
Prets.  1922. 
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The  troubles  encountered  from  echoes  usually  occur  only  in  large 
buildings  or  large  open  spaces  surrounded  by  buildings,  trees,  or  other 
obstacles  and  are  generally  associated  with  interferences  with  the 
reproduced  sound  rather  than  with  the  original  sound.  There  are 
cases,  however,  particularly  in  auditoriums,  where  some  of  the  walls 
or  ceiling  are  large  curved  surfaces,  in  which  case  localized  echoes 
may  result.  The  speaker's  voice  or  extraneous  sounds  from  the 
audience  may  be  reflected  from  one  or  more  of  these  surfaces  to  focus 
spots  where  the  volume  of  sound  is  consequently  abnormally  great. 
It  is  important,  therefore,  that  the  transmitter  which  is  picking  up 
the  sound  shall  not  be  located  at  one  of  these  spots.  These  points  of 
localized  echo  are  particularly  troublesome  also  when  they  occur 
in  the  space  occupied  by  the  audience.  Under  these  conditions  not 
only  is  the  sound  intensity  too  great,  but  the  character  of  the  sound 
is  altered  and  very  often  badly  confused.  The  avoidance  of  such 
difficulties  is  a  matter  of  test  and  the  proper  arrangement  of  the 
reproducing  mechanism,  as  will  be  seen  later  in  some  detail. 

The  effect  of  resonance  seldom  occurs  in. connection  with  the  am- 
plified and  reproduced  sound,  inasmuch  as  the  spaces  dealt  with  are 
large  and  their  natural  frequencies  are  too  low  to  be  troublesome. 
Resonance  usually  becomes  of  importance  in  connection  with  mount- 
ing the  pick-up  apparatus  or  transmitter.  It  generally  results  from 
attempts  to  conceal  the  transmitter  by  placing  it  in  some  form  of 
small  enclosure.  The  best  form  of  housing  from  an  acoustic  stand- 
point consists  of  a  screen  cover  which  protects  the  instrument  from 
being  struck  or  injured  but  in  no  way  affects  the  sound  reaching  it. 

Resonance  produces  a  distortion  which  it  has  been  customary  to 
consider  as  of  two  varieties.  First,  there  is  an  unequal  amplification 
of  sounds  of  various  frequencies  and  second,  there  is  the  introduction, 
of  transients.  These  transients  occur  whenever  the  sound  changes 
but  are  most  easily  recognized  audibly  by  their  continuation  after 
the  source  has  ceased  emitting.  They  also  have  frequency  character- 
istics which  depend  not  only  on  the  sound  which  started  them  but 
also  upon  thie  character  of  the  resonant  portion  of  the  system. 

The  troubles  introduced  by  diffraction  are  seldom  of  very  great 
importance  except  where  the  sound  is  reflected  from  regularly  spaced 
reflectors  or  passed  through  regularly  spaced  openings.  Quite  serious 
diffraction  troubles  have  been  encountered  when  operating  a  loud 
speaker  in  a  large  field,  surrounded  by  an  open  work  board  fence,  the 
trouble  being  evidenced  by  very  distinct  areas,  particularly  at  the 
outskirts  of  the  audience,  where  the  sounds  were  badly  distorted. 
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The  difficulties  encountered  as  a  result  of  "singing"  form  one  of 
the  most  troublesome  problems  connected  with  the  actual  operation 
of  these  systems.  When  a  portion  of  the  sound  emitted  by  the  pro- 
jectors reaches  the  transmitter  with  sufficient  intensity,  that  its  re- 
production is  as  great  as  the  originally  emitted  sound  from  the  pro- 
jectors, and  with  such  phase  relation  that  it  tends  to  aid  the  original 
sound,  the  system  will  emit  a  continuous  note.  Moreover,  when  the 
portion  of  the  sound  from  the  projectors  which  reaches  the  trans- 
mitter is  not  sufficient  to  cause  a  continuous  note,  it  may  be  sufficient 
to  cause  considerable  distortion  of  the  speech  or  music.  In  excessively 
reverberant  halls  these  conditions  are  often  fulfilled  when  the  actual 
amplification  is  so  small  that  the  people  at  the  distant  points  are 
scarcely  able  to  hear  the  speaker.  In  all  cases  in  our  experience  the 
difficulty  has  been  sufficiently  overcome  by  properly  placing  the 
transmitter  with  respect  to  the  projectors.  The  situation  is  very 
much  helped  by  the  presence  of  the  audience,  which  adds  considerably 
to  the  acoustic  damping  of  the  room. 

It  will  be  seen,  therefore,  that  the  acoustic  conditions  of  the  space 
in  which  loud  speakers  are  used  are  of  considerable  importance. 

Characteristics  of  the  System 

The  first  requirement  of  the  system  itself  is  that  it  shall  reproduce 
speech  or  music  faithfully.  A  system  is  said  to  do  this,  or  in  other 
words,  its  quality  is  called  perfect,  when  the  reproduced  sound  contains 
all  of  the  frequencies,  but  no  others,  contained  in  the  original  sound 
striking  the  "pick-up"  mechanism,  and  when  these  frequencies  have 
the  same  relative  intensities  that  they  had  in  the  original. 

An  imperfect  or  distorting  system  is  one  which  fails  to  fulfill  this 
requirement.  There  are  two  main  types  of  distortion  which  had  to  be 
considered;  the  first  being  the  unequal  amplification  of  the  system 
for  the  various  frequencies  constituting  the  sound  and  the  second 
being  the  introduction  of  frequencies  not  present  in  the  original 
sound.  For  simplicity  of  discussion,  this  last  class  will  be. divided 
in  three  parts,  namely:  the  effect  of  transients,  the  effect  of  asym- 
metric distortion  and  the  effect  of  disturbing  noises. 

The  effect  of  transients  has  already  been  mentioned  in  connection 
with  acoustics  and  they,  of  course,  produce  the  same  type  of  dis- 
tortion whether  they  occur  in  the  acoustic  or  the  electrical  system. 
Transients  occur  whenever  the  sound  changes  either  in  pitch  or  in- 
tensity, and  are  introduced  at  the  beginning  and  ending  of  each 
speech  sound.     This  modification  of  the  characteristics  of  the  speech 
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sounds  acts  to  lower  the  intelligibility.  It  probably  causes  more 
trouble  in  speech  transmission  than  the  fact  that  the  sound  con- 
tinues after  the  source  ceases. 

Asymmetric  distortion  affects  one  half  of  the  wave  differently  from 
its  other  half.  This  causes  the  introduction  of  frequencies  which,  in 
some  cases,  produce  very  serious  disturbances  in  the  transmission  of 
music  and  speech.  The  most  noticeable  troubles  are  from  the  forma- 
tion of  sum  and  difference  tones.3  Such  tones  are  likely  to  give  rise 
to  dissonances  with  the  other  sounds  occurring  in  the  music.  In  the 
case  of  speech  asymmetric  distortion  manifests  itself  by  a  lower  in- 
telligibility. 

The  effect  of  foreign  noises  sometimes  encountered  is  twofold. 
First,  they  influence  the  ability  of  the  listener  to  hear  the  character- 
istics of  the  speech  sounds  and  hence  tend  to  lower  the  intelligibility. 
Secondly,  the  constant  attempt  of  the  hearer  to  sort  out  the  speech 
sounds  or  music  through  the  disturbing  noises  tires  him  appreciably. 
In  order  that  this  strain  shall  be  inappreciable,  it  is  desirable  that  the 
sound  delivered  by  the  system  shall  be  at  a  power  level  approximately 
10.000  times  that  of  the  noise. 

The  second  general  requirement  which  is  placed  on  a  successful 
system  is  that  it  shall  deliver  its  faithful  reproduction  loud  enough 
for  all  the  audience  to  hear  it  comfortably  and  enough  above  noise 
for  good  intelligibility.  In  this  connection  there  have  arisen  one  or 
two  interesting  points  bearing  on  the  psychology  of  hearing.  One 
of  the  most  striking  of  these  is  concerned  with  the  coordination  be- 
tween hearing  and  seeing.  Although  the  projectors  are  usually 
mounted  twenty  or  more  feet  above  the  speaker's  head,  and  in  some 
exceptional  cases,  slightly  to  one  side  of  him,  the  majority  of  the 
audience  is  conscious  of  only  one  source  of  sound,  and  that  appears 
to  be  the  speaker  himself. 

This  phenomenon  is  so  marked  that  in  several  cases  the  question 
has  been  rasied  in  the  minds  of  the  listeners  as  to  whether  the  system 
was  functioning.  They  could  only  be  convinced  that  it  was  by  having 
it  shut  down  for  a  few  seconds  when  their  inability  to  hear  made  them 
realize  how  successfully  the  system  could  operate. 

Another  of  these  psychological  phenomena  deals  with  the  apparent 
distortion  of  the  voice  when  its  intensity  at  the  ears  of  the  listener 
is  too  great  or  too  small.  If  the  speaker  is  talking  in  a  normal  con- 
versational tone,  his  voice  contains  a  larger  percentage  of  low  fre- 
quencies than  is  the  case  when  he  is  raising  his  voice  to  a  considerable 

3  Origin  of  Combination  Tones  in  Microphone-Telephone  Circuits.  E.  Wae'.z- 
mann,  Annalen  der  Physik,  Vol.  -1.2,  1913. 
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volume.  If  the  loud  speaker  so  amplifies  this  voice  that  it  reaches 
the  audience  with  such  volume  that  their  instinct  tells  them  that  the 
speaker  should  be  shouting,  the  system  appears  to  make  his  voice 
sound  quite  heavy  and  somewhat  unnatural.  It  has  been  found 
necessary,  therefore,  to  so  regulate  the  amount  of  amplification  that 
the  people  at  the  furthest  portion  of  the  hall  can  hear  comfortably 
and  the  volume  of  sound  shall  not  be  permitted  to  become  any  louder 
than  necessary  to  meet  this  condition.  On  the  other  hand,  if  the 
volume  is  insufficiently  loud,  certain  of  the  weaker  speech  sounds  are 
entirely  lost,  and  it  becomes  difficult  to  understand.4 

Solution'  of  the  Problem 

With  these  considerations  in  mind  it  may  be  interesting  to  take 
a  brief  survey  of  the  whole  problem  and  the  method  by  which  the 
solution  was  reached.  Two  general  method's  of  attack  were  con- 
sidered. The  first  was  to  attempt  to  make  each  unit  of  the  system 
faithfully  reproduce  its  input,  while  the  second  was  to  make  any  dis- 
tortions of  one  part  of  the  system,  cancel  those  of  another  portion, 
so  that  the  complete  system  would  operate  satisfactorily.  In  either 
case,  it  was  desirable  to  keep  each  unit  free  from  asymmetric  dis- 
tortion, as  this  type  of  distortion  cannot  be  easily  compensated  for. 

While  it  would  probably  have  been  simpler  to  follow  the  second 
line  of  attack,  the  greatly  increased  flexibility  of  a  system  in  which 
each  part  is  correct  in  itself  was  of  sufficient  value  to  cause  the  attempt 
to  be  made  that  way.  When  it  is  realized  that  these  systems,  to  be 
commercially  successful,  must  be  capable  of  operating  for  various 
sized  audiences,  ranging  possibly  from  one  thousand  to  several  hun- 
dred thousand,  that  they  must  be  used  in  connection  with  long  dis- 
tance telephone  lines,  as  well  as  with  either  radio  broadcasting  or 
receiving  stations,  the  desire  for  flexibility  can  be  understood.5 

As  a  result  of  attempting  the  development  in  the  manner  already 
described,  there  has  resulted  a  system  which  involves  four  functional 
units;  a  "pick-up"  mechanism  or  transmitter  unit,  a  preliminary 
amplifier  unit,  commonly  called  the  speech  input  equipment,  a  second 
amplifier  unit  commonly  called  the  power  amplifier,  and  a  receiver- 
projector  unit  for  transforming  the  amplified  currents  back  into 
sound,  and  properly  distributing  it  throughout  the  space  to  be  covered. 

4  Physical  Examination  of  Hearing,  R.  L.  Wegel,  Proceedings  of  the  Nationil 
Academy  of  Sciences,  Volume  8,  Number  7,  July,  1922. 

•Use  of  Public  Address  Systems  with  Telephone  Lines,  W.  H.  Martin  and  A.  B. 
Clark.     Presented  before  A.  I.  E.  E.,  Feb.  14,  1923. 
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It  may  be  interesting  at  this  place  to  determine  how  successfully 
these  various  units  and  the  system  as  a  whole  fulfill  the  requirements 
of  equal  sensitivity  to  all  frequencies  within  the  important  speech  or 
music  range.     Fig.    1   shows   the  relative  sensitiveness  of  the  trans- 
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Fig.  1 — 1-Condenser  Transmitter  with  Associated  Amplifier. 
2-Carbon  Transmitter  without  Amplifier. 

mitter  as  a  function  of  frequency.  The  ordinates  are  proportional 
to  the  logarithm  of  the  power  delivered  for  constant  sound  pressure 
at  the  diaphragm  and  the  abscissae  to  the  logarithm  of  the  frequencies 
employed.  The  lower  of  the  two  figures  refers  to  the  condenser 
transmitter  with  its  associated  input  amplifier.6  The  upper  refers 
to  the  push-pull  carbon-type  transmitter.  These  transmitters  will 
be  described  in  detail  later. 

Fig.  2  shows  a  similar  curve  for  the  complete  amplifier^system, 
comprising  a  three-stage  speech  input  amplifier,  and  a  power  stage 
capable  of  delivering  approximately  40  watts  of  speech   frequency 
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Fig.  2 — Public  Address  System  Amplifiers. 

6  The  Sensitivity  and  Precision  of  the  Electrostatic  Transmitter  for  Measurement 
of  Sound  Intensities.    E.  C.  Wente,  Physical  Review,  N.  S.     Vol.  19,  No.  5,  May,  1922. 
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electrical  power  without  distortion.  In  connection  with  these  ampli- 
fiers a  sharp  distinction  should  be  made  between  their  gain  rating, 
or  amplification,  and  their  overload  or  power  rating.  Gain  measures 
the  power  amplification  which  can  be  obtained  provided  the  input 
is  small  enough  so  that  the  equipment  at  the  output  end  is  not  over- 
loaded. Overload  or  power  rating  refers  to  the  maximum  power 
which  can  be  supplied  by  the  amplifier  without  causing  distortion 
of  the  currents  being  amplified.  Although  the  power  rating  of  power 
equipment  is  usually  determined  by  the  heat  which  can  be  dissipated, 
a  marked  distortion  of  wave  form  takes  place  when  the  iron  in  any 
of  the  apparatus  is  worked  beyond  the  straight  line  portion  of  the 
magnetization  curve.  In  the  case  of  amplifiers,  the  maximum  power 
obtainable  is  limited  by  the  power  output  at  which  distortion  occurs 
rather  than  by  the  heat  which  can  be  dissipated. 

Fig.  3  shows  a  chart  for  the  characteristics  of  the  complete  system, 
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Fig.  3 — Complete  Public  Address  System  with  Carbon  Transmitter. 

including  the  carbon  transmitter,  the  speech  input  and  power  ampli- 
fiers and  the  receiver  projector  unit. 

In  connection  with  the  requirements  for  equal  amplification  of  all 
frequencies,  it  is  interesting  to  note  that  a  system,  which  does  not 
fail  to  reproduce  equally  all  frequencies  in  the  speech  range  by  more 
than  a  ratio  of  10  to  1  in  reproduced  power,  is  indistinguishable  from 
a  perfect  system  or  from  the  speaker,  himself.  It  seems  probable 
that  this  effect  is,  in  some  way,  connected  with  variations  in  the  fre- 
quency sensitiveness  curve  of  normal  ears.  Normal  ears  show  a 
sensitiveness  variation  with  frequency  as  great  as  10  to  1  and  the  fre- 
quencies of  maximum  sensitiveness  vary  materially  from  one  in- 
dividual to  another.7 

7  Frequency  Sensitiveness  of  Normal  Ears,  by  H.  Fletcher  and  R.  L.  Wegel, 
Physical  Review,  July,  1922. 
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It  has  been  fount!  that  in  order  to  transmit  speech  with  entire 
satisfaction  for  loud  speaker  purposes,  that  is,  sufficiently  well  so 
that  the  audience  is  not  aware  of  the  contribution  of  the  mechanical 
equipment,  it  is  necessary  for  the  system  to  operate  with  essentially 
uniform  amplification  over  a  range  of  frequencies  from  200  to  -4000 
cycles.  While  there  are,  in  speech,  frequencies  slightly  outside  of  this 
range,  the  loss  in  naturalness  and  intelligibility  by  the  system's 
failure  to  reproduce  them,  is  slight.8 

While  no  such  frequency  range  is  required  for  intelligibility  only, 
it  has  been  found  that  systems  not  covering  substantially  this  fre- 
quency range,  sound  unnatural.  When  the  lower  frequencies  are 
missing,  the  reproduction  sounds  "tinny."  When  the  higher  fre- 
quencies are  missing  it  sounds  heavy  and  muffled.  The  requirements 
for  thoroughly  natural  reproduction  of  music  are  probably  more 
severe,  particularly  in  the  low-frequency  region,  than  are  the  similar 
requirements  for  speech,  but,  at  the  present  time,  complete  data  are 
not  available  to  indicate  the  contribution  of  these  frequencies  to 
naturalness. 

In  connection  with  the  flexibility  of  the  system,  it  is  interesting  to 
note  that  the  speech  input  equipment  has  been  designed  to  raise  the 
power  delivered  by  the  transmitter  to  such  an  extent  that  it  is  suffi- 
cient for  long  distance  telephone  transmission  or  tor  the  operation  of 
a  radio  transmitting  set.  The  power  amplifier  is  designed  to  receive 
power  at  approximately  this  level  and  deliver  it  to  the  projector  units 
sufficiently  amplified  to  operate  them  satisfactorily. 

Future  Development 

In  viewing  the  loud  speaker  field  from  the  point  of  view  of  future 
development  there  are  two  lines  of  attack  along  which  work  is  being 
done,  and  which  give  promise  of  success.  These  are  the  improve- 
ments in  frequency  characteristics  and  increase  in  the  range  of  loud- 
ness which  the  system  can  accommodate  satisfactorily. 

The  improvement  to  be  expected  from  a  more  uniform  frequency 
characteristic  is  mainly  an  increase  in  naturalness,  especially  where 
music  is  being  reproduced.  A  slight  increase  in  intelligibility  may 
be  hoped  for,  although  this  factor  is  of  little  importance,  as  the  present 
system  is  satisfactory  in  this  respect. 

The  other  improvement  mentioned,  namely,  the  volume  range,  is 
probably  the  more  difficult,  but  is  necessary  before  music  can  be  re- 

8  The  Nature  of  Speech  and  Its  Interpretation.  Harvey  Fletcher,  Journal  of  the 
Franklin  Institute,  Vol.  193,  No.  6,  June,  1922. 
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produced  in  a  perfect  manner.  Rough  experimental  data  indicate 
that  the  loudness  in  an  orchestra  selection  may  vary  from  one  part 
of  the  selection  to  another  by  a  ratio  as  great  as  50,000  to  1.  While 
the  present  equipment  does  not  operate  with  entire  satisfaction  over 
this  range  of  loudness,  it  has  been  found  relatively  easy  to  obtain 
good  results  by  manual  adjustment  of  the  amplification  during  the 
rendering  of  the  selection.  If  the  gain  is  varied  in  small  enough 
steps,  the  change  is  not  noticeable  to  the  listeners. 

An  increase  in  the  loudness  range  would  render  the  manual  ad- 


f^^'d 


justment  unnecessary  and  would  make  the  reproduction  a  faithful 
duplicate  of  the  music  as  actually  played . 

Technical  Description  of  the  System 

The  foregoing  discussion  having  described  the  requirements  which 
must  be  met  in  order  that  the  public  address  system  shall  successfully 
transmit  speech  and  music,  the  system  in  its  commercial  form  will 
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now  be  described.  In  order  to  make  clear  the  arrangement  of  the 
equipment,  a  typical  installation  is  shown  in  Fig.  4,  this  being  an 
installation  where  the  audience  and  speaker  are  in  the  open  air,  and 
where  no  connection  is  made  with  the  long  distance  lines.  It  might 
be  well  to  state  here  that  with  the  equipment  shown  an  audience  of 
700,000  can  be  adequately  covered. 

Some  of  the  sound  leaving  the  speaker's  mouth  is  picked  up  by  the 
transmitter,  on  a  reading-desk  type  of  pedestal,  which  is  normally 
mounted  at  the  front  of  the  platform. 

The  feeble  currents  from  the  transmitter  are  led  by  carefully 
shielded  leads  to  the  amplifiers  in  the  control  room,  which  is  usually 


Fig.  5. 


located  directly  beneath  or  to  one  side  of  the  speaker's  stand.  A 
floor  space  of  not  more  than  125  square  feet  is  required  for  this  room, 
even  in  the  case  where  it  is  desirable  to  transmit  phonograph  music 
to  the  audience  between  speeches. 

The  amplifier  and  power  supply  equipment  is  shown  on  the  two 
panels  in  the  center  of  the  control  room.  The  amplified  speech  cur- 
rents are  led  from  these  amplifiers  to  the  receiver  projector  units, 
which,  in  this  case,  are  arranged  on  the  super-structure  above  the 
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speaker's  platform.  This  position  is  most  desirable,  as  the  illusion 
produced  is  such  that  the  voice  appears  to  come  from  the  speaker 
rather  than  from  the  projectors,  a  factor,  the  importance  of  which 
has  already  been  mentioned.  Moreover  in  this  position  the  acoustic 
coupling  between  the  transmitter  and  the  projectors  is  a  minimum, 
permitting  the  operation  of  the  system  at  a  satisfactory  degree  of 
amplification  with  an  ample  margin  below  the  point  where  singing 
troubles  are  encountered. 

A  public  address  equipment,  similar  to  that  just  described,  but 
with  a  somewhat  lower  power  output,  has  been  developed  for  use  at 
the  smaller  open  air  meetings,  and  in  all  but  the  largest  indoor  audi- 
toriums. Fig.  No.  5  shows  one  of  these  equipments,  mounted  on  an 
automobile  truck,  which  has  been  employed  at  a  number  of  points 
in  the  eastern  part  of  the  United  States.  This  smaller  system  has 
characteristics  as  good  as  the  larger  system  in  regard  to  faithful  re- 
production of  speech  and  music,  with  a  power  output  in  the  order  of 
one-tenth  as  great.  An  audience  of  50,000  can  be  adequately  covered 
at  an  outdoor  meeting  with  this  system. 

Fig.  No.  6  is  a  schematic  arrangement  of  the  equipment  at  an 
installation  of  the  type  shown  in  Fig.  4.     At  the  extreme  left  are  the 
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Fig.  6. 


transmitters  where  the  sound  waves  are  picked  up.  The  output  from 
these  transmitters  is  taken  to  a  switching  panel  where  means  are 
provided  for  cutting  in  the  various  transmitters.  From  this  panel 
the  transmitter  currents  are  taken  to  the  transmitter  amplifier,  which 
is  capable  of  amplifying  them  to  a  power  level  suitable  for  input  to 


PUBLIC   ADDRESS   SYSTEMS  125 

the  power  amplifier,  or  for  connection  to  the  long  distance  lines,  in 
those  cases  where  the  speeches  are  transmitted  to  distant  audiences. 
It  is  also  suitable  where  connection  is  to  be  made  to  a  radio  station 
for  broadcasting  the  speeches.  The  power  amplifier  is  shown  just 
to  the  right  of  the  transmitter  amplifier.  Below  it  is  indicated  the 
power  supply  equipment  by  wh'c'i  the  commercial  power  is  converted 
to  a  form  suitable  for  the  vacuum  tubes  in  both  amplifiers.  The 
output  from  the  power  amplifier  is  taken  through  a  panel  where 
switches  and  a  multi-step  auto-transformer  are  provided  for  the 
regulation  of  several  projector  circuits.  Just  above  this  panel  is  an 
indicating  instrument,  known  as  the  volume  indicator,  provided  in 
order  that  the  operator  may  know  what  volume  output  is  being 
delivered  to  the  projectors. 

The  projectors,  at  the  extreme  right  of  the  figure,  consist  of  the 
motor  or  receiver  unit  transforming  the  speech  currents  into  sound 
waves,  and  a  horn  to  provide  the  proper  distribution  of  the  sound. 

It  is  interesting  to  note  the  power  amplification  which  is  obtained 
in  the  larger  of  the  two  systems  from  the  transmitter  to  the  pro- 
jectors. Referring  to  fig.  Xo.  6,  a  chart  will  be  seen  which  indicates 
the  power  levels  through  the  system  drawn  to  a  scale  based  on  miles 
of  standard  telephone  cable,  our  usual  reference  unit.  The  output 
of  the  high  quality  transmitter  is  of  the  order  of  65  miles  below  zero 
level,  this  latter  being  the  output  from  a  standard  telephone  set  con- 
nected to  a  common  battery  central  office  by  a  line  of  zero  resistance. 
Expressed  in  watts  the  output  of  this  transmitter  under  average  con- 
ditions of  use  with  the  public  address  system  is  of  the  order  of  10~8 
watts.  Incidentally,  this  is  of  the  same  order  as  the  speech  power 
picked  up  by  the  transmitter,  or  in  other  words,  the  transmitter 
does  not  amplify  the  speech  power  received  by  it  as  is  the  case  with 
the  transmitter  used  tor  regular  telephone  service. 

This  very  minute  amount  of  power  in  passing  through  the  trans- 
mitter amplifier  may  be  amplified  about  120,000,000  times.  Ex- 
pressed in  terms  of  telephone  power  levels,  this  is  17  miles  above  the 
zero  level  previously  mentioned,  or  a  few  tenths  of  a  watt. 

The  power  amplifier  serves  to  increase  this  power  from  a  level  of 
17  miles  to  about  40  miles,  the  latter  corresponding  to  about  40  watts. 
This  power  is  then  distributed  to  the  projectors,  the  amount  con- 
sumed by  each  projector,  of  course,  depending  upon  the  number 
connected. 

An  idea  of  what  this  amount  of  power  at  speech  frequencies  means 
may  be  given  by  the  statement  that  it  is  sufficient  to  operate  at 
about  the   level   considered   commercial   all    of   the     14,000,000    tele- 
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phone  receivers  in  use  in  the  Bell  system  if  these   were  directly  con- 
nected to  the  amplifier. 

In  describing  the  various  pieces  of  equipment  which  together 
make  up  the  system,  we  will  follow  the  order  in  which  the  power  is 
carried  through  the  system  from  the  transmitter  to  the  receiver- 
projector  units  where  the  amplified  sound  waves  are  propagated. 

Transmitters 

In  the  early  work  on  the  public  address  system,  an  air-damped, 
stretched  diaphragm  condenser  transmitter  was  employed,  having  a 
thin  steel  diaphragm  about  2  inches  in  diameter,  constituting  one 
plate  of  the  condenser.  The  other  plate  was  a  rigid  disk,  the  dielec- 
tric being  an  air  film  1/1000  of  an  inch  in  thickness.  Due  to  the 
stretching  of  the  diaphragm  and  the  stiffness  of  the  air  film,  the 
diaphragm  of  this  transmitter  had  a  natural  period  of  approximately 
8000  cycles  per  second  which  is  well  above  the  important  frequencies 
in  the  voice  range.  This  high  natural  period,  in  conjunction  with  the 
damping  due  to  the  thin  film  of  air,  resulted  in  a  transmitter  of  very 
high  quality  of  reproduction.  However,  its  extremely  small  capacity 
(in  the  order  of  400  micro-microfarads)  made  it  necessary  to  use  leads 
of  very  low  capacity  between  the  transmitter  and  the  first  amplifier, 
and  due  to  the  high  impedance  of  the  transmitter  and  its  associated 
input  circuit  to  voice  frequency  currents,  these  leads  were  very  sus- 
ceptible to  electrostatic  and  electromagnetic  induction.  It  was 
necessary  to  limit  them  to  a  length  of  25  feet,  and  to  provide  complete 
shielding.  Moreover  the  output  of  this  transmitter  was  less  than  one 
five-thousandth  of  that  of  the  transmitter  now  used,  and  for  the  early 
installations  of  the  system,  it  was  necessary  to  provide  a  preliminary 
amplifier  beneath  or  to  one  side  of  the  speaker's  stand  in  order  to  keep 
the  transmitter  leads  short  and  to  provide  sufficient  power  to  properly 
operate  the  main  amplifiers.  Work  was  therefore  undertaken  to 
provide  a  transmitter  having  quality  practically  as  good  as  the  con- 
denser transmitter,  volume  output  sufficient  to  operate  the  main  am- 
plifiers, and  not  requiring  the  elaborate  precautions  as  to  shielding 
the  leads. 

The  high  quality  transmitter  which  was  the  result  of  this  develop- 
ment work  is  of  the  granular  carbon  type  with  two  variable  resistance 
elements,  one  on  each  side  of  the  diaphragm  and  is  commonly  known  as 
a  push-pull  transmitter.  It  has  nearly  the  same  high  quality  re- 
production characteristics  as  the  condenser  transmitter,  due  to  the 
use  of  the  same  stretched  diaphragm  and  air  damping  structure.     It 
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introduces  no  appreciable  distortion  over  the  range  of  frequencies 
required  for  good  reproduction  of  speech,  but  it  must  be  understood, 
that  this  quality  was  obtained  only  at  the  sacrifice  of  sensitiveness, 
the  latter  being  in  the  order  of  1-1 000th  that  of  the  transmitter  used 
at  telephone  stations  in  the  Bell  system.  With  the  multi-stage 
vacuum  tube  amplifiers  available  this  low  volume  efficiency  is  not 
serious,  and  in  fact  we  are  using  this  transmitter  for  what  is  known 
as  distant  talking,  i.e.,  the  speaker  may  be  at  a  distance  of  five  or  six 
feet  from  the  transmitter.  This  is,  of  course,  necessary  in  any  trans- 
mitter suitable  for  public  addiess  work  as  it  is  not  possible  to  greatly 
limit  the  movement  of  the  speakers,  nor  can  they  be  required  to  use  a 
hand  transmitter.  It  might  be  well  to  point  out  that  this  sacrifice  in 
volume  efficiency  in  order  to  gain  high  quality  is  possible  at  the  trans- 
mitting end  of  the  system,  but  not  at  the  opposite  end  where  the 
electrical  power  is  transformed  into  sound  waves  and  propagated, 
as  the  device  at  this  point  must  be  capable  of  handling  large  amounts 
of  power  with  minimum  distortion. 

Referring  to  Fig.  No.  7  which  is  a  cut-away  view  of  this  push-pull 
high  quality  carbon  transmitter,  the  granular  carbon  chambers  will 
be  seen.  The  electrical  path  through  each  of  these  variable  resistance 
elements  is  from  the  rear  carbon  electrode  through  the  carbon  granules 


Fig.  7. 


to  a  gold-plated  area  on  the  diaphragm  itself.  The  resistance  of  this 
path  is  about  100  ohms  and  as  the  two  buttons  are  in  series  for  the 
telephone  currents,  the  transmitter  is  designed  to  work  into  an  im- 
pedance of  200  ohms.  The  double  button  construction  almost  com- 
pletely eliminates  the  distortion  caused  by  the  non-linear  nature  of 
the  pressure-resistance  characteristics  of  granular  carbon. 
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As  this  instrument  has  a  practically.  Hat  frequency  characteristic 
no  collecting  horn  or  mouth  piece  is  used  with  it  as  resonance  is  intro- 
duced by  such  chambers,  with  accompanying  distortion.  To  insure 
the  insulation  of  the  transmitter  from  building  vibrations,  a  simple 
spring  suspension  has  been  provided.  To  protect  the  transmitter 
from  injun-,  two  types  of  transmitter  mountings  have  been  used, 
both  arranged  for  the  suspension  of  the  transmitter  in  a  screen- 
enclosed  space — the  first  adapted  to  take  a  single  transmitter  for 
indoor  use  only,  while  the  second  for  outdoor  use,  mounts  two  trans- 
mitters within  a  double  screen  enclosure  to  prevent  any  noise  effects 
due  to  winds.  This  second  type  is  arranged  to  attach  to  a  simple 
pedestal-type  of  reading  desk,  which  it  has  been  found  desirable  to 
provide  as  there  is  a  slight  tendency  for  the  speaker  to  remain  fairly- 
close  to  the  desk.  In  this  connection  it  is  interesting  to  note  that  we 
have  found  a  small  rug.  so  placed  as  to  cover  the  area  which  the 
speaker  should  occupy-  during  the  delivery  of  his  speech,  is  of  great 
assistance  in  this  regard,  as  he  unconsciously  confines  himself  to  the 
area  of  this  rug.  Both  of  these  measures  to  insure  the  speaker  re- 
maining in  proper  relation  to  the  transmitter,  are  supplemented, 
wherever  possible,  by  an  explanation  of  the  system  to  all  the  speakers 
previous  to  the  actual  performance. 

Transmitter  Switching  Panel 

Resuming  the  path  of  the  speech  currents  through  the  system, 
the  output  from  the  transmitters  is  taken  to  a  panel  designed  to  enable 
the  operator  to  switch  quickly  from  one  transmitter  to  another,  as 
with  some  public  functions,  the  speeches  are  made  at  different  points 
during  the  ceremonies.  This  switch  is  arranged  to  short-circuit  the 
output  of  the  power  amplifier  when -passing  from  one  transmitter  to 
another,  to  prevent  clicks  in  the  projectors.  In  certain  cases,  the 
equipment  is  arranged  to  permit  two  or  more  transmitters  to  be  con- 
nected to  the  amplifiers  at  one  time,  as  is  desirable  when  solo  singers 
and  an  orchestra  are  to  be  picked  up  in  a  theatre,  with  proper  ad- 
justment of  their  respective  volumes. 

The  amplifier  equipment  has  been  built  in  four  units  which  may  be 
grouped  as  necessary  under  the  various  conditions  encountered  in 
commercial  installations.  The  proper  amplifiers  are  determined, 
first,  by  the  source  of  the  voice  frequency  current  to  be  amplified, 
that  is  whether  a  distance  talking  or  a  close  talking  transmitter  is 
to  be  used,  or  whether  the  speeches  are  brought  in  over  a  telephone 
line,  and  secondly,  the  size  of  the  space  in  which  the  amplified  sounds 
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are  to  be  delivered  to  the  audience.  It  was  found  that  four  units 
would  provide  for  all  the  conditions  occurring  in  practise,  two  of 
these  being  speech  input  or  transmitter  amplifiers  with  different  gains 
and  two  being  power  amplifiers  of  different  power  ratings.  These 
units  and  other  equipment  used  with  the  system,  are  made  up  in 
panels,  of  uniform  width,  in  order  that  the  proper  equipment  for  any 
installation  may  be  assembled  on  two  vertical  angle  iron  racks  ar- 
ranged to  be  fastened  to  the  control  room  floor. 

Speech  Input  Amplifier — First  Type 

The  first  of  the  speech  input  amplifiers  is  shown  schematically  in 
the  upper  part  of  Fig.   8.      It  is  a   three-stage  amplifier.     Two  po- 
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tentiometers  provide  adjustment  of  the  gain  over  a  large  range,  and 
switching  arrangements  allow  the  output   to  be  connected  directly 
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to  the  input  of  the  power  amplifier,  when  the  program  is  to  be  trans- 
mitted to  a  local  audience;  or  to  be  connected,  through  a  transformer 
of  proper  impedance,  to  the  long  distance  lines  when  the  program 
is  to  be  transmitted  to  a  distant  audience,  or  to  a  radio-broadcasting 
station.  The  filaments  of  the  tubes  are  supplied  from  a  12-volt 
storage  battery,  while  the  plate  circuits  obtain  direct  current  at  350 
volts  from  the  power  supply  equipment  mentioned  later.  Arrange- 
ments are  also  provided  for  using  130  volts  instead  of  350  volts  under 
certain  conditions.  The  proper  grid  potentials  are  obtained  by 
utilizing  the  drop  over  a  resistance  in  the  filament  circuits  of  the  first 
two  tubes,  and  for  the  third  tube  small  dry  cells  furnish  the  grid 
potential.  The  maximum  gain  with  this  amplifier  is  85  miles,  which 
expressed  as  a  power  ratio  is  1.2  x  10s.  Under  this  condition  the  out- 
put is  approximately  3/l0  of  a  watt.  The  front  and  rear  views  of 
this  amplifier,  mounted  on  the  supporting  rack,  as  shown  in  Fig.  13, 
where  the  gain  regulating  potentiometer,  the  rheostats  for  controlling 
the  filament  and  transmitter  currents,  the  three  tube  mountings 
with  protective  gratings  and  the  jacks  which  permit  the  connection 
of  instruments  for  determining  the  current  flow  in  the  filament,  plate 
and  transmitter  circuits,  will  be  noted.  Great  care  was  taken  in  the 
design  of  this  amplifier  to  obtain  as  nearly  as  possible  equal  amplifica- 
tion of  all  the  important  frequencies  in  the  voice  range.  The  trans- 
formers, and  the  retardation  coils  in  the  plate  circuits  were  chosen 
with  this  consideration  in  mind. 

Power  Amplifiers 

For  practically  all  of  the  larger  installations  the  maximum  power 
possible  with  the  system  is  required  and  the  output  from  the  trans- 
mitter-amplifier is  taken  directly  to  the  high  power  amplifier.  Re- 
ferring to  Fig.  9  it  will  be  seen  that  this  is  a  four-tube  amplifier  so 
connected  that  but  one  stage  of  amplification  is  obtained.  Usually 
alternating  current  at  12  to  14  volts  is  used  for  heating  the  filaments 
of  these  tubes,  the  latter  being  connected  in  what  we  know  as  a  push- 
pull  arrangement.  It  will  be  seen  that  each  side  of  the  push-pull 
arrangement  consists  of  two  power  tubes  in  multiple.  It  is  inter- 
esting to  note  that  this  push-pull  arrangement  of  the  tubes  will  deliver 
somewhat  more  power  for  equal  quality  than  the  same  number  ot 
tubes  connected  in  the  ordinary  multiple  arrangement,  since  the 
tubes  may  be  worked  beyond  the  straight  part  of  their  characteristic. 
The  grid  potential  is  chosen  to  permit  the  largest  variation  of  cur- 
rent without  distortion  and  is  obtained  from  a  group  of  small  flash- 
light batteries. 
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The  output  transformer  at  the  right  of  the  figure  is  designed  to 
match  accurately  the  impedance  of  the  tubes  to  that  of  the  number  of 
receiver-projector  units  which  has  been  found  to  give  the  greatest 
flexibility  under  the  varying  conditions  of  commercial  operation. 
This  amplifier,  speaking  in  telephone  terms,  is  worked  at  a 
gain  of  23  miles,  a    power   amplification    ratio    of    about    200.    the 
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maximum  output  being  about  40  watts.  The  plate  circuits  of  the 
tubes  are  supplied  at  a  d-c.  potential  of  750  volts.  As  has  been 
pointed  out  previously,  this  amplifier  gives  a  practically  uniform 
gain  for  all  the  important  frequencies  in  the  voice  range.  This  high- 
power  amplifier  is  shown  mounted  on  the  supporting  rack,  in  Fig.  13. 
The  apparatus  on  the  rear  of  the  panel  is  protected  with  a  sheet  metal 
cover  and  integral  with  this  cover  is  a  disconnecting  switch,  which, 
when  the  cover  is  removed,  cuts  off  the  high  potential  from  all  the 
exposed  parts  on  the  set. 

For   indoor  installations  where    the   audience  is  small   the  power 
output  given  by  the  high-power  amplifier  is  not  required  and  a  medium- 
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power  amplifier  has  been  developed  for  this  use.  It  is  arranged  to 
connect  directly  to  the  transmitter  amplifier  and  the  output  is  taken 
to  the  projectors  through  the  volume  control  panel.  It  has  a  gain  of 
17  miles  or  a  power  amplification  ratio  of  about  33.  The  maximum 
output  is  about  4  watts,  or  about  one-tenth  of  the  power  obtainable 
from  the  high-power  amplifier. 

The  schematic  of  this  amplifier,  is  shown  in  Fig.  9.  The  input  coil 
is  the  same  as  is  used  in  the  high-power  amplifier.  The  push-pull 
connection  of  the  tubes  is  also  used  in  this  amplifier,  although  but 
two  power  tubes  are  used.  The  filaments  of  these  tubes  are  supplied 
from  a  12-volt  storage  battery  while  the  plate  circuits  are  supplied  at 
350  volts  direct  current  from  a  motor  generator  set  which  will  be 
described  later. 

Speech  Input  Amplifier — Second  Type 

A  speaker  using  the  system  may  read  his  speech  from  his  home  or 
off.ce  and  in  such  cases  it  is  unnecessary  to  use  the  push-pull  carbon 
transmitter  in  the  distant-talking  manner.  For  use  when  this  trans- 
mitter is  spoken  into  from  a  distance  of  a  few  inches,  a  second  form 
of  speech  input  amplifier  has  been  made  available  having  a  gain  of 
the  proper  value  to  supply  either  of  the  power  amplifiers,  or  a  long 
distance  line  if  desired.  This  gain  is  relatively  small  as  the  output 
of  the  transmitter  when  used  for  close  talking  is  about  10,000  times 
that  when  it  is  used  for  distant  talking. 

Fig.  8  shows  the  schematic  of  this  amplifier  which  is  a  single-stage 
one,  employing  one  tube  and  having  the  same  over-load  characteristic 
as  the  first  form  of  speech-input  amplifier.  A  two-way  switch  permits 
the  connection  of  the  transmitter  or  an  incoming  long  distance  line  to 
the  amplifier.  To  the  right  of  this  switch  is  a  potentiometer  for 
regulation  .of  the  gain.  To  the  right  of  the  tube  is  a  second  two-way 
switch  for  connecting  the  output  either  to  the  power  amplifier  or 
through  an  output  transformer  to  an  outgoing  long  distance  line. 
The  power  supply  for  the  tubes  and  transmitters,  is  the  same  as  was 
described  under  the  first  form  of  speech  input  amplifier. 

The  switching  means  provided  on  this  amplifier  allow  it  to  be  used 
in  a  number  of  ways.  Announcements  from  a  close  talking  trans- 
mitter may  be  made  from  the  projectors  through  a  power  amplifier 
or  may  be  sent  out  on  the  telephone  lines  to  a  distant  public  address 
system  installation  or  a  radio-broadcasting  station.  In  addition  to 
these  uses,  incoming  speech  over  the  long  distance  lines  may  be  put 
out  on  the  projectors  through  the  power  amplifier  or  may  be  sent  out 
on  the  long  distance  lines  to  a  distant  installation. 
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Volume  Control 

As  discussed  heretofore,  it  is  necessary  to  give  the  operator  control 
of  the  volume  put  out  by  each  projector  or  group  of  projectors.  The 
equipment  provided  for  this  purpose  is  mounted  on  a  panel  uniform 
with  the  others  and  consists  essentially  of  an  auto-transformer  con- 
nected across  the  output  of  the  power  amplifier  with  11  taps  multi- 
pled  to  the  contacts  of  eight  dial  switches,  the  arrangement  being 
shown  schematically  in  Fig.  10.  Seven  of  the  dials  control  projector 
circuits  on  each  of  which  one  or  more  projectors  may  be  grouped,  the 
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Fig.  10. 

eighth  dial  being  reserved  for  controlling  the  volume  of  the  operator's 
monitoring  projector  in  the  control  room.  A  key  is  associated  with 
each  dial  for  opening  the  circuit  and  a  master  key  is  provided  for 
cutting  off  all  of  the  projectors  simultaneously. 

The  device  shown  as  "Volume  Indicator"  in  this  figure  consists  of 
a  vacuum  tube  detector  bridged  across  the  output  terminals  of  the 
power  amplifier.  The  rectified  current  is  taken  to  a  sensitive  direct- 
current  meter  of  the  moving  coil  type,  the  degree  of  deflection  of  this 
meter  measuring  the  output  from  the  power  amplifier  when  con- 
nected at  a  proper  place  in  the  circuit.  The  deflections  of  the  meter 
therefore  serve  as  a  basis  for  determining  the  adjustment  required 
on  the  transmitter-amplifier  to  give  the  required  output  when  switch- 
ing from  one  transmitter  to  another  or  for  different  speakers. 


Receiver — Projectors 

From  the  control  panel  the  power  is  taken  to  the  projectors,  each 
of  these  consisting  of  a  loud-speaking  receiver  mechanism  to  transform 
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the  speech-currents  into  sound  waves,  and  a  horn  to  distribute  the 
sound.     The  receiver  is  so  designed  that  it  will  carry  several  watts 


Fig  11. 


with  small  distortion.  It  is  shown  in  Fig.  11  where  it  will  be  seen 
that  a  light  spring-supported  iron  armature  is  mounted  between  the 
poles  of  a  permanent  magnet  and  passes  through   the  center  of  the 


Fig.  l. 


•  coils  carrying  the  voice  currents.  A  light  connecting  link  ties  one 
end  of  this  armature  to  the  diaphragm  which  is  of  impregnated  cloth, 
corrugated  to  permit  vibrations  of  large  amplitude.     A  stamped  metal 
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cover  protects  the  parts  from  mechanical  injury,  and  a  cast  iron  case, 
in  which  the  whole  assembly  mounts,  is  provided  for  protection  against 
moisture. 

One  of  these  receivers  equipped  with  the  largest  projector  provided, 
will  carrv  without  serious  distortion  or  overheating,  power  which  is 


Fig.  13. 

about  27  miles  above  the  zero  level.  With  this  output,  it  is  possible 
to  project  speech  a  distance  of  1000  feet  under  ordinary  weather 
conditions  and  this  has  been  done  at  several  installations. 

On  account  of  the  different  conditions  encountered  in  installations 
three  types  of  horns  have  been  used,  shown  in  Fig.  12.  Where  it  is 
necessary  to  project  the  sound  to  great  distances,  a  tapering  wooden 
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horn  is  used,  of  rectangular  cross  section,  10>-2  feet  long,  the  walls 
being  stiffened  to  prevent  lateral  vibration.  For  most  installations 
these  large  horns  are  not  required,  and  two  types  of  fibre  horns  are 
used.  One  of  these  is  straight  in  the  body,  with  a  flaring  open  end, 
while  the  other  used  in  the  control  room,  is  bent. 

The  grouping  of  projector  units  on  the  volume  control  switches 
differs  with  the  type  of  installation.  In  outdoor  performances,  the 
necessity  of  correcting  the  volume  in  certain  directions  due  to  varying 
winds  makes  it  advisable  to  group  adjacent  projectors  on  a  single 
switch.  This  is  not  the  case  with  indoor  performances,  as  no  wind 
effects  are  possible.  Instead,  symmetrically  placed  projectors  which 
will  always  require  equal  volume  are  grouped  on  a  single  switch. 

Power  Supply  EquiPx\ient 

In  order  to  convert  the  commercial  electric  power  supply  to  forms 
suitable  for  supplying  the  filament  and  plate  current  for  the  vacuum 


Fig.  14a. 

tubes  in  the  amplifiers,  two  types  of  power  equipment  have  been  made 
available.  When  the  installation  is  of  a  size  requiring  the  high-power 
amplifier,  a  vacuum  tube  rectifier  taking  its  supply  at  110  or  220 
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volts,  00  cycles,  and  delivering  750  volts  direct  current  for  the  plate 
circuits  is  employed.  A  potentiometer  arrangement  provides  a 
direct-current  supply  at  350  volts  for  the  speech-input  amplifier 
tubes.  Full  wave  rectification  is  obtained  and  a  filter  consisting  of 
a  large  series  reactance  coil  and  bridged  condensers  is  used  to  render 
the    direct-current    output    suitable    for    this    use.      Included    in    the 


Fig.  14b. 


power  equipment  is  a  step-down  transformer  tor  supplying  the  fila- 
ments of  the  power  amplifier.  For  the  larger  installations,  employing 
the  rectifier,  the  total  power  drawn  from  the  commercial  supply  is 
1500  watts. 

For  installations  of  a  size  not  requiring  the  use  of  the  high-power 
amplifier,  a  compact  motor  generator  set  is  provided  consisting  of  a 
350-volt  d-c.  generator  driven  by  a  suitable  motor,  the  total  power 
drawn  from  the  supply  mains  being  about  500  watts.  A  low-voltage 
generator  for  supplying  direct  current  at  12  volts  for  the  operation 
of  the  amplifier  tubes  is  incorporated  in  this  motor  generator  set. 
A  filter  is  necessary  and  a  reactance  coil  and  a  12-volt  storage  battery 
is  floated  across  its  output.  This  supplies  the  transmitters  and  the 
tube  filaments.     The  necessary  indicating  meters  are  provided  on  a 
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meter  panel  tor  observing  the  voltages  and  currents  of  all  the  items  of 
equipment  which  do  not  have  individual  meters  associated  with  them. 


Observing  System 

In  addition  to  the  monitoring  projector  provided  in  the  control 
room  for  the  guidance  of  the  operator,  it  has  been  found  necessary  in 
all   but   the   simplest   installations   to   provide  observing  stations   at 


Fig.  15. 

various  points  in  the  audience.  The  observers  stationed  at  these 
points  are  equipped  with  portable  telephone  sets,  by  which  they  may 
immediately  communicate  with  the  operator,  who  is  provided  with  a 
telephone  set  consisting  of  a  head  receiver  and  a  breast  transmitter. 
The  value  of  these  observation  stations  for  regulation  of  output 
volume  during  a  program  will  be  apparent. 

In  the  case  of  an  open  air  performance  a  variable  wind  may  make 
it  necessary  to  increase  the  volume  of  certain  projectors  and  decrease 
the  volume  of  others  in  order  to  cover  the  audience  uniformly.  With- 
out the  observers,  the  control  operator  would  be  unable  to  take  care 
of  these  changes. 

Considerable  preparation  is  required  where  the  equipment  is  being 
used  for  the  first  time,  in  order  that  the  performance  of  the  public 
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address  system  installation  will  be  of  the  highest  order.  Where  the 
acoustic  conditions  are  unfavorable  it  is  necessary  to  make  tests  with 
various  arrangements  of  the  projectors,   in   order   to  determine  the 
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Fig.  16a. 

most  satisfactory  one.  It  has  been  found  advisable  to  carry  out  the 
entire  program  previous  to  the  performance  in  order  that  the  oper- 
ating force  may  become  familiar  with  the  sequence. 


CoXCLUSlbN 

The  usefulness  of  such  systems  is  very  well  illustrated  by  a  few  of 
the  results  which  have  actually  been  obtained.  Fig.  14  shows  a 
crowd  of  approximately  125,000  people,  every  one  of  whom  was  able 
to  hear  clearly  and  distinctly  all  of  the  words  spoken  in  President 
Harding's  inaugural  address  in  March,  1921.  This  crowd  was  rela- 
tively small,  compared  with  the  crowd  which  could  be  accommodated 
by  one  of  the  larger  type  systems.  Some  insight  into  the  number 
of  people  which  could  be  accommodated  can  be  gained  from  the  fact 
that  such  a  system  will  cover  comfortably  a  complete  circle  whose 
diameter  is  2000  feet  when  the  projector  units  are  placed  at  the  center. 
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Fig.  16b 
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One  of  the  largest  and  most  successful  uses  to  which  this  equip- 
ment has  been  put  took  place  on  Armistice  Day  in  1921  when  20,000 
people  in  San  Francisco,  35,000  people  at  Madison  Square  Garden, 
New  York  City,  and  approximately  100,000  people  at  Arlington 
Cemetery  neai  Washington  joined  in  the  impressive  ceremonies 
which  took  place  at  the  burial  of  the  Unknown  Soldier.  Figs.  15, 
16  and  17  are  views  at  the  three  cities,  during  the  ceremonies. 

Some  of  the  other  uses  which  have  been  made  of  the  public  address 
system  are  the  Republican  and  Democratic  Conventions  prior  to  the 
last  presidential  election,  after-dinner  speaking  in  large  ballrooms 
and  in  halls  where  speakers  have  to  address  large  audiences.     There 
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is  one  more  application  of  this  type  of  equipment  which  is  gaining 
rapidly  in  its  use.  This  last  is  the  application  of  the  speech  input 
equipment  to  radio  broadcasting.  The  broadcasting  of  the  opera, 
"Aida,"    from    the    Kingsbridge   Armory,    and    of    the    Philharmonic 
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Concerts  from  the  Great  Hall  of  the  College  of  the  City  of  New  York 
are  two  of  the  successful  uses  where  music  and  speech  were  concetned, 
while  broadcasting  of  the  results  of  the  football  games  from  the  various 
distant  cities  indicates  possibilities  for  the  dissemination  of  interesting 
information.9 

The  social  and  economic  possibilities  of  the  system  are  scarcely 
realized  by  the  public  as  a  whole  at  the  present  time,  when  the  method 
resorted  to  for  reaching  large  numbers  of  people  is  usually  the  printed 
word.  While  this  method  is  effective,  it  leaves  much  to  be  desired 
in  that  the  personal  touch  between  the  man  with  ideas  and  the  people 
to  receive  them  is  entirely  lost.  The  difficulty  for  any  but  those 
possessing  the  strongest  voices  to  reach  an  appreciable  number  of 
people  at  one  time  has  led  to  a  decline  in  oratory  as  a  means  of  con- 
veying public  messages  to  large  numbers,  for  it  is  not  always  the  man 
with  the  best  ideas  or  the  best  ability  of  presenting  them,  who  is 
blessed  with  a  powerful  voice.  A  system  such  as  the  one  which  has 
just  been  described  enables  the  speaker,  even  though  his  voice  be 
relatively  weak,  to  address  at  one  time  and  in  one  gathering,  several 
hundred  thousand  persons,  and  if  the  system  be  used  in  connection 
with  long  distance  telephone  lines  or  radio  broadcasting,  the  number 
which  may  be  reached  is  increased  almost  indefinitely.  The  value 
of  such  a  situation  can  hardly  be  overrated  in  times  of  national  emer- 
gency or  stress,  when  it  is  necessary  for  those  in  responsible  positions 
in  the  Government  to  get  their  message  to  the  people  directly. 

The  development  of  the  apparatus  just  described  has  been  the 
result  of  the  efforts  of  such  a  large  number  of  investigators  working 
cooperatively  that  no  attempt  has  been  made  to  acknowledge  the 
individual  contributions. 

9  Use  of  Public  Address  Systems  with  Telephone  Lines.  W.  H.  Martin  and  A.  B. 
Clark. 


Use  of  Public  Address  System  with 
Telephone  LineSt 

By  W.  H.  MARTIN  and  A.  B.  CLARK 

Synopsis:  The  combination  of  the  public  address  system  and  the  tele- 
phone lines  makes  it  possible  for  a  speaker  to  address,  simultaneously, 
audiences  located  at  a  number  of  different  places.  Such  a  combina- 
tion has  been  used  in  connection  with  several  public  events  and  a  descrip- 
tion is  given  of  the  system  as  used  on  Armistice  Day,  1921,  when  large 
audiences  at  Arlington,  New  York  and  San  Francisco  joined  in  the  cere- 
monies attending  the  burial  of  the  Unknown  Soldier,  at  the  National 
Cemetery,  Arlington,  Virginia. 

More  recently  the  public  address  system  has  been  used  in  conjunction 
with  telephone  lines  to  attain  two-way  loud-speaker  service.  This  ar- 
rangement permits  the  holding  of  joint  meetings  between  audiences  in 
two  or  more  locations,  separated  by  perhaps  thousands  of  miles,  in  such  a 
manner  that  speakers  before  each  of  the  audiences  can  be  heard  simul- 
taneously by  the  other  audiences.  A  demonstration  of  two-way  opera- 
tion was  given  at  the  mid-winter  convention  of  the  American  Institute  of 
Electrical  Engineers  in  February,  192.1,  and  took  the  form  of  a  joint  meeting 
between  1,000  members  in  New  York  and  500  in  Chicago. 

The  electrical  characteristics  of  any  telephone  line  which  is  to  be  used 
in  conjunction  with  loud-speaker  equipment  must  receive  special  atten- 
tion. In  commercial  telephone  service  the  main  requirement  is  under- 
standability,  while  with  the  loud-speaker  natura'ness  of  reproduced  speech 
is  very  important.  People  are  accustomed  to  hearing  through  the  air  with 
very  little  distortion  and  naturally  expect  the  same  result  with  loud  speakers. 
A  satisfactory  line  for  this  purpose  must  show  freedom  from  transients,  echo 
effects,  etc.,  as  well  as  good  uniformity  of  transmission  over  the  proper 
frequency  range. 

The  public  address  system,  apparatus  and  methods  has  also  been  applied 
to  radio  broadcasting.  The  combination  of  the  public  address  system  with 
lines  and  radio  makes  it  possible  for  one  speaker  to  address  enormous  num- 
bers of  people  located  all  over  the  country. — Editor. 

THE  public  address  system  which  is  described  in  the  preceding 
paper  by  I.  W.  Green  and  J.  P.  Maxfield,  was  developed  and  first 
used  for  the  purpose  of  extending  the  range  of  the  voice  of  a  speaker 
addressing  an  audience.  With  the  aid  of  this  system  enormous  crowds 
extending  from  the  speaker's  stand  to  points  a  thousand  feet  and  more 
distant  have  in  reality  become  an  audience  and  have  easily  understood 
the  speaker  whose  unaided  voice  covered  only  that  portion  of  the 
crowd  within  a  hundred  feet  or  so  from  him. 

When  this  system,  consisting  of  a  high  quality  telephone  transmitter, 
distortionless  multi-stage  vacuum  tube  amplifiers,  powerful  loud 
speaking  receivers  and  projectors,  had  so  shown  its  capabilities  in 
reproducing  speech  sounds,  a  logical  extension  of  its  application  was 
to  use  it  with  telephone  lines.  By  connecting  the  transmitting  and 
receiving  elements  of  the  public  address  system  through  a  suitable 

1  Presented  at  the  Midwinter  Convention  of  the  A.  I.  E.  E.,  New  York,  N.  Y., 
February  14-17,  1923.     Published  in  the  Journal  of  the  A.  I.  E.  E.  for  April,  1923.' 
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telephone  line  a  system  is  provided  whereby  a  speaker  can  address 
an  audience  at  a  distant  point.  Also  with  a  complete  public  address 
system  at  the  point  where  the  speaker  is  located,  connected  by  lines 
to  receiving  elements  of  the  public  address  system  located  at  one  or 
more  distant  points,  the  speaker  is  enabled  to  address  a  large  local 
audience  and  to  be  heard  simultaneously  by  audiences  at  one  or  more 
remote  points.  This  last  arrangement  was  first  used  on  Armistice 
Day,  1921,  when  audiences  at  Arlington,  New  York  and  San  Fran- 
cisco joined  together  in  the  Ceremonies  attending  the  burial  of  the 
Unknown  Soldier  at  the  National  Cemetery  at  Arlington,  Virginia. 

By  means  of  the  public  address  system,  the  meeting  of  this  Institute 
at  New  York,  at  which  this  paper  is  presented,  is  attended  and  par- 
ticipated in  by  Institute  members  at  a  meeting  in  Chicago.  This  is 
the  first  occasion  on  which  complete  public  address  systems  installed 
at  meetings  in  two  cities  have  been  connected  together  by  telephone 
lines  so  that  speakers  at  each  meeting  address  the  local  and  distant 
audiences  simultaneously. 

With  the  transmitting  element  of  the  public  address  system  work- 
ing into  the  radio  transmitter  of  a  broadcasting  station  and  with  the 
receiving  elements  of  the  system  connected  to  the  output  of  radio 
receiving  sets,  a  system  is  provided  whereby  a  number  of  people  can 
be  reached  by  each  radio  receiver. 

The  combination  of  these  wire  and  radio  communication  channels 
with  the  elements  of  the  public  address  system  is,  therefore,  without 
limit  in  the  number  of  persons  who  may  be  reached  simultaneously 
by  one  speaker.  Such  combinations  may  prove  extremely  serviceable 
for  occasions  of  nation-wide  interest  and  importance. 

The  public  address  system  apparatus  has  been  used  not  only  for 
transmitting  speech  sounds  but  also  for  music,  both  vocal  and  instru- 
mental. The  paper2  describing  the  public  address  system  has  pointed 
out  that  the  requirements  for  such  a  system  .are  that  for  a  wide  fre- 
quency range  it  be  practically  distortionless,  that  is,  transmit  and 
reproduce  with  equal  efficiency  all  frequencies  in  that  range.  This 
requirement  must  apply  likewise  to  lines  which  are  used  with  the  loud 
speaker  system.  It  has  been  found  that  a  circuit  which  transmits 
without  material  distortion  the  frequency  range  from  about  400  to 
2000  cycles,  can  be  used  with  the  public  address  system  to  reproduce 
speech  sounds  which  are  fairly  understandable  under  favorable  con- 
ditions, although  sounding  unnatural.  In  general  it  is  important  to 
extend  this  range  at  both  ends  in  order  to  improve  the  intelligibility 
of  the  sounds  and  increase  the  naturalness.     For  vocal  and  for  some 

2  Green  and  Maxfield,  "Public  Address  System." 
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types  of  instrumental  music  the  melody  can  be  reproduced  with  the 
above  frequency  range,  but  these  tones  also  are  lacking  in  naturalness. 
Since  some  of  the  musical  instruments  are  used  to  produce  tones  three 
and  even  four  octaves  below  middle  C,  it  is  evident  that  the  proper 
reproduction  of  music  requires  a  further  extension  of  the  lower  limit 
of  the  transmitted  band  than  does  speech.  While  the  fundamentals 
of  the  higher  musical  tones  lie  in  general  in  the  range  mentioned  above, 
it  is  the  harmonics  in  musical  tones  which  distinguish  those  produced 
by  different  instruments  and  which  give  what  musicians  term  "bril- 
liance." The  true  reproduction  of  many  musical  selections  requires 
the  distortionless  transmission  of  a  frequency  band  of  from  about  16 
cycles  to  above  5000  cycles.  Many  musical  selections,  however, 
employ  only  a  part  of  this  range  and  accordingly  can  be  satisfactorily 
reproduced  by  systems  not  transmitting  the  whole  range.  Also,  even 
with  slight  distortion  obtained  with  somewhat  narrower  ranges,  re- 
productions may  be  given  which  are  agreeable  to  many  popular 
audiences. 

Line  Requirements 

In  general  the  same  line  requirements  which  make  for  satisfactory 
transmission  of  speech  over  commercial  telephone  circuits  also  make 
for  satisfactory  transmission  when  telephone  circuits  are  associated 
with  loud  speakers.  There  is  this  difference  however.  The  loud 
speakers  tend  to  make  the  line  distortion  much  more  noticeable  and 
serious.  Speech  transmitted  over  a  particular  telephone  line  is,  in 
general,  more  difficult  to  understand  when  listening  to  loud  speakers 
than  when  listening  to  telephone  receivers.. 

In  commercial  telephone  service  the  main  requirement  is  intelligi- 
bility while,  with  the  loud  speaker,  the  naturalness  of  the  repro- 
duced speech  sounds  is  very  important.  People  are  accustomed  to 
hearing  transmission  through  the  air  with  very  little  distortion  and 
naturally  expect  the  same  result  with  loud  speakers. 

The  above  constitute  the  reasons  why,  for  transmitting  voice  cur- 
rents over  telephone  lines  with  loud  speakers,  it  is  necessary  to  pay 
unusual  attention  to  the  electrical  characteristics  of  the  lines.  Evi- 
dently when  music  is  to  be  transmitted,  particularly  music  of  a  fairly 
high  grade,  it  is  necessary  to  place  even  more  severe  electrical  re- 
quirements on  the  lines. 

An  analysis  of  what  constitutes  the  electrical  requirements  of  a 
telephone  line  which  make  for  good  transmission,  particularly  when 
loud  speakers  are  employed,  will  now  be  given. 

In  the  first  place,  as  explained  above,  it  is  essential  that  a  suffi- 
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ciently  broad  frequency  range  be  transmitted.  As  explained  in  an- 
other paper3  it  is  not  sufficient  that  a  telephone  circuit  transmit  sus- 
tained alternating  currents  within  a  given  frequency  range.  It  must 
also  transmit  short  pulses  of  alternating  currents  within  the  proper 
frequency  range  without  introducing  oscillations  of  its  own  or  "tran- 
sient effects."  This  requires  that  loaded  circuits  for  loud  speaker  use 
have  a  high  cut-off  frequency  and  hence  have  the  frequencies  of  the 
predominant  natural  oscillations  high.  It  has  been  found  that  when 
the  cut-off  frequency  of  loaded  circuits  is  about  5000  cycles,  good 
results  are  secured  with  loud  speakers. 

The  two  types  of  telephone  circuit  which  best  meet  the  require- 
ments of  transmitting  a  broad  band  of  frequencies,  both  when  sus- 
tained and  when  applied  in  short  pulses,  are  non-loaded  open-wire 
lines  and  extra-light  loaded  cable  circuits.  These  are  suitable  for 
transmission  over  very  long  distances.     For  transmission  over  short 
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Fig.    1 — Transmission   Characteristic   of   Transcontinental   Circuit — New   York   to 

San  Francisco. 


distances,  say  from  one  point  in  a  city  to  another  point  in  the  same 

city,  non-loaded  cable  circuits  equipped  with  distortion  networks  or 

attenuation    equalizers    for    equalizing    the    attenuation,    give    good 

results. 

A  good  idea  of  the  range  of  frequencies  which  can  be  transmitted 

3  Clark,  Telephone  Transmission  Over  Long  Cable  Circuits,  Journil  of  A.  I.  E.  E., 
January,  1923.     Also  Bell  System  Technical  Journal  for  January,  1923. 
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over  high  grade  telephone  circuits  can  be  secured  from  Fig.  1,  which 
shows  the  transmission  efficiency  at  different  frequencies  for  the  New 
York-San  Francisco  circuit.  This  circuit  is  a  non-loaded  No.  8  B. 
W.  G.  open  wire  line  equipped  with  twelve  telephone  repeaters  and  is 
3400  miles  long.  Its  frequency  characteristic  meets  very  well  the 
requirements  for  easy  understanding  of  voice  transmission  although 
it  causes  some  loss  of  naturalness. 

The  frequency  range  which  can  be  transmitted  with  approximately 
constant  efficiency  is  limited  at  the  lower  end  by  the  fact  that  com- 
posite sets  are  employed  in  order  to  make  it  possible  to  superpose 
direct  current  telegraph  circuits.  The  elimination  of  these  composite 
sets  would  make  it  possible  to  improve  the  transmission  of  low  fre- 
quencies and  thus  improve  the  operation  of  the  circuit  in  connection 
with  loud  speakers.     The  resulting  improvement,  however,  would  not 
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Fig.   2 — 'Transmission  Characteristic  of  No.    19   Gage  Non-Loaded  Cable  Circuit. 

A — Without  Attenuation  Equalizer. 
B — With  Attenuation  Equalizer. 


be  of  importance  for  commercial  telephone  service  and  would  render 
it  more  difficult  to  avoid  noise  on  circuits  exposed  to  induction  from 
paralleling  power  or  telegraph  circuits. 

At  high  frequencies  the  range  is  limited  because  these  same  wires 
are  equipped  with  apparatus  to  permit  super-position  of  multiplex 
carrier  telegraph  circuits  above  the  voice  range.     This  limitation  also 
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is  not  important  for  commercial  telephone  service  although  it  is  of 
importance  for  loud  speaker  use.  To  raise  the  upper  limit  of  the 
voice  transmission  range  would  require  giving  up  some  of  these  facil- 
ities. 

Fig.  2  will  give  an  idea  of  how  the  distortion  introduced  by  a  length 
.  of  non-loaded  cable  can  be  corrected  by  employing  distortion  net- 
works or  attenuation  equalizers.  This  figure  shows  the  transmission 
frequency  characteristic  of  about  10  miles  of  non-loaded  No.  19  A.  W. 
G.  cable.  Curve  A,  in  the  figure,  shows  the  characteristic  when  un- 
corrected, while  Curve  B  shows  the  characteristic  for  the  circuit  when 
equipped  with  an  attenuation  equalizer. 

After  choosing  the  proper  types  of  telephone  circuits  for  use  in  con- 
nection with  loud  speakers,  there  remains  to  be  considered  a  number 
of  other  important  matters. 

The  maintaining  of  the  telephone  power  within  proper  limits  at 
different  points  in  the  circuit  is  very  important.  The  power  must 
not  be  allowed  to  become  too  weak,  otherwise  the  extraneous  power 
induced  from  paralleling  circuits  would  tend  to  obliterate  the  tele- 
phone transmission.  On  the  other  hand,  the  telephone  power  must 
not  be  amplified  to  such  an  extent  that  the  telephone  repeaters  will 
be  overloaded  or  severe  cross  talk  be  induced  into  paralleling  circuits. 

To  keep  the  telephone  power  throughout  the  circuit  between  the 
above  limits,  requires  careful  study  and  adjustment.  For  handling 
regular  telephone  connections,  the  circuits  are  laid  out  and  equipped 
with  repeaters  at  proper  points  so  that  each  circuit  will  be  able  to 
handle  the  varying  volumes  applied  at  the  terminals  when  different 
subscribers  are  connected  without  getting  into  serious  difficulties. 
When  loud  speakers  are  employed  it  is  necessary  to  maintain  the 
volume  at  the  terminals  of  the  toll  lines  at  least  within  these  limits 
and  it  is  preferable  to  do  somewhat  better  than  this. 

With  the  public  address  system,  the  high  quality  transmitter  which 
picks  up  the  sound  at  the  sending  end  is  usually  associated  with  an 
amplifier  whose  adjustment  is  varied,  depending  on  the  output  of 
voice  currents  from  the  transmitter.  In  order  to  obtain  the  proper 
adjustment  of  this  amplifier,  it  is  necessary  to  have  some  means  for 
quickly  indicating  the  volume  of  transmission.  For  this  purpose, 
there  has  been  developed  a  device  which  is  called  a  "volume  indicator." 
This  consists  of  an  amplifier  detector  working  into  a  direct-current 
meter.  With  this  volume  indicator  connected  across  the  output  of 
the  transmitter  amplifier,  the  volume  of  transmission  delivered  to 
the  line  is  indicated  by  the  deflections  on  the  meter.  By  adjusting 
the  amplifier,  therefore,  to  keep  the  deflections  of  this  meter  reason- 
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ably  constant  at  some  deflection  determined  by  previous  calibration, 
it  is  practicable  to  keep  the  telephone  power  within  the  required 
limits.  Obviously,  this  same  device  may  also  be  employed  to  keep 
the  telephone  power  constant  at  any  other  point  in  the  system. 

While  the  necessity  for  keeping  the  power  applied  to  the  toll  lines 
within  proper  limits  cannot  be  over-emphasized,  it  should  also  be 
noted  that  this  is  not  sufficient.  It  is  also  essential  that  all  parts  of 
the  toll  circuit,  including  the  repeaters,  be  maintained  at  prescribed 
efficiency  so  that  the  power  levels  at  all  intermediate  points  in  the 
circuit  will  also  be  kept  within  proper  limits.  Long  telephone  lines 
are  designed  with  special  emphasis  on  this  matter  of  constant  efficiency 
so  that,  in  general,  no  special  precautions  are  required  when  using 
these  circuits  in  connection  with  loud  speakers. 

In  another  paper,  4the  "echo"  effects  which  may  occur  on  long  tele- 
phone circuits  are  explained.  When  setting  up  two-way  circuits  for 
loud  speaker  use,  it  is  necessary  to  pay  particular  attention  to  effects 
of  this  sort.  Furthermore,  there  is  another  source  tending  to  produce 
echoes  in  circuits  arranged  for  two-way  use  with  loud  speakers.  This 
is  the  tendency  for  the  sound  delivered  from  the  loud  speaker  pro- 
jectors to  enter  the  sensitive  transmitter  and  be  returned  to  the  dis- 
tant end  of  the  circuit  as  an  echo.  Owing  to  the  relatively  slow 
velocity  of  transmission  of  sound  through  air  the  lag  in  such  an  echo 
may  be  great  enough  to  be  serious,  although  the  line  is  a  short  one 
with  high  transmission  velocity.  It  is,  therefore,  evident  that  this 
coupling  through  the  air  between  the  loud  speaker  projector  and  the 
transmitter  must  be  kept  small.  If  a  very  sensitive  transmitter 
arranged  so  that  a  speaker  may  stand  several  feet  away  from  it  is 
employed,  this  problem  becomes  even  more  difficult. 

There  is  one  thing  more  that  remains  to  be  considered:  the  neces- 
sity for  special  operation.  When  a  large  number  of  people  are  assem- 
bled at  some  point  to  hear  an  address  delivered  at  a  distant  point,  it 
is  evident  that  delay  in  establishing  the  connections  cannot  be  tol- 
erated. It  is,  therefore,  necessary  to  establish  such  connections  ahead 
of  time  and  it  is  usually  also  necessary  to  set  up  spare  circuits  for 
use  in  case  of  failure  of  the  regular  circuits.  A  special  operating  force 
is  required  for  checking  up  the  circuits,  establishing  the  connections 
when  required,  and  making  the  necessary  adjustments.  Rehearsals 
are  necessary  on  important  occasions  to  insure  proper  functioning  of 
the  circuits  and  proper  co-ordination  of  the  handling  of  the  circuits 
with  the  programs  at  different  points. 

4  Clark,  loc.  cit. 
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Typical  Circuit  Combinations  of  Public  Address 
System  and  Lines 

Following  are  a  number  of  typical  combinations  of  the  public  ad- 
dress system  and  telephone  lines.  The  combinations  by  means  of 
which  one-way  service  may  be  rendered,  are  given  first,  following 
which  certain  combinations  for  giving  two-way  service  are  discussed. 

By  one-way  service  is  meant  service  in  which  no  provision  is  made 
for  anyone  in  the  distant  audience  to  talk  to  the  place  where  the 
speaker  is  located.  Two-way  service  provides  for  speakers  at  either 
of  two  or  more  points  addressing  all  of  the  other  points.  This  is 
similar  to  the  two-way  service  rendered  by  regular  telephone  circuits. 

Fig.  3  shows  the  circuit  arrangement  which  would  be  used  when  a 
speaker  at  one  point  in  a  city,  for  example,  at  his  office,  is  to  address 
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Fig.  3 — One-Way  Connection  to  Point  in  Same  City. 

an  audience  at  another  point  in  the  same  city.  A  high  quality  close 
talking  transmitter  T,  together  with  a  fixed  gain  single-stage  amplifier 
A,  are  provided  at  the  point  where  the  speaker  is  located.  This  com- 
bination is  designed  to  deliver  to  the  line  the  same  amount  of  power 
as  a  commercial  type  substation  set.  Connecting  this  point  with  the 
point  at  which  the  audience  is  gathered  is  a  non-loaded  cable  circuit. 
To  correct  for  the  distortion  in  this  cable  circuit,  an  attenuation 
equalizer  E  is  provided.  The  apparatus  at  the  point  where  the  audi- 
ence is  located  is  the  equipment  of  the  public  address  system  without 
the  transmitter  and  its  associated  amplifier.  In  Fig.  3,  B  is  the  ampli- 
fier for  delivering  sufficient  power  to  the  group  of  loud  speaker  pro- 
jectors indicated  by  R.  A  volume  indicator  V  associated  with  the 
amplifier  B  is  used  in  maintaining  constant  the  volume  of  sound 
delivered  from  the  projectors. 

Fig.  4  shows  the  circuit  combination  required  when  a  connection 
is  to  be  established  to  a  distant  city  where  the  loud  speaking  receivers 
are  located.  In  the  city  where  the  speaker  is  located,  connection  is 
made  to  the  toll  office  by  means  of  a  non-loaded  cable  circuit  equip- 
ped with  an  equalizer  similar  to  Fig.  3.  A  volume  indicator  V\  is  asso- 
ciated with  the  amplifier  C\  at  the  toll  office  to  enable  proper  adjust- 
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meat  of  amplifier  &  to  be  made  so  that  the  power  delivered  to  the  toll 
line  will  be  within  the  proper  limits.  As  explained  above  if  the  volume 
at  the  toll  office  is  allowed  to  become  too  great,  the  telephone  repeaters 
on  the  toll  line  will  be  over-loaded  and  serious  distortion  will  result, 
while  if  the  volume  is  allowed  to  become  too  weak,  extraneous  noise 
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Fig.  4 — One-Way  Connection  to  Point  in  Distant  City, 


and  crosstalk  will  tend  to  obliterate  the  direct  transmission.  If  a 
distant  talking  transmitter  is  used  for  the  speaker,  a  multi-stage  ad- 
justable amplifier  is  associated  with  it.  In  this  case  the  volume 
indicator  is  located  at  the  output  of  this  amplifier  as  shown  by  the 
dotted  lines  in  Fig.  4.  When  the  volume  indicator  is  employed  at 
this  point  it  is  necessary  to  take  into  account  the  loss  introduced  by 
the  non-loaded  cable  and  the  equalizer  Ei,  together  with  the  gain  of 
the  repeater  Ci,  in  order  to  deliver  volume  within  proper  limits  to  the 
toll  line.     The  toll  line,  shown  equipped  with  repeaters  Dx,  D2,  etc., 
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Fig.    5 — One-Way   Connection    for   Addressing   Local    and    Distant    Audiences 

Simultaneouslv. 


extends  to  the  toll  office  in  the  distant  city.  At  this  point  the  am- 
plifier C2  is  located,  together  with  another  equalizer  E-2,  for  correct- 
ing the  distortion  in  the  local  non-loaded  cable  circuit.  The  apparatus 
at  the  point  where  the  audience  is  located  is  similar  to  that  shown  in 
Fig.  3. 
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Fig.  5  shows  the  circuit  combination  employed  when  a  local  ad- 
dress is  to  be  given,  while  at  the  same  time  the  same  address  is  deliv- 
ered to  one  or  more  distant  points.  In  order  to  allow  the  local  audi- 
ence to  hear  the  address  by  means  of  the  loud  speakers,  the  power 
amplifier  B  supplying  energy  to  these  is  bridged  across  the  output  of 
the  amplifier  A  associated  with  the  transmitter  T.  A  volume  indicator 
V,  connected  across  the  circuit  at  the  point  where  the  bridge  is  made, 
makes  it  possible  to  maintain  constant  volume  both  for  the  local  loud 
speakers  and  for  the  transmission  applied  to  the  toll  lines  by  suitable 
adjustment  of  amplifier  A.  At  the  toll  office  means  are  indicated  for 
connection  to  two  distant  points  X  and  Y.  Owing  to  the  fact  that 
amplifiers  Ci  and  Ci  are  one-way  devices,  no  inter-actions  can  occur 
between  lines  X  and  Y  or  between  these  lines  and  the  local  loud 
speaking  system.  The  arrangements  for  reaching  the  distant  points 
X  and  Y  are  similar  to  the  one  illustrated  in  Fig.  4. 

All  of  the  circuit  arrangements  which  have  so  far  been  described 
are  arranged  simply  so  that  a  speaker  may  address  one  or  more  local 
or  distant  points.  When  it  is  desired  that  the  speaker  and  the  audi- 
ence at  the  sending  end  also  be  able  to  hear  a  speaker  at  the  distant 
point,  more  complicated  arrangements  are  required. 

Fig.  6  shows  a  circuit  arranged  for  such  two-way  service,  the  line 
being  operated  on  the  four-wire  principle,  i.  e.,  two  separate  transmis- 


Fig.  6 — Twc-Way  Four-Wire  Connection  for  Addressing  I«ocal  and  Distant  Audience; 


sion  paths  are  provided,  one  for  transmission  in  each  direction.  The 
circuits  connecting  transmitter  Tx  with  the  projector  group  R2  and 
transmitter  To  with  the  projector  group  Ri  are  similar  to  the  circuit 
in  Fig.  4.  By-pass  connections  Fi  and  F«  are  added  at  the  two  ends 
which  allow  part  of  the  output  of  each  transmitter  to  pass  into  the 
local  loud  speakers.  These  by-pass  connections  are  so  arranged 
that  transmission  can  pass  only  in  the  proper  direction.  Two  volume 
indicators  are  provided  at  each  end.  Referring  to  the  left-hand  ter- 
minal, volume  indicator  V\  is  provided  to  insure  that  power  is  supplied 
to  the  toll  line  within  the  proper  limits  of  volume,  as  explained  above. 
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Vs  is  provided  to  facilitate  adjustment  of  the  by-pass  circuit  Fx  and 
of  amplifier  Bx  so  as  to  deliver  proper  volume  from  Rx  both  for  the 
local  talking  and  for  the  reception  of  the  addresses  from  the  distant 
end  of  the  circuit.     The  volume  indicators   V2  and    V4  at  the  right- 


Fig.    7 — Two-Way   Two-Wire    Connection    for   Addressing   Local   and    Distant 

Audiences. 


hand  end  of  the  circuit  have  functions  similar  to  those  of  Vi  and   V3 
respectively. 

Fig.  7  is  similar  to  Fig.  6  with  the  exception  that  the  toll  line  is  of 
the  two-wire  type.     At  each  end  of  the  toll  line,  which  may,  or  may 
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Fig.  8 — Arrangement  for  Connecting  Third  Point  to  Circuit  of  Fig.  7. 

not,  contain  two-way  repeaters,  transformers  and  networks  iVi  and 
No  are  placed  for  converting  the  two-wire  circuit  into  a  four-wire 
circuit.     The  equalized  cable  circuits  at  the  two  ends  thus  form  two 
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sides  of  short  four-wire  circuits.  The  conditions  of  balance  between 
the  networks  and  the  toll  lines  prevent  more  than  a  very  small  amount 
of  the  direct  transmission  from  each  local  transmitter  from  entering 
the  local  loud  speading  receiver  circuit  at  the  points  where  the  local 
circuits  connect  to  the  toll  line.  Practically  all  of  the  transmission 
from  transmitter  7\  to  projector  group  R\  and  from  transmitter  7%  to 
projector  group  R?  is  delivered  through  the  adjustable  by-pass  cir- 
cuits F\  and  F*,  respectively. 

For  connections  requiring  to  and  fro  conversations  between  three 
or  more  points,  all  of  which  may  be  equipped  with  loud  speakers,  in- 
termediate points  may  be  connected  to  a  two-wire  telephone 
circuit  by  employing  the  arrangement  shown  in  Fig.  8.  A  three- 
winding  transformer  is  inserted  in  the  toll  line  which  is  so  con- 
structed that  the  impedance  which  it  introduces  into  the  circuit  is 
small  enough  to  avoid  a  serious  irregularity.  Talking  currents  are 
put  out  on  the  toll  line  through  this  transformer.  The  received  trans- 
mission is  obtained  from  a  high  impedance  bridge  across  the  midpoints 
of  two  of  the  windings  of  the  three-winding  transformer.  Amplifiers 
C\  and  C-i  introduce  sufficient  gain  to  overcome  the  losses  due  to  the 
inefficient  coupling  with  the  telephone  line.  The  rest  of  the  circuit  at 
the  intermediate  point  is  the  same  as  Figs.  6  and  7,  the  local  speaker 
being  heard  by  his  own  audience  by  means  of  transmission  delivered 
through  by-pass  F.  A  modification  of  the  arrangement  of  Fig.  8  can. 
of  course,  be  used  with  a  four-wire  toll  circuit. 

Arrangements  for  Armistice  Day,  1921 

Fig.  9  shows  the  circuit  which  was  employed  on  Armistice  Day,  1921, 
when  audiences  of  100,000  people  at  Arlington,  35,000  people  at  New 
York  and  20,000  people  at  San  Francisco,  joined  in  the  services  at 
the  burial  of  the  Unknown  Soldier.  This  was  the  first  time  that  audi- 
ences at  more  than  one  distant  point  were  simultaneously  addressed 
from  one  point  by  means  of  the  public  address  system. 

At  Arlington  three  different  transmitters  T2,  T3  and  T4  were  used 
for  the  different  parts  of  the  ceremonies.  T*  was  used  for  the  musical 
selections,  T3  for  the  speeches  made  in  the  amphitheatre,  and  T*  for 
the  speeches  at  the  grave  of  the  Unknown  Soldier.  Another  transmit- 
ter Ti  was  provided  for  the  use  of  an  announcer  who  kept  the  audi- 
ences at  New  York  and  San  Francisco  advised  of  the  proceedings. 
The  speech  currents  leaving  these  transmitters  were  brought  up  to 
moderate  volume  by  means  of  amplifiers  A2  and  Ax,  the  former  tak- 
ing care  in  turn  of  the  three  different  transmitters  employed  during 
the  ceremonies. 
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The  voice  currents  from  the  transmitters  which  were  employed  for 
the  ceremonies,  after  passing  through  amplifier  A2,  separated  into 
two  branches,  one  branch  going  to  the  local  amplifier  B\,  which  sup- 
plied the  local  loud  speakers  Ru  the  other  going  to  the  telephone  cir- 
cuit through  amplifier  C2,  switch  Si  and  amplifier  C\.  The  switch 
S\  was  provided  for  connecting  either  the  announcing  transmitter  T\ 
or  one  of  the  transmitters  for  picking  up  the  ceremonies  to  the  end  of 
the  toll  line.  V\  and  Vi  are  volume  indicators,  V\  being  employed  to 
indicate  that  the  proper  power  was  being  put  into  the  toll  line,  while 
V2  furnished  an  indication  of  the  volume  which  was  being  delivered 
by  the  projector  group  Ri.  During  the  ceremonies  the  amplifier  C* 
was  continuously  adjusted  so  as  to  deliver  proper  volume  to  the  long 
distance  telephone  circuit,  the  volume  indicator  V\  making  it  possible 
to  keep  the  volume  applied  to  the  toll  line  within  close  limits.  At  the 
same  time  independent  adjustments  were  made  of  the  amplifier  Bt 
to  take  care  of  the  varying  conditions  introduced  by  the  different  talk- 
ing conditions  as  well  as  the  varying  conditions  introduced  by  shift- 
ing of  the  crowds  listening  to  the  ceremonies. 

After  leaving  the  amplifier  C\  at  Arlington,  the  voice  currents  first 
passed  through  a  non-loaded  section  of  cable  whose  distortion  was 
corrected  by  equalizer  E\.  A  non-loaded  8-gauge  open-wire  circuit 
carried  the  voice  currents  to  New  York  City.  At  this  point,  the  cir- 
cuit again  branched,  one  branch  delivering  a  part  of  the  voice  currents 
to  the  apparatus  at  Madison  Square  Garden,  the  other  branch  going 
to  San  Francisco  over  one  of  the  non-loaded  No.  8-gauge  transcon- 
tinental circuits.  The  arrangements  employed  at  Madison  Square 
Garden  and  at  the  Civic  Auditorium  in  San  Francisco  were  similar, 
switches  being  provided  at  each  point  to  connect  to  the  projector 
groups  the  circuit  from  Arlington  or  from  the  local  transmitter. 

The  difficulties  involved  in  transmitting  voice  currents  for  the  first 
time  to  loud  speaker  installations  at  distant -points,  as  well  as  the 
great  importance  of  the  occasion,  made  it  necessary  to  take  elaborate 
precautions  in  order  to  insure  the  success  of  the  undertaking.  The 
long  distance  telephone  circuits  were  carefully  inspected  ahead  of 
time  and  all  of  the  amplifiers  and  other  apparatus  employed  were 
subjected  to  numerous  careful  tests.  For  checking  the  complete 
circuit,  alternating  currents  of  different  frequency  were  applied  at 
Arlington  and  measured  simultaneously  at  New  York  and  San  Fran- 
cisco. The  curve  on  Fig.  1  was  obtained  from  the  results  of  one  of 
the  measurements  made  on  this  occasion. 

To  guard  against  possibility  of  failure  of  the  circuits,  emergency 
circuits    were    provided,    these    emergency    circuits    taking    different 
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routes  wherever  possible.  Fig.  10  shows  the  network  of  long  distance 
circuits  which  was  set  up  for  this  occasion.  The  solid  lines  in  this 
figure  indicate  telephone  circuits  while  the  broken  lines  indicate  tele- 
graph circuits.     The  latter  were  for  the  purpose  of  transmitting  orders 
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Fig.  10— Telephone  and  Telegraph  Lines  Used  on  Armistice  Day,  1921 


between  different  units  of  the  operating  organization  at  different 
points. 

At  Arlington  the  nature  of  the  ceremonies  and  the  place  in  which 
they  were  held  presented  many  difficulties  from  the  acoustic  stand- 
point. The  main  addresses  were  made  in  an  open  amphitheatre  sur- 
sounded  by  a  double  colonnade  of  maible.  The  platform  on  which 
the  speakers  were  located  was  partially  covered  by  a  marble  arch. 
The  floor  of  the  amphitheatre  is  of  cement  on  which  are  arranged 
marble  benches.  Temporary  seats  also  were  placed  on  top  of  the 
colonnade.  During  the  ceremonies  large  crowds  surrounded  the 
amphitheatre  on  all  sides.  The  arrangement  of  the  amphitheatre 
and  the  surroundings  is  shown  by  Fig.  11. 

In  order  that  the  crowds  outside  of  the  amphitheatre  might  hear 
the  speakers,  loud  speaking  receivers  and  their  associated  projectors 
were  placed  on  top  of  the  colonnade.  They  were  arranged  in  four 
groups  as  shown  on  Fig.  11,  the  projectors  referred  to,  being  num- 
bered from  1  to  21  inclusive.  Those  in  the  east  group  were  on  top  of 
the  structure  forming  the  main  entrance  to  the  amphitheatre.     The 
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projectors  were  carefully  directed  to  cover  uniformly  the  area  around 
the  amphitheatre  and  were  supplied  with  sufficient  power  so  that 
the  speaker  could  be  heard  for  at  least  a  thousand  feet  from  the  out- 
side of  the  amphitheatre.  It  was  found,  however,  that  while  these 
projectors  are  highly  directive,  some  of  the  sound  from  them  could 
be  heard  inside  the  amphitheatre.  This  sound  leakage  at  the  western 
side  was  particularly  serious  because  of  the  fact  that  it  reached  the 
rear  seats  inside  of  the  amphitheatre  sufficiently  far  enough  ahead  of 
the  corresponding  sounds  directly  from  the  speaker  to  be  noticeable. 


I 

s 


-*  Large  Projector 
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Fig.  11 — Arrangement  of  Projectors  at  Arlington  Amphitheater 


To  overcome  this,  the  small  projectors  29,  31,  32  and  34,  placed  on 
top  of  the  arch  over  the  platform,  were  directed  at  the  rear  seats  and 
given  sufficient  volume  output  to  overcome  the  sound  reaching  these 
seats  from  the  loud  speakers  on  the  colonnade. 

The  adjustment  of  the  power  to  these  small  projectors  required 
great  care  because  if  given  too  great  volume,  bad  reflections  would 
be  set  up  in  the  amphitheatre.  On  the  other  hand  if  this  volume  were 
not  great  enough,  the  outside  projectors  would"  cause  serious  inter- 
ference. The  small  projectors  27  and  28  were  used  to  overcome  the 
sound  leakage  effects  on  the  top  of  the  west  side  of  the  colonnade. 
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The  projectors  35  and  36  covered  the  top  of  the  colonnade  on  thr 
east  side. 

Fig.  11  shows  also  the  location  of  the  three  transmitters  used  dur- 
ing the  ceremonies,  a,  on  the  platform  for  the  speakers,  b,  in  front  of 
one  of  the  boxes  in  which  were  placed  the  singers  and  behind  which 
was  located  the  band,  and  c,  at  the  grave.  When  the  transmitter  at 
the  grave  was  tested  it  was  found  that  serious  interference  was  ob- 
tained between  the  speaker's  voice  and  the  sound  from  the  projectors 
16  to  19  inclusive.  For  the  ceremonies  at  the  grave,  therefore,  these 
loud  speakers  were  disconnected  and  those  numbered  22  to  26  used 
instead.  Also  in  order  to  properly  cover  the  inside  of  the  amphi- 
theatre during  the  ceremonies  at  the  grave,  the  small  projectors  30 
and  33  were  used.  These  were  located  on  the  arch  over  the  platform 
and  were  directed  at  the  front  seats  in  the  amphitheatre. 

The  projectors  were  divided  up  into  a  number  of  small  groups  and 
so  connected  that  the  volume  of  sound  delivered  by  each  group  could 
be  varied  without  affecting  the  other  groups.  This  was  necessary  in 
arriving  at  the  power  to  be  delivered  by  each  projector  to  give  uni- 
form distribution  and  to  avoid  interference  between  different  groups. 

By  means  of  these  arrangements  all  parts  of  the  ceremonies  were 
carried  to  all  parts  of  the  audience  at  the  National  Cemetery  and  were 
also  delivered  by  means  of  the  lines  to  the  audiences  in  the  distant 
cities. 

At  Xew  York,  a  group  of  fifteen  loud  speakers  was  used  in  Madison 
Square  Garden  to  satisfactorily  reach  all  parts  of  the  audience  and  a 
group  of  twenty-one  loud  speakers  was  suspended  outside  the  build- 
ing for  the  outside  audience.  At  San  Francisco,  ten  loud  speakers 
were  used  in  the  Civic  Auditorium  and  seven  outside. 

Use  of  Public  Address  System  Apparatus  with  Radio 

When  radio  broadcasting  came  into  general  use,  the  apparatus 
and  methods  which  had  been  developed  for  the  public  address  sys- 
tem were  applied  to  this  new  field  as  it  also  demands  high  quality 
reproduction  for  speech  and  music.  The  transmitters  and  amplifiers 
associated  with  them  in  the  public  address  system  are  used  in  radio 
broadcasting  studios  for  delivering  speech  frequency  electrical  power 
to  the  radio  transmitter.  Loud  speaking  receivers  and  amplifiers 
for  delivering  sufficient  power  to  operate  them  are  used  with  many 
of  the  radio  receiving  sets. 

The  methods  which  have  been  employed  to  connect  public  address 
system  transmitters  with  toll  lines  are  being  used  for  the  broadcast- 
ing by  radio  of  speeches  and  music  given  at  points  remote  from  the 
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radio  station.  In  such  cases  the  transmitter  and  its  associated  ampli- 
fier are  operated  and  controlled  in  the  same  way  as  described  above 
for  toll  lines.  In  some  cases  the  radio  station  is  in  the  same  city  as 
the  place  where  the  speech  or  music  is  given  and  in  other  cases  the 
two  have  been  in  different  cities.  In  the  first  case  the  output  of  the 
transmitter  amplifier  is  carried  to  the  radio  station  over  non-loaded 
cable  circuits  which  are  equalized  by  means  of  distortion  correction 
networks  to  have  uniform  efficiency  over  a  wide  frequency  range,  in 
some  cases  up  to  5000  cycles.  Where  the  two  points  are  in  different 
cities,  the  non-loaded  cable  circuit  goes  to  the  toll  office  and  there  is 
connected  to  the  toll  lines  which  are  operated  in  the  same  manner  as 
described  above  for  loud  speaker  use. 

For  some  of  the  higher  grade  music,  such  as  that  given  by  symphony 
orchestras,  the  less  efficient,  but  slightly  higher  quality  condenser 
type  transmitter  has  been  used  instead  of  the  double  button  carbon 
type.  This  requires  the  use  of  an  additional  two  stage  amplifier  in 
front  of  the  regular  three  stage  transmitter  amplifier. 

The  output  of  the  transmitter  amplifiers  is  controlled  with  the  aid 
of  a  volume  indicator  bridged  across  the  output  terminals  of  the  ampli- 
fier. For  best  results,  particularly  in  reproducing  music,  it  is  neces- 
sary to  adjust  the  gain  of  these  amplifiers  to  compensate  partially  for 
the  large  range  in  the  volume  of  the  music.  If  the  amplifiers  are  set 
high  enough  in  gain  to  send  through  the  low  passages  of  the  music 
with  sufficient  volume  so  that  it  will  override  the  static  and  the  inter- 
ference from  other  sending  stations,  the  loud  parts  of  the  music  will 
seriously  overload  the  radio  transmitter  system,  unless  it  is  of  very 
large  capacity,  and  will  in  general  overload  the  receiving  sets.  Further- 
more putting  out  these  loud  parts  at  the  same  relative  level  with 
respect  to  the  low  passages  as  they  are  given  by  the  orchestra,  makes 
the  interference  between  radio  stations  more  serious.  In  some  or- 
chestral concerts  the  power  amplification  of  the  transmitter  amplifier 
has  been  adjusted  over  a  range  of  more  than  a  hundred  to  one,  these 
changes  being  made,  however,  so  that  they  were  not  noticed  by  those 
listening  to  the  concert  by  radio. 

Proper  volume  control  is  very  important  in  picking  up  such  music 
tor  radio  broadcasting.  The  lack  of  such  control  is  responsible  for 
many  of  the  poor  results  that  are  being  obtained.  In  this  connection, 
the  location  of  the  transmitter  with  respect  to  the  various  instruments 
in  the  orchestra  or  smaller  combination  of  instruments,  so  as  to  main- 
tain in  the  reproduced  music  the  proper  balance  between  the  several 
parts  is,  of  course,  of  great  importance. 

An  interesting  illustration  of  the  combination  of  the  public  address 
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system,  telephone  lines  and  radio  broadcasting  was  used  in  connec- 
tion with  reporting  a  football  game  played  in  Chicago  in  the  fall  of 
1922.  By  means  of  high  quality  transmitters  and  amplifiers  located  at 
the  football  field,  announcements  of  the  plays  and  the  applause  of  the 
spectators  were  delivered  to  a  circuit  extending  to  the  toll  office  in 
Chicago.  This  circuit  was  connected  there  to  a  toll  line  to  New  York 
where  it  delivered  the  telephonic  currents  to  a  radio  broadcasting 
transmitter.  In  Park  Row,  in  New  York  City,  was  located  a  truck  on 
which  was  mounted  a  radio  receiving  set  arranged  to  operate  a  public 
address  system.  By  this  means  the  reports  of  the  plays  of  the  foot- 
ball game  in  Chicago  were  delivered  to  a  large  crowd  in  the  streets  of 
New  York. 
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Transient  Oscillations  in  Electric  Wave-Filters 

By  JOHN  R.  CARSON  and  OTTO  J.  ZOBEL 

I.     Introduction 

'  I  VHE  electric  wave-filter  has  been  very  fully  discussed  with  respect 
■*■  to  its  remarkable  steady-state  properties.1  In  the  present  paper 
it  is  proposed  to  give  the  results  of  a  fairly  extensive  theoretical  study 
of  its  behavior  in  the  transient  state.  This  study  is  of  particular 
interest  and  importance  in  connection  with  the  wave-filter,  because, 
as  we  shall  find,  its  remarkable  selective  characteristics  are  peculiarly 
properties  of  the  steady  state  and  become  sharply  defined  only  as  the 
steady  state  is  approached.  To  this  fact,  it  may  be  remarked  in 
passing,  is  to  be  ascribed  the  uniform  failure  of  wave-filters  to  suppress 
irregular  and  transient  interference,  such  as  "static,"  in  anything 
like  the  degree  with  which  they  discriminate  against  steady-state 
currents  outside  the  transmission  range.  This  limitation  is  common 
to  all  types  of  selective  networks  and  restricts  the  amount  of  protec- 
tion it  is  possible  to  secure  from  transient  or  irregular  interference. 
In  fact  the  general  conclusions  of  the  present  study  are  applicable 
to  all  types  of  selective  circuits. 

In  the  present  paper  the  discussion  will  be  principally  concerned 
with  the  following  phases  of  the  general  problem. 

1.  The  indicial  admittances  of  a  representative  set  of  wave-filters. 
The  indicial  admittance,  as  explained  below,  is  equal  to  the  current, 
expressed  as  a  time  function,  in  response  to  a  uniform  steady  e.m.f. 
of  unit  value,  applied  to  the  network  at  time  /  =  0.  It  has  been 
shown  in  previous  papers  that  a  knowledge  of  the  indicial  admittance 
of  an  invariable  network  completely  determines  its  behavior,  both  in 
the  transient  and  steady  state,  to  all  types  of  applied  forces.  Its 
determination  is  therefore  fundamental  to  the  whole  problem. 

2.  The  mode  in  which  the  steady-state  is  built  up  after  a  sinusoidal 
voltage  within  the  frequency  transmission  range  is  applied  to  the  wave- 

1  Physical  Theory  of  the  Electric  Wave-Filter,  G.  A.  Campbell,  B.  S.  T.  J., 
Nov.,  1922;  Theory  and  Design  of  Uniform  and  Composite  Electric  Wave-Filters, 
O.  J.  Zobel,  B.  S.  f.  J.,  Jan.,  1923. 
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filter.  Formulas  are  deduced  and  a  set  of  representative  curves 
computed  and  plotted  which  show  the  dependence  of  the  building-up 
process  on  the  constants  and  number  of  sections  of  the  filter  and  the 
frequency  of  the  applied  e.m.f.  The  outstanding  deduction  from 
this  phase  of  the  problem  is  that  as  the  selectivity  of  the  filter  is 
increased  either  by  narrowing  the  transmission  band  or  increasing  the 
number  of  sections,  the  time  required  for  sinusoidal  currents  to  build 
up  is  proportionally  increased.  This  fact,  it  may  be  remarked,  sets  a 
theoretical  limit  to  the  amount  of  selectivity  which  can  be  employed 
in  communication  circuits. 

3.  The  character  and  duration  of  the  transient  current  ivhen  a  sinusoidal 
voltage  outside  the  frequency  transmission  range  is  applied  to  the  filter. 
It  will  be  found  that  in  this  case  a  transient  disturbance  penetrates 
the  filter  which  is  enormous  compared  to  the  final  steady  state.  The 
magnitude  of  this  disturbance  decreases  very  slowly  with  the  number 
of  filter  sections  and  its  duration  increases  therewith.  This  phenome- 
non is  an  important  special  case  of  the  general  limitations  of  the 
selectivity  of  the  filter  in  the  transient  state. 

4.  The  energy  which  penetrates  through  selective  circuits  from  random 
interference.  The  energy  spectrum  of  random  interference,  that  is, 
interference  from  random  disturbances  is  discussed  and  a  formula  is 
deduced  which  defines  the  figure  of  merit  of  a  selective  circuit  with 
respect  to  random  interference.  This  formula  leads  to  general  deduc- 
tions of  practical  importance  regarding  the  relative  merits  of  selective 
networks  in  the  transient  state  and  their  inherent  limitations.  It 
also  provides  a  method  for  experimentally  determining  the  spectrum 
of  random  interference. 

Unfortunately  the  complexity  of  transient  phenomena  is  such  as 
to  absolutely  require  a  large  amount  of  mathematical  analysis.  Con- 
sequently, while  the  mathematics  has  been  relegated  as  far  as  possi- 
ble to  Appendices,  a  considerable  amount  necessarily  appears  in  the 
text.  The  writers,  however,  have  endeavored  to  emphasize  the 
physical  significance  of  the  mathematics  and  have  included  only 
that  which  is  absolutely  essential  to  an  understanding  of  the  problem 
and  the  appropriate  methods  of  attack. 

In  order  to  keep  the  analysis  within  manageable  limits  and  in  a 
form  to  admit  of  relatively  simple  and  instructive  interpretation, 
the  formulas  will  be  restricted  for  the  most  part  to  non-dissipative 
filters  and  the  effects  of  terminal  reflections  will  be  ignored.2     These 

J  The  general  solution  for  the  case  of  arbitrary  terminal  impedances  is. given  in 
Appendix  IV  and  briefly  discussed. 
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restrictions  are  desirable  on  their  own  account,  because  the  selective 
properties,  both  in  the  transient  and  steady-state,  are  isolated  and 
exhibited  in  the  clearest  manner  when  the  disturbing  effects  of  dissi- 
pation and  reflections  are  absent.  As  regards  dissipation,  its  effect  is 
usually  small  for  filters  of  ordinary  length  and,  as  regards  transient 
phenomena,  is  always  of  such  a  character  as  to  require  no  essential 
modification  of  the  conclusions  reached  from  a  study  of  the  ideal  non- 
dissipative  filter.  In  fact  the  conclusions  reached  in  this  paper  re- 
garding the  inherent  limitations  of  selective  circuits  in  the  transient 
state  are  conservative. 

II.  General  Theory  and  Formulas 

Before  taking  up  the  investigation  of  wave-filters  it  is  necessary 
to  write  down  the  fundamental  formulas  of  electric  circuit  theory, 
which  are  required  in  the  analysis,  and  briefly  discuss  their  applica- 
tion to  the  investigation  of  transient  phenomena  in  networks  in 
general.  The  theory  and  calculation  of  electrical  networks  may  be 
approached  in  a  number  of  ways,  as  for  example,  from  the  Fourier 
integral.3  Perhaps  the  simplest  way,  however,  is  to  base  the  theory 
on  the  fundamental  formulas 


and 


I{t)=jt£j{t-y)A{y)dy, 
l/pZ{p)~  £    e-*'A(t)dt. 


I 


II 


In  these  formulas  I(t)  is  the  current  (expressed  as  an  explicit  time 
function)  in  any  branch  or  mesh  of  an  electric  network  which  flows 
in  response  to  the  electromotive  force  f(t)  which  is  applied  to  the 
network  at  time  /^0  in  the  same  or  any  other  branch  or  mesh  of  the 
network.  The  function  A(t)  is  a  characteristic  function  of  the  con- 
stants and  connections  of  the  network  only  which  may  be  termed  the 
indicial  admittance  or  the  Heaviside  Function.  Its  physical  sig- 
nificance may  be  inferred  by  setting  f(t)  =  1,  whence  it  follows  that 
/(/)  =A(t).  That  is  to  say  A (t)  is  equal  to  the  current  in  response  to  a 
"  unit  e.m.f."  (zero  before,  unity  after  time  t  =  0). 

In  the  following  we  shall  be  principally  concerned  with  the  case 
when  the  applied  electromotive  force  is  sinusoidal.  To  deal  with 
this  case  we  set  /(/)  =sin  (co/+0)  and  equation  I  becomes 

I(t)=a(u,t)  sin  (co/  +  e)+&(w,  /)  cos  («/  +  9)  III 

'The  Solution  of  Circuit  Problems,  T.  C.  Fry,  Phys.  Rev.,  Aug.,  1919. 
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where,  denoting  d/dt  A(t)  by  A'(t), 

a(co,  t)  =  A(o)  +  /  cos  coy  A'(y)dy 
and  IV 

b(u,  t)  =  —  I  sin  coy  A'(y)dy. 

The  ultimate  steady-state  amplitudes  are  evidently  the  limits  of 
the  foregoing  as  /  approaches  infinity.  Thus  if  we  write  the  steady- 
state  current  as 


then 


and 


I  =  a(a)  sin  (co/  +  9)+/3(co)  cos  (co/  +  9), 
cos  wy  A'{y)dy 

/3(co)  =  —  I      sin  coy  A'(y)dy 


For  the  derivation  and  a  fuller  discussion  of  the  foregoing  formulas 
the  reader  is  referred  to  "  Theory  of  the  Transient  Oscillations 
of  Electrical  Networks  and  Transmission  Systems,"  Proc.  A.  I.  E.  E., 
March,  1919. 

In  the  majority  of  the  more  important  selective  networks  A(o)  =  0; 
that  is  to  say  the  initial  value  of  the  current  is  zero  and  the  current 
in  response  to  the  applied  sinusoidal  voltage  of  the  frequency  co/27r 
is  built  up  entirely  from  the  progressive  integrals 


and 


a(co,  /)  =  /  cos  coy  A' (y)dy 
b(o>,  t)  =  —  /  sin  coy  A  '{y)dy 


in  accordance  with  formula  IV.  The  derivative  A'{t)=d/dt  A(t)  of 
the  indicial  admittance  which  appears  in  the  integrals  will  be  termed 
the  impulse  function  of  the  network  to  indicate  its  direct  physical 
significance;  it  is  equal  to  the  current  in  response  to  a  "pulse"  of 
infinitesimal  duration  and  moment  (or  time  integral)  unity,  or,  stated 
in  the  terminology  of  the  radio  engineer,  it  is  equal  to  the  response  of 
the  network  to  "shock-excitation."  These  formulas  therefore  estab- 
lish a  definite  quantitative  relation  between  the  selective  properties 
of  the  network  and  its  response  to  "shock-excitation";  a  relation  which 
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is  of  great  importance  in  understanding  and  interpreting  the  behavior 
of  selective  networks  to  transient  disturbances.4 

The  indicial  admittance  A{t)  is  calculable  from  and  may  be  regarded 
as  defined  by  the  very  compact  formula  II.5  In  this  equation  Z(p) 
is  the  operational  impedance  of  the  network.  It  is  derived  from  the 
differential  equations  of  the  problem  by  replacing  the  differential 
operator  d  dt  by  the  symbol  p,  thus  formally  reducing  the  equations 
to  an  algebraic  form  from  which  the  ratio  l,'Z(p)  of  the  current 
to  electromotive  force  is  gotten  by  ordinary  algebraic  processes. 
Z{p)  will  involve  the  constants  and  connections  of  the  network 
and  will  depend,  of  course,  on  the  mesh  or  branch  in  which  the 
electromotive  force  is  inserted  and  that  in  which  the  required  cur- 
rent is  measured. 

The  procedure  in  formulating  the  transient  behavior  of  networks 
is  as  follows.  Derive  the  operational  impedance  Z(p)  as  stated  above. 
With  Z{p)  formulated,  the  corresponding  indicial  admittance  A(t) 
is  determined  by  the  integral  equation  II.  The  appropriate  methods 
of  solution  of  the  integral  equation  are  .briefly  discussed  in  "The 
Heaviside  Operational  Calculus."  Sometimes  the  solution  can  be 
recognized  by  inspection  as  in  the  case  of  the  low  pass  wave-filter. 
Otherwise  the  procedure  in  general  is  to  expand  1/Z(p)  in  such  a  form 
that  the  individual  terms  of  the  expansion  are  recognizable  as  identical 
with  infinite  integrals  of  the  required  type.  Two  expansions  of  this 
kind  lead  to  the  Heaviside  Expansion  and  power  series  solution,  re- 
spectively. The  appropriate  form  of  expansion  depends  on  the  par- 
ticular problem  in  hand  and  often  calls  for  considerable  ingenuity 
and  experience.  An  excellent  illustration  of  the  appropriate  process 
is  furnished  by  the  detailed  derivation  6  of  the  indicial  admittance  of 
the  band  pass  filter  which  is  rather  intricate. 

In  connection  with  the  problem  of  the  energy  absorbed  from  forces 
of  finite  duration,  and  from  random  interference,  the  following  formulas 
are  required,  of  which  VIII  and  IX  are  original  and  hitherto  unpub- 
lished. Formula  X,  which  is  a  special  case  of  VIII  and  IX  was  derived 
by  Rayleigh  (Phil.  Mag.,  Vol.  27,  1889,  p.  466),  in  connection  with 
an  investigation  of  the  spectrum  of  complete  radiation. 

If   an   applied    force  f(t)    exists   only   in    the   finite   time   interval 

O^t^T,  during  which  it  has  a  finite  number  of  discontinuities  and  a 

*  It  may  be  noted  in  passing  that  these  formulas  show  the  futility  of  attempting, 
as  so  many  inventors  have  done  in  connection  with  the  problem  of  protection  from 
"static"  disturbances,  to  design  a  circuit,  which,  in  the  language  of  patent  specifi- 
cations, shall  be  unresponsive  to  shock  excitation  while  at  the  same  time  shall  be 
sharply  responsive  to  sustained  forces. 

5  The  Heaviside  Operational  Calculus,  J.  R.  Carson,  B.  S.  T.  J.,  Nov.,  1922. 

6  See  Appendix  I. 
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finite   number  of   maxima   and   minima,   it   is   representable  by   the 
Fourier  integral 

f(t)  =  -  fX  \F(u)\  cos[w/  +  e(aj)]rfa>,  VI 

7T  i'0 


where 


|^(w)|2=r  /^/(O  cosa>/  dt~\2+  [Flit)  sin  «/  dt~\\  VII 


Let  this  force  be  applied  to  a  network  in  branch  1  and  let  the 
resultant  current  /„(/)  be  measured  in  branch  n.  Let  the  steady- 
state  transfer  impedance  at  frequency  oo/2w  be  denoted  by  Zih(io)) 
and  let  zn  (iw)  and  cos  9„  denote  the  impedance  and  power  factor  of 
branch  n  at  frequency  o}/2ir.     It  may  then  be  shown  that 

w=  riinmdt^-  r.iF(!?]*dU       vin 

Jo  IT    JQ        \£ln(iu)\Z 

and,  as  special  cases, 

r  [A\n{t)Ydt=  -  r,7  d(f.  >„,  ix 

•A)  vJQ      |Zi„(W)|2 

and 

fT[f(t)fdt=  -  fX\F(u)\2du.  X 

t  0  7T  Jo 

The  total  energy  W,  absorbed  by  branch  n  from  the  applied  force 
is  given  by 

W=-  rj^1'    |0„(ico)|  cos  9,,-dw.  Villa 

7T  */0         |Zi„  (lb))  I2 

Comparison  of  the  formulas  for  W  and  W  shows  that,  if  the  branch 
n  is  a  simple  series  combination  of  impedance  elements,  W  is  the 
energy  absorbed  by  a  unit  resistance  element  in  branch  nfrom  the  applied 
force  fit). 

In  the  subsequent  discussion  of  the  behavior  of  selective  circuits  to 
random  interference  and  applied  forces  of  finite  duration,  W  of 
formula  VIII  will  be  taken,  therefore,  as  a  measure  of  the  energy 
absorbed  by  the  receiving  branch  or  element.  Similarly  formula  IX 
measures  the  energy  absorbed  when  the  applied  force  is  impulsive. 
The  application  of  formula  VIII  rather  than  Villa,  when  they  differ 
except  for  a  constant,  is  justified  because  we  are  concerned  with  the 
energy  absorbed  by  a  receiving  element  proper,  which  can  be  repre- 
sented by  a  simple  resistance. 

The  advantage  of  formula  VIII,  in  addition  to  its  simplicity,  resides 
in  the  fact  that  the  right  hand  side  is  usually  quite  easily  computed, 
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since  the  integrand  is  everywhere  positive,  and  this  without  any 
explicit  reference  to  the  transient  phenomena  themselves.  Formula 
IX  is  of  particular  importance,  because,  as  will  be  shown  in  a  sub- 
sequent part  of  this  paper,  it  represents,  except  in  limiting  cases,  the 
relative  amount  of  energy  absorbed  from  random  interference. 

III.    The  Indicial  Admittanxes  of  Wave-Filters 

We  are  now  in  possession  of  the  necessary  formulas  and  mathemati- 
cal processes  for  investigating  the  behavior  of  wave-filters  in  the 
transient  state.  We  shall  first  write  down  the  indicial  admittances 
of  the  representative  types  investigated,  their  derivation  being  dis- 
cussed in  Appendix  I.  The  formulas  given  for  the  low  pass  and  the 
high  pass  are  exact,  while  those  of  the  band  pass  filters  are  approxima- 
tions based  on  the  assumption  that  the  transmission  band-width  is 
small  compared  with  the  "mid-frequency"  of  the  transmission  band. 
They  are  therefore  formally  restricted  in  their  application  to  "narrow 
band  "  filters.  The  analysis  of  the  exact  formula,  given  in  Appendix  I, 
shows,  however,  that  the  deductions  drawn  from  the  approximate 
formulas  of  the  text  are  quite  generally  applicable  without  errors 
of  any  practical  consequence  to  band  pass  wave-filters,  even  when 
the  transmission  band  is  relatively  wide.  These  questions  are  fully 
discussed  in  the  Appendix. 

In  the  formulas  given  below  the  filters  are  assumed  to  be  infinitely 
long  and  the  voltage  to  be  applied  at  "mid-series"  position  to  the 
initial  or  zero-th  section.  AJt)  is  then  equal  to  the  current  in  the 
nth  section  in  response  to  a  unit  voltage  (zero  before,  unity  after 
time  /  =  0.) 

1.  Low  Pass  Wave-Filter,  Type  Lid,  Fig.  1. 

An{t)  =  \  £j2n(x)dx,  (la) 

where    x  =  uct, 

w<.  =  2/V/LiC2  =  27r  times  the  critical  or  cut-off  frequency, 


o '0000^ 


^TftRT^- 


Fie.  1 
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Jzn(x)  =The  Bessel  function  of  the  order  2»  and  argument  x, 
and  the  filter  elements,  in  terms  of  the  parameters  wc  and  k,  are 
given  by 

u)c  =  2/\/LiC2,  Li  =  2k/uc, 


k  =  \/L1/C2,  C2  =  2/uck. 

For  values  of  time  such  that  x<2n,  An{t)  is  very  small  and  positive, 
while  for  x>2n,  the  character  of  the  solution  is  exhibited  by  the  ap- 
proximate solution 

An{t)=\\l+Jl-   ^sin(g2„x-e2n)l.  (lb) 

The  formula  is  deduced  from  the  approximate  formulas  given  in 
Appendix  II  for  Bessel  functions,  and  h2n,  qo„  and  6?„  are  determined 
by 

hH=\l-n*/x*)' 


and 


g«=Jl-  n*/x2, 


9«= — j — it  —  n  sin  1(n/x). 


For  sufficiently  large  values  of  x,  An  (t)  is  ultimately  given  by  the 
asymptotic  formula 

Formula  (la)  was  first  given  by  one  of  the  writers  (Trans.  A.  I.  E.  E., 
1919)  as  a  special  case  of  the  solution  for  the  dissipative  low  pass  filter 
(series  resistance  and  shunt  leakage). 

2.  High  Pass  Wave-Filter,  Type  CxL%i  Fig.  2. 

.   /n      1(     /  n       2n  „  ,     ,  s  ,  (2n)  (2n  — 1)„  9j  ,  N 
An{t)=^\^{x)-  ^  P-10i(^)+  2! D'24>2{x)- 

.  .  .  +£>-2«<M*)j         (2a) 
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where 

a>c  =  27T  times  critical  frequency  below  which  the  filter  attenuates, 


Ci  =  l/2wefc,  k    =VL2/Cu 


L2  =  k/2coc,  <*t  =  \l2y/UCx. 

2C, 


L 


Fig.  2 
The  symbol  D~'"  denotes  multiple  integrations,  repeated  m  times  and 

4>m(x)  =  J0{x)  -  ~  Jx(x)  +  {m)  {™~l)  Mx)  +  •  .  +  (-ir/m(*). 

A  large  amount  of  time  and  effort  have  been  devoted  to  an  attempt 
to  reduce  this  and  other  forms  of  solution  (see  Appendix  I)  to  a  form 
in  which  its  properties  would  be  exhibited  by  direct  inspection,  but 
without  success.  Numerical  computations  and  curves  must,  there- 
fore, be  largely  relied  upon  in  the  study  of  the  high  pass  filter  in  the 
transient  state. 

For  sufficiently  large  values  of  x  (x>4w2)  the  ultimate  behavior  of 
the  filter  is  shown  by  the  asymptotic  formula 

An(t)  ~  (-1)"  [  Jlcos  (x-tt/4).  (2b) 

«    \irx 

Band  Pass  Wave-Filters. 

In  all  the  band  pass  types  of  filters  discussed  below  the  transmission 

band  lies  in  the  frequency  range  between  w\/2tt  and  w2/27r  so  that  the 

band  width  is  (co2  —  ui)/2tt.    We  shall  write  V  o}ico2  =  com  and  co2  —  ui  =  w. 

For  each  type  the  filter  elements  are  determined  by  the  parameters 

o)OT,  w  and  a  third  parameter  7  k  which  may  be  so  chosen  as  to  fix 

the  magnitude  of  the  impedance  of  the  filter. 

7  The  parameter  k  is  equal  to  the  characteristic  impedance,  both  mid-series  and 
mid-shunt,  at  mid-frequency  of  the  confluent  band,  "constant  k"  type  of  wave- 
filter.  See  Theory  and  Design  of  Uniform  and  Composite  Electric  Wave-Filters,  this 
Journal,  Jan.,  1923. 
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The  formulas  for  the  indicial  admittances  of  all  the  band  pass 
filters  are  approximate,  as  stated  above,  and  are  deduced  on  the  as- 
sumption that  the  band  width  is  narrow.  Practically,  however,  as 
regards  the  essential  deductions  drawn  from  them,  they  are  not  so 
restricted  but  are  applicable  to  the  case  of  relatively  wide  bands. 
(See  Appendix  I.) 

There  are,  of  course,  an  infinite  variety  of  band  pass  filters;  the 
ones  investigated  in  the  present  paper  are,  however,  representative 
and  the  conclusions  drawn  from  a  study  of  them  are,  in  their 
general  aspects,  applicable  to  all  types. 


3.  Band  Pass  Wave-Filter,   Type  L\dL2C2,  Fig.  3. 


w 
An(t)  =  — r  J2„(y)  sin  X 
comk 


where  x  =  umt;  y  =  wt/2;  and  the  filter  elements  are  given  by 

Li  =  2k/w,  L2  =  wk/2u2m, 

C,1=w/2jfeu2m,  C2  =  2/wk. 


(3a) 


0 TffffiT^ 


2C, 


c2 


Fig.  3 

This  is  the  "constant  k"  type  of  filter  and,  as  will  be  noted,  the  ele- 
ments are  so  proportioned  that  LiCi=L2C2  =  \/(/m,  and  L\IC%  — 
L2/d=k2. 

From  the  properties  of  Bessel  functions  discussed  in  Appendix  II, 
it  follows  that  An(t)  is  very  small  until  y^2n.  For  values  of  y>2n, 
the  character  of  the  function  is  clearly  exhibited  by  the  following 
approximate  formulas,  although  these  are  not  sufficiently  accurate 
for  the  purposes  of  precise  computation. 

W  I   o 

A  „{t)  =  — r  h2n  »    —  cos  (q2n  y  —  92«)  sin  x  (3b) 

UmR  \  -jry 

w  i  o 

=  o — lh2n\  —  lsin  (*-ff2»3'  +  02»)+sin  {x+q2ny-Q2n)\      (3c) 
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and  ultimately, 
^~^|[sin(,-,+  ^..)+,in(«+,-*=±lI)].(3d) 

^2m  $2*>  ©2n  are  determined  by  the  formulas  given  in  Appendix  II, — 

hn=\l-n2/yiJ' 


and 


qn  =  Vl-n2/y2, 

n      2»+l  •     ,/    /  x 

0„  =  — - — ir  —  n  sin  l(n/y). 


4.  Band  Pass  Wave-Filter,  Type  L1GC2,  Fig.  4. 


w 


An(f)  =-Zj- My)  sin{x-ttT/2) 


(4a) 


where,  as  above,  *  =  wm/;  y  =  wt/2,  and  the  falter  elements  are  given  by 

2 


L1  =  2k/w;  Ci  =  w/2kul2;  C2  = 


*L,        zC, 


o — nswr*- 


L, 


(0Ji-(-W2)^ 

c, 


Fig.  4 


The  approximate  formulas  for  y>»,  are, 

^4  „(/)  =  -^r  h„  J  —  cos  (g„y  -  6„)  sin  (x  -  nw/2)  (4b) 

wffl«         \  Try 

^MA|A[sin(.v-g„y  +  en-n7r/2)+sin(x  +  5ny-0„-W7r/2)]  (4c) 


2a>m&  \   Tp-y 

and  ultimately 


^4n(0~^Al-  [~sin(*- y  +  T/4)+sin(jc+y-^^ir)l.  (4d) 

2a>m£  \  jyL  4  J 


12 
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5.  Band  Pass  Wave-Filter,   Type  L\C\L2,  Fig.  5. 

An{t)=  —.  J„(y)  sin  (x  +  nrr/2) 
ccmk 


(5a) 


where  x  =  umt,  y  =  ivt/2  and  the  filter  elements  are  determined  by 

L\  =  2uik/wu)2 ',    C\  =  w/2kwm ;  L2  =  — jr— ^ —  k. 


{I,         2C, 


o — nswtr^ 


Fig.  5 
The  approximate  formulas  for  y>n  are 

An(t)= — ?  hn  \  —  cos  (g„y - e„)  sin  (x+wtt/2)  (5b) 

wmk        \  iry 

w  I  o 

=  7^— r  h„x  — [s\n(x  —  q„y  +  9„  +  mr/2)+s'm(x-Jrq„y  —  G„  +  nTr/2)]  (5c) 

2umk  \    ttj. 

and  ultimately 
An(t)  «  _?L     |  A  [sin  (.r-J  +  4-^±-1  r)+  sin  (*+y_,/4)jj.       (5d) 

6.  5awJ  Pass  Wave-Filter,   Type  L\L2C2,  Fig.  6. 

i4„(/)  =^  [J„(y)  sin  (x-W7r/2)-/;(y)  cos  (x-nrr/2)]        (6a) 


Id 


c 


6 


o- 


Fig.  6 


where  x  =  umt;  y  =  wt/2;  f„{y)  =d/dy  Jn{y),  and 
2k 


U 


C0x  +  W2 


;  L2  =  7i<k/2u12;    C2  =  2/wk. 
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The  approximate  formulas  for  y>n  are 

A„(t)  = — L  hnA  —  [cos  (g„y-e„)  sin  (x  —  mr/2) 

UmK  \  ^ 

+  5„  sin  (g»y-0n)  cos  (x-rnr/2)]  (6b) 

^  JL  h      \~2\~      (l-ff«)  sin  (*-<Wf  +  e,,-n,r/2)~| 
*wfe     n\^,[_+(l+g„)sin(^;+g^-en-n7r/2)  J 


and  ultimately 

2w      f2~.„:„/'„  ,  .,      4«-fl 

7TJ 


.    ,  ,       2w      I  9 .  .    /              4«-fl    \  ._  .. 

An(t)c»—j-J±sm(x+y j—ir    .  (6d) 


7.  5a«rf  Pa55  Wave-Filter,  Type  CiL2C2,  Fig.  7. 
oomk  \ZumJ 


111! 

+  ^rlMy)  sin  (x  +  mr/2)+J'H(y)  cos  (x+wtt/2)],  (7a) 


where  x  =  wmt;  y  —  wt/2,  and 


Ci=    '     22;  L2  =  wk/2u2m;  C2  =  2u)i/u>a>2&. 
z&com 


iC, 


zn 


Fig.  7 

The  symbol  P  in  the  first  term  denotes  a  "pulse"  at  time  /  =  0;  that  is 

P=  oo  at  t  =  0, 
=  0  for  />0, 


and 
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The  first  term  in  A„(t)  exists  in  consequence  of  the  fact  that  at  the 
instant  the  voltage  is  applied  the  filter  behaves  like  a  pure  capacity 
network.  For  narrow  band  filters  the  factor  (w/2com)n  is  small  so 
that  this  term  does  not  contribute  appreciably  to  the  steady  state. 
As  a  matter  of  fact  in  actual  filters  which  necessarily  have  some  series 
resistance,  it  does  not  exist. 

The  approximate  formulas  for  y  >  n  are 

A„(t)=  —rhnX\—  [cos  (q„y  —  6„)  sin  (x+mr/2)  — 
wm#       \wy 

qn  sin  (q„y  —  Qn)  cos  (x+mr/2)]  (7b) 

w  '  9 

~  — lJl»\i  —  K1+2")  sin  (x-qny-\-e„-\-nir/2)  + 

(l-g»)  sin  (x+qny-en+nir/2)]  (7c) 

and  ultimately 

a  r*\     2w     \~2     .     (  ,  4»+l    \  ,_,. 


7TV 


8.  Discussion  of  Indicia!  Admittances. 

The  indicial  admittances  for  the  low  pass  filter,  that  is,  the  current 
in  response  to  a  steady  unit  e.m.f.  applied  at  time  /  =  0,  are  shown 
in  the  curves  of  Figs.  8,  9  and  10,  for  the  initial  or  zero-th,  the  3rd 
and  the  5th  sections.  These  curves  together  with  the  exact  and  ap- 
proximate formulas  given  above  are  sufficient  to  give  a  reasonably 
comprehensive  idea  of  the  general  character  of  these  oscillations  and 
their  dependence  on  the  number  of  sections  and  the  constants  of  the 
filter. 

It  will  be  observed  that  the  current  is  small  until  a  time  approxi- 
mately equal  to  2n/uc  =  n  V L\Ci  has  elapsed  after  the  voltage  is  ap- 
plied. Consequently  the  low  pass  filter  behaves  as  though  currents 
were  transmitted  with  a  finite  velocity  of  propagation  uc/2  =  l/  V  L\C% 
sections  per  second.  This  velocity  is,  however,  only  apparent  or 
virtual  since  in  every  section  the  currents  are  actually  finite  for  all 
values  of  time>0. 

After  time  t  —  n\L\Ci  has  elapsed  the  current  oscillates  about  the 
value  1/k  with  increasing  frequency  and  diminishing  amplitude. 
The  amplitude  of  these  oscillations  is  approximately 

Vl-(2«/W)2  \  ™ct 
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TABLE  III 
n  L„ 

0  0 

1  t 

2  (-f--2)/213 

3  (73  +  5/)/2232 

4  (-6/4-59/2-58)/22345 

5  (9/5  +  232/3  +  599/)/25355 

6  (24/6-45/4-8m2  +  592)/2436517 

7  ( -  3,753/7  -  44,853/5  - 149,683/3  -  418,583/)/2738527 

8  (540^  +  12,396/6  +  77,283/4+226,939/2  +  217,H2)/2539527 

9  (-5,139/9-416,952/7-4,411,314/5-17,022,320/3-24,039,6190/ 

2U310527 

10  (-728,352/10-2,418,858/8  +  84;239)766/6  +  514,580,817/4 

+428,031,ol7/2-2,293)097,728)/283135371ll 

11  (199,112,985/11+4,293,113,877/9  +  28,888,236,342^ 

+  124,692,719,238^+654,335,303,76U3+2,373,932,511,173/)/ 

213314537211 

TABLE  IV 
n         L'n 

0  0 

1  1 

2  -t/S 

3  (3£2-f5)/2232 

4  (-12^-59i)/21345 

5  (45/4+696/2+599)/25355 

6  (72/5  -  90/3  -  8 1 7/)/2336517 

7  (-26,271*6-224,265/4-449,049/2-418,583)/2738527 

8  (2,160/7+37,188/5  +  154,566/3  +  226,939/)/2439527 

9  (-46,251/8-2,918,664/6-22,056,570/4-  51 ,066,960*2 

-24,039,619)/2113105a7 

10  (-3)641)760^-9,675,432f+252,719,298^+l)029,161,634/3 

+428,031,517/)/273135371ll 

11  (2,190)242,835*10+38,638,024)893;8+202,217,654,394/6 
+623)463,596)190/4+l,963,005)911,283/2+2,373)932,511,173)/ 

213314537211 
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TABLE  V 

n  Rn 

0  0 

1  -//3 

2  (/2  +  5)/223- 

3  (/3-43/)/22345 

4  (-21/4-49/2+112)/24355 

5  (45/5+488^  +  787/)/25367 

6  (-l,056/6-32,103/4-145,639/2-150,452)/2638527 

7  (-2,727/7  +  34,773/5  +  500,803/3  +  l,282,1030/2739527 

8  (9,990/8  +  112,614/6  +  62,577/4-  1,193,539/2-  l,732,352)/283105a7 

9  ( -  28,663,299/9  -  723,162,744/7  -  4,907,564,946*5 

- 14,409,113,392/3 -22,453,298,291/)/2u3135371ll 

10         (12,763,008*10  +  897,127,182/8  +  ll,273,606,766/6 

+  58,618,777, 197/4  + 161, 552,157,577/2+ 172,910,387,072)/ 

293145s72ll 


TABLE  VI 

n 

Mn 

0 

0 

1 

0 

2 

1/12 

3 

0 

4 

0 

5 

0 

6 

- 1/360 

7 

0 

8 

0 

9 

0 

10 

1/1260 

■1 


0  1  2  3  4  5  6  7  8  9  10  II  12         13  14         15 


3456789  10 

Values   of  a 

Fig,  1.— Probability  Curves  Showing  Poisson'a  Exponential  Summation  P  =  l  —  1 1  +  JL  +  2-  . 
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and  their  instantaneous  frequency  (measured  by  intervals  between 
zeros) 

|Vl-(2»/^)2. 

The  oscillations  are  therefore  ultimately  of  cut-off  or  critical  frequency 
wc/2tt  in  all  sections,  but  this  frequency  is  approached  more  and 
more  slowly  as  the  number  of  filter  sections  is  increased.8 

The  indicial  admittances  of  the  band  pass  filter,  type  L1C1L2C2,  are 
shown  in  Figs.  11,  12  and  13  for  the  initial,  the  3rd  and  the  5th  sec- 
tions. These  curves  show  not  the  actual  oscillations  but  their  envelopes. 
That  is  to  say  the  curves  must  be  multiplied  by  sin  wmt  to  give  the 
actual  oscillations.  The  "mid-frequency"  ww/27r  may  therefore  be 
regarded  as  the  "carrier  frequency"  which  is  modulated  by  the  rela- 
tively low  frequency  oscillations  shown  in  the  curves. 

Comparison  of  the  formulas  for  the  indicial  admittances  of  the 
band  filters  of  type  L\C\Ci  and  L1C1L2  with  that  of  type  L1C1L2C2 
shows  that  these  curves  are  applicable  to  the  two  former  types  pro- 
vided the  number  of  sections  is  doubled  and  the  phase  of  the  oscilla- 
tions of  frequency  w,„/27r  is  correctly  modified. 

Referring  to  Figs.  11,  12,  13  it  will  be  observed  that  the  oscillations 
are  small  until  time  t  =  4n/w;  consequently  they  are  transmitted  with 
an  apparent  velocity  of  propagation  roughly  equal  to  w/4.  =  1/2  V  L1C29 
sections  per  second. 

After  time  t  =  4n/w,  the  low  frequency  oscillations  shown  in  the 
curves  are  of  increasing  frequency  and  diminishing  amplitude,  their 
envelope  being  roughly  equal  to 


TTlVt 


w    r 

oomky  '■ 
The  actual  oscillations  are  analyzable  into  two  frequencies 

l(.„+^l-(inM;y)  and   £(*.-£ J 1 -<*./*>•) 

so  that  the  ultimate  oscillations  are  of  the  two  critical  frequencies 

—  (wm+w/2)  and  —  (com  —  w/2). 
Zir  Zir 

8  For  curves  showing  the  indicial  admittance  of  the  low  pass  filter  when  n  is  very 
large,  the  reader  is  referred  to  Transient  Oscillations,  Trans.  A.  I.  E.  E.,  1919. 

9  For  types  LiCiC2  and  L1C1L2  the  velocity  in  sections  per  second  is  double  this. 
This  corresponds  to  the  fact  that  two  sections  of  these  types  are  approximately 
equivalent,  as  regards  their  selectivity,  to  one  section  of  type  L1GL2C2. 
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For  both  the  low  pass  and  band  pass  filters  the  oscillations  of  the 
indicial  admittances  are  of  continuously  variable  frequency  which  traverses 
the  frequency  transmission  band  and  ultimately  reaches  the  critical  fre- 
quencies of  the  filter.10 

The  indicial  admittances  of  the  band  pass  filter,  type  LiL2C2  are 
shown  in  Figs.  14,  15,  16  for  the  initial,  the  6th  and  10th  sections.11 
The  curves  show  the  oscillation  envelopes  V (J2„  +  J'l),  whereas  the 
actual  oscillations  are  within  a  constant, 


y/\Jl{wt/2)  +  J'l(wt/2)  ]  sin(wM/  -  nw/2  -  0„) , 

where  6„  =  tan-1  (/„'//„).     F°r  a  narrow  band  filter  the  variation  in 
the  phase  angle  0„  is  very  slow. 

The  principal  difference  between  these  curves  and  the  correspond- 
ing curves  for  type  LiCiL2C2  is  that  the  envelope  of  the  oscillation 
does  not  go  through  zero  as  in  the  latter.  In  addition  the  oscilla- 
tions are  ultimately  of  a  single  frequency  —   (co^+w/2)  while  for  type 

2ir 

C1L2  dthe  ultimate  frequency  is  —  («m  —  w/2). 

2ir 

The  indicial  admittance  of  the  high  pass  filter,  shown  in  the  curves 
of  Figs.  17,  18,  19,  20  for  the  initial,  the  1st,  2nd  and  3rd  sections, 
differs  in  important  respects  from  those  of  the  low  pass  and  band  pass 
filters.  In  the  first  place  the  current  jumps  instantaneously  to  its 
maximum  value  1/k  in  all  sections,  so  that  the  velocity  of  propagation 
is  infinite.12  After  this  initial  jump  the  current  oscillates  with  de- 
creasing frequency  and  decreasing  amplitude,  the  oscillation  frequency 
becoming  ultimately  the  critical  or  cut-off  frequency  uc/2ir.  The 
initial  frequency  and  the  time  required  for  "the  oscillation  frequency 
to  reduce  to  wc/2ir,  increases,  practically  linearly  with  the  number  of 
sections.  The  oscillation  frequency  varies  continuously  and  traverses 
the  frequency  transmission  range  of  the  filter  from  infinite  frequency 
(represented  by  the  initial  jump)  down  to  the  critical  frequency  of  the 
filter,  below  which  it  attenuates  sinusoidal  currents. 

10  From  a  purely  mathematical  viewpoint,  this  fact  explains  the  transmission, 
without  attenuation,  of  a  continuous  band  of  frequencies. 

11  These  curves  are  applicable  to  the  GL0C2  type  of  band  pass  filter,  due  regard 
being  had  to  difference  in  phase,  and  to  the  initial  jump  of  current.  See  formulas 
(6a)  and  (7a). 

12  This  is,  of  course,  a  consequence  of  the  assumption  of  zero  series  inductance 
and  shunt  capacity.  Actually,  of  course,  the  circuit  must  include  a  finite  amount 
of  both. 
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IV.    The  Building-Up  of  Alternating  Currents  in  Wave- 
Filters 

If  an  e.m.f.  sin  (w/+6)  is  applied  to  the  low  pass  wave-filter  (type 
L1C2)  at  time  t  =  0,  then  by  formulas  I  and  (la),  the  resultant  current 
in  the  wth  section  builds  up  in  accordance  with  the  expression 

t|  sinG  /  J2n(xi)  cos\(x—xi)dxi+  cosQJ  72»(*i)  sm\(x  —  xi)dxi  |, 

where  x  =  uct  and  X  =  u/uc. 

For  the  band  pass  filter,  type  L1GL2C2,  the  corresponding  formula, 
based  on  the  approximations  discussed  in  the  preceding,  is  by  I  and 
(3a). 

Jsln(fiy  +  Q)j~  Jmiyi)  cos  (X-/x)  (y—y^dyi 

-fcos  (ny+Q)j '  Jon(yi)  sin  (x-/*)  (y-y0<*yij 

where  y  =  wt/2;  \  =  2u/w;  and  n  =  2um/w  so  that  ny  =  umt.  Similar 
formulas  are  deducible  for  the  other  types  of  band  pass  filters  con- 
sidered  in   the  preceding  section. 

Comparison  of  these  formulas  shows  that,  in  both  the  low  pass  and 
band  pass  wave-filters,  the  genesis  and  growth  of  the  current  in  re- 
sponse to  an  e.m.f.  sin  (co/  +  0),  applied  at  time  t  =  0,  is  mathematically 
determined  by  definite  integrals  of  the  form 


and 


SH(z]  v)  =  I    Jn{zi)  sin  v(z  —  Zi)dzu 

Jo 

Cn(z\  v)  =Jo  7„(zi)  cos  v(z— Zi)dzt. 


These  integrals  13  have  been  extensively  studied  in  the  course  of 
this  investigation;  their  general  pioperties  and  the  appropriate  meth- 
ods of  computation  are  discussed  in  Appendix  III. 

The  subsidence  of  the  current,  when  a  sinusoidal  e.m.f.  is  removed, 
is  also  determined  by  the  above  formulas  for  the  low  pass  and  band 
pass  filters.  To  show  this  suppose  that  prior  to  the  reference  time 
t  =  0,  that  steady-state  currents  are  flowing  in  the  filter  in  response 

15  The  writers  take  pleasure  in  acknowledging  their  indebtedness  to  T.  H.  Gronwall, 
consulting  mathematician,  who  furnished  asymptotic  formulas  for  the  computation 
of  these  integrals.     See  Appendix  III. 
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to  an  e.m.f.  sin  (wt-\-Q),  which  is  removed  at  time  /  =  0.  We  can 
represent  this  condition  correctly  by  regarding  the  e.m.f.  sin  (co/+0) 
as  continuing,  while  a  negative  e.m.f.,  — sin  (co/+9),  is  applied  at  time 
/  =  0.     The  resultant  current  for  t^O,  is  then 

a„(co)  sin  (co/-f  9)+/3„(oo)  cos  (o?/  +  0) 

—  r- [sin  0C2«(x;X)+cos  0-52n(x;  X)] 
k 

for  the  low  pass  filter  with  a  corresponding  expression  for  the  band 
pass.  «„(o))  and  /3„(a>)  are  the  real  and  imaginary  parts  of  the  steady 
state  admittances  of  the  filter  at  frequency  w/2t. 

Figs.  21-32  exhibit  the  phenomena  attending  the  building-up 
of  alternating  currents  in  the  low  pass  filter  for  a  sufficient  number  of 
representative  cases  to  show  the  effects  of  the  length  of  the  filter  and 
the  applied  frequency.  For  coct>25,  the  curves  represent  the  transient 
distortion,  that  is  the  difference  between  the  final  steady  state  and 
actual  current.  For  coc/<24  the  actual  current  is  shown.  An  im- 
portant outstanding  result  which  follows  from  a  study  of  these  curves 
and  the  formulas  of  Appendix  III  may  be  stated  as  follows: 

The  time  T  required  for  an  alternating  current  of  frequency  u/2ir  to 
build  up  to  its  proximate  steady  state  in  the  nth  section  of  a  low  pass  wave- 
filter  is  given  approximately  by  the  formula 


"c  \/l-(«/W)2" 

The  first  factor  2n/coc  represents  the  delay  due  to  the  apparent  finite 
velocity  of  propagation,  ivhile  the  second  factor  represents  the  effect  of 
the  applied  frequency  in  its  relation  to  the  cut-off  frequency  of  the  filter. 
This  formula  is  a  rather  rough  approximation  when  the  number  of 
sections  n  is  small.  Furthermore  the  time  at  which  the  current  reaches 
its  proximate  steady  state  does  not  admit  of  precise  definition.14 
Nevertheless  the  formula  is  in  substantial  agreement  with  the  facts  as 
regards  the  effect  of  a  number  of  filter  sections,  cut-off  frequency  and 
applied  frequency  on  the  phenomena,  and  is  of  great  practical  im- 
portance.15 

14  Actually  the  time  T  corresponds  to  a  singularity  in  the  mathematical  formulas. 
See  Appendix  III. 

16  This  formula  has  been  applied  in  the  design  of  periodically  loaded  cable  circuits, 
which  are  of  such  length  in  the  Bell  System  as  to  make  transient  phenomena  a 
factor  which  must  be  taken  into  account.  The  formula  is  in  close  agreement  with 
a  large  amount  of  experimental  evidence. 
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The  transient  distortion,  it  is  interesting  to  note,  is,  as  regards  fre- 
quency, independent  of  the  applied  frequency,  and  ultimately  attains 
the  cut-off  frequency  of  the  filter.     Its  envelope  is  ultimately 


>/W 


k  l-{ta/tac)2  \  TUct 

when  a  voltage  sin  cot  is  applied,  and 
1  1 


k  1  -  (<a/tac)2  \  T(i}ct 

when  a  voltage  cos  cat  is  applied. 

Figs.  33  and  34  show  the  form  of  the  current  in  the  5th  section 
when  sinusoidal  voltages  sin  cat  and  cos  tat  of  frequency  25  per  cent 
above  the  cut-off  frequency  of  the  filter  are  applied.  The  transient 
current  shown  in  the  curves  increases  in  frequency  up  to  the  critical 
frequency  of  the  filter,  the  oscillations  being  ultimately  given  by 

1        ta/tac          l~2~         .         ~2n+l   . 
h  (    I     \2 — T  \  cos  W a~w) 

and 

sin  {tact  —  - — -. — 7r) 


k  (w/a>c)2  — 1  \  Ta)ct 

corresponding  respectively  to  applied  voltages  sin  tat  and  cos  cat. 
The  amplitude  of  these  transient  oscillations  are  enormous  compared 
with  the  final  steady  state,  and  the  curves  furnish  a  clear  illustration 
of  the  fact,  stated  in  a  previous  part  of  this  paper,  that  the  selective 
properties  of  wave-filters  are  essentially  properties  of  the  steady  state 
only. 

Figs.  35-41  show  the  building-up  phenomena  in  the  band  pass 
filter,  type  L1C1L2C2,  and  are  applicable  also  to  types  L\C\Ci  and 
L1C1L2  when  proper  values  are  assigned  to  the  constants  and  para- 
meters.16 The  curves  actually  show  the  envelopes  of  the  oscillations 
which  are  of  slowly  variable  frequency  in  the  neighborhood  of  tam/2ir. 

A  study  of  these  curves  and  the  formulas  of  Appendix  III  lead  to  the 
following  proposition,  analogous  to  that  stated  above  for  the  low  pass 
filter. 

The  time  T  required  for  an  alternating  current  of  frequency  w/2ir 
within  the  transmission  range  w/2t  of  a  band  filter  to  build  up  to  its 

16  n  sections  of  type  L\C\L-iCi  are  approximately  equivalent  to  In  sections  of 
type  L1C1C2  or  of  type  L1C1L2. 
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proximate  steady  state  in  the  nth  section  is  given  approximately  by  the 
form  it  Ja 

4«  1 


T  = 


w 


[^C-iM2] 


L/2 


for  type  L1C1L0C2  and  one  half  this  amount  for  the  other  types  of  band 
pass  filters  discussed  in  this  paper. 

These  curves  show  the  envelope  of  the  oscillations  with  fidelity  but 
are  not  well  adapted  to  exhibit  theactual  frequencies.  These  are 
given  by  the  formula 

VC-+S2  sin  [oW+e+tan-KS/C)] 
where  C  and  5  denote  the  definite  integrals 

fwt    2(w  —  com)\  ,  /rvt    2(co  — wm)\ 

The  envelope  is  therefore  substantially  independent  of  the  phase 
angle  0  of  the  applied  e.m.f.  The  frequency  is  ultimately  the  applied 
frequency  cj/27t.  The  transient  distortion  is  analyzable  into  two 
frequencies 

h  (""^I \'  l  ~  (4w/W/)2)   and  kr  (""' "  \ \'  X  ~  ^n'U'W)  ' 
and  its  envelope  is  ultimately 


1-4 


("-^-1 


4 
\  irwt 


The  building-up  of  alternating  currents  in  the  high  pass  filter  has 
been  investigated  only  qualitatively  owing  to  the  extremely  laborious 
computations  required.     The  process  is  essentially  different  from  that 
in  the  low  pass  and  band  pass  filters.     When  an  e.m.f.  sin  (cof+9)  is 
applied  the  current  in  all  sections  jumps  instantly  to  the  value 

rsin  (co/  +  6). 
k 

Therefore  the  process  depends  on  the  applied  frequency.  If  the 
applied  frequency  is  within  the  transmission  band  (w>coc),  the  current 
builds  up  to  its  ultimate  frequency,  the  time  required  being  given 
approximately  by  the  formula 

T_  2nuc 


(by  the  principle  of  stationary  phase;  see  footnote  31). 
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It  thus  requires  an  infinite  time  when  the  applied  frequency  is  equal 
to  the  critical  frequency  while  infinite  applied  frequencies  build  up 
instantly. 

When  the  applied  frequency  is  outside  the  transmission  band,  the 
current  subsides  to  its  steady  value,  the  time  required  being  pro- 
portional to  the  ratio  n/<ac  and  decreasing  as  the  applied  frequency  is 
decreased. 

The  fact  that  the  initial  value  of  the  current  is  of  the  same  order 
of  magnitude  as  that  of  steady  state  currents  in  the  transmission 
range  is  an  outstanding  feature  of  the  process  and  reflects  the  failure 
of  the  selective  properties  of  this  type  of  filter  in  the  transient  state. 

V.  The  Energy  Absorbed  from  Transient  Applied  Forces 

In  only  a  relatively  few  cases  is  the  solution  for  the  transient  current, 
in  response  to  suddenly  applied  forces,  reducible  to  a  manageable 
form,  which  admits  of  interpretation  or  of  computation  without 
prohibitive  labor.  Fortunately,  however,  _  it  is  usually  possible  to 
calculate  the  energy  absorbed  by  a  receiving  element  in  a  selective 
network  from  suddenly  applied  forces  of  finite  time  duration  and 
such  a  calculation  throws  a  great  deal  of  light  on  the  general  proper- 
ties of  selective  circuits  in  the  transient  state.  The  calculation  is 
based  on  formulas  VI  to  IX  of  Section  II. 

A  particularly  important  example  is  the  energy  absorbed  from  the 
force  sin  (pt+Q),  applied  at  time  /  =  0  and  removed  at  time  t—T. 
If  the  energy  is  averaged  with  respect  to  the  phase  angle  9,  we  get  17 

rxrrmiV/  =  l  r     d"     (i-cosM)r     l-CQs(M+/.)r) 

Jo      l    WJ  2tJ0      \Z(io>)\*\  (co-py  (co+£)2  C 

If  p/2ir  is  in  the  neighborhood  of  the  frequency  which  the  network 
is  designed  to  select,  this  becomes  approximately 

In  the  steady  state  the  time  integral  of  the  square  of  the  current  in 
response  to  the  e.m.f.  sin  (pt-\- 6)  during  the  time  interval  T  is  simply 
T/2\Z(ip)\2.     The  expression 

\Z(ip)\2    fx  l-cos(co-p)T       du 

tT       Jo  (u-p)2  |ZO)|2  w 

is  therefore  the  relative  amount  of  energy  actually  absorbed  from  the 

17  Here  Z(iu>)  is  the  steady-state  transfer  impedance  and  the  integral  measures 
the  energy  absorbed  by  a  unit  resistance  in  the  receiving  branch. 
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force  sin  (pt-\-Q)  acting  during  the  time  interval  T,  to  that  calculated 
on  the  assumption  of  a  steady  state  in  this  interval. 

Calculations  of  these  formulas  are  of  particular  interest  and  im- 
portance in  multiplex  carrier  telephone  and  telegraph  systems  where 
they  furnish  a  measure  of  the  interference  between  channels  operating 
at  different  frequencies. 

In  order  to  exhibit  clearly  the  significance  of  the  formulas  wilhout 
detailed  computation,  consider  an  ideal  selective  circuit,  for  which 
in  the  range  coi^co^co2,|Z(ico)|  =  ZT  (a  constant)  and  everywhere  else 
\Z(iu)\=Zs  (a  constant,  very  large  compared  with  ZT).  Under 
these  assumptions,  formulas  (8)  and  (9)  become  approximately,  for 
the  case  when  />>o>2, 

T  _1 co2  —  COi  1  ,„    s 

2Z\        2ir(p  —  o>2)   (p  —  coi)Zx 
and 

\  7Ti    ZtKP  —  ^2)    {p  —  Wl)/ 

These  formulas  admit  of  some  quite  interesting  deductions  which 
are  applicable  to  band  filters  in  general. 

(1)  The  energy  absorbed  in  excess  of  that  calculated  in  the  steady 
state  basis  is 

1  COo- Wi  1 

2ir(p  —  oj2)  {p  —  wi)ZY 

This  is  independent  of  the  duration  of  the  applied  force  and  of  the 
degree  to  which  the  filter  discriminates  against  steady  state  currents 
outside  the  frequency  range  coi^co^oj2.  It  is  proportional  to  the 
band  width  and  inversely  to  the  product  {p  —  wz)  (p  —  ooi).  It  follows 
therefore  that  no  amount  of  selectivity  will  appreciably  reduce  the  energy 
absorbed  from  a  sinusoidal  force  of  finite  duration  outside  the  transmission 
range  of  the  filter,  below  the  value  given  above. 

(2)  The  fractional  excess  of  energy  absorbed  is  given  by 

1     (Zs  \2  co2  — COi 

ttT  \Zt)   (p  —  u?)  (p  —  o>i)' 

This  decreases  with  the  duration  of  the  applied  force  but  increases  as 
the  square  of  the  selectivity  (ZS/ZT)  of  the  filter.  Hence  for  forces  of 
short  duration  the  energy  absorbed  may  be  very  large  compared 
with  that  calculated  on  the  steady  state  basis. 
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VI.     Random  Interference 

We  have  hitherto  confined  attention  to  the  transient  phenomena 
when  the  form  of  the  applied  voltage  was  explicitly  given.  In  the 
problem  of  the  behavior  of  wave-filters  and  selective  circuits  in  general 
to  such  disturbances  as  "static"  in  radio  transmission  and  "noise" 
in  wire  transmission  this  is  not  the  case,  and  the  applied  force  is 
usually  more  or  less  completely  random.  By  this  it  is  meant  that 
the  interfering  disturbance,  which  may  be  supposed  to  originate  in 
a  large  number  of  unrelated  sources,  varies  in  an  irregular,  uncon- 
trollable manner,  and  is  characterized  statistically  by  no  predominant 
frequency.  Consequently  the  wave  form  of  the  applied  force  at  any 
particular  instant  is  entirely  indeterminate.  This  fact  makes  it 
necessary  to  treat  the  problem  as  a  statistical  one,  and  deal  with 
mean  values.  In  the  following  we  shall  derive  formulas  for  the  mean 
energy  absorbed  from  random  interference;  and  then  define  and 
discuss  the  selective  figure  of  merit  of  networks  with  respect  to  random 
interference. 

The  mathematical  treatment  of  the  problem  will  be  based  on 
formulas  VI  to  VIII  of  section  II.  To  apply  these  formulas  to  the 
problem  of  random  disturbances  and  their  effect  on  selective  net- 
works, consider  a  long  interval  of  time,  or  epoch,  say  from  0  to  T. 
During  this  epoch  we  suppose  that  the  network  is  subjected  to  a 
large  number  of  individual  impressed  forces  fi(t),f2(t)  ...fn(f), 
which  are  unrelated  and  vary  in  intensity  and  wave  form  in  an  irreg- 
ular, indeterminate  manner,  and  thus  constitute  wThat  will  be  called 
random  interference.     If  we  write 

2 (0-/i(0+AW+-- .-.+/»«. 

then  by  VI, ^    (t)  is  representable  as  a  Fourier  integral,- thus: 

while,  in  accordance  with  formula  VIII,  the  energy  absorbed  by  the 
selective  network  from  this  random  interference  is  measured  by  18 


IT  J  ft 


W'=-      ^4U 


ZMi2 

Z(«w)| 


UO. 


18  It  should  be  clearly  understood  that  Ziioi)  is  the  transfer  impedance  of  the 
receiving  with  respect  to  the  driving  branch  of  the  network,  and  that  W  is  the 
energy  absorbed  by  a  unit  resistance  located  in  the  former. 
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We  now  introduce  the  function  R(u>)  which  will  be  termed  the 

energy  spectrum  of  the  random  interference,  and  which  is  defined  by 
the  equation 

R{^)=^\F^)\\  (10) 

Dividing  both  sides  by  T  and  writing  W,  T  =  e,  formula  VIII  becomes 


—  f 


\Z(iu)\ 


du.  (11) 


Both  e  and  R(co)  become  independent  of  T  provided  the  epoch  is 
made  sufficiently  great,  and  e  measures  the  mean  energy  absorbed  per 
unit  time  from  the  random  interference.  The  practical  significance 
of  this  formula  is  contained  in  the  statement  that  the  required  function 
of  the  selective  network,  as  regards  random  interference,  is  to  minimize 
the  ratio  of  e  to  the  signal  energy.  Consequently  this  ratio  furnishes  an 
index  of  the  merit  of  the  network. 

In  order  to  rigorously  evaluate  the  integral  of  formula  (11)  the 
energy  spectrum  i?(w)  of  the  interference  must  be  completely  specified 
over  the  entire  interval  of  integration.  Obviously  this  information 
cannot  be  deduced  without  imposing  some  restrictions  on  the  char- 
acter of  the  interference,  or  making  some  hypothesis  regarding  the 
mechanism  in  which  it  originates.  On  the  other  hand  if  the  forces 
fiit),  fi(t)  .  .  .f„{t)  are  absolutely  random  in  a  strict  mathematical 
sense,  it  would  appear  that  all  frequencies  are  equally  probable  in  the 
spectrum  R(to)  and  that,  consequently,  the  most  probable  energy  dis- 
tribution is  that  which  makes  R(w)  a  constant,  independent  of  a>. 
This  inference,  however,  has  not  been  theoretically  established; 
indeed,  the  problem  does  not  appear  to  admit  of  satisfactory  solution 
by  the  calculus  of  probabilities.  Furthermore,  deductions  based  on 
the  assumption  that  the  interference  is  random  in  a  strict  mathemati- 
cal sense  might  well  be  inadequate  for  the  applications  contemplated, 
and  the  "most  probable"  spectrum  in  serious  disagreement  with  the 
spectrum  of  the  actual  interference  19  to  which  we  wish  to  apply  the 
results  of  the  present  study. 

Fortunately,  in  view  of  these  difficulties,  a  complete  specification 
of  R(oj)  is  not  at  all  necessary  for  a  practical  solution  of  the  problem. 
This  is  a  consequence  of  the  following  facts: 

19  For  example,  the  spectrum  of  the  interference  presented  to  the  terminals  of  the 
selective  network  will  be  modified  by  the  characteristics  of  the  "transducer,"  over 
which  the  disturbances  are  transmitted.  Thus  both  in  radio  and  wire  systems, 
the  greater  attenuation  suffered  in  transmission  by  high  frequencies,  will  reduce  the 
relative  intensity  of  the  high  frequency  part  of  the  spectrum. 
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(a)  In  the  case  of  efficient  selective  networks,  the  important  con- 
tributions to  the  integral  (11)  are  confined  to  a  finite  continuous  range 
of  co  which  includes,  but  is  not  greatly  in  excess  of,  the  range  which 
the  network  is  designed  to  select.20  This  fact  is  a  consequence  of  the 
impedance  characteristics  of  selective  networks  and  of  the  following 
properties  of  the  spectrum  i?(co). 

(b)  R{<a)  is  a  continuous,  finite  function  of  co  which  converges  to 
zero  at  infinity  and  is  everywhere  positive.  It  possesses  no  sharp 
maxima  or  minima,21  and  its  variation  with  respect  to  co,  where  it 
exists,  is  slow.  These  properties  of  i?(co)  are  believed  to  be  evident 
from  physical  considerations,  and  will  not  be  elaborated. 

Now  referring  to  formula  (11),  since  the  numerator  and  denominator 
of  the  integrand  are  everywhere  positive,  it  follows  that  a  value 
cem  of  co  exists,  such  that 


e=-R{<*m)f 

7T  Jn 


do: 


o      \Z(iu)f 

Now  suppose  that  the  network  is  designed  to-select  frequencies  in  the 
range  coi^co^coo.  Then  from  the  properties  of  the  network  and  of 
the  spectrum  R(u>)  discussed  above,  it  follows  that  wm  lies  close  to,  or 
within,  the  range  coi^co^co2.  In  any  case,  if  the  band  co2  —  coi  is 
made  so  narrow  that  the  curvature  of  R(oj)  over  the  interval  is  negligi- 
ble, then  with  negligible  error  <am  may  be  taken  as  2r  times  the  "mid- 
frequency"  of  the  band.  That  is  to  say,  with  negligible  error,  com 
may  be  defined  either  as  (coi+co2)/2  or  as  \A01c02. 

The  foregoing  argument  may  be  summarized  in  the  following 
proposition : 

The  mean  energy  e  absorbed  per  unit  time  from  random  interference  by 
a  selective  network  designed  to  select  the  band  of  frequencies  corresponding 
to  coi^co^co2  is  measured  by  the  formula 

6  =  -PR(um),  (12) 


where  p  denotes  the  infini'.e  integral 

P~J0       |Z(ico) 


20  This  statement  excludes  from  present  consideration  networks,  which,  like  the 
high  pass  filter,  select  an  infinite  band  of  frequencies.  This  limitation,  however,  is 
of  no  practical  consequence,  because  such  networks  are  quite  useless  as  regards 
random  interference.     This  question  will  be  briefly  discussed  later. 

21  The  existence  of  sharp  maxima  and  minima  would  indicate  the  presence  of 
systematic  interference,  which  should  not  be  regarded  as  part  of  the  random  inter- 
ference. 
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and  R(<jo,„)  is  the  spectral  energy  level  of  the  interference  at  frequency 
o}m/2ir.  com  lies  close  to  or  within  the  band  coi  <co  <w2,  and  when  this  band 
is  sufficiently  small  with  respect  to  the  curvature  of  i?(co),  oim/2ir  may  be 
take?i  as  the  mid-frequency  of  the  band. 

Formula  (12)  is  of  very  considerable  practical  and  theoretical  im- 
portance. It  furnishes  a  basis  for  the  experimental  determination 
of  the  energy  spectrum  R(w),  and  this  determination,  for  any  given 
epoch,  can  be  made  as  accurate  as  desired  by  employing  a  band  filter 
which  selects  a  sufficiently  narrow  band  of  frequencies.  It  also  leads 
immediately  to  the   following  important  proposition. 

If  a  selective  network  is  required  to  select  the  band  of  frequencies  cor- 
responding to  wi^co^w2,  the  mean  energy  absorbed  per  unit  time  by 
the  network  from  random  interference  is  necessarily  greater  than 

1    /**    R(u)         .  1      .     .    r»_da_ 

7JL  \zi^?do)=-RMi,  I^Mf  (13) 

This  formula,  therefore,  determines  the  theoretical  limit,  beyond  which 
it  is  not  possible  to  discriminate  against  random  interference. 

We  are  now  prepared  to  introduce  a  formula  which  defines  the 
figure  of  merit  of  a  selective  network  with  respect  to  random  interference. 
This  formula  gives  the  signal-to-random-interference  energy  ratio  of 
the  network  as  compared  with  the  corresponding  ratio  in  an  ideal  refer- 
ence circuit  (defined  below). 

Let  the  network,  as  above,  be  designed  to  select  frequencies  in  the 
band  coi^a)^co2.  Then  the  energy  absorbed  per  unit  time  from 
steady-state  forces  in  this  frequency  range  is  proportional  to 


_    i    r 

Cd2 —  COi  Joii 
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U    |Z(w)|»" 

The  corresponding  mean  energy  absorbed  from  random  interference 
is  proportional  to 

r°°     dco 

P~Jo       |Z(ico)|2 

when  the  energy  level  of  the  interference  is  corrected  to  unity. 

The  ratio  S  =  <x/p  defines  the  selective  figure  of  merit  of  the  network 
with  respect  to  random  interference. 

Stated  in  words,  the  selective  figure  of  merit  of  a  network  with  respect 
to  random  interference  is  equal  to  the  statistical  signal-to-random-inter- 
ference  energy  ratio,  divided  by  the  corresponding  ratio  in  an  ideal  band 
filter  which  transmits  without  loss  all  frequencies  in  a  uunit"  band 
(co2  —  oil  — 1)»  o,nd  absolutely  extinguishes  all  frequencies  outside  this  band. 
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In  the  foregoing  argument,  the  theoretical  limitations  have  been 
carefully  pointed  out  and  even  emphasized.  In  practical  applications, 
however,  it  is  believed  that  these  limitations  are  of  small  or  negligible 
importance,  and  that  the  formula  for  and  definition  of  the  selective 
figure  of  merit  furnish  all  the  information,  as  regards  the  behavior  of 
selective  circuits  to  random  interference,  which  we  are  in  a  position 
to  make  use  of.  Thus  the  formula  is  immediately  applicable  to  the 
problem  of  determining  the  effect  of  bandwidth,  number  of  sections, 
dissipation,  and  terminal  reflections  on  the  selectivity  of  filters 
with  respect  to  random  interference.  It  furnishes  likewise,  a  means  of 
estimating  the  comparative  merits  of  the  very  large  number  of  circuits 
which  have  been  invented  for  the  purpose  of  eliminating  "static" 
in  radio  communication,  and  leads  to  general  deductions  of  practical 
value  regarding  the  inherent  limitations  imposed  on  the  solution  of 
the  "static"  problem. 

The  utility  and  significance  of  the  foregoing  formulas  will  now  be 
illustrated  by  application  to  some  representative  selective  circuits. 
It  is  easily  shown  that,  to  a  good  approximation,  in  the  case  of  the  low 
pass  filter  (tvpe  LiC2) 

S= ! 

coc(l  +  l/16«2)' 
and  for  the  band  pass  filter  (type  L\C\L<iC-i) 

S-  X 


a/(l  +  l/16«2)" 

In  these  formulas  n  denotes  the  number  of  filter  sections  while  uc 
is  2t  times  the  cut-off  frequency  of  the  low  pass  filter  and  w  is  2x 
times  the  transmission  band  width  of  the  band  filter.  In  both  cases 
the  filters  are  assumed  to  be  terminated  in  their  characteristic  im- 
pedances and  to  be  non-dissipative.'22  These  formulas  show  at  once  the 
effect  of  band  width  and  number  of  sections  n  on  the  behavior  of  wave- 
filters  to  random  interference,  and  lead  to  the  following  proposition. 

In  filters  designed  to  select  a  band  of  frequencies  of  width  w,  the  ratio 
of  energy  transmitted  through  the  network  by  the  signal  and  by  random 
interference  is  inversely  proportional  to  the  band  width  and  increased  in- 
appreciably when  the  number  of  sections  is  increased  beyond  two. 

As  regards  the  effect  of  dissipation,  a  second  proposition  is  deducible. 

The  effect  of  introducing  dissipation  into  a  network  designed  to  select 
a  single  frequency  or  a  band  of  frequencies  is  always  such  as  to  reduce 
the  ratio  of  signal  energy  to  that  absorbed  from  random  interference. 

22  These  approximate  formulas  are  in  very  good  agreement  with  actual  calcula- 
tions for  filters  terminated  in  resistances. 
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An  inference  drawn  from  the  study  of  band  niters  in  the  preceding 
section  may  be  stated  as  follows: 

The  selective  figure  of  merit  of  a  wave-filter  designed  to  select  a  finite 
band  of  frequencies  is  approximately  proportional  to  the  minimum  time 
required  for  sinusoidal  currents  within  the  transmission  band  to  build  up 
their  approximate  steady  values,  divided  by  the  number  of  filter  sections. 

Another  circuit  of  practical  interest,  which  has  been  proposed  as 
a  solution  of  the  "static"  problem  in  radio-communication  consists 
of  a  series  of  sharply  tuned  oscillation  circuits,  unilaterally  coupled 
through  amplifiers.23  This  circuit  is  designed  to  receive  only  a  single 
frequency  to  which  all  the  individual  oscillation  circuits  are  tuned. 
The  figure  of  merit  of  this  circuit  is  approximately 

S=L  22«-2[(w-l)!]2 


R        (2n-2)! 


where  n  denotes  the  number  of  sections,  or  stages,  and  L  and  R  are 
the  inductance  and  resistance  of  the  individual  oscillation  circuits. 
The  outstanding  fact  in  this  formula  is  the  slow  rate  of  increase  of 
5  with  the  number  of  stages.  For  example,  if  the  number  of  stages  is 
increased  from  1  to  5,  the  figure  of  merit  increases  only  by  the  factor 
3.66,  while  for  a  further  increase  in  n  the  gain  is  very  slow.  This  gain, 
furthermore,  is  accompanied  by  a  serious  increase  in  the  "sluggish- 
ness" of  the  circuit;  that  is,  in  the  particular  example  cited,  by  an  in- 
crease of  5  to  1  in  the  time  required  for  signals  to  build  up  to  their 
steady-state.24 

The  outstanding  deduction  of  practical  importance  to  be  drawn 
from  the  preceding  is  that,  as  regards  disturbances  which  are  pre- 
dominantly random,  irregular,  or  discontinuous,  it  is  useless  to  employ 
selective  circuits  of  extremely  high  selectivity.  The  gain  in  signal- 
to-interference  ratio  is  very  small  when  the  selectivity  is  increased 
beyond  a  moderate  amount,  and  is  only  gotten  by  making  the  circuit 
relatively  sluggish  and  slowly  responsive. 

The  preceding  discussion  is,  for  the  reasons  discussed  above,  not 
applicable  to  selective  circuits  like  the  high  pass  filter,  which  transmit 
an  infinite  band  of  frequencies.  Considerable  information,  however, 
regarding  the  behavior  of  the  high  pass  filter  to  random  disturb- 
ances can  be  gotten  by  returning  to  formula  (10)  and  comparing  the 
energy  absorbed  by  the  high  pass  filter,  with  that  absorbed  by  a 
pure-resistance  network.     Reference  to  formula   (10)   shows  that  the 

23  See  U.  S.  Patent  No.  1173079  to  Alexanderson. 

24  When  the  number  of  stages  n  is  fairly  large,  the  selective  figure  of  merit  becomes 
proportional  to  V«  and  the  building-up  time  to  n. 
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energy  absorbed  from  random  disturbances  by  a  pure  resistance  net- 
work is  proportional  to 


f    R(u)dc 

Jo 


The  relative  amount  of  energy  absorbed  by  the  high  pass  filter  is 
greater  than 


f    R(w)dco. 


The  function  R(co)  represents,  as  above,  the  statistical  energy  spectrum 
of  the  interference. 

Comparison  of  these  formulas  shows  at  once  that,  unless  the  energy 
of  the  random  interference  is  largely  confined  in  the  range  u)<cac, 
little  protection  is  afforded  by  the  high  pass  filter. 

Appendix  I 
Derivation  of  Wave-Filter  Indicial  Admittances 

1.  Low  Pass  Wave- Filter,  Type  Lid. 

The  derivation  of  the  indicial  admittance  of  this  type  of  filter  is 
given  in  detail  by  one  of  the  writers  in  a  previous  paper.25  The 
method  of  solution  there  employed,  which  is  quite  generally  applic- 
able to  periodic  structures,  consists  in  writing  down  the  Heaviside 
Expansion  formula  for  the  current  in  the  nth  section  of  a  filter  of  s 
sections  in  length  (s>n),  short  circuited  at  the  5th  section.  The 
expansion  is  converted  into  a  definite  integral  by  letting  s  become 
infinite  and  the  formula  becomes  that  of  the  indicial  admittance  of 
the  «th  section  of  an  infinitely  long  filter.  For  the  non-dissipative 
filter  having  mid-series  termination,  this  procedure  leads  to  the 
formula 

1  /* x  0        /*7r/2 

An(t)  —  t    I    dxi  —   /        cos  (2w\)-  cos  (xi  sin  \)d\,        x  =  ooct, 
k  Jo  ir  J  a 

which  is  identifiable,  from  known  formulas,  as 

Mt)=lf  JinMdXi.  (1.1) 

A  much  more  direct  and  flexible  method  of  solution  and  one  which 
avoids  the  necessity  of  setting  up  the  Heaviside  expansion  formula 

25  Transient  Oscillations,  Trans.  A.  I.  E.  E.,  1919.  This  paper  should  be  con- 
sulted for  the  details  of  this  method. 
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and  then  converting  into  a  definite  integral,  is  to  employ  the  integral 
equation  II.  If  Zn  (p)  denote  the  transfer  operational  impedance  of 
the  «th  section  of  the  infinitely  long  low  pass  filter,  we  have 


i (V¥+^}-py  (i.2) 


and  writing  x=uct,  Fn(x)  =  kA n(t) ,  the   integral   equation  II   becomes 

f"-<^=^(v?+i-f)'"  dJO 

The  solution  of  this  integral  equation  is  known26  ;  it  is 

Fn{x)  =    /      /2if(*l)rf.Vi 

which  agrees  with  the  preceding. 

The  "mid-series"  termination  is  chosen  not  only  for  its  importance 
in  practical  applications  but  because  in  general  the  indicial  admittance 
has  been  found  to  take  the  simplest  form  when  the  voltage  is  ap- 
plied at  this  position.  This  is  not  always  the  case,  however.  For 
example  in  the  low  pass  filter  if  the  e.m.f.  is  applied,  not  directly  at 
mid-series  but  through  a  terminal  inductance  L=Li/2  =  k/o)c,  the 
integral  equation  becomes 

f*F,,(.X)e-><dx=(l-p(,V¥+l-p))j^m(^¥+-l-p)1: 
whence 

Fn(x)=    I     J2n(Xi)dXi  —  J2n+l(x).  (1.4) 

Unless,  however,  the  terminal  impedance  is  related  in  some  simple 
manner  to  the  constants  of  the  filter,  the  resulting  formula  is  neces- 
sarily complicated. 

2.  High  Pass  Wave- Filter,   Type  CiL2. 

For  this  type  of  filter  it  can  be  shown,  by  the  first  method  discussed 
above  in  connection  with  the  low  pass  filter,  that  the  indicial  ad- 
mittance is  expressible  as  the  definite  integral 

o     nX>    cos(2w  sin-1-)  sin  x\  d\ 
A„(l)=-J     — X  (2-D 

26  Nielsen,  Cylinderfunktionen,  page  186,  formula  13. 
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where  x  =  wct.     For  the  case  n  =  0,  the  solution  can  be  recognized  as 

To  attack  the  problem  by  means  of  the  integral  equation  II,  we 
write  down  the  operational  transfer  impedance 

1          1 


Zn(P)        k    y/l+af/p- 


L=(Viw/^-v*)! 


(2.2) 


Writing    o)ct  =  x,    and    AJt)= — F„(x),  and  substituting  in   II   gives, 

k 

as  the  integral  equation  of  the  problem 

jf  AWr-^fc-^  -^(VF+T-l)*:  (2.3) 

The  solution  of  this  equation  can  be  expressed  in  a  number  of  differ- 
ent forms,  depending  on  the  type  of  expansion  of  the  right  hand  side 
which  we  adopt.     One  form  is  as  follows: 

Expansion  of  the  bracketted  expression  on  the  right  hand  side  by 
the  binomial  theorem  and  rearrangement  gives 


f  F„(x)e-**dx=—==  f-5 


1    .  (2w)(2«-l)  02+l)  .  (2»)  .  .  (2n-3) 


Vf-  +  lLP2n  2!  ^  4! 

v(£+l)_*          ~l      f2»    1       (2tt)(2n-l)(2n-2)  (ft2  +  l)  ■  "I 

£2»     +  '  'J      Ll!  p2n^~  3!  £2"  J' 

Recognizing  that 

T00  1 

/     J0(x)e-i>xdx  = 


Vp2+i' 

the  solution,  after  rearrangement,  becomes  the  terminating  serie9  27 

Fn{x)=kAn{t) 
=  (1+^+^2(^-2V4+^(^-22)(4^-4V6+      x^ 

„    /     ,  (4n!-2!)  .ts  .  (4k'-2!)(4m!-4!)  x«  ,  \ 

_a"(x+     Z\       3l+ 51 l  Si+  ■  ■  •)'  (2-4) 

where  Z)_m  indicates  multiple  integration,  repeated  m  times.     Thus 
D-U0(x)  =  fXJQ(x1)dx1;     D-U0(x)  =   Afce,  fXlJ0{x«)dx2;  etc. 

«/0  i/o  «/0 

27  This  solution  has  been  derived  from  the  definite  integral  also. 
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Another  type  of  expansion,  leading  to  the  formula  given  in  the  text, 
is  suggested  by  the  known  identity 

fXMx)e->*dx=     S^(VF+l-p)n. 

Jo  Vf  +  1 

To  introduce  this  identity,  we  write  the  integral  equation  in  the  form 

and  expand  the  bracketted  expression  by  the  binomial  theorem. 
Identification  of  the  individual  terms  and  rearrangement  gives  the 
terminating  series 

FH(x)  =  M*)  ~  yforViOO  + (2n)  (2*  "  l)D-^_{x)  -  ■••• 

_  ^-(2«-l)02wl(.r)  +Z?-2-01.(X)  , 

where  <j>m(x)  denotes  the  terminating  series 

0m(.v)  =  J0(x)  - ^Aix)  + (m) (^ ~  1}/2(.r)  +  •  •  •  +(-l)-/.(«) 

and  as  above  D~m  denotes  multiple  integration. 

It  is  an  easy  matter  to  derive  solutions  in  the  form  of  infinite  series, 
as  for  example  power  series  and  Bessel  series.  These  solutions,  how- 
ever, which  have  been  carefully  investigated,  have  not  proved  man- 
ageable for  either  computation  or  interpretation.  The  solutions 
given  above  are  also  unfortunately,  extremely  difficult  to  compute  or 
interpret.  For  computation,  numerical  integration  of  the  following 
difference  equations,  is  sometimes  preferable 

F0(x)  =  J0(x) , 

Fi{x)  -  F0(x)  =  2       dxi  /    F0(x2)dx2 -  2x, 
Jo  «-'o 

(2-5) 

r*x  px\ 

Fn+1(x)-2Fn(x)  +  Fn-1(x)=4       dxi  I    Fn{x2)dx2, 

n>l. 

3.  Band  Pass  Wave-Filter. 

The  mathematical  discussion  of  the  band  pass  filters  will  be  limited 
to  the  L1C1L0C2  type  shown    in  Fig.  3.      This  type  is  representative 
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and  the  appropriate  mathematical  procedure  is  essentially  the  same 
for  all  the  band  pass  wave-filters. 

The  first  method  of  solution  outlined  above  for  the  low  pass  and 
high  pass  filters,  leads,  for  the  LiCiL2C2  type  of  band  pass  filter,  to 
the  definite  integral  formula 

.    ,  .        iv    2     z*^2  sin  gx  ,      .      .  ,  . 

A„(t)= — r—  /  -^-cos2nfi-cos(y  sm  n)dn,  (3.1) 

Wmk  7T  Jq  g 

where  x  =  wmt;  y  =  wt/2;  p  =  w/2<am;  and 

g  =  V/l+P2sin2/x. 
In  solving  this  definite  integral,  use  is  made  of  the  known  formulas, 

2  rw/2 


and 


2  rw/2 

J2n(v)  =  —  cos  2tifi  •  cos(y  sin  p)dp  (3.2) 

ir  Jo 

d2s  2  rw/2 

(  —  l)s-fTsJ2n(y)=—l       sm2s  n- cos  2nn- cos(y  siny.)  d/j..     (3.3) 


If  in  (3.1)  g  is  replaced  by  unity,  it  follows  from  (3.2)  that,  to  this 
approximation 

An(t)  =  -^t  Jin{y)  sin  X  (3.4) 

U>mR 

which  is  formula  (3a)  of  the  text 28.  Clearly  this  becomes  an  in- 
creasingly good  approximation  as  the  parameter  p  becomes  smaller; 
that  is,  as  the  ratio  of  the  band  width  w/2r  to  the  mid-frequency 
com/2w  becomes  smaller.  The  approximate  formulas  of  the  text  for 
the  other  types  of  band  pass  filters  were  derived  by  precisely  similar 
procedure  and  involve  approximations  of  the  same  character  and  order 
of  magnitude. 

To  investigate  the  approximate  solution,  we  proceed  as  follows: 
If  we  write 

umk   .    ,.v       „  /      v       2    f^12  sin  gx  ,     .      .  , 

-^-An{t)  =  Fn(x,y)=—J        — —  cos2w/i-cos(ysin/i)^,     (3.5) 

and 

2  r^2 

G„(x,y)  =  —  /       sin  gx  •  cos  2w/x  •  cos(y  sin  /*Wju,  (3.6) 

IT  Jq 

and  if  we  substitute  for  1/g  in  (3.5)  the  expansion 

1                   1-3 
1-  2P2sm2^+24p4sin4/,t- ' 

2?  If  a  series  resistance  i?i  and  a  shunt  resistance  R2=kr/Ri   are  included  in  the 
filter  sections,  the  formula  becomes  (3.4)  multiplied  by  the  factor  exp(— Riy/2k). 
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it  follows  from  a  formula  exactly  analagous  to  (3.3)  that 

F.(*,y)  -(i  +  l,|> +g,g.  +  ™,J£+  . . .)  G„(.„)    (3.7) 

so  that  the  problem  is  reduced  to  the  solution  of  the  definite  integral 
Gn(x,  y). 

In  the  integral  (3.6),  write  g  =  l-\-h,  so  that 


h  =  Vl+p2sin2M  - 1 ,  (3.8) 

whence 

2  r*12 

G„(x,y)  =  sin  x  •  —  I       cos  hx  •  cos  2;;/x  •  cos(y  sin  n)dn 

7T  Jn 

(3.9) 

2  rw/2 

+  cos  x  ■  —  /       sin  hx  •  cos  2u/jl  •  cos(3>  sin  n)d[i 

=Pnsmx-\-Qncosx,  (3.10) 

where  P„  and  <2„  denote  the  definite  integrals  of  (3.9).  This  effects 
a  further  reduction  of  the  problem  to  the  solution  of  the  definite 
integrals  Pn  and  Qn. 

In  the  integrands  of  these  integrals  expand  cos  hx  and  sin  hx  in  the 
usual  power  series,  and  in  each  term  thereof  introduce  the  expansion 

hs=  (yj    (sin2*^)  (1 +aJlP2 sin  V+«52P4 sin V+  •  •  •  ), 

where  the  coefficients  are  given  by 

5J     {      }      (s+j))  j\  \J' 

By  aid  of  this  procedure  it  is  easily  shown  that 

p       r   f  .      (p2x/2)2  d*  /,  2  J2  4  ^  \  .   ,  . 

+  ^tT~5?(1_a4lP  5?+fl42P  5?~  •  'J72"60 

+  .  .  ,  (3.11) 

with  a  corresponding  expansion  formula  for  Qn. 


and 
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It  is  now  convenient  to  introduce  the  symbolic  notation 

Prt  =  cos[x(V/T:r7d2-l)]/2n(3')  (3.12) 

<2„  =  sin  [x(VT=7d*-l)]J2n(y)  (3.13) 


where  the  symbol  d  denotes  the  differential  operator  d/dy  operating 
on  Jzniy).  The  actual  numerical  significance  of  these  formulas  is 
gotten  by  expanding  as  in  (3.11). 

With  the  same  symbolic  notation  we  get  finally, 


w 


An(t)  =  ^ sin  (xVI-p2^2)  yf=7P  J*»(y).  (3.14) 

The  exact  solution  (3.14)  is  too  complicated,  as  it  stands,  to  be  of 
any  practical  value.  Fortunately,  however,  it  is  possible  to  sum  the 
expression  asymptotically,  and  the  resultant  formula  shows  clearly  the 
behavior  of  An{t)  and  in  particular  the  character  and  magnitude  of  the 
errors  in  the  approximate  formula  of  the  text. 

When  y  is  large  compared  with  (4«)2, 


T     f    \    ■        \    l  (  4W  +  1       \ 


and 


(3.15) 


d2s 
dy 


5  ^W  *(-«*>!  ^ 


D 


3  25(25-1) 


4y2 


Jcos^y-— -ttJ 


5     . 

sin 

y 


[y — 4-*) 


to  order  1/y2. 

If  this  expression  is  substituted  in  the  expanded  form  of  (3.14), 
some  rather  intricate  and  tedious  operations  finally  give  as  the  asymp- 
totic limit  of  A„(t)  i        {■     {   [i   \{i 


An{t) 


-    I  — 
lk'\  iry 


(l  -  g  P2+  •  •  Jsin(xA/l+P2)cosfy--^ — tt) 
~\2pJr  '  ■)cos(-vVH-p2)sin(y--^ — ttJ. 


(3.16) 


The  coefficients  of  the  two  terms  of  (3.16)  are  even  and  odd  power 
series  in  p  respectively,  powers  of  p  beyond  the  second  being  neglected. 
£  Formula  (3.16)  is  important,  as  showing  the  effect  of  the  band 
width,  that  is  of  the  parameter  p,  on  the  indicial  admittance.  It  can 
be  used  for  numerical  computation,  however,  only  when  y>(4«)2. 
A  corresponding  formula,  valid  over  a  much  wider  range,  is  obtain- 
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able  from  the  expression  derived  in  Appendix  II  for  the  Bessel  func- 
tion, namely 

Jzn{y)=Bin(y)  cos  £22n(y). 

If  this  expression  is  employed  instead  of  (3.15),  we  get  corresponding 
to  (3.16), 


]   M--<72+  .  .  .J  sin  (x\/ 1 +  o2)  cos  Q.2n(y) 

K{t)  =  -^BUy)\         n  (3.17) 

-  f  2  °"+  •  •  •)  cos  (*Vl  +  o-2)  sin  122„  (y) 


k 


w 


(l-^2+  •  •  •)  sin  (.r\/l  +  <r2)  An  (y) 

+  (^p+  •  •  •)  cos  (.%VT+^j  Ji'n  (y), 


(3.18) 


where  (T  =  pq2n  =  p\/\-(2n/y)2. 

Formula  (3.17)  is  valid  when  y>2n,  and  ultimately  approaches  the 
limit  (3.16)  as  y  becomes  indefinitely  large. 

We  are  now  prepared  to  discuss  the  character  of  the  approximations 
of  the  formula  of  the  text,  which  may  be  written  as 


w 


B2n  (y)  j  sin[.r  +  122„  (y)]+sin[*-fl2w(y)]  \ .  (3.19) 


2com& 
Correspondingly  (3.17)  may  be  written  as 


111 


(l-^H-  •  •  .)sin[jcVl+^+fi2»(y)] 


hB**(y)\      ;     T  (3-20) 

^m^  +(1+2<T+  •  •  •)sin[xV/l  +  ^-02„(y)]. 

Comparison  of  (3.19)  and  (3.20)  shows  that  the  approximate  formula 
of  the  text  ignores  slowly  variable  correction  factors  in  the  ampli- 
tudes of  the  component  oscillations,  and  a  slowly  variable  change  in 
their  frequencies.  For  band  pass  filters  employed  in  practice  these 
corrections  are  not  only  slowly  variable  but  in  most  cases  are  quite 
small.  In  any  case,  it  is  important  to  observe  that  failure  to  include 
these  corrections  does  not  appreciably  affect  any  essential  features  of 
the  building-up  phenomena  discussed  in  the  text.  Consequently  the 
deductions  from  the  formula  of  the  text  are  valid  not  only  for  narrow- 
band pass  filters,  but  also  for  filters  of  quite  wide  bands.  This  state- 
ment is  substantiated  by  the  fact  that  the  steady-state  characteristics, 
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deduced  from  the  approximate  formula  in  accordance  with  the  general 
formula  V,  are  in  excellent  agreement  with  the  exact  values. 

As  illustrating  the  appropriate  methods  in  the  solution  of  problems 
in  electric  circuit  theory,  it  is  of  interest  to  derive  the  formula  for  the 
band  pass  filter  directly  from  the  integral  equation  II.  The  method  is 
not  only  more  generally  applicable,  but  avoids  the  necessity  of  deriving 
the  definite  integral  (3.1).     We  therefore   start  with   the   formulas: 

f*  e-*'A„(t)dt=l/p  Zn(p) 

f    e-*lA'n(t)dt  =  l/Zn(p),  where  A'n{t)=d/dtAn{t). 

For  all  wave-filters  of  the  "ladder"  type  it  may   be   shown  that 

1  1    (Vl  +  r/4-  Vrjl)2n 


or 


Zn(p)      *2  y/r+r2/! 


(3.21) 


where  Z\  and  z2  are  the  series  and  shunt  impedances  respectively,  and 
r—Zi/z2.     This  expression  admits  of  series  expansion 


1       =  2  r  1_  _  2w  +  2     1  (2w+3)  (2w+4)     1 

Zn{p)      ZlLrn         1!      r«+i    +  2!  r*+2 


] 


(3.22) 


_  (2w+4)  (2n+5)  (2w  +  6)     1 

3!  r"+3    + 

For  the  LiCiL2C2  type  of  filter 

and 

It  follows  from  (3.22)  and  the  integral  identity, 
P e-»  A'n{t)dt=l/Zn{p) 

that  An(t)  has  an  expansion  solution  of  the  form 

+  (2B+3)(2n+4)p;„+4/2t[+jM  (323) 

_(2.+4)(2n+6)(2»  +  6)^/wW 


38  BELL  SYSTEM  TECHNICAL  JOURNAL 

where  x  =  umt\  p  =  w/2um',  and  the  fs(x)  functions  are  defined  and 
determined  by  the  integral  identities, 

jf/*)*-**-^)*  (3-24) 

for  all  integral  values  of  s. 

For  s  =  0,  the  solution  of  this  equation  is  known;  it  is 

fo(x)  =cos  x. 

The  solutions  for  s>0  are  gotten  from   the  recurrence  formulas29 

/,(*)  =  Tcos  (*-X)  fs-i(\)d\. 

Repeated  applications  of  this  formula  give 

fis(x)  =227  (P2s(x)cos  x  +  Q2S(x)sin  x\ 

where  P2s  and  Q2s  are  polynomials  in  x  of  the  2sth  and   {2s  —  1) 
orders  respectively.     Thus : 

P*  =  a{s)  £n  +  18  (S)  rZ—^t  +  7W 


2^!  '  KV  '  (25-2)!  '    ,v-'  (25-4)!  '    '  * 

(terminating  in  term  in  *2/2!), 
and 

x2s-l  x2s~3  X2s~5 

Q*  =  a{s)  (27=1)!  +  Hs)  (27=3)!  +C(5)  (27=5)1  +  '  * 

(terminating  in  term  in  x/l\). 

The  a,  (3,  y  .  .  .  a,  b,  c,  .  .  .  coefficients  are  functions  of  the  order  s; 
the  first  few  coefficients  are: 

a(s)  =  1,5^0, 

^)  =  _(25-2H25+l)^2i 

_  (25-2)  (25  +  1)  _  (25-3)  (25  +  1)  (25  +  2) 
°w~  8  3-16  '    - 

If  the  foregoing  expressions  for  the  fs  functions  are  substituted  in 
the  series  solution  (3.23)  for  An{i)  and  if  the  series  are  rearranged  as 
explained  below,  we  get  writing  wt/2  =  px  =  y, 

A'n(t)  =  ^  ]  J%n{y)  cos  x  +  pRi(y)  sin  x  +  p2R2(y)  cos  x  .  .  J-  • 

29  See  equation  10,  The  Heaviside  Operational  Calculus,  B.  S.  T.  J.,  Nov.,  1922. 
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The  first  term  Jzn(y)  is  gotten  by  picking  out  the  leading  terms  in  the 
P  polynomials;  the  second  term  Ri(y)  by  picking  out  the  leading 
terms  in  the  Q  polynomials;  the  third  term  i?2(>0i  from  the  second 
terms  in  the  P  polynomials;  etc. 

The  work  of  rearranging  and  identifying  the  "remainder"  functions 
Ri(y),  Rz(y)  ...  is  rather  intricate  and  tedious.  The  first  few  func- 
tions can  be  written  as 

'  *w~na)'(£+5S)'-w. 

„  .  ,         lm'/  d"    ,  6  d"       6  d*      24<Pvr   , ..    „ 


If  we  substitute  these  expressions,  rearrange  and  write  py/2=z, 
we  get  finally 


itiW-J 


cos  x 


ri  Z2    J4      ,     Z4    d*  -, 


,    .     r  z  d?     z3  d6         irn 

r  j       22  <Z5  ~| 

+  Psin.x-L^-2i^5+..J/2n(y) 

r  z   d?       z3  d7  ~[ 

-pcosxiudf-^df+"yin(y) 


+  series  involving  factors  in  p2  and  higher  powers. 
Neglecting  factors  in  p2,  this  becomes 
.       f,      s2  d4    ,  z4  d* 

5inT1_2l5y  + 


ii«(0  = 


LC  >>>/£ 


—  COS  X 


;|_l!dy2      3!dy6  +  5!(fy0 JJ2»W- 


The  character  of  this  solution  in  the  region  y>2n,  is  shown  by  the 
asymptotic  approximation 


A»(t)  =  — rJiniy)  sin  (l  +  ^p2gi„)x 


(3.25) 


where 


Q2n 


=  >F| 
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To  the  same  order  of  approximation  in  p  =  w/2<am,  this  agrees  with  the 
solution  (3.18)  given  above. 

Appendix  II 
Properties  of  the  Bessel  Function  J„(x) 

The  Bessel  functions  have  been  studied  and  tabulated  more  ex- 
haustively than  any  other  functions  largely  owing  to  their  great 
importance  and  frequent  occurrence  in  mathematical  physics.  Quali- 
tatively their  behavior  for  integral  orders  n  and  real  arguments  x 
may  be  described  as  follows. 

When  the  argument  is  less  than  the  order  (0^x<n)  the  function  is 
very  small  and  positive,  and  is  initially  zero  (except  when  n  =  0). 
In  the  neighborhood  of  x  =  n,  the  function  begins  to  build  up  and 
reaches  a  maximum  a  little  beyond  the  point  x  =  n.  Thereafter  the 
function  oscillates  with  increasing  frequency  and  diminishing  ampli- 
tude, and  ultimately  behaves  as 


n! 


/        2»  +  l   \ 


2         /        2»  + 1 
—  cos  I 

TTX 


When  n  =  0,  the  initial  value  is  unity,  but  the  subsequent  behavior  of 
the  function  is  as  described  above. 

In  order  to  get  a  more  accurate  picture  of  this  function  the  follow- 
ing approximate  formula  was  developed  in  the  course  of  the  present 

investigation.30 

Jn(x)  —Bn(x)  cos  12„(.r),  for  x>n 

where 

Bn(x)  =  \ = ^ — r—  . 

\  7r.v  /„      mr      6ml  \  l>* 


x2    '   2x4  (l-w2/x2)2 


n  i  \    r    i   m  ,  m  •  i/w\    w2       i      n   2«-fi 

12„ {x)  =x\  \   1 5-  -\ sin  l    —    —  - — : ,  ,  9,„/9 ; — x, 

L\         x2        x  \xj      4x4  {l-m2/x2Y'2_\  4 


ax 


m2      3  m2  1 

~  \         a?  +  2^*  (l-r^fx2)2' 
and 

m2  =  ?i2  — 1/4. 

30  It  was  subsequently  discovered  that  somewhat  similar  formulas  had  previously 
been  developed  by  Graf  and  Gubler  (Einleitung  in  die  Theorie  der  Besselschen 
Funktionen),  and  by  Nicholson  (Phil.  Mag.,  1910,  p.  249). 
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This  approximate  formula  is  valid  only  where  x>n,  its  accuracy 
increasing  with  x  and  with  n.  For  all  orders  of  n  it  is  quite  accurate 
beyond  the  first  zero  of  the  function. 

The  "instantaneous  frequency"  of  oscillation  is  approximately 


J-OV  \~—     J  i      m2      3  m2  1 

2tt    " W  "  2tt  \         x2  t2.i-4(l-  m2/x2)2' 

By  this  it  is  meant  that  at  any  point  x  (>n)  the  interval  between 
successive  zeros  is  approximately  ir/Q'(x).  Otherwise  stated,  in  the 
neighborhood  of  any  point  x,  the  function  behaves  like  a  sinusoid  of 
amplitude  B„(x)  and  frequency  w/27r  where  co  =  On(V). 

The  following  approximate  formulas,  while  not  sufficiently  precise 
for  the  purposes  of  accurate  computation  except  for  quite  large  values 
of  x,  clearly  exhibit  the  character  of  the  functions  for  values  of  the 
argument  x>n,  and  of  the  order  m>2. 


where 


and 


Jn(x)=hnx\ —  cos  (qnx-Q„), 

\   TTX 

J'n(x)  =  -qJinJ—  sin  (qnx-en), 

\    7T.V 
f*X  Ji  l~~n 

/    Jn  (x)dx  =  1+  —  xj  —  sin  (qnx 

^o  5    \  TTX 

k       (       1        )Vi  =  i  |    n' 
\l  —  n2/x2J  4x2' 


qn  =  Vl-n2/x2, 


_        2n+l  . 

9„  =  — r — 7T  — n  sin  ^rc/jc;. 


Appendix  III 
Building-Up  of  Alternating  Currents  in  Wave-Filters 
The  integrals 

Sn(z;v)=  /   Jn(zi)  sin  v(z  —  Zi)dzi 

Jo 

and 

C^s;^)  =  /    Jn{z\)  cos  v(z—zi)dzi, 

on   which  the  genesis  and  growth  of  alternating  currents  in  the  low 
pass  and  band  pass  filters  depends,  have  been  computed  as  follows. 
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For  values  of  z<24,  w^lO  and  v^l,  they  are  accurately  calculable 
from  the  following  series  expansions 

Cn(z\v)=  2{dJn+i (z)  +C3Jn+Z(z)+C6Jn+&(z)  +    .    .), 

and 

Sn(z;v)=±v(C2Jn+2(z)+CiJn+i(z)+C6Jn+6(z)+    .    .), 

where  the  coefficients  Ci,  c2  .  .  .  are  polynomials  in  2v,  and  are  inde- 
pendent of  the  index  n.     They  are 

Ci  =  l, 

c3  =  l-(2vY, 

cb=i-^(2Vy+(2vy, 

Ci  =  l~{2vY+^(2vy-(2v)\ 

c9  =  i-^(2vy+^(2vy-  t(2vy+(2vy, 


Ca  =  l, 

ci=^-{2vy, 

C6  =  |y-^|(2v)»+(2V)\ 

9.*}. 4         4.^  A 

C8=^r  "  It  (2")2+ in  ^4-^s- 


The  tabulation  of  /M(z)  for  values  of  z  up  to  24  and  of  m  up  to  60 
given  by  Gray  and  Mathews  and  by  Jahnke  und  Emde  make  the 
computation  for  integral  values  of  z  rapid  and  precise. 

For  large  values  of  n  the  integrals  can  be  accurately  computed, 
except  in  the  neighborhood  of  the  critical  point  z  =  n/ V  1  —  v2,  (v<l), 
from  the  asymptotic  formulas  furnished  by  Gronwall. 

Without  detailed  computation,  however,  the  general  character  of 
the  integrals  can  be  shown  as  follows  with  an  accuracy  usually  suffi- 
cient for  engineering  purposes.  By  differentiation  Sn  and  Cn  satisfy 
the  differential  equations 

S'n  =  vCn, 

and 

Cn  =  Jn{z)  —  vSH, 
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where  the  primes  denote  differentiation  with  respect  to  the  argument 
z.  The  solution  of  these  differential  equations  is  based  on  the  ap- 
proximation, valid  only  when  z>n, 

■^J„(z)=-qlJ„(z),        q„  =  Vl-n2/z*. 

To  this  approximation,  which  becomes  more  and  more  accurate  as 
5  and  n  increase,  the  differential  equations  are  satisfied  by  solutions 
of  the  form 


{fl  —  n2 

and 


S„  =  -j^—2  Jn(z)+A  sin  (vz-a), 


Cn=—2 j  J 'n{z)  +  A  COS  (VZ- a). 

v2-ql 


A  and  a  in  the  complementary  terms  are  arbitrary  constants,  which 
must  be  determined.  These  complementary  terms,  periodic  in  vz, 
are  evidently  the  ultimate  values  of  the  integrals  when  z  approaches 
infinity,  which  are  known.  Other  considerations,  however,  show  that 
these  terms  should  be  omitted  when  v<\  and  z<w/\/l  — v2.  Conse- 
sequently  we  arrive  at  the  following  approximations.31 

For  v<l  and  n<z<n/vl  —  v2i 


Sn(z;v)  =  ,_     J„(z), 

Cn{z\v)  =-J— -3  J'niz), 

and 

q„  =  \Zl-n2/z2. 

This  approximation  is  not  accurate  at  z  =  n,  and  breaks  down  at  the 
critical  point  z  =  w/v  1  —  v2.  In  the  interval  between,  however,  it 
is  a  fair  approximation,  particularly  when  v  is  nearly  equal  to  unity 
and  n  is  not  too  small. 

For  v<l  and  z>n/y/l  —  v2, 

Sn(z',v)  =  -i 7^"n(z)+     , n  sin  (vz  —  n  sin-1!'), 

V    ~Q.n  VI  —  V2 

and 


C„(z;v)  =-j — -2J'n{z)-\ — x<       „cos  {vz  —  n  sin-1*'). 


31  The  qualitative  properties  of  these  definite  integrals  can  be  deduced  from  the 
principle  of  stationary  phase  (See  Theory  of  Bessel  Functions,  G.  N.  Watson,  p.  229) . 
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This  formula  can  be  safely  employed  only  when  z  considerably  exceeds 
the  critical  value  n/Vl-r. 

For  v>l  and  z>n,  the  ultimate  periodic  terms  are  very  small,  and 
may  be  omitted  unless  n  is  too  small.     Consequently  in  this  region, 

Sn(z',p)=  -= -Jn(z), 

and 

Cn{z;v)  =  -^—J'n{z). 
v — g; 

In  the  range  of  values  for  which  the  foregoing  approximations  are 
valid  we  have  also  to  the  same  approximation  (see  Appendix  II) 

Jn(z)  =  \  —  cos  (qnz-en), 

\    7TZ 

and 

^n(2)  =  -g»\|— sin  (5»2-6M). 

\   7TZ 

Appendix  IV 
The  Effects  of  Terminal  Impedances 

In  the  text  of  this  paper,  the  calculation  of  the  wave-filter  indicial 
admittances  is  based  on  the  assumption  that  the  voltage  is  applied 
directly  to  the  filter  at  "mid-series"  position  and  that  the  filter  is 
either  infinitely  long  or  else,  what  amounts  to  the  same  thing,  is 
terminated  in  its  characteristic  impedance.  By  virtue  of  these  as- 
sumptions, the  disturbing  effects  of  terminal  reflections  are  eliminated, 
and,  as  shown  in  the  text,  the  solution  is  reducible  to  a  relatively 
simple  form,  which  admits  of  considerable  instructive  interpretation 
by  inspection,  and  is  rather  easily  computed. 

In  the  following  the  general  solution  will  be  given  for  the  indicial 
admittance  An(t)  in  the  «th  section  of  a  wave-filter  of  5  sections  or 
length,  with  the  e.m.f.  applied  to  the  initial  or  zero-th  section  through 
an  impedance  Zi(p)=Zi  and  the  last  or  5th  section  closed  by  an 
impedance  Z%{p)  =  Z%. 

For  any  type  of  periodic  structure,  including  as  a  limiting  case,  the 
smooth  line,  it  can  readily  be  shown  that 

1  1  e-"T-\-P2e-^-^T 

~^~  (1) 


Zn(J>)      vKi      l-plP2e-2ir 
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where 

Ki=  characteristic    impedance,    as    seen    from    terminals    of 
initial  or  zero-th  section, 

Ki  =  characteristic  impedance,  as  seen  from  terminals  of  last 
or  sth  section, 

T=  propagation  constant  per  section, 

Zx,  Z2  =  terminal  impedances, 

_     Kx 

°    Kx+Zxf 

Kx-Zx 


Pi  = 


and 


Pi 


Kx+Zx' 

K.2  —  Z<L 

Ki-\-Z2 


Ki,  K2,  Zx,  Z2,  and  consequently  a,  p1(  p2  are,  of  course,  functions  of 
the  operator  p. 

The  corresponding  indicial  admittance  An(t)  is  given  by  the  integral 
equation 

By  aid  of  (1)  the  right  hand  side  of  (2)  can  be  expanded  as 


e-nT  e-i2s-n)T  e-^s+n)T  g-f^-^r 

aWi +<TP2  ~wr  +CTpip2  ~wr  +apipl  -jKx~ 

e-(4s+n)V 
+  op\P\  + 

pKi 


(3) 


Now  if  am(t)  denotes  the  indicial  admittance  in  the  rath  section  of  an 
infinitely  long  periodic  structure,  when  the  e.m.f.  is  applied  directly  to 
the  sending  end  terminals,  it  follows  from  (2)  and  (3)  that 

/     e-P'am(t)dt  =  ^-.  (4) 
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From  (2),  (3)  and  (4)  it  follows  at  once  that 

dt^°  °     I  +ri(t-y)a4S-n(y)+ri(t-y)ais+n(y)+  ...         (5) 

provided  the  functions  r0(t),  rx(t),  r2(t)  .  .  .  satisfy,  and  are  defined  by, 
the  equations 


p      pKt  +  ZS 


f 


cp<i       1      Ki        K.1  —  Zi 


f 


•^«*-^-?ET35-irra-        (6) 


If  the  indicial  admittance  in  any  section  of  an  infinitely  long  periodic 
structure  is  determined,  and  equations  (6)  solved  for  ro(t),ri(t),  r2(t)  .  .  . 
(by  aid  of  any  of  the  methods  discussed  in  the  present  paper),  then 
An(t)  is  given  by  (5)  by  a  single  quadrature.  The  solution  may 
appear  quite  involved;  as  a  matter  of  fact  it  is  the  simplest  and  most 
easily  interpreted  and  computed  form  of  solution  possible  and  its 
complexity  merely  reflects  the  complicated  character  of  reflection 
effects  due  to  terminal  impedances.  This  considered  statement  is 
made  in  the  light  of  an  extensive  study  of  the  whole  problem  and  the 
literature  bearing  on  it  and  has  been  tested  in  many  specific  cases. 

When  the  terminal  impedances  Zi  and  Z2  are  complicated  and  en- 
tirely unrelated  to  the  corresponding  characteristic  impedances  K\  and 
K2,  the  solution  of  equations  (6)  and  the  numerical  computations  of 
(5)  are  laborious  but  entirely  possible,  the  only  questions  being  as  to 
whether  the  importance  of  the  problem  justifies  the  necessary  ex- 
penditure of  time  and  effort.  In  many  cases,  also,  approximate 
solutions  are  obtainable.  Without  any  computations,  however,  the 
solution  (5)  admits  of  considerable  instructive  interpretation  by 
inspection.  The  first  term  represents  the  current  in  the  nth.  section 
of  an  infinitely  long  structure  when  a  unit  e.m.f.  is  impressed  through 
a  terminal  impedance  Z\.  r0(t)  is  the  corresponding  voltage  which 
exists  across  the  terminals  proper.  The  second  term  is  a  reflected 
wave  from  the  other  terminals  due  to  the  terminal  impedance  irregu- 
larity which  exists  there.  The  third  term  is  a  reflected  wave  from  the 
sending  end  terminals  due  to  the  corresponding  terminal  impedance 
irregularity,  etc.  The  solution,  consequently,  is  expanded  in  a  form 
which  corresponds  exactly  with  the  actual  sequence  of  phenomena 
which  occur. 
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The  solution  takes  a  particularly  simple  and  instructive  form  when 
Zi  =  kiKi  and  Z2  =  &2^2  where  k\  and  &2  are  numerics.  In  this  case 
the  solutions  of  (6)  give 

r0(t)  =r0  = 


T\ 


1+V 

1  l-kt 


1  l-^l      l~k2 

r2  =  I+F1T+F1T+^'  etc-and 

A.®  =  -L-  |  an{t)  +  j^*-»(0  +  £=£■ 1^|«*+.0  +  •  • 

The  solution  for  the  special  cases  of  open  and  short  circuit  termina- 
tions follow  at  once  by  assigning  the  values  of  zero  or  infinity,  as  the 
case  may  be,  to  k\  and  k2.  If  k\  =  o;  k2  =  l,  An{t)  reduces  to  a„(t) 
as,  of  course,  it  should. 
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Use  of  Labor-Saving  Apparatus  in  Outside  Plant 
Construction  Work 

By  J.  N.  KIRK 

Introduction 

IN  the  January  issue  of  this  Journal  was  discussed  the  adaptation 
of  transportation  equipment  to  telephone  construction  and 
maintenance  work.  Closely  associated  with  the  operation  of  such 
equipment  is  the  problem  of  utilizing  various  labor-saving  machinery 
which  in  many  cases  has  been  so  designed  as  to  form  an  integral 
part  of  the  transportation  unit. 

It  is  the  purpose  of  this  article  to  describe  some  of  the  more  im- 
portant developments  along  this  line  such,  for  example,  as  the  applica- 
tion of  different  types  of  derricks.,  trailers  for  various  kinds  of  work, 
earth  boring  machines,  numerous  applications  of  air  compressors 
and  compressed  air  tools,  etc.,  and  in  some  instances  to  contrast 
the  latest  types  of  equipment  with  former  manual  methods  of  carrying 
out  similar  operations. 

Pole  Derricks 

There  are  erected  in  the  Bell  System  each  year  in  the  neighborhood 
of  600,000  new  poles.  In  addition,  the  maintenance  of  the  existing 
plant  of  over  14,000,000  poles  involves  the  moving,  removing,  re- 
setting and  straightening  of  large  numbers  of  poles  annually.  This 
immense  task  emphasizes  the  importance  of  devising  means  for  off- 
setting, in  so  far  as  is  practicable,  the  old  manual  methods  of  handling 
these  poles  on  the  job  and  from  point  to  point  in  the  field  as  occasion 
demands. 

In  1914  there  was  developed  and  put  into  use  a  pole  derrick  of  the 
tripod  type  which  was  mounted  upon  a  5-ton  truck  from  which  the 
derrick  received  the  necessary  power  for  operation.  As  the  use  of 
this  derrick,  which  weighed  something  over  Yl  a  ton,  was  extended  it 
became  apparent  that  while  the  fundamentals  of  the  design  and 
operation  were  reasonably  well  adapted  to  the  average  construction 
job,  the  weight  and  bulk  of  the  apparatus  introduced  a  very  real 
factor  with  regard  to  the  available  truck  capacity.  The  derrick 
members,  being  large  and  heavy,  were  difficult  for  the  men  to  handle 
and  there  was  not  in  all  cases  the  desired  amount  of  flexibility  to 
meet  the  varied  and  often  difficult  requirements.  This  derrick,  how- 
ever, clearly  demonstrated  the  inestimable  value  of  apparatus  cap- 
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able  of  doing  in  a  few  minutes  the  work  ordinarily  requiring  a  large 
gang  of  men,  many  times  as  long  to  complete. 

An  active  period  of  development  and  experimental  field  work  soon 
followed  the  advent  of  this  labor-saving  device  which  has  resulted  in 
making  available  a  light  type  of  high  grade  steel  tube  derrick. 

Figs.  1  and  2  show  a  pole  derrick  of  the  latest  type  mounted  on  a 
234  ton  truck.  Fig.  1  illustrates  the  method  of  erecting  a  pole  where 
the  truck  can  be  maneuvered  into  a  position  in  close  proximity  to  the 
proposed  location  of  the  pole.  Fig.  2,  on  the  other  hand,  shows  the 
possibility  of  handling  a  pole  at  a  considerable  distance  from  the 
location  of  the  truck,  which  for  any  reason  may  be  more  practicable 
or  desirable. 

These  illustrations  show  the  derrick  in  each  of  the  two  possible 
operating  positions;  in  the  first  instance  supported  entirely  upon  the 


Fig.  1 — Erecting  Pole,  all  Derrick  Members  Mounted  on  Truck 


truck,  and  in  the  second,  supported  from  the  ground  by  one  of  the 
three  pipe  members.  The  derricks  of  this  type  are  constructed  of 
high  grade  steel  tubing  having  a  strength  at  the  yield  point  of  ap- 
proximately 70,000  pounds  per  square  inch. 
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In  order  that  country-wide  conditions  may  be  satisfactorily  met, 
the  present  type  of  derrick  has  been  made  available  in  two  general 
types  which  are  known  as  the  "middle''  and  "corner"  types  for  use, 
as  the  names  imply,  from  the  rear  middle  or  corner  of  the  truck. 
Each  of  these  types  are  further  available  in  light  and  heavy  weights, 
depending  upon  the  lengths  and  the  kinds  of  poles,  cedar  or  chestnut 
or  other  kinds  of  similar  weights,  that  are  generally  used  in  any  par- 
ticular part  of  the  country. 

As  contrasted  with  the  early  type  of  derrick,  the  present  types 
weigh    from    370   to   520   pounds,    depending    upon    the    size    used, 


\ 


Fig.  2 — Erecting  Pole  at  Distance  from  Truck,  One  Derrick  Member  on  Ground 


and  are  capable  of  readily  and  safely  handling  any  load  within 
the  limits  of  the  winch  rope  capacity,  which  leaves  a  satisfactory 
margin  when  doing  practically  any  work  for  which  the  derrick  has  a 
place  in  telephone  construction.  Each  of  the  four  classes  of  derricks 
above  mentioned  is  designed  with  a  view  to  making  its  operation  as 
rapid  as  is  consistent  with  safety.  The  chauffeur  and  one  man  can 
remove  the  derrick  members  from  the  carrying  racks  provided  on 
the  truck,  assemble  them  and  erect  the  derrick  ready  for  work  in 
from  three  to  four  minutes.  The  disassembling  of  the  derrick  re- 
quires about  the  same  length  of  time. 
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Naturally,  the  greatest  economies  may  be  made  in  the  application 
of  this  apparatus  where  the  poles  to  be  handled  constitute  a  con- 
secutive line,  the  holes  for  which  have  been  dug  in  advance.  How- 
ever, because  of  the  short  time  required  for  assembling  and  taking 
clown  the  derrick,  it  is  generally  economical  to  use  it  for  placing  only 
one  or  two  poles  at  a  location.  As  indicative  of  the  possibilities  with 
regard  to  rapidity  of  operation,  it  may  be  of  interest  to  note  that  in 
erecting  a  number  of  30  to  35  foot  poles  under  average  conditions  in  a 
line  for  which  the  holes  had  previously  been  prepared,  a  gang  of  three 
men  have  averaged  approximately  two  minutes  per  pole  erected  but 
not  tamped. 

The  use  of  the  derrick  has  thus  far  been  described  as  applied  to 
the  economical  erection  of  poles.  There  are,  as  a  matter  of  fact, 
many  other  important  uses  for  which  the  winch-operated,  derrick 
equipped  truck  is  well  adapted,  a  few  of  which  are  enumerated  below. 


Fig.  3 — Derrick  in  Position  to  Pull  Pole  Out  of  Ground 

Road  and  highway  changes  and  improvements  throughout  the 
country  make  it  necessary  for  the  telephone  companies  to  annually 
move  thousands  of  poles  to  the  new  highway  limits  or  curb  lines. 
In  many  instances  these  pole  lines  carry  heavy  loads  of  wire  or  cable 
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or  both.  With  the  pole  derrick  many  of  these  moves  can  readily 
be  accomplished  without  in  any  way  disturbing  the  wire  or  cable 
loads.  The  derrick  pulls  the  pole  out  of  the  ground  and  with  the  aid 
of  the  truck,  the  pole  with  its  load  intact  is  moved  to  the  new  location 
where  it  is  lowered  into  the  hole  prepared  without  even  untying  a 
wire  or  loosening  a  cable  clamp.  It  will  also  be  readily  appreciated 
that  the  rehandling  of  cable  and  particularly  the  untying  of  open 
wires  is  not  only  an  expensive  operation  in  point  of  first  cost,  but 
that  each  such  operation  is  distinctly  detrimental  to  the  plant,  shorten- 
ing its  life  and  greatly  increasing  maintenance  expenses.     It  will  be 


Fig.  4 — In  Position  to  Shift  Pole  to  New  Location.     Pole  Has  Been  Moved  Over 

Bank  with  Wires  Intact 


seen,  therefore,  that  the  use  of  the  derrick  where  practicable  in  con- 
nection with  the  moving  of  existing  lines  will  largely  eliminate  the 
undesirable  and  costly  procedure  which  is  involved  in  the  manual 
handling  of  the  poles. 

As  an  example  of  one  of  the  many  uses  to  which  the  pole  derrick 
can  very  satisfactorily  be  put,  Figs.  3  and  4  illustrate  the  initial  and 
final  steps  in  moving  back  a  pole  in  a  6-arm  lead  of  wires  and  lifting 
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it  up  an  embankment  to  its  new  location  in  connection  with  highway 
widening.  This  particular  line  is  about  60  miles  long  and  the  distance 
the  poles  were  moved  varied  between  6  and  125  feet.  It  is  reported 
that  the  move  of  this  entire  lead  which  averaged  about  4  arms  was 
completed  without  untying  a  single  wire,  without  cutting  any  slack 
and  with  practically  no  trouble  on  the  circuits.  It  is  needless  to  say 
that  the  saving  involved  by  being  able  to  move  this  line  rather  than 
rebuild  at  the  new  location  was  an  item  of  considerable  importance. 

The  above  illustration  shows  the  derrick  in  position  to  pull  a  pole 
out  of  the  ground,  the  top  of  the  pole  being  temporarily  side-guyed. 

In  Fig.  4  the  pole  is  shown  after  having  been  pulled  out  of  the 
ground  and  placed  on  top  of  the  embankment.  The  derrick  is  ready 
to  shift  and  slide  the  pole  back  to  the  new  hole.  Two  men  and  the 
chauffeur  pulled  and  completed  the  moving  of  this  pole  with  its  load 
of  six  arms  of  wires  in  twenty-five  minutes. 


Fig.  5 — Derrick  Operating  Under  Difficult  Conditions 


As  a  further  example  of  the  usefulness  of  the  derrick  in  pole  work, 
Fig.  5  shows  a  job  where  the  pole  derrick  was  operated  under  rather 
unusual  conditions  to  erect  a  pole  at  the  side  of  the  road  where  the 
pole  hole  was  dug  under  water  and  the  pole  erected  in  barrels.     It 
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would  be  difficult  to  pike  a  pole  into  such  a  hole  because  there  is 
nothing  against  which  to  rest  the  butt  while  raising  it. 

Another  important  function  of  the  derrick  is  that  in  connection 
with  the  resetting  of  poles  or  the  removal  of  abandoned  poles  when  it 
is  necessary  to  remove  the  butts.  The  slow  and  laborious  process  of 
pulling  the  pole  out  of  the  ground  with  a  jack  or  other  equipment 
is  practically  eliminated  as  the  derrick,  properly  handled,  is  capable 
of  doing  the  greater  part  of  this  work  in  much  less  time,  more  economic- 
ally and  with  greater  safety  to  the  men. 

In  addition,  it  might  be  pointed  out  that  the  derrick  equipped 
truck  is  also  becoming  more  and  more  indispensable  in  connection 
with  the  handling  or  moving  of  any  heavy  loads  in  the  storage  yards, 
in  unloading  or  in  moving  stock  supplies  of  poles  under  adverse  con- 
ditions and  manv  other  uses. 


•  > 


Fig.  6 — Erecting  Pole  by  Manual  Methods.     Contrast  with  Previous  Operations 


In  contrast  with  the  mechanical  methods  of  erecting  and  handling 
poles  as  previously  shown,  Fig.  6  shows  the  old  manual  method  of 
erecting  a  large  pole.     Xot  only  is  the  number  of  men  required  large, 
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but  the  observance  of  most  rigid  precautions  does  not  entirely  pre- 
clude the  possibility  of  hazard  to  the  men  when  handling  the  heavier 
poles.  Further,  the  pole  locations  are  not  always  such  that  a  con- 
siderable number  of  men  with  pikes  can  properly  distribute  them- 
selves about  the  pole  so  as  to  complete  the  raising  and  lowering  oper- 
ations in  a  reasonably  safe  and  efficient  manner. 

Earth  Boring  Machines 

One  of  the  slowest  and  most  difficult  physical  tasks  connected 
with  outside  construction  work  is  that  of  digging  pole  holes.  It  is 
estimated  that  upwards  of  1,000,000  holes  must  be  dug  annually  to 
accommodate  the  poles  erected  in  new  locations,  and  those  replaced, 
moved  and  reset  in  the  Bell  System.  Under  soil  conditions  reason- 
ably free  from  obstructions  a  man  can  generally  average  about  three 
holes  per  day  with  perhaps  five  to  six  as  a  maximum  under  ideal  soil 
conditions,  while  in  more  difficult  digging  one  or  possibly  two  holes 
may  represent  a  good  average  day's  work.  It  probably  requires 
somewhere  in  the  neighborhood  of  3,500,000  man-hours  per  year 
simply  to  dig  pole  holes. 

For  a  number  of  years  the  availability  of  a  practical  pole  hole 
digger  has  been  the  objective  of  telephone  linemen.  Development 
work  has  progressed  rapidly  during  recent  years  and  the  high  point 
of  perfection  which  has  been  reached  in  automobile  truck  design  and 
performance  has  greatly  simplified  the  adaptation  and  increased  the 
practicability  of  the  boring  apparatus.  It  is  of  interest  to  note  in 
this  connection  that  the  solution  of  the  problem  comes  at  a  time  when 
there  is  a  pronounced  shortage  of  common  labor. 

The  construction  in  1914  of  that  portion  of  the  transcontinental  line 
extending  across  Nevada,  marks  the  first  really  economical  application 
of  a  machine  to  bore  pole  holes.  In  about  1917  the  need  for  labor 
relief  led  to  renewed  activity  in  connection  with  adapting  the  funda- 
mental principles  of  the  original  boring  apparatus  to  machines  suffi- 
ciently flexible  to  meet  the  general  and  rather  exacting  requirements 
of  telephone  work. 

Fig.  7  shows  one  of  the  latest  developments  in  earth  boring  ma- 
chines, which  is  cleancut  and  rugged.  This  machine  is  mounted 
upon  a  4-wheel  drive  truck  and  is  otherwise  specially  equipped  which 
enables  it  to  reach  practically  any  location  where  it  is  necessary  to 
bore  holes  for  the  erection  of  poles.  As  a  matter  of  fact  it  has  been 
demonstrated  that  these  machines  are  able  to  reach  approximately 
95%  of  the  pole  locations.     Further,   the  machine  being  equipped 
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with  a  pole  raising  derrick  makes  possible  the  digging  of  the  hole  and 
,u.he  erecting  of  the  pole  with  but  one  setting  of  the  truck. 

With  the  boring  machine  from  30  to  80  poles  per  day  can  be  set  in 
their  holes  by  a  force  of  three  men.  This,  of  course,  does  not  include 
straightening  the  poles  and  backfilling  the  holes.  To  do  this  amount' 
of  work  with  manual  labor  only  would  ordinarily  require  from  15  to  50 
men.  It  is  of  particular  interest  to  note  that  the  more  difficult  the 
digging,  exclusive  of  rock,  of  course,  the  greater  the  saving  by  using 


Fig.  7 — Boring  Hole  for  "H"  Fixture 


the  machine.  It  might  be  mentioned  that  one  of  the  most  important 
features  of  the  boring  machine  is  its  ability  to  bore  holes  through 
frost  thus  enabling  a  more  uniform  apportionment  of  pole  work  over 
the  entire  year.  This  feature  is  also  of  particular  value  in  connection 
with  the  restoration  of  service  subsequent  to  sleet  storm  breaks  in 
winter  at  which  time  hand  digging  is  in  many  cases  a  practical 
impossibility. 

Fig.  8  illustrates  the  ability  of  this  4-wheel  drive  outfit  to  negotiate 
difficult  ground  conditions.  In  this  instance  one  rear  wheel  has 
dropped  into  a  hole  while  traveling  over  a  plowed  field  covered  with 
snow.  It  required  only  a  few  minutes  to  lift  the  wheel  by  moving 
the  turn  table  so  that  the  auger  was  just  behind  the  buried  wheel, 
then  raising  that  corner  of  the  truck  by  forcing  down  the  auger  with 


62 


BELL    SYSTEM    TECHNICAL    JOURNAL 


power  from  the  engine,  sliding  a  skid  board  under  the  wheel  thus 
raised,  lowering  the  wheel  to  this  board  and  driving  away. 


Fig.  8 — Machine  Extricating  Itself  from  Hole 


Cable  Reel  Trailers 

To  meet  the  need  for  a  device  suitable  for  trailing  a  single  reel  of 
cable  and  also  for  use  as  a  reel  "set-up"  preparatory  to  a  "pull"  of 
either  underground  or  aerial  cable,  a  type  of  cable  reel  trailer  has 
been  developed  as  illustrated  in  Figs.  9  and  10. 

A  number  of  trailers  of  this  type  have  been  in  service  for  some 
length  of  time  and  their  use  has  brought  out  many  advantages,  some 
of  the  more  important  of  which  are: 

A  reel  of  cable  can  be  loaded  on  and  unloaded  from  the  trailer 
in  less  time  and  with  less  effort  than  when  a  reel  is  carried  in  the 
body  of  the  truck.  In  this  connection,  it  might  be  pointed  out 
that  an  important  safety  feature  is  involved  in  that  the  hazards 
to  the  men  in  loading  and  unloading  heavy  reels  of  cable  by  the 
old  method  are  practically  eliminated.  Of  course,  even  where 
reels  of  cable  are  carried  in  the  truck  the  u?e  of  the  winch  and 
spindle  as  previously  discussed  in  the  January  issue  eliminates 
the  hazard  that  was  present  in  the  old  method  of  loading  and 
unloading,  involving  the  use  of  skids. 
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Fig.  9 — Truck  Being  Used  to  Load  Reel  of  Cable  on  Trailer 


Fig.  10 — Cable  Being  Pulled  into  Rings  from  Reel  "Set-up"  on  Trailer 
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Fewer  men  are  required  for  loading,  unloading  and  "setting-up." 
For  example,  two  men  with  a  chauffeur  and  truck  (not  neces- 
sarily equipped  with  a  winch)  can  satisfactorily  handle  a  3-ton 
reel  of  cable  with  the  trailer,  where  ground  conditions  are  such 
that  they  can  maneuver  the  reel  on  the  ground. 

Where  a  single  reel  of  cable  is  to  be  used  for  one  "pull"  or  for 
a  number  of  short  "pulls,"  the  trailer  is  used  to  haul  the  reel  to 
the  job  and  to  "set  up"  the  reel  for  each  "pull."  The  reel  may 
be  trailed,  in  addition  to  carrying  materials,  tools,  etc.,  in  the 
body  of  the  truck,  thus  making  it  unnecessary  to  unload  or  dis- 
arrange the  equipment  regularly  carried  on  the  truck. 

When  delivering  a  number  of  reels,  one  reel  may  be  trailed 
in  addition  to  carrying  one  or  more  on  the  body  of  the  truck, 
thus  materially  increasing  the  hauling  capacity  of  the  truck, 
with  a  proportionate  reduction  in  delivery  costs. 

As  the  photographs  indicate,  these  trailers  are  equipped  with 
springs  and  rubber  tires  which  afford  material  protection  to  the 
cable  while  in  transit. 

Pole  Trailers 

For  the  transportation  of  poles  under  ordinary  conditions,  the 
use  of  a  two-wheel  trailer  with  the  poles  balanced  on  the  trailer  and 
towed  behind  the  truck  is  ordinarily  the  most  satisfactory  method. 
Fig.  11  shows  such  a  trailer  loaded  and  ready  for  action. 
This  method  has  the  advantage  that  the  trailer  loaded  with  poles 
can  be  readily  detached  from  the  truck  and  left  at  any  desired  loca- 
tion, thus  releasing  the  truck  for  other  work.  Also,  in  case  of  the 
load  being  stuck  on  a  hill  or  in  the  mud,  the  trailer  can  be  readily 
detached  while  the  truck  runs  forward  and  from  the  top  of  the  hill 
or  from  firm  ground,  pulls  the  trailer  loa'd  of  poles  by  means  of  the 
winch  line. 

Limiting  the  weight  to  conform  with  requirements  of  state  laws 
materially  limits  the  size  of  the  load  in  hauling  chestnut  and  creosoted 
pine  poles.  However,  in  the  case  of  cedar  poles,  the  bulk  of  the  load 
rather  than  its  weight  is  ordinarily  the  limiting  factor. 

To  meet  these  different  conditions,  three  sizes  of  pole  trailers  have 
been  designed,  a  heavy  duty  trailer  rated  at  about  8  tons  with  ample 
overload  capacity,  a  medium  duty  trailer  rated  at  5  tons,  and  a  light 
duty  trailer  of  2^  ton  capacity  for  use  in  districts  where  it  is  desir- 
able to  maintain  a  standard  tread  between  the  wheels  rather  than  to 
use  the  narrow  tread  dinkeys  for  the  lighter  pole  loads. 
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Fig.  11 — Balanced  Load  of  Chestnut  Poles  on  Trailer 

Block  Gang  Trailer 
Fig.  12  illustrates  a  type  of  trailer  which  has  been  developed  recently 
for  the  use  of  gangs  doing  interior  block  construction  work.     In  a 


Fig.  12 — Trailer  Equipped  with  Special  Body  for  Interior  Block  Construction  Work 
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case  of  this  kind,  the  gang  is  ordinarily  located  on  a  job  from  one- 
half  day  to  three  or  four  days,  and  since  the  power  equipment  on  a 
truck  would  be  of  no  value  in  connection  with  placing  a  cable  on  the 
rear  walls  of  buildings,  for  instance,  it  is  more  economical  to  serve 
this  gang  by  means  of  a  trailer. 

This  light  type  of  trailer  contains  sufficient  space  for  carrying  all 
the  necessary  miscellaneous  tools  and  materials  required  in  connec- 
tion with  block  work  and  the  compartments  into  which  it  is  divided 
are  such  that  these  articles  can  be  arranged  in  an  orderly  and  readily 
accessible  manner,  thus  making  for  increased  efficiency  in  executing 
the  work. 

Concrete  Mixers 

In  connection  with  the  construction  of  underground  conduit  and 
particularly  in  the  work  of  building  concrete  manholes,  which  are 
now  being  employed  to  a  rather  large  extent,  it  is  essential  that  con- 
crete mixers  be  available  which  will  be  especially  adapted  to  telephone 
work.  Some  of  the  requirements  of  this  service  are  that  the  outfit 
be  of  light  weight,  compact,  embody  maximum  portability,  and  be 
reliable  in  operation.  The  failure  of  a  mixer  on  a  telephone  job  may 
seriously  handicap  the  operations  of  a  large  gang  of  men. 

Fig.  13  shows  a  commercial  type  of  mixer  which  has  been  modified 


Fig.  13 — Concrete  Mixer  Adapted  to  Meet  Telephone  Construction  Requirement 
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in  several  respects  to  meet  the  particular  requirements  of  telephone 
construction  work. 

Units  of  this  type  which  are  now  in  service  are  operating  very 
satisfactorily,  both  from  the  viewpoint  of  reliability  and  adaptability 
to  the  work.  This  outfit  will  mix  as  much  concerte  as  ten  men  and 
will  do  it  much  better. 


Fig.  14 — Pouring  Concrete  Manhole.     Note  4-way  Chute  for  Distribution 


Fig.  14  shows  one  of  the  batch  mixers  in  service  pouring  a  concrete 
manhole,  the  concrete  being  uniformly  distributed  to  all  sides  of  the 
structure  by  means  of  a  four-way  chute.  In  connection  with  the 
broadening  use  of  concrete  manholes  it  might  be  mentioned  that  the 
availability  of  improved  compressed  air  tools  has  greatly  simplified 
and  cheapened  the  making  of  any  changes  that  may  be  required 
subsequent  to  the  initial  construction  of  the  manholes. 

In  order  to  provide  a  concrete  mixer  unit  having  maximum  port- 
ability and  having  proper  capacity  and  operating  features  for  tele- 
phone work,  we  have  cooperated  with  the  manufacturer  in  the  devel- 
opment of  such  a  unit  which  is  shown  in  Fig.  15.  This  consists  of  a 
batch  mixer  permanently  mounted  upon  a  Ford  1-ton  truck  chassis 
and  operated  through  a  suitable  power  take-off  from  the  Ford  engine. 
This  unit  loads  from  the  ground  by  means  of  a  power  loader  and  dis- 
tributes the  concrete  from  the  opposite  side  of  the  drum  through  a 
long  swinging  adjustable  chute  (not  shown).     A  small  trailer  if  desired 
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Fig.  15 — Concrete  Mixer  on  Ford  One-Ton  Truck.  Maximum  PortabilityforSmall  Jobs 


Fig.   16 — Light  Weight  Trenching  Machine. 
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can  be  used  behind  the  Ford  truck  to  transport  the  supplies  and  tools 
necessary  in  connection  with  isolated  jobs. 

•     Trenching  Machines 

Where  it  is  necessary  to  do  a  considerable  amount  of  trenching  for 
underground  conduit  in  outlying  districts,  it  is  sometimes  possible  to 
utilize  a  trenching  machine  with  marked  economy.  In  fact  under 
normal  conditions  a  machine  of  this  kind  will  dig  trench  about  as  fast 
as  a  gang  of  50  men. 

The  machine  shown  in  Fig.  16  is  a  recent  development  which  has 
advantages  over  the  older  type  units  in  that  the  size  and  weight  are 
such  as  to  admit  of  its  being  transported  from  point  to  point  on  a 
heavy  truck  or  trailer. 

Pumps 

In  handling  the  water  from  excavations  and  also  from  manholes 
where  splicers  are  working,  the  diaphragm  pump  illustrated  in  Fig.  17 
is  giving  a  good  account  of  itself,  particularly  because  of  certain 
features  incorporated  in  the  design  which  especially  adapt  it  to  tele- 
phone conditions. 


Fig.  17 — -Enclosed  Discharge  Diaphragm  Pump.     Capacity  One  Barrel  per  Minute 
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This  little  unit  will  pump  water  at  the  rate  of  over  one  barrel  per 
minute  and  discharge  it  through  a  hose  away  from  the  job  to  any 
location  desired.  It  will  operate  all  day  with  practically  no  atten- 
tion, upon  a  gallon  or  two  of  gasoline.  When  pumping  under  ordinary 
conditions  it  will  handle  water  faster  than  12  men  with  hand  pumps. 

One  very  desirable  feature  of  the  diaphragm  pump  is  that  it  is 
self-priming.  For  instance,  if  splicers  are  working  in  a  manhole  the 
pump  can  be  started  and  the  initial  volume  of  water  removed,  then 
as  seepage  water  enters  the  manhole  it  will  be  immediately  taken 
up  and  discharged  without  any  attention  from  the  splicers  or  helpers. 


Fig.   18 — Light  Weight  Centrifugal   Pump.     Capacity  Seven   Barrels  per   Minute 


For  handling  larger  volumes  of  water  there  has  just  been  developed, 
as  the  result  of  careful  study  and  cooperation  with  the  manufacturer, 
a  new  type  of  centrifugal  pump  shown  in  Fig.  18.  This  unit  consists 
of  an  air  cooled  engine  similar  to  that  used  in  the  concrete  mixers. 
On  the  end  of  the  engine  shaft  is  mounted  the  centrifugal  pump  im- 
peller.    The  pump  casting  also  forms  a  base  for  the  engine. 

As  an  indication  of  the  capacity  of  this  pump  it  might  be  of  interest 
to  note  that  it  would  not  be  possible  to  get  enough  men  with  hand 
pumps  around  a  manhole  to  handle  water  as  fast  as  this  unit.  It  will 
pump  seven  barrels  of  water  per  minute  and  mounted  on  skids  as 
shown  it  weighs  only  about  500  pounds. 

In  the  case  of  trucks  which  do  a  considerable  amount  of  under- 
ground cable  placing  in  districts  where  water  must  be  removed  from 
manholes    in    advance    of    the    cable    placing   operation,    centrifugal 
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pump  equipment  mounted  on  the  truck  is  desirable.  As  soon  as  the 
gang  arrives  at  a  wet  manhole,  the  pump  if  promptly  applied  will 
remove  the  water  in  the  few  minutes  during  which  preparations  are 
being  made  for  placing  the  cable,  so  that  ordinarily  the  gang  is  not 
delayed  in  the  least  by  the  water. 
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Fig.  19— Centrifugal  Pump  Mounted  on  Underground  Cable  Placing  Truck 

There  are  several  points  in  favor  of  locating  the  pump  on  the  run- 
ning board  as  shown  in  Fig.  19  rather  than  in  the  body  at  the  rear  of 
the  cab  as  has  been  the  usual  practice  in  the  past.  With  the  running 
board  installation  the  water  is  not  carried  up  into  the  truck  body 
where  it  has  a  tendency  to  get  into  the  tool  and  material  boxes  and 
equipment  and  also  to  cause  deterioration  of  the  body.  In  addition 
space  is  economized  and  the  pump  is  located  considerably  lower  than 
would  otherwise  be  the  case,  thus  resulting  in  a  reduction  of  the 
suction  lift  for  the  water  between  its  level  in  the  manhole  and  the 
pump  impeller. 


Air  Compressors  and  Compressed  Air  Tools 

Of  the  many  applications  for  mechanical  equipment  to  offset  the 
scarcity  and  high  cost  of  certain  types  of  labor  such  as  for  excavating, 
etc.,  the  use  of  air  compressors  and  compressed  air  tools  is  of  prime 
importance  in  the  outside  plant  construction  work.  Through  special 
adaptations  to  meet  each  peculiar  condition,  this  class  of  labor  saving 
equipment  has  been  made  available  for  use  on  such  jobs  as  the  opening 
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of  all  kinds  of  street  pavements  preparatory  to  laying  underground 
conduit,  cutting  frozen  ground,  loosening  the  earth  in  excavating 
instead  of  using  picks,  drilling  rock  preparatory  to  blasting  for  under- 
ground conduit  or  for  pole  holes,  tamping  back  filled  earth,  cutting 
iron  pipe  covering  from  cable,  etc. 


Fig.  20 — Air  Compressor  Mounted  on  Trailer  for  Maximum  Portability 

Fig.  20  shows  a  new  type  of  portable  gasoline  engine  driven  com- 
pressor unit  which  is  being  satisfactorily  used  for  the  larger  jobs  of 
opening  street  pavements,  for  rock  drilling,  etc. 


Fig.  21 — Removing  Granite  Blocks  and  Breaking  Concrete  Base 
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Where  trenching  work  involves  cutting  through  paved  streets  one 
compressor  unit  with  three  men  will  ordinarily  accomplish  as  much  in  a 
given  period  of  time  as  27  men  employing  former  methods. 

In  Fig.  21  two  operators  are  shown  opening  pavement  which  con- 
sists of  granite  blocks  set  in  cement,  on  a  concrete  base.  One  man 
goes  ahead  and  wedges  the  blocks  loose,  while  the  man  following 
breaks  the  concrete  base.  Some  pavements  of  this  type  are  very 
difficult  to  open.  When  the  cement  filling  is  of  good  quality  the 
granite  blocks  often  break  before  the  cement  loosens. 


Fig.  22 — Air  Gun  Cutting  Asphalt 


Fig.  22  shows  an  operator  cutting  asphalt  pavement.  With  the 
wedge-shaped  blade  cutting  at  intervals  as  shown,  small  cracks  are 
opened  between  the  holes  so  that  when  cross  cuts  are  made  square 
blocks  of  asphalt  can  be  readily  lifted  out. 

The  above  illustrations  contrast  rather  strikingly  with  the  old 
methods  of  cutting  pavements  by  means  of  sledges  and  bars  as  shown 
in  Figs.  23  and  24. 

In  the  use  of  the  old  manual  method  of  cutting  with  sledges  and  bars 
there  is  always  present  a  certain  degree  of  hazard  to  the  men.  There 
is  the  possibility  of  the  striker  missing  the  steel  and  striking  the 
holder's  wrist,  also  the  danger  to  the  men's  eyes  from  flying  steel 
chips.  These  safety  points,  of  course,  are  outside  the  labor  saving 
considerations. 


74 


BELL    SYSTEM    TECHNICAL    JOURNAL 


Fig.  23 — Manual  Method  of  Breaking  Concrete.     Contrast  with  Fig.  21 


Fig.  24 — Manual  Method  of  Cutting  Asphalt.     Contrast  with  Fig.  22 
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While  the  labor  saving  is  large  in  connection  with  opening  street 
pavements,  it  is  even  greater  in  the  work  of  drilling  rock  for  blasting, 
where  two  men  and  a  compressor  can  ordinarily  do  as  much  work 
in  a  given  length  of  time  as  35  to  40  men  using  hand  methods. 

In  Fig.  25  is  shown  another  interesting  and  efficient  application  of 
compressed  air  tools.  Compressed  air  spades  are  being  used  to  an 
increasing  extent  for  loosening  hard  earth  instead  of  doing  this  work 
by  the  usual  pick  method.  A  tool  of  this  kind  requires  very  little  air 
and  while  this  particular  application  is  rather  new,  it  is  felt  that  fur- 
ther study  may  result  in  an  appreciable  saving  over  hand  pick  methods. 


Fig.  25 — Pneumatic  Spade  Replacing  Hand  Pick  Method  of  Loosening  Hard  Soil 

Compressed  air  can  also  be  used  to  advantage  in  tamping  back  filled 
earth.  Under  certain  conditions,  however,  it  now  seems  that  a 
suitable  mechanically  operated  tamper  will  probably  show  greater 
economy  on  all  except  jobs  in  congested  areas  where  the  underground 
pipe  interference  is  serious  or  where  the  trench  or  opening  extends 
in  a  diagonal  direction,  thus  often  precluding  the  use  of  a  rigid  me- 
chanical device. 

The  utilization  of  the  portable  air  compressor  is  a  comparatively 
recent  development  undertaken  by  the  telephone  companies  in  co- 
operation with  one  of  the  large  air  compressor  manufacturers. 
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While  the  large  capacity  units  have  reached  the  stage  where  they 
give  satisfactory  operation,  there  is  a  field  in  the  telephone  business 
for  a  much  more  compact,  lighter  weight  unit  of  lower  capacity  and 
cost,  for  such  work  as  the  opening  of  trench  for  subsidiaries,  cutting 
frost,  drilling  rock  for  pole  hole  blasting,  etc.  With  this  in  mind 
there  has  recently  been  developed  in  cooperation  with  an  air  com- 
pressor manufacturer,  a  type  of  compressor  which  is  suitable  for 
operating  either  one  jack  hammer  for  rock  drilling  or  one  tool  for 
street  opening  with  a  corresponding  capacity  for  other  types  of  com- 
pressed air  work.  It  is  expected  that  the  weight  of  this  unit  can 
through  further  study  be  reduced  to  such  an  extend  that  it  will  be 
practicable  to  mount  it  upon  a  Ford  one-ton  truck  and  still  leave 
sufficient  carrying  capacity  to  handle  the  necessary  guns,  steels  and 
hose  for  operating.  Where  there  will  be  practically  constant  use  for 
this  lighter  unit  it  may  be  desirable  to  mount  it  permanently  upon  the 
truck,  while,  in  cases  where  the  use  will  be  intermittent,  a  very  economi- 
cal and  convenient  mounting  can  be  made  upon  one  of  the  Army  type 
trailers. 

Conclusion 

In  this  article  an  endeavor  has  been  made  to  cover  in  a  very  brief 
way  some  of  the  more  important  items  of  mechanical  application 
which  have  a  place  in  telephone  construction  work.  The  adaptation 
of  mechanically  operated  tools  and  other  devices  to  assist  in  the  neces- 
sary manual  operations  will  undoubtedly  continue  to  occupy  an  im- 
portant place  in  the  work.  Further  study  and  development  should 
result  in  many  improvements  in  the  present-day  way  of  doing  things 
which  will  make  not  only  for  marked  economies  of  operation,  but  for 
greatly  increased  features  of  safety  to  the  men  engaged  in  constructing 
and  maintaining  the  telephone  plant. 


A  Method  of  Graphical  Analysis 

By  HELENE  C.  BATEMAN 

Introduction 

IN  connection  with  many  telephone  problems  of  an  economic 
character,  it  is  necessary  to  develop  methods  for  making  estimates 
and  forecasts  of  the  effects  of  changes  in  conditions.  When  the  changes 
in  conditions  are  such  that  direct  experimentation  is  impracticable 
the  development  of  logical  methods  and  bases  for  estimates  involves 
analyses  of  past  experience  in  specific  situations  and,  in  so  far  as  is 
feasible,  the  generalization  of  such  experience.  It  is  the  purpose  of 
this  paper  to  describe  briefly  a  graphical  method  by  which  complex 
economic  data  may  be  generalized  for  use  in  forecasting  probable 
future  conditions. 

In  some  problems,  it  is  necessary  to  determine  the  effects  of  changes 
in  a  specific  situation,  the  results  being  applicable  particularly  to  the 
given  situation,  and  only  very  generally  to  other  situations.  The 
effect  of  a  change  in  population  upon  station  growth  in  a  given  ex- 
change is  an  example  of  such  a  problem.  In  other  problems,  it  is 
practicable  to  generalize  experience  so  that  the  results  of  analyses 
may  be  applied,  under  proper  conditions  and  limitations,  to  various 
specific  situations.  Moreover,  it  is  often  necessary  to  apply  a  general 
conclusion  to  a  specific  situation  because  no  specific  experience  is 
available.  An  example  of  this  type  of  analysis  is  the  generalization 
of  results  of  various  rate  treatments  in  different  exchanges.  In  meet- 
ing this  type  of  problem  graphical  methods  are  utilized  to  compare 
experience  of  a  similar  nature  in  various  situations.  The  factors 
which  may  be  indices  of  differences  in  conditions  among  various 
situations  are  studied  to  determine  their  relation  to  the  differences 
encountered.  Finally  an  attempt  is  made  to  derive  quantitative  re- 
lationships from  the  experience  analyzed. 

The  assumption  made  in  utilizing  such  methods  is  that  the  experience 
in  different  situations,  from  which  generalizations  are  to  be  made,  is 
essentially  similar  in  certain  respects,  and  that  the  variation  in  the 
quantitative  unit  to  be  estimated  is  due  to  varying  conditions,  as 
between  the  different  situations,  which  may  be  measured  in  part 
by  quantitative  factors.  There  are,  of  course,  certain  types  of  prob- 
lems where  essential  similarity  between  different  situations  does  not 
exist  or  where  it  is  difficult,  if  not  impossible,  to  isolate  quantitative 
factors  sufficiently  reliable  to  form  a  basis  for  estimates.     On  the 
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other  hand,  there  are  many  problems  to  which  these  methods  may 
properly  be  applied  and  in  which  it  is  practically  impossible  to  derive 
a  reliable  and  satisfactory  basis  for  making  estimates  without  some 
such  methods  of  analysis.  Certain  economic  problems,  in  particular, 
because  of  the  impracticability  of  experimentation  and  because  the 
complex  reactions  of  a  group  of  individuals  are  involved,  are  not 
adapted  to  solution  by  the  statistical  methods  which  have  proved 
useful  in  biometric  sciences,  but  may  be  dealt  with  by  graphical 
methods.  This  has  been  found  particularly  true  in  problems  in- 
volving local  telephone  message  use,  and  throughout  the  following 
discussion,  illustrations  are  drawn  from  analyses  of  this  type. 

Data 

Since  the  ultimate  aim  of  a  graphical  analysis  of  this  type  is  to 
provide  a  basis  for  making  estimates,  the  first  step  is  to  determine 
the  estimates  which  will  be  required  and  the  type  of  cases  and  condi- 
tions under  which  they  will  be  used.  In  this  way  the  aim  and  scope 
of  the  analysis  is  clearly  defined.  The  unknown  factor  (the  dependent 
variable)  is  to  be  estimated  from  certain  known  factors  (independent 
variables).  Various  factors,  quantitative  and  qualitative,  which 
might  logically  appear  to  be  indices  of  conditions  controlling  the 
dependent  variable  are,  therefore,  considered.1  Only  factors  as  to 
which  data  are  available  at  the  time  and  place  where  estimates  are  to 
be  made  are  useful  as  independent  variables.  It  is  usually  advisable 
to  test  a  suggested  factor  by  means  of  any  data,  even  in  small  amounts, 
which  may  be  available  before  a  complete  body  of  data  is  collected. 
Such  preliminary  investigations  are  useful  in  indicating  the  scope  and 
detail  in  which  data  should  be  secured.     In  general  the  data  should: 

1.  Be  adequately  representative  of  the-  type  of  cases  for  which 
estimates  must  be  made, 

2.  Be  adequate  from  a  sampling  standpoint  for  each  situation, 

3.  Be  as  nearly  homogeneous  as  practicable,  i.e.,  cases  having  any 
outstanding  peculiarities  should   be  excluded,2 

4.  Include  what  appear  to  be  the  important  factors  or  indices  for 
each  case. 

1  It  should  be  noted  that  such  relationships  need  not  be  those  of  cause  and  effect. 
If  two  factors  vary  together  (as  do,  for  instance,  different  effects  of  a  common  cause) 
the  values  of  the  one  which  are  hard  to  determine  can  be  estimated  from  the  more 
easily  measured  values  of  the  other. 

2  For  instance,  if  estimates  are  to  be  made  for  small  exchanges,  it  would  not  be 
advisable  to  include  data  from  large  exchanges  in  the  analysis. 
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Preliminary  Analysis 

After  the  data  have  been  collected  and  summarized  in  accordance 
with  the  general  plan  of  the  study,  the  graphical  phase  of  the  analysis 
begins  with  trial  setups  in  which  the  dependent  variable  is  plotted 
against  each  of  the  independent  variables  in  turn.  Such  charts  are 
intended  only  to  give  a  general  idea  of  the  types  of  relationships  and  to 
determine  which  of  the  factors  tested  are  most  closely  related  to  the 
dependent  variable.  Factors  which  do  not  vary  with  the  dependent 
variable  are  not  necessarily  to  be  discarded  permanently  since  the 
effect  of  one  factor  may  obscure  that  of  another.  It  is  not  to  be  ex- 
pected that  the  data  plotted  on  any  of  these  charts  will  fall  along 
smooth  curves.  They  will  probably  be  widely  scattered  but  in  the 
case  of  the  more  important  factors  a  general  trend  is  usually  evident. 

On  the  next  series  of  trial  charts,  several  of  the  more  important 
factors  are  considered  simultaneously.  If  a  qualitative  factor  is 
under  consideration,  separate  charts  are  plotted  for  the  different 
classes.  If  these  charts  are  essentially  similar,  the  qualitative  factor 
may  be  disregarded  for  the  time  being  and  the. data  considered  as  a 
whole.  If,  however,  the  qualitative  factor  appears  to  influence  the 
relationships  in  a  logical  manner  the  data  must  be  sub-divided 
and  a  number  of  practically  independent  studies  carried  on.  In  fact, 
the  analysis  of  the  effect  of  a  qualitative  factor  is  intended  to 
determine  whether  or  not  the  data  forms  an  essentially  homogeneous 
whole.  If  there  is  a  discontinous  variable,  it  is  often  convenient  to 
hold  it  constant,  i.e.,  a  separate  chart  may  be  plotted  for  each  value 
or  group  of  values  of  this  factor.  The  factor,  which  from  the  pre- 
liminary charts,  seems  most  important  is  usually  plotted  against 
the  dependent  variable.  One  or  two  other  factors  are  coded.  The 
codes  may  be  either  in  colors  or  symbols  or  both.  The  color  codes  are 
usually  the  more  easily  distinguished  and  are,  therefore,  the  better 
for  working  charts.  For  final  charts,  however,  color  codes  are  not 
usually  practicable  because  of  the  difficulties  of  reproduction.  Both 
colors  and  symbols  may  be  used  when  two  coded  factors  are  to  be 
tested  simultaneously. 

In  these  preliminary  sets  of  charts,  it  is  well  to  test  as  many  differ- 
ent factors  and  combinations  of  factors  as  appear  logically  to 
vary  with  the  dependent  variable.  It  is  usually  best,  however,  to 
consider  not  more  than  three  or  four  independent  variables  at  a  time, 
one  plotted  against  the  dependent  variable  with  one  or  possibly  two 
coded  and  one  held  constant  on  each  chart.  An  attempt  to  hold 
constant  a  greater  number  will  often  sub-classify  the  number  of  data 
points  so  far  as  to  obscure  the  real  trends.     Furthermore,  the  com- 
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plexity  of  charts  increases  rapidly  with  the  inclusion  of  more  variables 
and  makes  the  analysis  and  estimating  complex  and  cumbersome. 

Fig.  1  is  a  typical  preliminary  trial  chart  from  a  study  of 
average  telephone  message  use  under  message  rate  service.  Each 
data  point  represents  one  class  of  service  in  a  particular  exchange. 
The  independent  factors  taken  into  account  are: 

1.  Major    Service    Classifications3 — held    constant    since    this 
chart  is  for  one  class  only. 

2.  Rank  of  Service  4 — plotted. 

3.  Message  Allowance — coded. 
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Fig.  1 — Preliminary  Chart  Involving  Three  Variables 

The  trend  of  the  relationships  between  message  allowance,  rank  of 
service  and  average  message  use  is  fairly  well  defined  on  this  chart. 

i  Business  Main  Station,  Residence  Alain  Station,  P.  B.  X.,  etc. 
4  A  statistical  index  indicating  the  relative  ranking  of  subscribers  in  accordance 
with  their  demands  for  service. 
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When  several  different  sets  of  charts  such  as  are  described  above 
have  been  scrutinized,  definite  trends  will  usually  be  fairly  clearly 
established.  It  will  often  be  found  that  while  these  trends  are  well 
defined,  nevertheless  a  number  of  points  may  scatter  widely.  Such 
points  are  studied  carefully.  If,  after  the  original  data  are  checked, 
the  points  are  found  to  be  correctly  plotted,  each  case  is  investigated 
in  detail  to  account  for  the  observed  divergence.  Sometimes  it  will 
be  found  due  to  a  factor  which  has  not  been  taken  into  account,  the 
inclusion  of  which  will  often  improve  the  results  of  the  study  as  a 
whole.  On  the  other  hand,  peculiar  local  conditions  or  history  may 
give  rise  to  such  divergence.  These  cases  are  not  really  a  part  of  the 
similar  group  under  consideration.  If  they  are  sufficient  in  number 
and  similar  with  respect  to  each  other  they  may  be  studied  inde- 
pendently. If  not,  they  are  either  excluded  entirely  or  given  slight 
weight  in  the  general  study.  Because  of  wide  differences  in  problems 
and  material,  it  is  not  practicable  to  describe  in  detail  the  process  of 
analyzing  such  preliminary  charts  in  arriving  at  decisions  as  to  data 
and  process. 

Curve  Drawing 

The  next  step  is  the  construction  of  curves  through  these  data 
which  will  truly  represent  the  relationships  involved.  This  can  be 
facilitated  by  plotting  the  average  values  of  the  dependent  variable 
for  all  cases  having  the  same  values  (within  certain  limits)  for  all  the 
independent  variables. 

On  Fig.  2  the  data  points  are  the  same  as  those  plotted  on 
Fig.  1.  The  closed  symbols  which  have  been  added  are  average 
points  representing  the  data  points  of  the  same  symbol.  The 
abscissa  of  each  average  point  is  the  mid-point  of  an  interval  of 
rank  of  service  (0-20,  10-30,  etc.)  and  the  ordinate  is  the  average 
of  the  message  uses  of  all  the  points  falling  within  that  interval. 

The  average  most  often  used  on  such  charts  is  the  median  not  only 
because  it  is  most  easily  located  but  because  it  is  usually  the  most 
representative,  giving  little  weight  to  extreme  cases.  Whatever 
average  is  used,  it  is  well  to  make  it  a  moving  average,  i.e.,  covering 
overlapping  intervals  such  as  20-30,  25-35,  30-40,  etc.,  rather  than 
20-30,  30-40,  40-50,  etc. 

These  averages  serve  as  a  guide  for  drawing  the  preliminary  curves 
through  the  data  but  the  actual  data  points  are  considered  at  the 
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same  time.     In  constructing  the  curves,  the  significance  to  be  attached 
to  any  data  point  depends  chiefly  on: 

1.  The  number  of  individual  cases  on  which  it  is  based. 

2.  The  probable  degree  of  accuracy  of  the  data. 
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Fig.  2 — Preliminary  Chart  With  Averages  and  Curves 


Since  these  characteristics  are  considered  simultaneously  it  is  usually 
advisable  to  depend  on  judgment  using  the  averages  as  a  general  guide, 
rather  than  to  rely  on  any  formal  mathematical  system.    The.  first  set 
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of  curves  is  drawn  to  fit  the  data  as  closely  as  practicable  and  still  be 
logical  and  consistent. 

On  Fig.  2,  the  number  of  data  points  on  which  each  average  is 
based  has  been  noted  as  an  aid  to  judgment  and  a  set  of  rough 
preliminary  curves  has  been  drawn.  These,  of  course,  are  not 
necessarily  the  most  accurate  curves  which  could  be  constructed 
from  these  data.  A  method  of  progressing  to  final  curves  is 
described  below. 

Curve  Smoothing 

The  first  set  of  curves  constructed  from  the  data  may  not  be  an 
entirely  consistent  and  reasonable  family.  The  relation  between 
different  curves  on  the  same  chart  or  between  different  charts  indi- 
cates the  influence  of  factors  other  than  the  one  plotted  and  must, 
therefore,  be  made  consistent  and  logical.  The  process  of  trans- 
forming the  preliminary  curves  into  the  final  normals  is  known  as 
smoothing. 

The  original  curves  are  first  studied  for  reasonableness.  Their 
general  shape  (whether  straight  line,  convex  or  concave,  having  maxi- 
mum or  minimum  points,  being  asymptotic  to  a  certain  line,  etc.)  is, 
in  so  far  as  practicable,  determined  on  logical  grounds.  If  a  large 
majority  of  the  curves,  or  the  curves  based  on  the  greatest  amount 
of  data,  have  a  certain  clearly  defined  trend,  the  remainder  of  the 
curves  are  made  to  conform  to  this  trend,  if  it  is  reasonable,  at  the 
same  time  keeping  as  closely  in  line  with  the  data  as  possible. 

Each  chart  will  usually  have  one  independent  variable  plotted 
against  the  dependent  variable  and  another  independent  variable 
coded.  Each  curve,  therefore,  indicates  the  relationship  between  the 
dependent  variable  and  one  independent  variable  for  a  certain  con- 
stant value  or  range  of  values  of  a  second  independent  variable.  If 
the  relative  positions  of  the  curves  of  a  family  on  one  chart  are  ad- 
justed, the  relationship  of  the  coded  variable  to  the  other  two  is 
altered.  The  effect  of  this  alteration  may  be  seen  by  plotting  the 
coded  variable  against  the  dependent  variable  and  coding  the  one 
which  previously  was  plotted,  all  values  being  read  from  the  pre- 
liminary curves.  This  is  sometimes  called  cross-sectioning.  The 
families  of  curves  formed  by  cross-sectioning  are  then  smoothed  until 
they  are  reasonable  and  consistent.  In  doing  this,  the  original 
curves  are  automatically  departed  from,  and  when  the  original 
curves  are  replotted  from  the  cross-sections,  it  may  be  found  that  the 
resulting  family  of  curves  is  not  smooth,  consistent  or  reasonable. 
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The  smoothing  process  must,  therefore,  be  repeated  back  and  forth  a 
number  of  times  until  both  sets  of  curves  appear  to  be  smooth,  reason- 
able and  consistent  families.  During  this  process,  it  is  important 
that  the  various  families  of  curves  be  tested  against  the  original  data. 
If  this  is  not  done,  it  may  happen  that  a  series  of  small  changes  will 
accumulate  in  such  a  way  as  to  bring  portions  of  the  curves  outside 
the  limits  of  the  original  data.  Furthermore,  the  factor  or  factors 
held  constant  on  each  chart  must  not  be  lost  sight  of.  These  factors 
should  be  plotted  against  the  dependent  variable  holding  constant 
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all  other  factors  (values  being  read  from  the  smoothed  curves)  to  see 
that  these  relationships  also  are  being  made  reasonable,  consistent 
and  smooth. 

The  process  of  smoothing  described  above  is  a  long  and  laborious 
one  involving  at  every  step  the  making  of  special  decisions  based 
upon  knowledge  of  the  data  and  the  logic  of  the  situation  with  regard 
to  the  particular  problem.  Various  methods  of  facilitating  the  work 
have,  however,  been  devised  some  of  which  are  described  below. 
Figs.  3A  and  3B  illustrate  the  advantage  of  having  both  sets  of  curves 
on  the  same  chart  with  the  same  scale  for  the  dependent  variable  so 
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that  when  the  smoothing  process  is  applied  to  one  family,  the  effects 
on  the  other  may  be  more  readily  ascertained. 

The  curves  on  Fig.  3A  are  the  rough  curves  which  were  drawn 
through  the  data  on  Fig.  2.  Fig.  3B  shows  the  cross  sections  of  these 
curves,  message  allowance  being  plotted  and  rank  of  service  coded. 
It  is  evident  that  neither  set  of  curves  is  a  consistent  family.  Most  of 
the  curves  of  Fig.  3B  are  irregular  instead  of  being  smooth.  They 
might  be  smoothed  considerably  either  by  lowering  the  points  cor- 
responding to  a  70  message  allowance  or  by  raising  those  for  an  al- 
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lowance  of  90  messages.  A  study  of  Fig.  3B  shows  that  the  curves 
at  90  allowance  are  further  apart  than  at  any  other  point.  This 
might  be  used  as  an  argument  either  for  raising  the  lower  points  or 
lowering  the  higher.  In  scrutinizing  the  data,  however,  it  is  found 
that  of  the  classes  of  service  having  from  80  to  99  allowance  all  have 
allowances  of  either  80  or  83.  Therefore,  the  midpoint  (90  allow- 
ance) is  too  high  to  represent  the  group,  or,  conversely,  the  message 
use  plotted  is  too  low  for  an  allowance  of  90  messages.  In  order 
to  have  a  guide  in  the  amount  of  shifting  necessary,  data  points  for 
the  actual  message  allowances  of  the  80-99  group  have  been  plotted 
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on  Fig.  3B,  and  the  values  formerly  entered  at  90  (points  A,  B,  etc.) 
entered  at  813^2  (points  a,  b,  etc.).  With  these  points  and  those  at 
100  as  a  guide,  new  values  for  90  allowance  have  been  estimated 
(points  A',  B',  etc.).  The  shifting  of  a  point  up  or  down  on  Fig.  3B 
results  in  shifting  the  corresponding  points  of  the  other  family  (Fig. 
3A)  the  same  distance  in  the  same  direction  resulting  in  the  dotted 
curve.  There  is  much  more  smoothing  necessary  to  make  Figs.  3A 
and  3B  satisfactory  and  reasonable,  but  by  proceeding  in  the  manner 
just  described,  taking  into  account  the  appearance  of  the  curves,  the 
logic  of  the  situation  and  the  original  data,  a  smooth  and  consistent 
family  of  curves  can  finally  be  evolved. 

Another  excellent  method  of  smoothing  involves  the  use  of  a  three 
dimensional  figure.  Just  as  a  plane  surface  gives  a  complete  repre- 
sentation of  two  variables  and  a  partial  representation  (by  coding) 
of  a  third,  so  a  three  dimensional  system  can  be  used  to  give  a  com- 
plete representation  of  three  variables,  and  a  partial  representation  of 
a  fourth.  It  also  aids  greatly  in  smoothing  simultaneously.  A 
device  for  three  dimensional  representations  consists  of  a  plane  sur- 
face marked  off  with  rectilinear  coordinates  and  having  at  frequent 
intervals  holes  into  which  pegs  can  be  set.  The  pegs  also  have  co- 
ordinate markings.  The  values  of  two  variables,  then  determine  the 
point  at  which  the  peg  is  set  and  the  value  of  the  third  determines 
a  distance  along  the  peg.  The  point  is  marked  by  a  small  rubber  ring 
which  fits  around  the  peg.  The  values  of  a  fourth  variable  may  be 
coded  by  using  rings  of  different  colors.  When  the  device  is  used  for 
smoothing  curves  involving  only  three  variables,  the  data  points  may 
be  indicated  in  one  color  and  the  smoothed  values  in  another.  The 
data  points,  remaining  constant  as  the  smoothed  curves  are  shifted, 
form  a  continuous  check  on  the  divergence  of  the  smoothed  curves 
from  the  data.  This  is  an  automatic  process  of  cross-sectioning. 
When  the  position  of  a  point  is  changed,  the  effects  of  the  change  on 
the  various  relationships  are  seen  by  studying  different  aspects  of  the 
setup.  This  device  gives  the  best  results  with  discontinuous  variables 
(such  as  message  allowances,  rates,  etc.)  as  the  pegs  can  then  be  set 
in  at  regular  intervals  without  resorting  and  regrouping  the  data. 
It  is  also  especially  valuable  when  one  of  the  variables  is  a  complex 
factor  (such  as  distribution  of  development  among  more  than  two 
classes  of  service)  which  cannot  easily  be  represented  by  one  curve. 

Fig.  3C  illustrates  such  a  setup  with  the  revised  curves  of 
Figs.  3A  and  3B.  The  independent  variables,  message  allow- 
ance and  rank  of  service  are  represented  by  the  rectilinear  co- 
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ordinates  of  the  plane  surface.     Message  use  is  indicated  by  the 

rings  on  the  upright  pegs. 

In  general,  the  various  steps  in  the  analysis  leading  up  to  the  final 5 
or  normal  6  relationships  require  continuous  exercise  of  judgment. 
The  problem  is  never  one  of  securing  simply  curves  of  "best  fit"  to 
the  data.     It  is  broader,  more  fundamental  and  much  more  involved 


Fig.  3C 

than  this.  It  requires  a  combination  of  logic  with  the  data  that  results 
in  normal  relationships  which  fit  the  data  and  at  the  same  time  are 
reasonable.  It  is  necessary  to  consider  such  questions  as  the  follow- 
ing: Why  do  the  data  indicate  this  relationship?  As  a  generalization, 
is  such  a  relationship  reasonable?  What  should  be  the  character  of 
this  relationship?  Should  it  be  a  straight  line,  concave  up  or  con- 
cave down?  Particular  attention  is  given  to  the  reasonableness  of 
maxima  or  minima  points  and  to  points  of  inflexion  when  indicated 
by  the  data.  It  is  only  by  considering  such  fundamental  questions 
that  a  sound  basis  can  be  established  for  building  up  normal  rela- 

5  Final  in  a  relative  sense.  In  economic  studies  of  this  type  involving  human 
reactions  and  relationships  normal  relationships  are  never  final  in  an  absolute  sense. 

6  The  term  "normal  curve"  is  used  throughout  this  paper  to  designate  a  final 
curve  from  which  estimates  are  to  be  made.  A  normal  distribution  curve  in  this 
sense  may  or  may  not  be  "normal"  in  the  statistical  sense  of  an  evenly  balanced 
bell-shaped  curve. 
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tionships  which  will  be  a  true  generalization  of  experience.  The 
importance  of  dealing  with  economic  problems  in  this  way  can  hardly 
be  over  emphasized.  It  is  a  recognition  of  the  complexities  which 
are  inherent  in  problems  involving  human  reactions  and  the  dangers 
of  untrue  generalization  if  rigorous  and  more  or  less  inflexible  methods 
of  analysis  are  utilized. 

Final  Results 

The  result  of  the  smoothing  process  is  the  development  of  a  con- 
sistent series  of  charts  and  curves  by  means  of  which  the  value  of  the 
dependent  variable  may  be  estimated  from  the  values  of  the  various 
independent  variables. 

140 
130 


J 

/■ 

v/ 

V 

'  / 

/    , 

s 

/ 
/ 

/ 

TOT/ 

L   %    D 

EVELOF 

>MENT 

\G 

'_^.«*' 

S           s 

4 

s 

/ 

-■ — "^ 

^* 

s 

Z- — ~~i 

- 6 

._--- 

.^'-' 

*** 

A 
2 

— — — ~ 

— 

■— — 

NOT 

^-DOT" 

ED   LI 

vIES  SH 

0W   SE 

CTIONS 

BASE 

D    ON 

SCATT 

EREO 

)ATA 

. 

AVERAGE   RANK  OF   SERVICE 

Fig.  4 — Final  Family  of  Curves 

Fig.  4  is  an  example  of  such  a  chart  for  estimating  average 
message  use.  Charts  of  this  type  may  be  used  under  proper 
conditions  for  estimating  either  an  actual  value  which  is  unknown 
(such  as  average  message  use  under  an  existing  rate  schedule)  or 
the  value  which  may  be  expected  to  result  from  some  change 
(such  as  average  message  use  under  a  proposed  rate  schedule). 
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After  deriving  a  series  of  final  charts  estimates  are  made  of  the 
value  of  the  dependent  variable  for  all  the  cases  on  which  the  study 
was  based.  Consideration  of  the  differences  between  the  estimated 
and  the  actual  values  is  an  excellent  general  criterion  of  the  accuracy 
of  the  normals.  In  general,  the  positive  deviations  should  be  ap- 
proximately equal  to  the  negative  both  in  number  and  in  the  sum  of 
their  numerical  values.  If  either  positive  or  negative  deviations  are 
decidedly  predominant,  it  is  probable  that  the  general  level  of  the 
normal  curves  is  too  low  or  too  high. 

When  the  deviations  (without  regard  to  sign)  are  plotted  as  a 
frequency  curve,  the  curve  should  be  fairly  smooth.  It  need  not  be 
and  usually  is  not  a  bell  shaped  curve,  but  if  there  are  sudden  and  de- 
cided breaks,  it  is  probable  that  either  certain  portions  of  the  data 
have  not  been  given  proper  consideration  or  that  the  data  were  not 
originally  essentially  homogeneous.  The  cumulative  frequency  curve 
based  on  the  deviations  makes  possible  the  easy  reading  of  the  median 
or  probable  error  of  estimate.  The  probable  error  may  be  used  as  a 
general  criterion  of  the  value  of  future  estimates  made  from  these 
normals  and  the  ratio  of  the  probable  error  to  the  median  value  of 
the  dependent  variable  forms  a  basis  for  comparison  of  the  relative 
accuracy  of  different  sets  of  normals. 

The  deviations  (sign  being  taken  into  account)  when  plotted  against 
the  various  factors  included  in  the  study  should  be  fairly  evenly 
scattered  and  show  no  trend  or  relationship.  If  a  consistently  oc- 
curring variation  is  discovered  between  the  deviations  and  any  of  the 
independent  variables  it  indicates  that  the  relationship  of  that  variable 
to  the  dependent  variable  has  not  been  properly  taken  into  account 
in  deriving  the  normals.  If  this  variation  appears  in  connection  with 
the  dependent  variable,  it  indcates  that  some  of  the  curves  are  not  of 
proper  shape.  For  instance,  if  a  straight  line  is  fitted  to  data  having  a  de- 
cided non-linear  trend,  the  errors  plotted  against  the  dependent  variable 
will  fall  along  a  well  defined  U-shaped  (or  inverted  U-shaped)  curve. 

Additional  information  may  also  be  obtained  by  plotting  the 
deviations  against  factors  not  included  in  the  study.  Relationships 
will  sometimes  become  apparent  which  previously  were  obscured 
by  the  effect  of  the  more  important  factors.  The  influence  of  such 
factors  may  account  for  seemingly  abnormal  cases  and  their  inclusion 
would  tend  to  reduce  the  mean  and  to  a  lesser  extent  the  median 
deviation. 

Frequency  Distributions 

Normal  curves,  such  as  those  described  above,  form  a  basis  for 
estimates  of  an  average  value  for  a  group  of  items  comprising  a  unit  such 
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as  has  been  utilized  in  developing  the  study.  In  many  instances, 
however,  it  is  necessary  to  know  not  only  the  average  value  but  also 
the  distribution  of  items  about  that  average. 

Thus,  the  normal  curves  of  the  type  of  those  shown  in  Fig.  4 
serve  as  a  basis  for  estimating  the  average  message  use  of  all 
subscribers  to  a  given  class  of  measured  service  in  a  given  city. 
Additional  curves  are,  however,  required  for  estimating  the  dis- 
tribution of  subscribers  by  message  use. 

The  basic  principles  governing  the  derivation  of  normal  curves  are 
the  same  whether  these  normals  be  concerned  with  averages  or  with 
distributions.  The  detailed  methods  involved  are,  however,  quite 
different  because  of  the  inherent  differences  in  the  material.  An 
average  can  be  expressed  in  one  arithmetic  term  which  can  be  plotted 
against  other  factors.  A  distribution,  on  the  other  hand,  is  a  com- 
plex entity  which  may  itself  be  expressed  as  a  curve  but  which  obvi- 
ously cannot  be  measured  by  an  index  to  be  plotted  against  other 
variables  without  losing  sight  of  certain  detailed  characteristics  of 
the  distributions.  The  procedure  and  methods  described  above  for 
deriving  normal  curves  are  modified  somewhat  in  the  derivation  of 
normal  distribution  curves.  Some  of  the  methods  which  have  been 
found  advantageous  for  these  analyses  are  described  below. 

The  first  step  in  the  analysis  is  usually  to  plot  the  actual  detail  and 
cumulative  distributions  for  each  group  of  items  and  to  compare  the 
various  distributions  in  order  to  determine  points  of  similarity  or 
difference.  For  purposes  of  comparison,  percentage  distributions  are 
used,  i.e.,  the  per  cent,  of  total  items  rather  than  the  actual  number 
occurring  in  each  interval  is  plotted.  With  homogeneous  material  it 
will  usually  be  found  that  when  plotted  to  the  same  scales  the  detail 
frequency  curves  are  all  of  the  same  general  shape  but  differ  in  three 
primary  characteristics. 

1.  The  spread  or  extent  of  variation. 

2.  The  location  of  the  peak  or  point  of  maximum  frequency. 

3.  The  concentration  of  items  in  the  peak  interval. 

These  characteristics  are,  however,  interrelated  and  to  a  certain  extent 
related  to  the  average.7  Other  things  being  equal,  it  might  be  ex- 
pected that: 

1.  The  greater  the  average  the  greater  the  spread. 

2.  The  greater  the  spread  the  less  the  concentration  at  the  peak. 

3.  The  higher  the  peak  the  nearer  it  will  fall  to  the  average. 

7  Throughout  this  section  the  term  "average"  is  used  in  the  sense  of  arithmetic  mean. 
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Since  the  average  is  of  much  importance  in  determining  frequency 
curves,  it  will  usually  be  found  that  differences  will  be  reduced  if  the 
curves  are  plotted  with  each  interval  of  the  horizontal  scale  as  a  per 
cent,  of  the  average  instead  of  an  actual  value.     For  example: 
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Fig.  5 — Sample  Distributions  of  Subsciibers  by  Absolute  Message  Uses 


Fig.  5  illustrates  distributions  of  subscribers  by  message  use 
plotted  in  terms  of  actual  values  for  different  classes  of  message 
rate  service.  On  each  chart  the  average  message  use  is  indicated. 
It  will  be  noted  that,  in  general,  the  greater  the  average  message 
use,  the  greater  the  spread  of  the  curves,  the  less  the  concentration 
at  the  peak  interval  and  the  less  marked  the  correspondence  of 
the  peak  with  the  average  value.     On  Fig.  6  the  frequency  curves 
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have  been  replotted  using  instead  of  each  actual  message  use 
interval  the  per  cent,  that  the  message  use  is  to  average  message 
use.  The  result  of  this  statistical  process  is  to  make  the  spread 
of  the  curves  and  the  height  of  the  peaks  much  more  nearly 
uniform. 
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Fig.  6 — Sample  Distributions  of  Subscribers  by  Message  Uses  in  Per  Cent,  of  Average 


In  some  instances,  the  frequency  curves  plotted  with  each  interval 
expressed  as  per  cent,  of  the  average  may  be  so  similar  for  the  different 
groups  that  satisfactory  normals  may  be  derived  from  this  setup  alone 
without  including  any  other  factor.  This  appears  to  be  the  case  for 
the  distribution  of  P.  B.  X.  subscribers  by  message  use  as  illustrated 
on  Fig.  6.  It  is  necessary,  however,  to  test  whether  or  not  the  full 
effect  of  the  average  on  the  distribution  has  been  eliminated.     This 
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may  be  done  on  a  detail  basis  by  plotting  a  series  of  charts  showing 
the  relation  between  the  absolute  amount  of  the  average  and  the  per 
cent,  of  cases  falling  within  a  given  message  use  interval  (expressed  as 
per  cent,  of  the  average).  On  a  cumulative  basis  the  per  cent,  of 
cases  falling  below  a  given  per  cent,  of  the  average  is  plotted  against 
the  average.     For  example: 
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Fig.  7 — Preliminary  Chart  of  Cumulative  Series 


Fig.  7  shows  the  relationship  between  average  message  use  and 
the  per  cent,  of  subscribers  using  less  than  100  per  cent,  of  the 
average  message  use  for  a  given  service  classification.  Each 
plotted  point  represents  the  reading  from  the  cumulative  curve  for 
a  different  exchange.  It  is  evident  that  the  two  factors  vary 
together. 

Curves  similar  in  type  to  that  shown  in  Fig.  7  are  constructed  on 
each  of  the  charts  of  the  detail  and  cumulative  series.  The  curves 
of  each  series  are  smoothed  by  cross-sectioning  and  developed  into 
consistent  and  reasonable  families. 

In  connection  with  the  smoothing  of  the  cumulative  series  a  method 
described  below  has  been  found  useful.  This  method  can  be  used 
with  any  setup  of  three  variables  but  is  simplest  in  setups  of  a  cumula- 
tive type  which  have  no  maxima  or  minima  within  the  limits  of  the 
curves.  To  simplify  the  explanation  of  the  method  the  cumulative 
distribution  of  certain  subscribers  by  message  use  is  referred  to  as  an 
example. 

Fig.  8  shows  preliminary  curves  representing  the  relationship 
between  average  message  use  and  the  per  cent,  of  subscribers  using 
less  than  the  various  per  cents,  of  the  average  message  use  from  10 
per  cent,  to  500  per  cent,  of  the  average.  These  curves  are  derived 
from  a  series  of  charts  similar  to  Fig.  7  for  different  message  uses. 
Cross  sections  of  the  family  of  curves  of  Fig.  8  give  a  series  of  cumu- 
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lative  curves.  The  successive  curves  of  this  cumulative  series  have 
been  plotted  in  Fig.  9  at  regular  intervals  apart,  the  intervals  being 
the  same  distance  as  the  average  monthly  message  use  scale  of  Fig.  8. 
The  horizontal  scale  of  Fig.  9  used  in  plotting  these  cumulative  dis- 
tributions must  therefore  be  movable  so  as  to  apply  in  turn  to  each 
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Fig.  8 — Preliminary  Family  of  Cumulative  Curves 


of  the  cumulative  curves.  With  the  cumulative  curves  plotted, 
the  family  of  curves  on  Fig.  8  have  been  drawn  in  on  Fig.  9,  the  curves 
representing  the  various  message  uses  being  exactly  the  same  as 
those  of  Fig.  8  except  that  the  method  of  drawing  the  cumulative 
curves  has  automatically  shifted  successive  curves  of  Fig.  8  further 
and  further  to  the  right.  It  follows  from  the  methods  which  have 
been  used  in  constructing  Fig.  9  that  any  given  cumulative  curve 
must  intersect  each  curve  of  the  other  family  somewhere  on  the 
vertical  line  corresponding  to  the  message  use  (expressed  as  per 
cent,  of  the  average  message  use)  represented  by  that  curve.  For 
instance,  the  cumulative  curve  for  1000  average  message  use  (indi- 
cated by  A)  must  intersect  the  curve  representing  30  per  cent,  of 
the  average  message  use  on  the  vertical  line  corresponding  to  a  co- 
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ordinate  of  30  on  the  horizontal  movable  scale  when  the  zero  point 
of  the  horizontal  movable  scale  falls  at  1000  average  message  use  on 
the  fixed  horizontal  scale.  The  point  of  intersection  described  in  this 
illustration  is  indicated  on  Fig.  9  by  P.     This  characteristic  (inter- 
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Fig.  9 — Simultaneous  Smoothing 


sections  falling  on  given  vertical  lines)  forms  the  basis  for  smoothing 
the  two  families  of  curves  simultaneously.  A  point  of  intersection 
may  be  shifted  vertically  but  cannot  be  shifted  horizontally  since  it 

must  fall  somewhere  on  a  definite  vertical  line.     Dashed  lines  ( ) 

on  Fig.  9  indicate  the  manner  in  which  a  few  of  the  points  have  been 
shifted  in  smoothing. 

A  family  of  cumulative  curves  may  appear  easier  to  smooth  than 
the  corresponding  family  of  detail  curves.  On  the  other  hand,  the 
detail  curves  give,  in  some  respects,  a  more  vivid  picture  of  the  out- 
standing characteristics  of  the  distributions  than  do  the  cumulative, 
and  certain  important  characteristics  of  the  distributions  may  be  more 
easily  studied  on  a  detail  basis. 

It  is  important,  therefore,  that  both  series  be  taken  into  account 
in  deriving  final  normal  distribution  curves.  For  the  detail  series, 
charts  are  plotted  showing  the  relationship  between  the  amount  of 
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the  average  and  the  per  cent,  of  cases  falling  in  a  particular  interval 
(expressed  as  per  cent,  of  the  average).  Fig.  10  is  such  a  chart  for 
the  interval  80-90  per  cent,  of  the  average  message  use. 
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Fig.  10 — Preliminary  Chart  of  Detail  Series 
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Cross-sections  of  a  family  of  curves  such  as  those  on  Fig.  11 
give  a  series  of  detail  frequency  curves.  Further  smoothing  may  be 
facilitated  by  a  study  of  these  curves.  As  an  aid  in  this  process  of 
smoothing  it  is  desirable  to  determine  the  normal  location  of  the 
peaks  and  the  normal  proportion  of  cases  occurring  in  the  peak  in- 
terval, as  these  are  important  characteristics  of  such  curves.  These 
normal  values  may  be  determined  by  plotting  these  factors  against 
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the  average  as  shown  on  Figs.  12  and  13.  For  this  data,  it  is  noted 
that,  on  an  absolute  message  use  interval  basis,  the  greater  the  average 
the  greater  the  abscissa  of  the  peak  value.  However,  with  an  increase 
in  the  average,  the  abscissa  of  the  peak  interval  on  an  absolute  basis 
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Fig.  12 — Determination  of  Normal  Peaks 


16 
14 

. 

• 

,     . 

• 

1 

• 

12 
10 
8 
6 

• 

•       • 

•, 

"     . 

• 

• 

1 

0  200        400        600        800        1000      1200       U00      1600       1800      2000     2200 

AVERAGE  MONTHLY  MESSAGE  USE 
Fig.  13 — Determination  of  Normal  Heights  of  Peaks 

does  not  increase  as  rapidly  as  does  the  average,  because  large  users 
increase  their  usage  relatively  more  than  small  users.  Therefore, 
when  the  intervals  are  plotted  in  terms  of  per  cent,  of  the  average, 
it  will  be  found  that  the  greater  the  average  the  less  the  abscissa  of 
the  peak.  For  the  same  reasons,  the  peak  interval  expressed  as  per 
cent,  of  the  average  becomes  relatively  wider  as  the  average  increases, 
and  the  height  of  the  peak  increases  as  illustrated  on  Fig.  13.     With 
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the  location  and  height  of  the  peaks  normally  determined,  the  process 
of  constructing  preliminary  curves  for  the  various  intervals  of  the 
detail  series  is,  in  many  cases,  considerably  simplified.  These  pre- 
liminary curves  are  then  cross-sectioned  and  smoothed  into  a  consistent 
family. 

Finally  the  smooth  curves  of  the  cumulative  and  detail  series  are 
checked  with  each  other  and  averages  are  computed  from  these  curves 
as  a  check  against  the  assumed  average.  When  the  minor  discrep- 
ancies disclosed  by  these  checks  have  been  corrected,  normal  curves 
are  plotted  and  comparisons  are  made  with  the  actual  distributions. 
Further  adjustments  may  then  be  necessary. 

Additional  Factors  in  Deriving  Normal 
Distribution  Curves 

The  smoothing  processes  described  above  give  a  series  of  normal  8 
distribution  curves  taking  into  account  completely  the  effect  of  the 
amount  of  the  average  upon  the  distribution.  In  some  cases,  how- 
ever, it  will  be  found  that  some  outside  factor  has  also  a  decided 
effect  upon  the  distribution. 

When  the  effect  of  an  outside  factor  is  apparent  it  may  be  neces- 
sary to  derive  a  series  of  normal  distribution  curves,  each  curve  cor- 
responding to  a  constant  value  of  the  factor  under  consideration. 
If  this  is  done,  the  curves  are  smoothed  by  cross-sectioning  and  the 
various  other  methods  described  above  so  as  to  form  a  consistent  and 
reasonable  family.  The  type  of  the  final  family  derived  will,  how- 
ever, depend  largely  upon  the  character  of  the  relationships  developed 
during  the  smoothing  process.  For  instance,  in  the  case  of  main 
station  message  rate  service,  a  series  of  distribution  curves  was  plotted, 
one  for  each  message  allowance.  In  the  course  of  smoothing  these 
curves  it  seemed  reasonable  that  there  might  be  a  relationship  between 
the  type  of  distribution  and  the  proportional  relationship  of  average 
message  use  to  message  allowance.  That  is,  with  an  annual  message 
allowance  of  600  and  an  average  annual  message  use  of  400  the  dis- 
tribution of  subscribers  by  amount  of  message  use  might  be  similar, 
on  a  proportional  basis,  to  the  distribution  of  subscribers  under  an 
annual  message  allowance  of  900  with  an  average  annual  message 
use  of  600;  or  under  an  annual  message  allowance  of  1,200  with  an 
average  annual  message  use  of  800.  This  idea  was  tested  by  use  of 
the  various  sets  of  normals  which  had  been  derived  for  the  different 
message  allowances  and  was  found  to  hold  so  closely  that  this  pro- 

*  See  Note  6. 
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portion  factor  (ratio  of  the  average  message  use  to  the  message  al- 
lowance) might  be  used  in  deriving  a  revised  setup  of  normal  dis- 
tribution curves. 

In  certain  cases  it  may  be  found  that  some  expedient  such  as  that 
described  above  may  be  used  to  eliminate  or  take  account  of  the  effect 
of  an  outside  factor.  Whether  this  is  done  or  a  separate  set  of  curves 
is  derived  for  different  values  of  that  factor,  the  process  of  deriving 
the  detail  and  cumulative  distribution  curves  would  in  general  be  the 
same  as  that  described  above. 

Some  of  the  processes  involved  in  studying  averages  and  distri- 
butions of  subscribers  by  message  use  have  been  described  because 
they  are  typical  and  illustrate  what  have  been  found  to  be  satis- 
factory methods  of  analysis  for  problems  of  this  type.  It  is  clearly 
impossible,  however,  to  set  up  any  rigid  methods  for  such  studies. 
Any  economic  problem  which  permits  of  analysis  by  these  methods 
must  be  treated  in  the  manner  best  suited  to  the  data  available,  the 
purposes  of  the  study,  the  degrees  of  accuracy  necessary,  etc.  Where 
these  methods  can  logically  be  employed  the  results  obtained,  an  im- 
portant part  of  which  are  the  background  and  sidelights,  on  the 
problem,  disclosed  during  the  process  of  building  up  the  normal 
relationships,  will  generally  be  found  superior  to  those  obtained 
through  the  use  of  more  rigorous  methods. 

Application 

Before  final  results  are  obtained,  there  will  naturally  be  developed 
by  those  concerned  in  the  study  a  very  definite  conception  of  the  field 
of  their  usefulness  and  their  limitations.  It  is  important  that  a 
knowledge  of  these  limitations  be  extended  to  those  who  may  have 
occasion  to  use  the  results.  Given  a  set  of  smooth  curves  from  which 
quantitative  estimates  can  be  made,  there  is  a  great  temptation  to 
make  estimates  under  any  and  all  circumstances,  and  often  to  give 
such  estimates  an  undue  appearance  of  accuracy.  The  final  results 
are  merely  the  general  expression  of  the  information  contained  in  the 
original  data  logically  developed  according  to  the  knowledge  and 
judgment  of  the  investigator.  It  is  always  necessary  in  applying 
such  results  to  consider  the  effect  of  special  and  local  conditions. 
Where  it  is  known  that  actual  conditions  in  a  specific  case  are  far 
from  normal,  it  is  often  possible  to  estimate  the  effect  of  a  proposed 
change  by  applying  differences  based  on  the  normal  experience. 

Care  must  also  be  taken  in  extrapolation  estimates,  i.e.,  estimates 
where  the  value  of  one  or  more  factors  lies  beyond  the  limits  of  the 
original  data.     Such  estimates,  of  course,  are  always  subject  to  con- 
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siderable  error.  In  other  cases  it  may  happen  that  some  part  of  the 
data  necessary  for  making  a  complete  estimate  is  not  available.  It 
may  be  practicable,  however,  to  approximate  the  required  informa- 
tion and  make  a  rough  estimate  which  may  be  more  accurate  than  the 
alternative  of  basing  the  estimate  upon  less  complete  analysis. 

In  applying  the  results  of  such  analyses,  satisfactory  conclusions 
can  be  reached  only  if  due  consideration  is  given  to  the  following 
points: 

1.  The  quantitative  readings  from  the  normal  curves. 

2.  All  the  qualitative  relationships  developed  in  the  course  of  the 
analysis. 

3.  Any  additional  data  available  for  the  particular  case  or  cases  in 
question. 

4.  Any  peculiar  special  conditions  known  to  exist  for  that  case  or 
which  probably  exist  because  of  comparison  with  similar  cases. 

5.  Changes  affecting  general  levels  since  the  date  of  the  study. 

It  follows  that  the  making  of  such  estimates  cannot  be  left  in  inex- 
perienced hands  any  more  than  can  the  progress  of  the  original  study. 
Good  judgment  and  a  complete  knowledge  of  the  problem  are  of 
paramount  importance  both  in  making  the  general  analysis  and  in 
the  application  of  results  to  specific  problems. 


To  those  accustomed  to  working  in  the  more  exact  fields  of  physics, 
chemistry,  etc.,  it  will  undoubtedly  appear  that  the  methods  de- 
scribed above  may  be  inexact  and  unsatisfactory.  Undoubtedly,  the 
average  errors  of  estimate  are  considerably  greater  than  would  be 
allowed  in  fields  where  more  exact  data  are  obtainable.  Yet  the 
reason  for  this  lies  rather  in  the  material  itself  than  in  the  methods  of 
dealing  with  it.  An  economic  quantity  is 'extremely  complex  and 
difficult  to  estimate  because  it  is  usually  dependent  upon  the  action 
of  hundreds  or  thousands  of  individuals  each  one  of  whom  is  in- 
fluenced by  individual  needs  and  desires  which  at  best  can  only  be 
partially  measured  by  such  quantitative  factors  as  reflect  variations 
in  these  needs  or  desires.  Estimates  of  such  quantities  are  neces- 
sarily subject  to  a  relatively  high  degree  of  error  if  comparisons  are 
made  with  the  fields  of  physical  science.  Yet  such  estimates  must  be 
made  and  the  problem  is  to  make  them  as  accurately  as  practicable. 
Judged  from  this  standpoint,  experience  indicates  that  such  analyses 
are  an  important  aid  in  connection  with  certain  phases  of  many 
economic  problems. 


Permalloy,  A  New  Magnetic  Material  of 
Very  High  Permeability 

By  H.  D.  ARNOLD  and  G.  W.  ELMEN 

Synopsis:  The  magnetic  alloy  described  in  this  paper  is  a  composition 
of  about  78.5%  nickel  and  21.5%  iron  and  at  magnetizing  fields  in  the 
neighborhood  of  .04  gauss  and  with  proper  treatment  has  a  permeability 
running  as  high  as  90,000.  This  is  about  200  times  as  great  as  the  permea- 
bility of  the  best  iron  for  these  low  magnetizing  fields.  This  high  permeabil- 
ity is  attendant  upon  proper  heat  treatment  and  also  upon  other  factors 
among  which  is  freedom  from  elastic  strain.  The  presence  of  other  elements 
than  iron  or  nickel  and  specially  carbon,  reduces  the  permeability,  but 
slight  variations  in  heat  treatment  produce  large  changes  compared  with 
those  due  to  small  quantities  of  impurities. 

So  far  as  discovered,  other  physical  properties  show  no  peculiarities  at 
the  composition  which  brings  out  the  remarkable  magnetic  properties  of 
permalloy.  The  equilibrium  diagram,  electric  conductivity,  crystal  struc- 
ture, mean  spacing  between  adjacent  atom  centers  and  density  are  among 
the  physical  properties  which  have  been  studied. 

To  the  engineer  in  electrical  communication  the  development  of  perm- 
alloy is  very  significant.  It  assures  a  revolutionary  change  in  submarine 
cable  construction  and  operation  and  promises  equally  important  advances 
in  other  fields. — Editor. 

SOME  time  ago  it  was  discovered  in  the  Bell  System  laboratory1 
that  certain  nickel-iron  alloys,  when  properly  heat-treated, 
possess  remarkable  magnetic  properties.  These  properties  are  devel- 
oped in  alloys  which  contain  more  than  30  per  cent  of  nickel  and 
which  have  the  face-centered  cubic  arrangement  characteristic  of 
nickel  crystals,  rather  than  the  body-centered  structure  characteristic 
of  iron.  The  entire  range  above  30  per  cent  nickel  exhibits  these 
properties  to  some  degree  and  offers  new  possibilities  to  those  inter- 
ested in  magnetic  materials.  The  most  startling  results,  however, 
are  obtained  with  alloys  of  approximately  80  per  cent  nickel  and  20 
per  cent  iron,  whose  permeabilities  at  small  field  strengths  are  many 
times  greater  than  any  hitherto  known.  To  alloys  of  this  approximate 
composition  we  have  given  the  name  "permalloy".  The  development 
of  permalloy  has  assured  us  a  revolutionary  change  in  submarine 
cable  construction  and  operation,  and  promises  equally  important 
advances  in  other  fields  of  usefulness.  It  also  presents  questions  of 
great  interest  to  the  scientist,  and  emphasizes  again  the  meagreness 
of  our  fundamental  information  about  ferromagnetism.  The  present 
paper  is  intended  to  give  a  general  discussion  of  the  preparation  and 
testing  of  permalloy,  with  sufficient  detail  to  indicate  its  unusual 
characteristics.  Detailed  statements  of  numerical  results  are  reserved 
for  publication  in  separate  articles  dealing  with  specific  properties.2 

British  Patent  No.  188,688. 

2L.  W.  McKeehan,  The  Crystal  Structure  of  Iron-Nickel  Alloys,  Phys.  Rev.  (2), 
21,  (1923). 
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In  making  permalloy  we  use  the  purest  commercial  nickel  and 
Armco  iron.  Our  samples  for  laboratory  study  are  prepared  by  melt- 
ing these  metals  in  a  silica  crucible,  using  a  Northrup  high-frequency 
induction  furnace.  The  particular  furnace  which  we  use  will  con- 
veniently melt  a  charge  of  about  six  pounds.  An  analysis  typical  of 
the  resulting  billets  is  as  follows: 
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The  presence  of  other  elements  than  nickel  and  iron  is  of  course  to 
be  expected  after  any  practical  method  of  preparation.  To  determine 
their  effects,  samples  were  prepared  in  which  the  usual  impurities 
were  present  in  various  proportions.  It  was  found  that  their  presence 
does  affect  the  permeability  of  the  alloys  and  that  carbon  is  espe- 
cially harmful.  Since,  however,  the  variations  produced  by  slight 
changes  in  heat-treatment  are  very  large  compared  with  those  due  to 
small  quantities  of  impurities  we  have  found  it  unnecessary  for  most 
purposes  to  require  higher  purity  than  that  indicated  in  the  analysis 
above  given. 

In  our  laboratory  studies  we  have  made  it  a  practice  to  reduce  the 
billets  through  the  forms  of  rod  and  wire  to  tape  3.2  mm.  wide  and 
0.15  mm.  thick.  Accordingly  test  samples  are  available  in  a  variety 
of  forms  and  conditions.  Thin  narrow  tape  is  particularly  adapted 
to  use  in  experiments  involving  heat-treatment,  since  it  possesses  a 
high  ratio  of  area  to  volume  and  is  easy  to  manipulate.  Fortunately 
the  entire  nickel-iron  series  can  be  mechanically  worked  if  sufficient 
care  is  exercised  and  we  have  thus  been  able  to  use  samples  of  the 
same  size,  shape,  and  mechanical  condition  in  all  measurements  upon 
which  we  have  based  comparisons  between  alloys.  This  practice  has 
also  made  possible  strictly  comparable  micrographic  studies  through- 
out the  series. 
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Permeability  is  the  magnetic  characteristic  of  permalloy  in  which 
we  first  became  interested  and  we  have  used  its  numerical  value  as  an 
index  in  establishing  the  effects  of  mechanical  and  thermal  treatments. 
Most  of  the  measurements  have  been  made  in  a  ring  permeameter  of 
special  design.  The  ring  sample  is  prepared  by  winding  twenty  or  more 
turns  of  tape  around  a  disk  about  three  inches  in  diameter.  The  disk  is 
then  removed  leaving  the  material  in  the  form  of  a  spirally  laminated 
ring  with  a  rectangular  cross-section  approximately  3.2  mm.  by  6  mm. 
A  single  massive  copper  conductor  is  linked  with  this  ring,  and  con- 
stitutes also  the  secondary  of  a  transformer  whose  primary  winding 
forms  one  arm  of  an  inductance  bridge.  From  the  bridge  measure- 
ments, and  the  dimensions  of  the  ring  the  permeability  of  the  latter 
may  readily  be  computed.  For  most  of  the  measurements  112-cycle 
alternating  current  has  been  employed,  permitting  the  use  of  tele- 
phone receivers  in  adjusting  the  balance  of  the  bridge.  The  ring  is 
sufficiently  well  laminated  so  that  no  serious  troubles  are  introduced 
at  this  frequency  by  eddy  currents.  This  fact  was  verified  by  making 
a  number  of  permeability  determinations  at  alternating  current  fre- 
quencies both  above  and  below  that  chosen  for  routine  use,  and  also 
by  comparing  the  results  of  ring  permeameter  tests  with  those  of 
ballistic  tests  on  specially  wound  ring  samples.  The  bridge  method 
is  particularly  well  adapted  to  the  measurement  of  permeability  in 
very  weak  magnetic  fields  since  amplifiers  may  readily  be  used  to 
increase  the  delicacy  of  the  bridge  adjustment  to  almost  any  degree 
desired.  As  a  matter  of  convenience  we  have  usually  included  in  our 
test  program  measurements  with  fields  of  0.002,  0.003,  and  0.010 
gauss,  and  on  the  graph  of  permeability  against  magnetizing  field 
strength  the  straight  line  through  these  points  has  been  extended  to 
field  strength  zero.  We  have  called  the  permeability  read  from  the 
graph  at  this  point  the  "initial  permeability"  of  the  sample. 

The  form  of  permeameter  used  is  especially  adapted  to  making 
measurements  quickly  and  with  minimum  handling  of  the  sample, 
since  it  makes  use  of  but  a  single  magnetizing  turn.  The  ring  is  laid 
on  suitable  insulating  supports  in  an  annular  copper  trough,  and 
placing  the  copper  cover  on  this  trough  completes  the  electrical  circuit. 
In  a  modified  instrument,  the  "hot  permeameter",  provided  with  a 
heating  device,  permeabilities  may  be  measured  from  liquid  air  tem- 
peratures up  to  about  1000°C.  without  altering  the  position  of  the 
sample. 

The  heat-treatment  of  permalloy  is  of  the  utmost  importance.  To 
develop  its  maximum  initial  permeability  it  must  be  cooled  not  only 
through  the  proper  temperature  ranges,  but  also  at  the  proper  rates. 


104  BELL    SYSTEM    TECHNICAL    JOURNAL 

It  is  obvious  that  only  a  small  part  of  any  sample  can  be  given  the 
most  favorable  treatment,  since  the  interior  portions  of  the  sample 
cool  at  rates  which  are  dependent  upon  the  geometrical  configuration 
and  thermal  properties  of  the  material  and  are  only  indirectly  under 
the  control  of  the  experimenter.  For  these  reasons  each  shape  and 
size  of  sample  will  have  its  own  best  heat-treatment  and  it  is  obviously 
difficult  to  establish  the  correct  heat-treatment  for  a  small  element  of 
volume,  characteristic  of  permalloy  as  a  material.  By  the  use  of  thin 
tape,  however,  we  secure  fairly  uniform  treatment  of  the  whole  volume 
so  long  as  the  cooling  is  not  too  rapid,  and  fortunately  the  best  cooling 
rate  is  not  much  different  from  the  normal  cooling  rate  of  the  tape 
in  the  open  air.  It  has  been  found  that  temperature  changes  below 
300°C.  have  very  little  effect  upon  the  resultant  properties  of  permalloy, 
but  the  rate  of  cooling  from  just  above  the  magnetic  transformation 
temperature  down  to  about  300°C.  is  a  controlling  factor.  By  a  long 
series  of  experiments  a  heat-treatment  has  been  established  which  is 
especially  well  adapted  to  the  permalloy  test  rings  already  described. 
They  are  first  heated  at  about  900°C.  for  an  hour  and  allowed  to 
cool  slowly,  being  protected  from  oxidation  throughout  these  processes. 
They  are  then  reheated  to  600°C,  quickly  removed  from  the  furnace 
and  laid  upon  a  copper  plate  which  is  at  room  temperature. 

Not  only  does  each  size  and  shape  of  sample  require  its  own  special 
heat-treatment,  but  samples  differing  only  in  composition  also  differ 
in  their  most  suitable  heat-treatments.  In  our  investigation  of  the 
nickel-iron  series  we  have  not,  however,  attempted  to  determine  the 
best  heat-treatment  for  ring  samples  of  each  of  the  many  alloys 
studied.  By  careful  exploration  we  located  the  region  about  80 
per  cent  nickel,  20  per  cent  iron  as  the  one  promising  the  highest 
initial  permeability  and  established  the  best  heat-treatment  for  this 
composition.  Keeping  this  treatment  unchanged  we  then  relocated 
the  best  composition,  finding  it  to  be  at  about  78.5  per  cent  nickel, 
21.5  per  cent  iron.  There  is  a  maximum  temperature  in  the  equilib- 
rium diagram  for  this  binary  at  about  70  per  cent  nickel,3  and  it  was 
natural  to  suspect  that  the  maximum  in  initial  permeability  which 
we  had  found  at  78.5  nickel  might  be  displaced  to  70  nickel  by  proper 
treatment.  The  70  per  cent  nickel  alloy  was  accordingly  subjected 
to  a  great  variety  of  heat-treatments,  but  no  method  was  found 
capable  of  producing  in  it  an  initial  permeability  as  high  as  that 
readily  obtainable  in  the  78.5  per  cent  nickel  alloy. 

Fig.  1  shows  the  general  way  in  which  initial  permeability  has  been 
found  to  vary  throughout  the  nickel-iron  series  when  the  heat-treat- 

3Bureau  of  Standards  Circular  Xo.  58,  April  4,  1916. 
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merit  determined  as  best  for  the  80  per  cent  nickel  alloy  is  used.  It 
is  obvious  from  what  has  been  said  above  that  too  much  weight  must 
not  be  given  to  the  actual  values  recorded  at  any  composition.  Had 
the  best  heat-treatment  been  determined  for  each  sample  the  curve 
might  have  been  altered  considerably  in  detail,  particularly  outside 
the  permalloy  range.     We  believe,  however,  that  its  general  form  is 
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approximately  correct.  Alloys  were  made  at  5  per  cent  steps  through- 
out the  range  except  in  the  vicinity  of  80  per  cent  nickel  where  a  great 
number  of  slightly  different  compositions  were  investigated.  The 
chemical  analysis,  rather  than  the  intended  composition,  was  used  in 
every  case,  although  the  difference  was  never  considerable. 

The  largest  value  of  initial  permeability  for  permalloy  at  room 
temperature  which  we  have  so  far  found  in  the  ring  permeameter  is 
about  13000,  more  than  30  times  the  corresponding  value  for  the 
best  soft  iron.  How  extraordinary  this  is  may  be  appreciated  by 
considering  that  this  material,  although  it  has  a  saturation  value  of 
magnetic  intensity  comparable  with  that  of  iron,  approaches  magnetic 
saturation  in  the  earth's  field.  Unusual  caution  must  therefore  be 
exercised  in  measuring  the  properties  of  permalloy  to  protect  the 
sample  from  the  influence  of  stray  magnetic  fields.     Fig.  2  shows,  to 


106 


BELL    SYSTEM    TECHNICAL    JOURNAL 


different  scales,  the  values  of  initial  permeability  in  similar  ring 
samples  of  permalloy  and  of  annealed  armco  iron,  and  small  portions 
of  the  corresponding  ju-H  curves  from  which  these  were  obtained. 

We  have  measured  the  magnetization  of  permalloy  at  saturation 
and  find  that  it  is  not  sensitive  to  heat-treatment.  The  saturation 
values  of  magnetization  per  gramatom  are  known   to  vary  almost 
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linearly  with  composition  throughout  the  nickel-iron  series,  from  222 
for  iron  to  59  for  nickel.4  The  value  84  which  we  have  found  for  the 
78.5  per  cent  nickel  alloy  is  therefore  not  abnormal. 

The  magnetic  characteristics  of  heat-treated  ring  samples  of  the 
same  alloy  have  also  been  determined  through  a  wider  range  of  field 

4P.  Weiss,  Faraday  Society  Trans.  8,  149-156  (1912). 
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strengths- by  ballistic  methods.  Figs.  3,  4,  and  5  show  B-H  curves  for 
such  a  sample  of  permalloy  and  for  a  sample  of  annealed  armco  iron. 
From  Fig.  5  is  apparent  the  enormous  susceptibility  of  the  former 
material  in  the  weak  fields  so  important  in  communication  engineer- 
ing. Fig.  6  shows  for  the  same  two  materials  hysteresis  loops  carried 
to  a  maximum  induction  of  5000  maxwells.  The  area  of  the  permalloy 
loop  is  only  one  sixteenth  that  of  the  loop  for  soft  iron.     Fig.  7  shows 
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the  m-B  curves  for  these  materials.    The  maximum  permeability  here 
shown,   n    =    87000.   which   is  not  exceptionally  high   for  permalloy 
largely  exceeds  the  highest  values  obtainable  in  silicon  steel5  and  of 
course  occurs  at  a  much  lower  flux  density. 
5T.  D.  Yensen,  U.  S.  Patent  1,358,810. 
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Early  in  the  investigations  it  was  found  that  heat-treated  permalloy 
is  sensitive  to  strain,  and  the  routine  measurements  were  so  con- 
ducted as  to  avoid  this  disturbing  effect.  Separate  investigations 
of  the  effects  of  strain  upon  permeability  and  electrical  conductivity 
in  straight  samples,  and  of  the  converse  effects  of  magnetization 
upon  dimensions  and  conductivity  were  also  undertaken.  While 
these  studies  are  not  yet  complete  it  can  be  stated  that  all  these  effects 
are  large  in  comparison  with  the  corresponding  effects  in  hitherto 
available  magnetic  materials.  So  long  as  the  elastic  limit  of  the 
material  is  not  exceeded  the  effects  due  to  strain  are  reproducible  and 
disappear  when  the  strain  is  relieved.  The  effects  of  magnetization, 
however,  show  the  expected  hysteretic  properties.  As  an  example  of 
the  magnitude  of  the  effects  producible  it  may  be  stated  that  between 
its  value  in  the  unstrained  condition  and  about  one-tenth  that  value 
the  initial  permeability  of  a  heat-treated  strip  of  certain  of  these 
materials  can,  by  the  mere  variation  of  strain,  be  adjusted  to  any 
value  we  may  for  the  moment  desire.  The  range  through  which 
the  conductivity  can  similarly  be  adjusted  by  strain  is  much  narrower, 
the  maximum  reduction  being  about  2  per  cent,  which,  however,  is 
a  large  effect  compared  with  that  found  in  other  metals. 

The  effect  of  magnetization  in  reducing  conductivity  is  as  much 
as  2  per  cent  for  fields  of  the  order  of  one  gauss.  This  makes  it  easy, 
for  example,  to  measure  the  earth's  magnetic  field  to  within  about  1 
per  cent  by  finding  the  strength  of  the  opposing  field  necessary  to 
give  a  permalloy  strip  its  maximum  conductivity.  It  will  be  noted 
that  the  conductivity  change  which  we  have  mentioned  as  attainable 
by  magnetization  is  the  same  as  that  attainable  by  elastic  strain. 
This  is  no  mere  coincidence,  for  we  find  that  the  maximum  change 
due  to  either  cause  alone  is  not  further  increased  by  superposition  of 
the  other,  although  the  effects  of  small  tensions  and  magnetizing  fields 
are  additive.  This  suggests,  of  course,  that  both  causes  ultimately 
produce  the  same  change  in  the  mechanism  responsible  for  conduction. 
Since  the  effect  of  tension  upon  permeability  is  in  some  of  these 
cases  so  marked  it  seemed  surprising  that  the  only  reported  study6 
of  the  converse  effect,  that  is  of  magnetostriction,  indicated  a  zero 
value  within  the  permalloy  range.  It  appeared  advisable  therefore 
to  study  the  magnetostriction  of  the  series  of  alloys  here  available. 
Preliminary  results  indicate  that  under  usual  conditions  of  experi- 
ment, heat-treated  78.5  per  cent  nickel  alloy  exhibits  larger  mag- 
netostriction than  does  iron. 

6K.  Honda  and  K.  Kido,  Tohoku  Univ.  Sci.  Rep.,  9,  221-232,  (1920).    It  should  be 
noted,  however,  that  their  alloys  had  received  different  treatments  than  ours. 
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With  the  remarkable  ferromagnetic  behavior  of  permalloy  in  mind 
one  naturally  looks  for  analogous  peculiarities  in  its  other  properties. 
As  has  been  shown,  however,  the  equilibrium  diagram  does  not  point 
accurately  to  the  composition  exhibiting  highest  initial  permeability. 
The  conductivity  curve  is  even  less  indicative  of  a  peculiarity  at  this 
point,  its  minimum  lying  at  about  35  per  cent  nickel.  The  crystal 
structure  is  that  of  nickel  and  its  type  does  not  change  until  the  nickel 
content  is  made  less  than  35  per  cent.  Even  the  mean  spacing  between 
adjacent  atom-centers,  and  with  it  the  density,  varies  continuously 
throughout  the  entire  range.  Our  experience  in  working  these  alloys 
also  indicates  that  the  series  has  no  mechanical  peculiarities  at  or 
near  80  per  cent  nickel.  Not  only  do  these  characteristics  indicate 
no  abnormality  as  the  nickel  content  is  increased  beyond  70  per  cent, 
but,  what  is  more  surprising  they  are  little  affected  by  the  heat-treat- 
ments which  so  profoundly  change  the  magnetic  properties.  So  far 
as  has  been  determined,  therefore,  it  is  only  in  connection  with  its 
magnetic  properties  that  permalloy  is  unusual. 

To  the  engineer  the  discovery  of  permalloy  means  the  realization  of 
plans  long  impossible  of  accomplishment  for  lack  of  a  suitable  material. 
For  the  scientist  the  principal  interest  in  these  materials  may  well 
lie  in  the  large  response  of  their  magnetic  properties  to  simple  external 
controls.  Without  alteration  of  composition  these  properties  may  be 
adjusted  through  extraordinary  ranges  by  strain,  by  magnetization, 
or  by  heat-treatment.  This  allows  a  more  definite  study  of  the 
way  in  which  these  factors  are  related  to  magnetic  properties  than 
has  been  possible  with  materials  hitherto  available  in  which  their 
effects  are  comparatively  small  and  may  be  associated  with  com- 
plicated and  irreversible  changes  in  other  properties.  The  behavior 
of  permalloy  demonstrates  that  ferromagnetism  is  associated  with 
material  structure  in  a  different  way  than  are  the  ordinary  physical 
and  chemical  properties  and  its  extreme  sensitiveness  to  control 
gives  us  a  powerful  method  for  use  in  magnetic  investigations. 


Telephone  Equipment  for  Long  Cable  Circuits ! 

By  CHARLES  S.  DEMAREST 

Synopsis:  Some  of  the  important  developments  contemplated  in  the 
apparatus  and  equipment  for  long  toll  cable  circuits  are  described.  The 
large  number  of  equipment  units  per  station  in  the  cable  plant  and  the 
greater  number  of  stations  in  a  given  length  of  cable  than  in  an  open-wire 
system  have  made  the  economic  importance  of  the  equipment  design  such 
that  a  comprehensive  program  of  development,  affecting  many  types  of 
equipment,  has  been  undertaken.  The  outstanding  features  of  some  of 
the  more  important  of  these,  including  the  telephone  repeater  equipment, 
test  board  equipment  and  signaling  equipment,  are  described.  The  neces- 
sity for  compactness  in  the  dimensions  of  equipment  units,  uniformity  in 
assembly  arrangements,  and  simplicity  in  design,  together  with  the  need 
of  careful  correlation  of  the  electrical  and  mechanical  requirements,  are 
emphasized.  The  methods  proposed  for  meeting  these  requirements 
generally,  are  described. 

Introduction 

THE  use  of  lead  covered  cables  in  place  of  bare  copper  wires  for 
long  distance  telephone  lines  has  been  an  important  development 
and  much  interesting  information  on  this  subject  has  already  been 
presented  to  the  Institute.  The  engineering  and  construction  features 
involved  in  a  cable  system  of  this  sort  were  described  by  Mr.  Pilliod  2 
in  his  article  on  the  Philadelphia-Pittsburgh  Section  of  the  New  York- 
Chicago  cable,  while  the  transmission  characteristics  of  such  a  system 
were  brought  out  in  the  recent  paper  by  Mr.  Clark.3  It  is  the  pur- 
pose of  the  present  paper  to  deal  with  some  of  the  important  develop- 
ments in  apparatus  and  equipment  which  are  contemplated  for  the 
cable  plant. 

A  cable  system  requires  repeater  stations  at  more  frequent  intervals 
throughout  its  length  than  an  open-wire  line,  because  of  the  much 
smaller  gauge  conductors  which  it  employs  and  the  increased  elec- 
trical capacity  due  to  closer  proximity  of.  the  wires.  Consequently, 
in  such  a  system,  a  greater  proportion  of  the  plant  investment  is 
represented  by  the  equipment  within  the  offices  than  is  the  case  with 
open-wire  construction.  Furthermore,  the  number  of  equipment 
units  per  station  in  a  cable  system  is  ordinarily  much  larger  than  in 
an  open-wire  office,  due  to  the  fact  that  the  chief  advantages  in  the 
use  of  long  cable  circuits,  in  place  of  open-wire  construction,  have 
occurred  on  routes  carrying  heavy  traffic  where  many  circuits  are 

1  Presented  before  A.  I.  E.  E.,  June  27,  1923. 

2  Journal  of  the  A.  I.  E.  E.  for  August,  1922;  and  Bell  System  Technical  Journal, 
July,  1922. 

3  Transactions  of  A.  I.  E.  E.,  Vol.  38,  part  2,  p.  1287;  and  Bell  System  Technical 
Journal,  January,  1923. 
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needed.  Thus,  the  requirements  of  the  cable  plant  have  been  such 
as  to  emphasize  the  economic  importance  of  the  equipment  design. 

To  meet  these  requirements  it  has  been  necessary  to  undertake  a 
comprehensive  plan  of  development  affecting  many  types  of  equip- 
ment. This  has  involved  careful  consideration  of  both  the  electrical 
arrangements  and  the  mechanical  design,  which  are  being  closely 
coordinated  with  the  purpose  that  both  should  contribute  to  the 
highest  degree  of  efficiency  in  the  functioning  of  the  system. 

It  is  not  possible  in  this  paper  to  give  many  details  concerning 
these  developments,  but  it  is  desired  to  present  some  of  the  principal 
features  as  applied  to  typical  cases.  Among  the  more  important  of 
these  are  the  telephone  repeater  equipment,  the  testboard  equipment 
and  the  signaling  equipment.  These  are  closely  associated  with 
each  other  in  their  operation,  as  well  as  in  their  physical  location, 
and  it  has  been  necessary,  in  the  design  of  all  units  to  have  due  regard 
to  the  system  as  a  whole. 

Telephone  Repeater  Equipment 

The  function  of  the  telephone  repeater  as  an  amplifier  in  long 
distance  lines  is  well  known.  The  telephone  repeater  in  its  present 
form  has  been  the  chief  factor  in  making  long  distance  cable  telephony 
practicable,  and  it  is  probable  that  the  developments  in  connection 
with  telephone  repeaters  have  been  among  the  most  rapid  and  com- 
prehensive of  any  in  the  toll  equipment.  It  will,  therefore,  be  very 
interesting  to  note,  in   the  illustrations  which  follow,   the  principal 


Fig.  1 — Box  Type  Repeater  Installation 
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steps  which  have  been  taken  in  working  out  the  form  of  the  equip- 
ment to  the  degree  of  efficiency  now  required  for  the  cable  plant. 

In  Fig.  1  is  shown  one  of  the  original  forms  of  repeaters,  a  number 
of  which  were  installed  as  early  as  1914.  In  this  case  the  repeater 
apparatus  was  assembled  in  boxes  designed  to  mount  on  the  wall,  each 
box  containing  a  one-way  amplifier.     Two  such  one-way  units  would 


Fig.  2 — Wide  Rack  Through  Line  Repeater 


be  required  to  form  what  is  now  known  as  a  two-way,  two  element 
repeater.  Although  the  particular  amplifiers  shown  in  the  illus- 
tration were  actually  used  for  one-way  operation  only,  they  are 
typical  in  their  general  form,  of  the  units  employed  for  two-way 
operation.     The    balancing    networks,    associated    coils,    etc.,    were 
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mounted  on  separate  racks  while  the  plate  batteries  for  the  vacuum 
tubes  were  mounted  in  an  adjacent  enclosed  cabinet.  The  floor  space 
required  for  a  two-way  repeater  employing  this  type  of  apparatus 
was  in  the  neighborhood  of  15  square  feet  per  unit,  including  the  usual 
allowances  for  aisle  space  and  associated  apparatus. 

Fig.  2  shows  the  first  type  of  vacuum  tube  telephone  repeater 
designed  for  commercial  manufacture.  The  particular  unit  shown 
is  a  single  "through  line"  set,  that  is,  one  which  remains  connected 


vv 


Fig.  3 — Standard  Through  Line  Repeater  for  Open-Wire  Use 


to  a  through  circuit  at  all  times  instead  of  being  used  at  a  switching 
point  to  establish  built-up  connections  at  the  will  of  the  operator,  as 
a  "cord  circuit"  repeater  is  used.  The  "cord  circuit"  repeater  of 
the  same  type  was  similar  in  arrangement  and  ^dimensions  to  the 
"through  line"  repeater  shown.     In  this  type  of  repeater,  all  of  the 
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apparatus  for  a  two-way  circuit  was  mounted  together  on  one  rack. 
The  testing  equipment  and  signaling  apparatus  were  duplicated  in 
each  repeater  set.  This  apparatus,  as  well  as  the  balancing  networks 
and  other  miscellaneous  apparatus  were  mounted  on  the  same  rack 
as  the  repeater.  A  unit  of  this  type  required  about  10  square  feet 
of  floor  space. 

Fig.  3  shows  the  type  of  "through  line"  set  which  was  standardized 
in  1917  for  use  on  open-wire  lines.    Fig.  4  shows  a  group  of  cord  circuit 


Fig.  4 — Group  of  Six  Cord  Circuit  Repeaters  and  Associated  Testing  Unit 


sets  of  the  same  type  of  design,  together  with  the  testing  unit.  This 
form  of  set  was  a  great  improvement  over  the  earlier  types.  It  em- 
ployed, however,  many  of  the  same  large  types  of  individual  pieces  of 
apparatus  as  were  used  in  the  former  sets  and  the  testing  equipment, 
which  was  mounted  on  the  middle  rack  of  the  group,  was  required  to 
be  duplicated  for  each  group  of  6  repeaters.  This  type  of  set  has 
been  used  in  many  of  the  smaller  installations,  but  it  has  not  met 
the  requirements  for  large  cable  installations.  The  average  floor  space 
area  required  was  about  6  square  feet  per  set. 

Fig.  5  shows  the  proposed  assembly  of  the  type  of  telephone  re- 
peater which  is  now  being  developed  for  all  classes  of  installations 
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employing  the  two-way,  two-element  circuit.  Fig.  6  shows  the 
general  arrangement  proposed  for  a  group  of  sets  of  this  type  in  a 
large  installation,  as  in  a  cable  office.     This  set  is  expected' to  have 
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Fig.  5— Typical  Assembly  of  Panel  Mounted  Repeater  Set 


Fig.  6-Group  of  Panel  Mounted  Repeaters  as  Arranged  in  a  Large  Installation 


many  advantages  adapting  it  particularly  to  cable  installations 
When  mounted  as  shown  in  Fig.  6  it  will  occupy  but  1.5  square  feet 
ol  floor  space  per  unit.     Fig.  7  shows  how  this  set  may  be  arranged 
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in  small  installations  where  it  may  be  desired  to  be  mounted  on  a 
low  rack. 

By  the  uniform  use  of  these  general  mounting  arrangements  for  all 
of  the  new  repeater  equipment,  including  the  accessory  apparatus  as 
well  as  the  repeater  sets  themselves,  it  will  be  possible,  where  desired, 
to  serve  a  large  number  of  repeaters  with  a  small  amount  of  testing 
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Fig.  7 — Panel  Mounted  Repeaters  as  Arranged  in  a  Small  Installation 


equipment.  For  example,  in  the  case  of  the  voltmeters  and  ammeters 
required,  it  will  be  possible  to  employ  but  one  meter  panel  for  as  many 
as  120  repeaters.  Thus,  an  economy  in  equipment  as  well  as  a  saving 
in  space  will  be  effected. 

Fig.  8  shows  how  some  of  the  principal  features  of  this  proposed 
type  of  set,  which  distinguish  it  from  the  earlier  types  of  repeaters, 
are  related  to  the  circuit  arrangement,  as  well  as  to  the  mechanical 
design.  Previously,  the  apparatus  which  it  is  now  proposed  to  mount 
in  distinct  groups  on  separate  panels,  as  indicated  in  this  diagram, 
was  assembled  together  in  one  repeater  unit.  Several  types  of  sets 
were  accordingly  necessary  to  meet  the  various  field  conditions.  This 
is  to  be  avoided  in  the  new  design  by  separating  from  the  basic  re- 
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peater  unit  such  apparatus  as  may  be  required  to  be  different  under 
different  conditions  of  use.  For  example,  the  basic  repeater  unit  in 
the  new  repeater  is  to  be  the  same  for  both  "through  line"  and  "cord 
circuit"  use,  and  for  large  installations  as  well  as  for  small  ones.  The 
signaling  apparatus  which  may  have  different  features  in  different 
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types  of  offices,  and  which  may  not  be  needed  with  "through  line" 
repeaters  in  some  cases,  will  be  furnished  as  a  separate  panel  from  the 
basic  repeater  unit.  The  apparatus  which  will  permit  the  repeater 
to  be  used  for  cord  circuit  operation  is  also  to  be  furnished  as  a  sep- 
arate unit  and  may  be  used  in  place  of  the  through  signaling  unit, 
without  changing  the  basic  repeater.  The  filter  which  will  determine 
the  cut-off  frequency  of  the  repeater  will  also  be  furnished  as  a  separate 
piece  of  apparatus  mounted  on  the  repeater  set,  thus  the  repeater 
may  be  suited  to  any  desired  type  of  line  by  providing  the  proper 
filter. 

Another  interesting  phase  of  repeater  development  has  been  that  in 
connection  with  the  power  supply  for  the  vacuum  tubes.  This  in- 
cludes (1)  a  source  of  filament  current  (2)  a  source  of  plate  potential 
and  (3)  a  source  of  grid  potential.  In  meeting  the  requirements  of 
cable  installations  the  principal  improvements  desired  have  included 
the  use  of  batteries  common  to  as  many  repeaters  as  possible,  in  place 
of  individual  batteries,  closer  regulation  of  potentials  and  the  elimina- 
tion of  dry  cells  where  practicable. 

In  some  of  the  earliest  installations  a  separate  six-volt  storage 
battery  was  used  to  supply  the  filament  current  for  the  vacuum  tubes 
of  each  repeater  set.  Later,  the  filament  current  supply  was  taken 
from  an  11-cell  central  office  storage  battery  through  a  rheostat. 
As  the  potential  of  the  11-cell  central  office  battery,  normally  24 
volts,  varied  from  20  to  28  volts  during  the  operation  of  a  charge  and 
discharge  routine,  it  was  necessary  to  adjust  the  rheostat  at  frequent 
intervals  to  maintain  constant  current  in  the  vacuum  tube  filaments. 
With  the  greatly  increased  number  of  repeaters  per  station  which  has 
occurred  in  cable  systems,  the  maintenance  involved  in  readjusting 
the  filament  currents  would  have  become  prohibitive  on  this  basis. 
Accordingly,  for  the  larger  installations,  duplicate  11-cell  batteries 
normally  floated  from  generators  and  provided  with  an  emergency  cell 
to  maintain  voltage  during  an  emergency  discharge  are  proposed. 
By  this  improved  arrangement  it  is  expected  to  be  possible  to  maintain 
the  filament  voltage  within  one  volt  up  or  down  from  its  normal 
value,  even  during  an  emergency  discharge,  until  the  batteries  are 
almost  completely  discharged.  This  improved  regulation  will  en- 
tirely eliminate  adjustments  of  the  individual  repeaters  during  opera- 
tion to  secure  proper  values  of  filament  current. 

For  the  plate  voltage  supply  dry  cells  have  sometimes  been  used 
in  small  installations.  These  are  now  being  displaced  to  a  large 
extent,  by  small  storage  cells,  two  groups  being  used  so  that  one 
group  may  be  charged  while  the  other  is  in  service.    In  the  large  cable 
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installations,  the  current  drain  on  the  130-volt  plate  batteries  has 
sometimes  reached  values  as  great  as  four  or  five  amperes,  so  that  it 
is  now  planned  to  float  these  batteries  also,  instead  of  operating  on  the 
charge  and  discharge  basis.  It  is  expected  by  this  means  to  obtain 
regulation  of  the  plate  voltage  within  plus  or  minus  five  volts  from 
the  normal  value  of  130,  at  all  times. 

Consideration  is  being  given  to  another  possible  improvement 
in  the  power  arrangements  for  large  repeater  installations.  This 
involves  the  proposal  to  use  a  storage  battery  common  to  all  of  the 
repeaters  for  supplying  the  grid  potential.  If  it  is  found  that  this 
arrangement  is  practical,  it  will  permit  the  elimination  of  the  individual 
dry  cell  batteries  which  have  been  employed,  with  a  consequent  saving 


Fig.  9 — Typical  Storage  Battery  Room  for  Cable  Repeater  Station 

in  maintenance  that  might  be  appreciable.  It  seems  likely  that  a 
very  small  storage  battery  would  serve  for  this  purpose  since  the  cur- 
rent drain  is  negligible. 

The  amount  of  power  required  to  operate  the  vacuum  tubes  in  a 
large  telephone  repeater  installation  is  considerable.  Each  filament 
requires  a  current  in  the  neighborhood  of  one  ampere  and,  while  the 
filaments  are  connected  in  series  in  such  a  way  as  to  utilize  as  efficiently 
as  practicable  the  full  potential  of  the  central  office  battery,  the  load 
on  this  battery  sometimes  amounts  to  several  hundred  amperes. 
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Fig.  9  gives  some  idea  as  to  the  size  of  the  storage  batteries  for  a 
typical  office  of  this  kind.  The  large  cells  in  wooden  tanks  are  those 
making  up  the  filament  batteries,  each  of  which  is  an  11-cell  battery 
of  24-volt  nominal  rating.  These  two  batteries  in  parallel  are  large 
enough  to  carry  the  office  load  for  at  least  12  hours  in  the  event  of  a 
complete  failure  of  charging  equipment. 

Fig.  10  shows  the  charging  generators  and  power  switchboard  for  a 
typical  cable  repeater  office.  The  gas  engine  drives  emergency 
generators  to  float  the  filament  and  plate  batteries  in  the  event  that 


Fig.  10 — Typical  Power  Room  for  Cable  Repeater  Station 


the  regular  electric  power  supply  service  fails.  Alarms  are  provided  to 
indicate  any  abnormal  condition  such  as  a  voltage  higher  or  lower 
than  normal,  a  blown  fuse,  etc.  These  are  grouped  in  an  annunicator 
cabinet  on  the  wall. 

Test  Board  Equipment 

The  test  board  forms  an  important  part  of  the  cable  plant  equip- 
ment, since  it  is  the  one  point  in  the  office  where  all  of  the  lines  and 
the  equipment  as  a  whole  may  be  reached  readily  for  purposes  of 
testing  or  re-routing,  in  cases  of  line  trouble  or  changes  in  layout. 
The  form  and  arrangement  of  the  test  board  equipment  consequently 
have  an  important  bearing  on  the  effectiveness  with  which  the  facilities 
are  handled  by  the  maintenance  forces.  This  is  particularly  true  in 
the  cable  plant  where  the  number  of  circuits  involved  is'  large. 
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In  general,  all  toll  line  conductors  are  brought  into  a  central  office, 
from  the  outside,  through  a  cable  and  first  appear  at  a  rack  called  a 
"distributing  frame"  where  they  are  soldered  to  exposed  terminal 
lugs  so  that  they  may  be  reached  for  the  purpose  of  connecting  them 
to  apparatus  within  the  office.  This  arrangement  is  well  suited  to 
the  permanent  connections  but  is  not  intended  to  permit  frequent 
changes  or  the  ready  removal  of  the  apparatus  for  line  testing. 

The  necessity  for  rearranging  the  connections  between  the  ap- 
paratus and  the  lines  in  cases  of  line  trouble  makes  it  desirable  at 
times  to  be  able  to  make  such  changes  quickly,  and  the  means  which 
have  been  provided  for  this  purpose  are  located  at  the  "test  board." 
Here  both  the  line  conductors  and  the  apparatus  units  are  wired  to 
"jacks"  which  are  arranged  to  permit  the  transfer  of  the  normal 
connections  by  the  insertion  of  plugs  wired  to  flexible  cords.  A 
temporary  connection  made  in  this  manner  through  a  conducting 
cord  wired  to  two  plugs  is  called  a  "patch."  The  apparatus  for  de- 
termining the  location  of  line  trouble  is  also  located  at  the  test  board 
and  is  wired  to  cords  and  plugs  so  that  it  may  be  connected  to  any 
line  in  the  office  readily,  upon  the  occurrence  of  line  trouble,  without 
necessitating  changes  in  soldered  connections. 

The  test  boards  used  for  the  open-wire  plant  have  been  designed 
to  take  care  of  40  to  80  line  conductors  in  one  position,  that  is,  in  a 
board  three  feet  long.  The  amount  of  testing  and  patching  work 
required  on  open-wire  lines  has  been  such  as  to  make  this  a  con- 
venient number  of  circuits  to  handle  within  this  space.  In  cable 
installations,  however,  the  amount  of  testing  and  patching  per  line 
conductor  is  less,  while  the  number  of  circuits  in  such  an  office  is  much 
greater.  Consequently,  in  cable  offices  it  is  possible  to  concentrate  a 
larger  number  of  wires  within  a  given  test  board  space.  This  is 
desirable  from  the  standpoint  of  economy  in  space  as  well  as  from  that 
of  convenience  in  operation. 

One  of  the  first  steps  considered  in  the  development  of  efficient 
test  board  equipment  for  cable  installations  has  been  the  reduction 
of  the  number  of  jacks  per  circuit.  In  open-wire  installations  it 
has  been  the  practice  to  equip  each  line  circuit  and  each  equipment 
unit,  such  as  a  composite  set  or  phantom  coil,  with  a  full  complement 
of  jacks  suited  to  provide  the  maximum  degree  of  flexibility  in  "patch- 
ing," thus  permitting  the  ready  interchanging  of  individual  equip- 
ment units,  lines  and  drop  circuits.  In  cable  installations,  where 
the  circuits  are  more  likely  to  be  uniformly  equipped  with  the  same 
types  of  associated  apparatus  and  where  the  line  troubles  are  less 
frequent,  it  is  expected  to  be  possible  to  eliminate  certain  of  the  jacks, 
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such  as  those  associated  with  the  composite  sets  and  phantom  sets, 
thus  simplifying  the  equipment  for  terminating  the  toll  lines.  Fig.  11 
shows  the  typical  open-wire  arrangement  for  a  terminating  phantom 
group  circuit  in  which  the  maximum  number  of  jacks  is  furnished. 
This  requires  a  total  of  46  jacks.  Fig.  12  shows  the  arrangement  of  a 
terminating  phantom  group  circuit  as  planned  for  a  cable  installation. 
In  this  case  a  total  of  but  30  jacks  is  required. 

Another  important  development  expected  in  the  test  board  ar- 
rangements to  suit  them  to  cable  use  is  the  grouping  together  of  the 
jacks     serving     similar     functions.     Considerable     improvement     in 


Fig.  12 — Typical  Phantom  Group  Circuit  for  Cable  Installations 


operation  is  thought  to  be  possible  with  the  jacks  having  different 
functions  located  at  different  test  board  positions.  In  this  way  all 
of  the  line  conductor  jacks,  for  example,  may  be  assembled  together 
in  consecutive  order,  and  since  several  hundred  of  these  may  be  in- 
volved in  a  single  installation,  this  should  greatly  facilitate  the  identi- 
fication of  the  desired  circuits  by  the  attendant  in  the  process  of 
patching  and  testing.  This  grouping  of  the  jacks  will  also  effect  a 
saving  in  testing  equipment,  since  it  will  eliminate  the  need  of  the  line 
testing  apparatus,  such  as  the  Wheatstone  bridge,  at  positions  where 
the  line  conductors  will  not  appear. 
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Fig.  13  illustrates  both  the  open-wire  and  the  proposed  cable 
methods  of  grouping  the  jacks.  In  the  arrangement  for  open-wire 
circuits  the  jacks  associated  with  both  the  lines  and  equipment  are 
located  adjacent  to  each  other  in  the  same  test  board  panel.  In 
cable  installations  the  jacks  having  similar  functions  are  to  be  grouped 


Fig.  13 — -Typical  Jack  Assembly  Arrangements  at  Test  Board 

together,  the  groups  having  different  functions  being  mounted  in 
different  panels  which  may  be  located  in  different  test  board  posi- 
tions.    These  various  groups,  in  the  latter  case,  are  planned  as  follows: 

1.  Primary  line  testing  position  for  testing  and  "patching"  toll 
lines  only.  This  position  to  be  used  for  locating  faults  in  the 
cable  circuits  and  equipped  with  a  Wheatstone  bridge  and  volt- 
meter, to  permit  the  necessary  electrical  measurements  for  this 
purpose.  This  position  is  also  to  be  used  for  making  temporary 
changes  in  the  assignments  between  the  lines,  and  the  equipment 
as  a  whole,  but  is  not  to  be  arranged  to  permit  changes  in  in- 
dividual equipment  units,  such  as  composite  sets,  phantom 
sets,  etc.  The  jacks  to  be  located  at  this  board  are  to  include 
those  designated  as  "line  jacks"  and  "equipment  jacks,"  in 
Fig.  12. 

2.  Secondary  terminating  line  positions  for  testing  and  "patching" 
the  lines  between  the  "drop"  side  of  the  equipment  and  the  toll 
switchboard  circuit.  This  position  is  to  be  used  for  determining 
the  general  nature  of  a  trouble  and  its  general  location,  i.e., 
whether  it  is  in  the  direction  of  the  line  or  in  the  direction  of  the 
"drop,"  and  for  clearing  troubles  not  requiring  line  tests.  This 
position  is  not  to  be  equipped  with  Wheatstone  bridge  testing 
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apparatus  as  at  the  primary  board.  The  jacks  to  be  located 
at  this  position  are  to  include  those  designated  as  "secondary 
line  jacks,"  "drop  jacks"  and  "listening  jacks,"  in  Fig.  12. 

3.  Secondary  telegraph  line  positions  for  testing  and  "patching" 
the  telegraph  line  circuits.  This  position  is  to  be  used  solely 
for  interchanging  telegraph  lines  and  telegraph  equipment,  in 
cases  of  temporary  changes  in  assignment  and  is  not  to  be 
equipped  with  the  line  testing  apparatus.  This  position  will 
permit  changes  to  be  made  in  the  telegraph  assignments  without 
interfering  with  the  telephone  circuits.  The  jacks  to  be  located 
at  this  position  are  to  include  those  designated  in  Fig.  12  as 
"telegraph  line  jacks"  and  "telegraph  drop  jacks." 

A  further  and  more  extensive  improvement  in  test  board  design  is 
anticipated  as  a  result  of  development  work  whereby  it  will  be  pos- 
sible to  employ  panel  mounted  keyshelf  equipment  units,  jacks  and 
testing  apparatus,  which  in  the  standard  board  are  now  housed  in  a 
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Fig.  14 — Typical  Assembly  of  Floor-Mounted  Test  Board — One  Position 


large  wooden  section.  This  will  have  the  advantage  of  uniformity 
with  the  other  toll  equipment,  as  well  as  requiring  less  space.  It  will 
also  permit  flexibility  in  the  use  and  installation  of  the  various  com- 
binations of  keyshelf  equipment,  jack  equipment  and  other  testing 
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apparatus  which  may  be  required  to  suit  each  case.  While  this  ar- 
rangement will  have  its  chief  advantages  when  applied  to  large  cable 
installations,  it  will  also  be  well  suited  to  open-wire  use  and  small 
installations,  since  its  design  will  permit  the  highest  degree  of  flexi- 
bility with  respect  to  both  the  amount  and  type  of  equipment. 

These  points  may  be  illustrated  by  comparing  the  general  features 
ot  the  two  types  of  boards.  Fig.  14  shows  the  assembly  of  a  one- 
position  section  of  the  present  type  of  board  employing  a  wooden 


Fig.  15 — Typical  General  Assembly 
of  Panel  Mounted  Test  Board 


Fig.  16 — Typical  Assembly  for  Keyshelf 

Equipment    Unit    for    Panel    Mounted 

Test  Board 


framework.  This  board,  with  the  necessary  allowances  for  aisle 
space,  requires  a  floor  area  amounting  to  about  24  square  feet,  while 
it  houses  a  maximum  of  about  1000  jacks  corresponding  roughly  to 
about  40  jacks  per  square  foot.     Fig.  15  shows  a  typical  position  em- 
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ploying  the  proposed  panel  mounting  method.  Such  a  board  will 
occupy  a  floor  space  of  about  10  square  feet  and  will  take  care  of  about 
600  jacks,  corresponding  roughly  to  a  capacity  of  60  jacks  per  square 
foot. 

This  latter  type  of  board  is  to  be  made  up  of  a  number  of  panel 
units  which  are  to  be  assembled  on  two  vertical  supports.  The  prin- 
cipal types  of  units  to  be  provided  for  the  purpose  are  the  keyshelf 
units,  the  jack  mountings  and  the  equipment  panels  which  may  be 
combined  together  as  desired  to  give  the  necessary  facilities. 

Fig.  16  shows  a  typical  keyshelf  unit  designed  for  the  panel  type 
board.  By  constructing  the  keyshelf  unit  as  a  separate  piece  of  ap- 
paratus, it  is  expected  to  be  possible  to  standardize  the  necessary 
types  of  keyshelves  to  fit  all  ordinary  field  conditions  and  to  specify 
the  desired  type  of  keyshelf  to  go  with  any  particular  arrangement 
or  number  of  jacks.  The  number  of  keyshelf  units  of  any  given  type 
may  be  as  desired  for  each  installation,  thus  the  proportion  between 
the  jacks  and  the  keyshelf  equipment  may  be  suited  to  each  type  of 
office. 

Fig.  17  shows  a  typical  arrangement  of  the  jack  equipment  and  the 
mountings  which  are  to  be  employed  for  the  jacks.  This  type  of  jack 
mounting  will  make  it  possible  to  mount  the  jacks  on  the  same  SUP- 
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Fig.  17 — Typical  Assembly  of  Jack  Mounts  for  Panel  Mounted  Test  Board 

ports  as  the  testing  equipment.  The  mountings  are  to  be  attached 
to  the  supports  by  fasteners,  each  occupying  a  vertical  space  of  P4 
inches  and  drilled  to  fit  the  usual  drillings  in  the  supports.  This  will 
permit  the  close  association  of  the  jacks  with  the  desired  testing  ap- 
paratus. It  will  also  be  possible,  by  this  means,  to  use  for  the  jacks 
only  such  of  the  available  vertical  space  as  may  be  desired,  the  re- 
mainder being  used  for  other  equipment,  thereby  effecting  economy 
in  the  use  of  the  space.  The  arrangement  is  thus  expected  to  be  ad- 
vantageous both  in  large  installations,  where  the  various  groups  of 
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jacks  are  desired  to  be  arranged  at  separate  primary  and  secondary 
positions,  and  in  small  installations  in  which  but  a  few  jacks  may  be 
required  lor  all  purposes. 

Fig.  18  shows  the  proposed  assembly  of  a  typical  panel  equipped 
with  voltmeter,  telegraph  relay  and  sounder,  such  as  are  usually 
mounted  above  the  jack  field.     The  advantage   of   using  the   panel 
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Fig.  18 — Typical  Assembly  of  Apparatus  Panel  for  Panel  Mounted  Test  Board 

mounting  for  this  equipment  is  expected  to  be  the  same  from  the  stand- 
point of  convenience  and  economy  as  that  obtained  from  this  method 
of  mounting  the  keyshelves  in  relation  to  the  various  jack  fields.  It 
will  permit  the  location  of  this  equipment  at  any  desired  position  and 
eliminate  duplication  at  positions  where  this  apparatus  is  not  neces- 
sary. It  will  also  permit  flexibility  in  regard  to  the  type  of  panel  as- 
sociated with  a  given  jack  field. 


Signaling  Equipment 

The  principal  purposes  of  the  signaling  equipment  in  telephone 
lines  are  (1)  to  permit  a  subscriber  to  signal  the  central  office  opera- 
tor, as  he  does  automatically  in  removing  the  receiver  from  the  switch- 
hook,  (2)  to  permit  the  central  office  operator  to  ring  the  subscriber's 
bell  and  (3)  to  permit  the  operators  at  different  central  offices  to  signal 
each  other.  At  repeater  stations  this  equipment  serves  to  pass  the 
signals  around  the  telephone  repeaters  which  might  otherwise  inter- 
fere with  their  transmission. 

The  switchboards  in  both  the  local  and  toll  central  offices  have 
been  provided  with  a  source  of  20-cycle  current  for  signaling,  as 
current  of  this  frequency  is  suited  to  operate  the  subscriber's  bell 
directly.  This  frequency  has  also  been  satisfactory  for  operating 
the  signaling  apparatus  in  the  various  local  trunk  circuits  and  in 
short  toll  lines  without  superposed  telegraph.  The  introduction  of 
superposed  telegraph  and  telephone  repeaters,  however,  has  prevented 
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the  use  of  20-cycle  signaling  on  many  toll  circuits.  It  has  accord- 
ingly been  expedient  to  use  a  higher  frequency  for  the  majority  of 
these  circuits,  and  the  one  which  has  been  most  generally  used  for 
this  purpose  has  been  135  cycles.  It  is  desired,  therefore,  to  bring 
out  here  some  of  the  more  important  features  of  the  135-cycle  signaling 
arrangements  which  are  being  developed  for  cable  systems. 

The  signaling  equipment  for  cable  systems  has  been  required  to 
meet  more  severe  conditions  than  those  ordinarily  encountered  on 
open-wire  lines.  In  order  not  to  interfere  with  the  direct  current 
telegraph  system  used  on  the  cables,  it  has  been  necessary  to  limit 
the  signaling  current  to  a  few  milliamperes.  Furthermore,  the  char- 
acteristics of  the  cable  apparatus  have  been  such  as  to  attenuate 
the  signaling  currents  to  a  greater  extent  than  in  open-wire  systems. 
It  has  accordingly  been  necessary  to  undertake  the  design  of  signaling 
equipment  of  greater  sensitivity,  as  well  as  to  provide  a  source  of 
supply  of  signaling  current  possessing  a  high  degree  of  freedom  from 
harmonics  and  capable  of  being  closely  regulated. 

The  desired  increase  in  sensitivity  of  the  signaling  system  is  ex- 
pected to  be  obtained  through  the  use  of  a  highly  selective  circuit  in 
conjunction  with  a  very  sensitive  135-cycle  relay.  Fig.  19  shows 
the  general  scheme  of  the  circuit  which  is  being  developed  for  the 
purpose. 

It  is  seen  that  this  includes  a  filter  which  may  be  inserted  in  the 
line  circuit  between  the  signal-receiving  apparatus  and  the  switch- 
board "drop"  to  give  the  desired  terminal  impedance  at  the  signaling 
frequency,  thus  preventing  the  low  impedance  shunt  on  the  signaling 
relay  which  would  otherwise  be  caused  by  the  "drop"  circuit  at  a 
frequency  as  low  as  135  cycles.  The  filter  is  arranged  so  that  it  need 
be  inserted  in  the  circuit  only  in  such  cases  as  may  require  the  in- 
creased signaling  range  obtained  in  this  manner,  thus,  it  may  be 
omitted  on  the  shorter  circuits  where  it  is  usually  unnecessary. 

The  general  circuit  arrangement  shown  in  Fig.  19  will  permit  the 
ready  interchange  of  different  types  of  signaling  apparatus.  With 
this  arrangement  of  the  apparatus,  any  "ringer"  of  any  desired  fre- 
quency combination  such  as  20-135  cycles,  20-20  cycles,  135-135 
cycles,  etc.,  may  be  connected  temporarily  to  the  system  when  desired, 
by  means  of  "patching"  cords,  without  requiring  any  changes  in  the 
permanent  wiring. 

Much  of  the  sensitivity  and  selectivity  which  may  be  obtained  with 
this  signaling  system  are  due  to  the  design  of  the  135-cycle  relay, 
As  shown  in  Fig.  20,  the  relay  is  designed  to  make  it  capable'  of  close 
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and  accurate  adjustment.  Both  the  magnetic  air  gap  and  the  con- 
tact spacing  may  be  adjusted,  about  0.0015  inch  or  0.038  millimeter 
being  used  ordinarily  forjthe  latter.  The  relay  is  mechanically 
tuned,  the  natural  period  of  the  reed  with  its  adjustable  weight  cor- 
responding closely  to  the  frequency  of  the  signaling  current.     A  stop 


Fig.  20 — Assembly  of  135-Cycle  Relay 


pin  is  provided  which  prevents  undue  vibration  oi   the  reed  due  to 

transient  impulses  or  excessive  currents.  Also,  the  relax'  circuit  is 
electrically  tuned  by  a  shunt  capacity  and  a  series  inductance  and 
capacity.  It  is  thus  very  selective  and  is  relatively  free  from  the 
ordinary  sources  of  interference  such  as  those  caused  by  mechanical 
vibration,  telegraph  signals,  switchhook  impulses,  voice  currents, 
etc.  The  sensitivity  of  the  relay  is  such  that  it  will  operate  on  as 
little  power  as  30  microwatts,  corresponding  to  a  current  in  the  neigh- 
borhood of  0.2o  milliampere. 

This  rela\  is  to  be  mounted  so  that  it  may  be  inserted  in  the  circuit 
or  removed  from  it  in  the  manner  of  a  plug  and  jack,  without  requiring 
changes  in  the  permanent  wiring  and  without  affecting  the  circuit 
operation,  except  to  interrupt  the  signal-receiving  system,  while  the 
relay  is  removed.  Thus  it  will  be  very  convenient  to  make  the  neces- 
sarv  adjustments  of  the  relay  separate  from  the  circuit  with  which 
it  may  be  associated  in  service.  The  relay  will  be  well  protected  from 
mechanical  interference,  such  as  building  vibration,  by  padding  in  the 
mounting  which  prevents  rigid  mechanical  connection  between  the 
relay  and  its  external  support. 

The  assembly  arrangements  proposed  for  the  new  signaling  ap- 
paratus are  such  as  will  tit  in  closely  with  the  panel  mounting  meth- 
ods designed   for   the  remainder  of  the  toll  equipment  in   cable  in- 


134 


BELL    SYSTEM     TECHNICAL    JOURNAL 


stallations.     Fig.  21  shows  the  assembly  proposed  for  the  new  com- 
posite ringer  set.     This  method  of  mounting  the  composite   ringer 


MOUNTING    PLATE 


METAL  COVER    OVER 


Fig.  21 — Typical  Assembly  of  135-Cycle  Composite  Ringer  Set 


Fig.  22— Typical  Assembly  of  Group  of  Composite  Ringer  Sets 

set  is  a  very  desirable  one  since  it  permits  a  complete  set  to  be  manu- 
factured as  a  unit  and  installed  as  such. 

Fig.  22  shows  the  manner  in  which  a  number  of  these  composite 
ringer  panels  are  planned  to  be  mounted  together  with  the  associated 
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testing  equipment  in  a  large  installation.  This  close  association  of 
the  composite  ringers  with  the  jacks  and  testing  equipment  is  ex- 
pected to  be  of  considerable  advantage  in  facilitating  the  maintenance 
of  the  apparatus. 

The  need  in  cable  systems  of  a  particularly  well-regulated  source 
of  135-cycle  signaling  current,  with  sufficient  capacity  for  a  large 
number  of  lines,  has  made  it  desirable  to  undertake  the  development 
of  both  a  special  type  of  interrupter  and  a  motor-generator  lor  this 
purpose.  Close  frequency  regulation  is  also  very  desirable  in  signaling 
over  cable  circuits,  in  view  of  the  increased  sensitivity  in  receiving 
which  may  be  obtained  by  the  use  of  very  selective  receiving  apparatus. 

Fig.  23  shows  the  circuit  arrangement  of  the  interrupter  which  is 
expected  to  be  provided  for  this  purpose.     This  includes  a  vibrating 


Fig.  23 — 135-Cycle  Interrupter  Circuit — Simplified  Diagram 

reed  actuated  by  an  electromagnet  when  direct  current  is  applied. 
The  contacts  on  the  reed  being  in  series  with  the  battery  circuit, 
intermittent  operation  is  secured  in  the  manner  of  an  ordinary 
buzzer,  the  speed  of  operation  for  a  given  applied  voltage  being  de- 


Fig.  24 — Assembly  of  Vibrator  for  135-Cycle  Interrupter 

termined  by  the  natural  period  of  the  reed.  The  actuating  circuit 
of  the  vibrator  also  includes  the  primary  side  of  a  transformer,  the 
secondary  side  of  which  is  connected  to  a  filter  for  suppressing  har- 
monics in  the  output.  The  maximum  output  capacity  of  the  inter- 
rupter is  about  three-fourths  of  a  watt. 


136 


BELL    SYSTEM     TECHNICAL    JOURNAL 


Fig.  2-i  shows  the  vibrating  element  to  be  employed  in  this  in- 
terrupter. This  is  equipped  with  an  adjustable  weight  so  that  the 
frequency  of  the  output  may  be  regulated.  For  an  input  voltage 
variation  of  20  to  28  volts,  the  output  frequency  will  vary  about  5  cycles. 


MOUNTING  PLATE 


-  OVER  APPARATUS 

Fig.  25 — Assembly  of  135-Cycle  Interrupter 


RESISTANCES  IN 
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Fig.  26 — Typical  Assembly  of  Group  of  135-Cycle  Interrupters 

Fig.  25  shows  the  assembly  proposed  for  the  complete  interrupter 
unit.  This  includes  the  vibrator,  filter,  transformer,  etc.,  mounted 
on  a  panel  under  metal  covers.     Fig.  26  shows  a  typical  arrangement 
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of  a  group  of   interrupters  with    the  associated    testing   equipment. 
These   assembly    arrangements   are    uniform    with    those    previously 

described  for  other  types  of  equipment. 

The  135-cycle  motor-generator  developed  for  signaling  purposes 
is  shown  in  Fig.  27.  This  outfit  includes  two  motor-generators,  one 
for  regular  service  and   one   for   reserve,   on   one  panel    the  control 


Fig.    27— Assembly   of    10-Watt,    135-Cycle    Motor-Generator   Set   and   Associated 

Apparatus 

equipment  being  mounted  on  a  second  panel.  The  output  of  the 
motor-generator,  which  is  provided  with  a  filter,  is  practically  free 
from  harmonics.  Its  voltage  range  is  from  30  to  40,  while  its  fre- 
quency range  is  from  133  to  137  cycles,  including  full  load  to  no  load 
conditions.  The  output  capacity  of  this  machine  is  approximately 
10  watts. 

General  Assembly  Arrangements 

In  the  preceding  descriptions  some  mention  has  been  made  of  the 
panel  assembly  method  which  is  expected  to  be  used  with  much  of 
the  cable  equipment.  It  might  be  well  to  speak  briefly  here  of  some 
of  the  features  of  this  mounting  method  which  are  expected  to  have 
general  application. 

The  large  number  of  equipment  units  per  station  in  the  cable  plant 
has  been  one  of  the  principal  factors  in  determining  the  requirements 
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for  efficiency  in  the  design  of  the  equipment.  These  requirements 
have  been  mainly  (1)  compactness  in  dimensions  (2)  uniformity  in 
assembly  arrangements  and  (3)  simplicity  in  design. 

To  make  possible  the  housing  of  the  equipment  for  a  cable  installa- 
tion within  a  building  of  reasonable  dimensions,  it  has  been  neces- 
sary  to  economize  carefully  in  space.     Fig.   28  shows  in   a  general 
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Fig.   28 — General  View   Showing  Typical  Group  of  Equipment  Units  Employing 

Panel  Mounting  Method 


way  how  the  panel  assembly  method  may  be  employed  to  accomplish 
this.  As  seen  from  this  view,  the  equipment  panels  are  assembled 
on  vertical  supports  consisting  of  I-beams  or  channels  which  extend 
from  the  floor  to  the  ceiling,  rolling  ladders  being  employed  to  reach 
the  apparatus  above  when  necessary.  As  has  been  shown  in  the 
preceding  views  of  individual  equipment  units,  all  of  the  adjustable 
apparatus  is  mounted  on  the  front  of  each  equipment  panel  and  the 


TELEPHONE  EQUIPMENT  FOR  LONG  CABLE  CIRCUITS      139 

material  not  requiring  adjustment  when  in  operation  is  mounted  on 
the  rear,  since  by  this  means  the  rear  aisles  can  be  made  narrower 
than  the  front  aisles.  Thus,  all  available  space  is  utilized  to  the 
extent  that  the  floor  area  required  per  equipment  unit  in  a  cable 
installation  will  be  as  small  as  the  maintenance,  manufacturing  and 
installing  requirements  for  the  apparatus  will  permit. 

In  view  of  the  many  different  types  of  equipment  units  having  a 
variety  of  special  functions  which  are  required  to  make  up  a  com- 
plete cable  installation,  a  high  degree  of  uniformity  in  design  is  neces- 
sary to  permit  efficiency  in  their  use.  It  is  expected  that  this  will  lie 
accomplished  effectively  by  applying  the  panel  assembly  method 
in  a  uniform  manner  to  practically  all  types  of  equipment  units.  All 
panels  are  to  be  of  a  uniform  length,  designed  to  mount  on  vertical 
supports  spaced  19><  inches  between  centers.  The  height  of  the 
different  panels  will  vary,  according  to  the  amount  of  apparatus  in 
each  unit,  but  this  vertical  dimension  is  in  all  cases  to  be  a  whole 
multiple  of  P4  inches.  By  applying  these  specifications  widely,  it 
will  be  possible  to  secure  interchangeability  between  panels  and  to 
employ-  uniform  methods  in  grouping  the  different  units,  thus  facili- 
tating their  installation  and  use. 

The  simplicity  of  the  design  of  the  equipment  units  comprising 
the  various  panels  is  also  of  great  importance.  This  has  necessitated 
careful  attention  to  the  forms  of  the  individual  pieces  of  apparatus, 
in  order  that  these  might  fulfill  their  specific  functions  efficiently 
while  at  the  same  time  fitting  in  well  with  the  general  equipment 
arrangements.  To  this  end,  new  types  of  apparatus,  such  as  repeating 
coils,  retardation  coils,  etc.,  are  being  developed  especially  for  cable 
use.  Much  will  also  be  accomplished  toward  the  simplification  of 
the  panels  by  carefully  avoiding  duplication  in  the  accessories  to  the 
different  types  of  equipment  and  by  dissociating  from  the  individual 
units  of  all  types  any  pieces  of  apparatus  capable  of  being  made  com- 
mon to  a  number  of  units,  or  subject  to  different  methods  of  applica- 
tion in  different  types  of  offices. 

Other  important  advantages  are  anticipated  in  the  panel  assembly 
method.  One  of  these  is  that  it  will  permit  the  assembling  together 
on  one  panel  of  all  of  the  pieces  of  apparatus  of  different  types  which 
may  be  desired  to  form  a  distinct  equipment  unit.  In  large  installa- 
tions, completely  equipped  racks  including  a  number  of  equipment 
units  with  the  associated  testing  apparatus  may  be  assembled  in  the 
factory  on  the  supporting  uprights  and  wired  to  the  terminals  at 
the  top  of  the  rack,  thus  simplifying  the  installation  work.  The  loca- 
tion of  the  testing  apparatus  on  the  same  rack  with  the  equipment 
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panels  has  the  further  advantage  thai  it  will  place  the  apparatus  to 
be  adjusted  within  easy  reach  of  the  testing  facilities.  Furthermore, 
the  testing  apparatus  will  serve  for  the  maintenance  of  a  greater  num- 
ber of  equipment  units  when  all  of  the  space  between  the  floor  and 
ceiling  is  utilized,  thus  reducing  the  amount  of  testing  equipment 
required. 


Radio  Extension  of  the  Telephone  System  to 
Ships  at  Sea1 

By  H.  W.  NICHOLS  and  LLOYD  ESPENSCHIED 

Synopsis:  The  paper  describes  the  development  of  a  two-way  radio- 
telephone system  and  its  use  in  extending  the  Bell  Telephone  System  to  con- 
nect with  ships  at  sea.  The  electrical  considerations  and  the  experimental 
work  involved  in  determining  the  system-design  of  the  radio  link  are  dis- 
cussed. Two  land  stations  were  established,  one  of  them  a  permanent 
three-channel  station  on  the  New  Jersey  coast.  Two  coastal  vessels  and 
finally  one  trans-Atlantic  liner  were  equipped.  These  installations  are 
briefly  described  in  the  paper. 

The  operation  of  the  combined  radio  and  wire  system  is  explained,  par- 
ticularly in  respect  to  the  transmission  characteristics  of  the  over-all  system 
and  the  effect  thereupon  of  the  movement  of  the  vessel  and  of  variations  in 
at  mospheric  conditions.  Measurements  of  the  variations  in  the  field  strength 
received  from  field  vessels  at  sea  show  why  it  is  possible  to  receive  over  very 
long  distances  at  favorable  times  at  night  and  not  during  the  day.  The 
method  of  establishing  combined  radio-telephone-wfre  circuits  to  ships  is  de- 
scribed and  representative  results  are  given  of  the  considerable  telephone 
traffic  which  was  handled  over  the  system  experimentally  during  a  period  of 
trial  operation.  Tests  of  multi-channel  telephone  operation  to  several  ships 
through  the  Deal  Beach  shore  station,  and  also  tests  of  simultaneous  tele- 
graph and  telephone  operation  from  the  same  vessel  are  described.  Con- 
nection of  a  vessel  thru  the  transcontinental  telephone  line  to  the  Catalina 
Island  radio-telephone  system,  whereby  the  vessel  in  the  Atlantic  talked 
with  an  island  in  the  Pacific,  is  briefly  described,  and  finally  the  outstand- 
ing conclusions  of  the  entire  development  work  are  given. 

IN  1919,  the  American  Telephone  and  Telegraph  Company  and 
the  Western  Electric  Company  initiated  a  development  pro- 
gram which  had  for  its  object  the  development  of  a  radio  telephone 
system  capable  of  enabling  the  service  of  the  Bell  Telephone  System 
to  be  extended  to  include  vessels  at  sea.  The  program  involved 
extensive  development  work  in  the  laboratory  and  field,  the  establish- 
ment of  shore  and  ship  stations,  and  the  putting  of  the  system  into 
practical  operation,  altho  on  a  limited  and  experimental  scale. 

It  is  the  purpose  of  this  paper  to  describe  the  results  of  this  develop- 
ment work  from  the  standpoint  of  the  complete  system,  with  emphasis 
upon  the  general  transmission  and  operating  features  rather  than 
upon  the  details  of  the  apparatus  developed  to  perform  the  necessary 
functions.  The  development  divides  itself,  naturally,  into  two  parts: 
first,  the  determination  of  the  system-design  and  the  establishment 
of  the  necessary  stations,  and,  second,  the  study  of  the  transmission 
and  operating  characteristics  of  the  system. 

1  Presented  before  The  Institute  of  Radio  Engineers,  New  York,  January  3,  1923, 
Reprinted  with  minor  changes  from  the  Procd.  of  Institute  of  Radio  Engineers, 
June,  1923. 
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Part  I 

RADIO  SYSTEM-DESIGN  AND   ESTABLISHMENT 
OF  STATIONS 

(  tkxeral  Plans 

The  fundamental  condition  laid  down  at  the  beginning  of  this 
work  was  the  very  general  one  that  there  should  be  developed  a  system 
by  which  any  telephone  subscriber  of  the  Bell  System  could  carry  on 
a  conversation  with  a  telephone  station  located  on  a  ship,  and  that, 
from  the  point  of  view  of  the  speakers,  the  operation  should  be  similar 
to  the  carrying  on  of  an  ordinary  toll  call  between  land  wire  subscribers. 
This,  of  course,  involves  the  development  of  a  satisfactory  two-way 
radio  telephone  system  for  ship  use.  Furthermore,  it  was  desired 
to  be  able  to  carry  on  three  simultaneous  and  independent  conversa- 
tions between  three  ships  and  one  land  station,  since  a  final  commercial 
system  will  involve  the  establishment  of  several  circuits  simultane- 
ously. These  2-way  transmissions  were  to  be  obtained  without  em- 
ploying an  excessively  large  frequency  band. 

A  rough  study  of  the  problem  resulted  in  a  decision  to  locate  the 
experimental  land  stations  about  200  or  250  miles  (320  or  400  km.) 
apart  and  to  try  for  reliable  commercial  transmission  to  ships  at  a 
distance  of  approximately  200  miles  (320  km.). 

The  transmission  problems  involved  in  this  work,  which  were 
different  from  those  in  wire  telephone  engineering,  were: 

(a)  A  much  greater  variability  in  the  transmission  equivalent  to 
be  expected  in  the  radio  link; 

(b)  A  much  greater  and  more  variable  interference,  both  natural 
and  artificial; 

(c)  A  lack  of  secrecy  in  the  sense  of  a  wire  system; 

(d)  Greater  possibilities  of  cross-talk  between  channels  because  of 
the  use  of  a  single  medium; 

(e)  More  complication  in  the  matter  of  signaling  and  in  the  setting 
up  of  the  telephone  circuit. 

The  apparatus  problems  were,  of  course,  entirely  different  from 
those  of  wire  transmission  and  will  not  be  considered  in  detail  in  this 
paper. 

An  engineering  project  of  this  kind  divides  itself  naturally  into 
two  phases;  that  of  the  development  in  the  laboratory  of  systems 
and  apparatus  which  are  technically  suitable  for  the  work  and,  second, 
the  providing  in  the  field  of  a  model  system,  incorporating  the  knowl- 
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edge  obtained  in  the  laboratory  as  a  means  for  enabling  the  system 
to  be  tried  out.  A  preliminary  survey  of  the  purely  technical  prob- 
lems convinced  us  that  the  more  important  ones  were  the  develop- 
ment of  two-way  radio  telephone  apparatus  and  of  multi-channel 
systems  which  would  operate  from  a  single  transmitting  station  without 
interference  between  channels;  the  design  of  transmitting  apparatus 
which  would  satisfy  the  requirements  and  which  could  be  built  with 
the  vacuum  tubes  available  and  the  development  of  a  type  of  receiv- 
ing system  which  would  provide  sufficient  selectivity  to  allow  an 
economical  use  of  the  frequency  range  and  at  the  same  time  fit  in 
with  the  two-way  system  most  likely  to  be  adopted.  It  was  decided 
that  during  the  laboratory  development  work  preparations  should 
be  made  in  the  field  for  providing  the  necessary  experimental  stations. 
This  field  work  as  it  developed  included  the  location  of  station  sites, 
the  actual  construction  of  the  station  buildings  and  the  antennas, 
the  equipping  of  the  stations  with  the  apparatus  as  developed  in  the 
laboratory  and  as  further  developed  in  the  station,  the  equipment  of 
the  ships,  and,  finally,  the  operation  and  tests  of  the  overall  system. 

System  Design  Considerations 

In  the  beginning  it  was  thought  that  to  cover  the  required  200 
miles  (320  km.)  range  about  one  or  one  and  one-half  kilowatts  in 
the  antenna  would  be  necessary.  It  was  not  known  that  wave  lengths 
would  be  made  available  tor  this  work  by  the  Department  of  Com- 
merce. To  produce  this  amount  of  power  in  the  antenna  there  were 
available  Western  Electric  250  watt  tubes  which  it  was  decided  to 
employ.  The  question  then  arose  as  to  the  particular  type  of  trans- 
mission systems  most  suitable  for  the  work.  The  points  of  import- 
ance in  solving  this  problem  are  as  follows: 

The  greatest  economy  both  in  power  and  in  wave  length  range 
may  be  secured  by  transmitting  only  one  side  band  of  the  modulated 
wave.  Moreover,  this  method  has  the  great  advantage  that  varia- 
tions in  the  transmission  characteristics  of  the  medium  do  not  cause 
as  great  fluctuations  in  the  received  signal.  This  is  because  the  re- 
ceived signal  is  proportional  to  the  product  of  the  carrier  and  side 
bands  and  if  the  carrier  is  supplied  locally  instead  of  being  trans- 
mitted, it  is  not 'affected  by  transmission  factors.  The  use  of  such  a 
system,  however,  or  of  one  in  which  only  the  carrier  is  suppressed, 
throw  upon  the  receiving  set  the  burden  of  maintaining  a  constant 
oscillator  frequency  not  only  comnlirpring  it  but  also  making  reception 
impossible  for  the  great  majority  of  ships  which  are  equipped  with 
only  straight  detectors.    This  would  defeat  general  inter-communica- 
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tion  in  emergency.  Further,  it  practically  restricts  the  transmitting 
set  to  one  in  which  the  power  tubes  are  used  as  amplifiers,  and  it 
was  known  that  some  difficulty  might  be  experienced  in  operating  a 
number  of  250  watt  tubes  in  parallel  if  it  should  be  necessary  to 
transmit  at  wave  lengths  as  low  as  300  meters.  For  these  reasons  and 
after  some  development  work  it  was  decided  that  the  proper  system 
to  use  in  the  first  experiment  was  one  in  which  modulation  is  carried 
on  by  the  constant  current  method  which  requires  about  an  equal 
number  of  modulator  tubes  and  power  tubes  and  sends  out  all  com- 
ponents of  the  modulated  wave. 

The   simultaneous   transmission   of   three   channels   from   the   land 
station  may  be  accomplished  in  several  ways.     It  is  possible,  for  ex- 
ample, to  carry  on  such  multi-channel  operation  from  one  antenna, 
which  is  multi-tuned,  or  from  three  separate  antennas.     The  antenna 
power  may  be  supplied   by  one  system  of   tubes  carrying  all   three 
conversations  or  the  power  tube  system  may  be  split  into  three  parts. 
Also,  using  a  single  antenna  simply  tuned  it  would  be  possible  to 
transmit  the  three  channels  from  one  system  ot  tubes  by  a  system  of 
double  modulation  which  had  been  installed  by  the  Western  Electric 
Company  on   United   States  battleships   two  or   three  years  earlier. 
The  difficulties  which  are  likely  to  arise  in  these  various  schemes  are  as 
follows:  The  use  of  multi-tuned  antennas  involves  loss  of  power  in 
the  circuits  used  to  give  the  antenna  three  degress  of  freedom.    The 
use  of  a  single  system  of  power  tunes  for  three  channels  requires  that 
the  tube  system  be  capable  of  handling  a  large  overload  at  times 
without  impairment  of  quality,  since  it  is  possible  that  the  peaks  of 
three   channels    may   occur   simultaneously.      It    was   expected    that 
under  conditions  of  this  kind  there  would  be  inter-modulation  of  the 
channels  due  to  the  modulating  action  in  the  plate  circuits  of  the 
power  tubes.     The  use  of  three  separate  antennas  located  very  close 
to   one  another  and   tuned  to  frequencies  differing  by  three  or  four 
per  cent,  might  lead  to  such  close  coupling  of  the  three  channels  that 
cross-talk  and   modulation  of  one  channel  by  another  would  result, 
the  hitter  by  plate  modulation  of  one  set  of  tubes  by  the  currents 
induced  in  its  antenna.     The  use  of  the  double  modulation  system — 
altho  requiring  but  one  radiated  carrier — is  open  to  the  objection  of 
overloading  and  cross  modulating  of  channels  and  also  to  the  objection 
that  the  receiving  apparatus  aboard  ship  must  be  more  complicated. 
An  analysis  of  these  and  other  proposed  methods  of  operation  resulted 
in   the  decision  to  employ  at   that  time  three  separate  but  closely 
adjacent   antennas   and    three   separate   transmitting  sets   using   the 
constant  current  modulation  system.     This  choice  was  made- because 
ot  conditions  peculiar  to  this  particular  problem  and  to  the  vacuum 
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tubes  then  available.  Of  course,  improvements  can  be  made  in  the 
system  at  the  present  time  as  a  result  of  the  information  obtained  in 
the  development  using  the  very  much  larger  vacuum  tubes  now 
available. 

These  decisions,  therefore,  determined  the  general  type  of  system 
to  be  used,  namely,  one  in  which  many  of  the  known  advantages  of 
single  side  band  transmission  were  sacrificed  in  order  to  secure  simple 
apparatus,  to  make  use  of  then  existing  power  tubes  and  to  enable  the 
transmission  to  be  received  generally. 

The  problem  of  securing  the  two-way  operation  necessary  aboard 
ship  and  for  combined  radio  and  wire  operation  may  be  attacked  in 
several  ways.     In  general,  there  are  three  methods  available: 

(1)  In  which  the  east  and  west  channels  are  established  alternately 
and  not  simultaneously,  by  switching.  The  push-button 
scheme  is  a  familiar  example,  although  unsuitable  for  tying  in 
with  the  wire  telephone  system.  Another  arrangement  is  the 
use  of  voice-operated  relays  to  throw  the  terminal  apparatus  into 
the  sending  or  reciving  condition,  depending  upon  the  direction 
of  transmission. 
2  The  use  of  the  principle  of  balance  to  separate  the  outgoing 
from  the  received  transmission.  The  radio  receiving  antenna 
circuit  is  balanced  with  respect  to  the  transmitting  antenna 
circuit. 

(3)  Employment  of  different  frequencies  for  the  two  directions  of 
the  two-way  transmission,  relying  upon  frequency-selecting 
circuits  for  affecting  separation.  The  first  two  methods  allow  of 
operation  on  the  same  or  on  different  carrier  frequencies. 

All  of  these  fundamental  methods  were  considered  in  their  several 
possible  embodiments,  and  compared  from  the  standpoint  of  the 
conditions  to  be  met  in  the  radio  system  itself  and  in  linking  it  with  a 
Dublic  service  telephone  system.  The  system  finally  adopted  em- 
ployed different  frequencies  for  sending  and  receiving  and  secured 
discrimination  by  frequency  selection  supplemented  at  the  land 
station  by  a  moderate  degree  of  special  separation  and  balance.  By 
using  sharply  selective  receiving  circuits,  a  moderate  frequency  differ- 
ence between  east  and  west  channels  sufficed  to  give  the  necessary 
degree  of  separation. 

Preliminary  Tests 

By  the  time  these  decisions  had  been  made  there  was  available  for 
experimental  purposes  a  plot  of  land  near  Cliffwood,  Xew  Jersey.     It 
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was  decided  to  construct  a  model  of  the  proposed  antenna  system  on 
this  plot  and  to  operate  small  transmitting  sets  to  determine  the 
cross-talk  and  other  important  conditions.  The  antenna  system 
decided  upon  consisted  of  three  poles  arranged  in  the  form  of  an 
equilateral  triangle  supporting  three  antennas — one  from  the  middle 
of  each  span  to  the  transmitting  shack  at  the  center  of  the  triangle. 
The  dimensions  of  this  model  system  were  50  meters  (164  ft.)  by  10 
meters  (33  ft.)  high.  Three  experimental  transmitting  sets  of  small 
power  were  set  up  under  the  antenna  system  and  studies  were  made 
of  the  interference  produced  between  channels  when  all  three  channels 
were  in  use.  Three  receiving  sets  of  the  general  form  proposed  were 
built  and  taken  to  a  location  near  Elberon,  New  Jersey,  about  16  miles 
(26  km.)  from  Cliffwood,  at  which  place  it  was  decided  to  locate  the 
three-channel  receiving  station  to  co-operate  with  the  Xew  Jersey 
transmitting  station  a  mile  (1.6  km.)  away. 

In  November,  1919,  the  first  test  of  a  three-channel  system  was 
held  between  Cliffwood  and  Elberon  with  the  result  that  the  receiving 
sets  resolved  conversations  on  carriers  of  frequencies  of  725,  750,  and 
775  kilocycles  without  any  cross-talk  altho  the  received  volume  was 
so  large  as  to  be  audible  all  over  the  room.  This  is  a  frequency 
difference  between  channels  of  approximately  three  per  cent.  A 
change  in  frequency  to  747.  759,  and  777  kilocycles  resulted  in  a 
barely  perceptible  cross-talk  on  the  middle  channel,  with  no  cross- 
talk on  the  others.  These  results  indicated  that  the  loop  receivers 
which  had  been  developed  were  sufficiently  sensitive  and  selective 
to  carry  out  the  proposed  three-channel  work;  and,  altho  a  great  deal 
ot  development  work  was  done  later  on  the  receiving  sets,  the  general 
principles  were  retained.  It  was  found  that  some  reliance  must  be 
placed  upon  the  directional  properties  of  the  loop  antennas,  and  con- 
siderable care  was  used  to  secure  very  sharp  directional  selectivity. 
This  was  done  by  compensating  for  the  vertical  antenna  effect  of  the 
loop  by  a  balanced  connection  to  ground. 

During  the  whole  course  of  this  ship-to-shore  work  very  little 
trouble  was  experienced  thru  interference  by  continuous  wave  sta- 
tions, even  when  their  frequencies  came  within  two  or  three  percent, 
of  those  to  be  received.  We  did,  however,  have  much  difficulty  due 
to  interference  from  spark  stations,  since  they  inherently  occupy  a 
wide  frequency  range. 

Provision-  of  Stations  and  Development  of  Apparatus 

During  the  time  the  model  system  was  being  constructed  at  Cliff- 
wood, land  had  been  purchased  at  West  Deal.  Monmouth  County. 
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New  Jersey,  for  the  permanent-  transmitting  station.  This  station 
as  it  now  appears  is  shown  in  Fig.  1.  The  permanent  building  was 
preceded  by  a  temporary  structure  to  house  an  experimental  trans- 
mitting station  which  could  be  used  as  a  model  for  the  design  of  the 
four  final  sets  to  be  located  in  the  permanent  building. 

Preliminary  studies  were  also  made  to  determine  the  proper  form 
to  give  to  antennas  suitable  for  three  channel  operation  without 
excessive  cross-talk,  and  this  study  indicated  that  by  the  use  of 
series  inductance  and  capacity  the  antennas  could  be  stiffened  enough 
to  prevent  excessive  coupling  effects  and  still  pass  the  required  fre- 
quency band. 

While  this  work  was  going  on,  a  two-way  telephone  set  for  use 
aboard  ships  was  developed,  and  in  the  spring  of  1920  one  of  these 


Tig.  1 

sets  was  installed  aboard  the  steamship  Ontario  of  the  Merchants 
and  Miners  Transportation  Company.  Experimental  communica- 
tion with  this  ship,  by  means  of  the  model  transmitters  at  both  Deal 
Beach  and  Green  Harbor  stations,  showed  that  commercial  opera- 
tion, at  least  for  one  channel,  could  be  maintained. 

By  the  fall  of  1920,  the  construction  work  on  the  four  transmitting 
and   receiving   channels   was   completed    and    early   in    December   a 
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demonstration    ot    simultaneous    three-channel    operation    from    this 
station  to  ships  was  carried  out  with  satisfactory  results. 

Fig.  1  shows  a  general  view  of  the  outside  of  the  transmitting 
station  at  Deal  Beach.  The  three  steel  towers  form  an  equilateral 
triangle  of  sides  five  hundred  feet  (150  m.)  and  each  is  one  hundred 
and  sixty-five  feet  (50  m.)  high.  Steel  cables  to  support  the  antennas 
are  strung  between  these  towers  and  also  three  cables  extending 
inward  support  a  fourth  antenna  which  rises  directly  from  the  building 
in  the  middle  of  the  triangle.  One  antenna  goes  to  the  middle  of 
each  of  the  first  mentioned  steel  cables,  so  that  there  are  a  total  of 
four  transmitting  antennas.  One  of  these  is  intended  for  use  at  six 
hundred  meters.  The  building  is  thirty  by  ninety  feet  (9.1  by  27.3 
m.)  and  two  stories  high.  The  southern  half  comprises  the  operating 
room  which  rises  two  full  stories.  The  other  part  of  the  building  is 
taken  up  by  an  office,  shop,  power  room,  living  and  dining  room  and 
kitchen,   and   by  six  bedrooms. 

Description  of  the  Experimental  Radio  Stations 

The  system  as  developed  at  Deal  Beach  consists  of  four  transmitting 
sets,  operating  into  four  separate,  altho  naturally  coupled,  antennas, 
one  set  and  antenna  being  intended  primarily  for  600  meter  calling 
and  for  emergency.  The  receiving  station  co-operating  with  Deal 
Beach  is  located  about  a  mile  (1.6  km.)  north  of  that  station  and 
contains  four  receiving  sets  receiving  energy  from  four  loop  antennas. 
The  transmitting  sets  are  capable  of  putting  about  one  kilowatt  of 
modulated  radio  frequency  power  into  each  antenna  and  are  con- 
trolled from  a  telephone  switchboard  into  which  run  trunk  lines  from 
New  York  City.  A  ten-pair  telephone  cable  connects  Deal  Beach  and 
Elberon  and  another  telephone  switchboard  at  Elberon  permits  the 
transfer  ot  received. signals  back  to  the  wire  line.  The  radio  station 
operates,  therefore,  generally  as  a  telephone  repeater  arranged  for  two- 
way  operation  with  two  repeaters.  At  the  ship  stations,  because  of 
the  small  amount  of  space  involved,  transmitting  and  receiving  was 
accomplished  on  the  same  antenna  at  different  frequencies  in  the  two 
directions.  Because  of  the  better  receiving  conditions  on  the  shore 
the  proper  transmission  balance  was  obtained  by  making  the  output 
of  the  ship  transmitting  set  about  one-quarter  that  of  the  land  station. 

The  general  principle  of  operation  of  one  channel  of  the  wire-to-radio 
repeater  will  be  described  from  the  schematic  circuit  diagram  of 
Fig.  2,  which  shows,  in  the  dotted  blocks,  one  channel  of  the  trans- 
mitting station,  a  ship  station,  and  one  receiving  set.  At  the  trans- 
mitter station  the  master  oscillator,  very  carefully  shielded  to  main- 
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lain  constant  frequency,  operates  into  a  two-stage  amplifier,  the  last 
stage  being  fifty  watt  tubes,  and  from  there  into  a  bank  of  six  radio 
frequency  power  tubes,  each  with  a  rating  of  250  watts  plate  dis- 
sipation. Speech  to  modulate  this  radio  frequency  output  enters 
from  a  telephone  line  and  is  applied  to  a  speech  amplifier  the  output 
of  which  operates  into  a  bank  of  250  watt  modulator  tubes  in  parallel. 
Thus  both  the  radio  frequency  and  the  speech  frequency  currents 
are  brought  up  to  the  high  power  level  before  modulation  takes  place. 
The  six  radio  frequency  and  six  speech  frequency  tubes  have  their 

TWO-WAY    RADIO-WIRE   SYSTEM 
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Fig.  2 


plate  circuits  connected  together  and  operate  as  a  constant  current 
modulation  system.  Thus  current  of  the  frequency  Fh  generated  by 
the  master  oscillator  and  amplified  and  modulated,  is  radiated  from 
the  antenna.  The  notation  7*\±Si  indicates  the  radiation  of  the 
carrier  and  two  side  bands  from  this  antenna.  The  incoming  speech 
Si,  as  it  comes  from  the  telephone  line,  passes  through  the  hybrid 
coil  and  to  the  balancing  network  shown.  This  balancing  network 
has  an  impedance  characteristic  similar  to  that  of  the  incoming  line, 
and  the  combination  of  hybrid  coil  and  network  is  similar  to  that 
used  in  telephone  repeater  practice  to  secure  two-way  operation. 
The  object  of  this  arrangement  is,  of  course,  to  prevent  signals, 
coming  in  from  the  receiving  station,  operating  upon  the  transmitter 
of  the  outgoing  channel.  If  the  balancing  network  is  an  exact  picture 
of  the  incoming  line  and  if  the  hybrid  coil  is  properly  made,  incoming 
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signals  for  transmission  west  on  the  telephone  line  will  produce  no 
voltage  at  the  terminals  of  the  transmitting  amplifier. 

At  the  receiving  station  the  incoming  wave  is  impressed  upon  a 
loop  antenna  and  the  receiving  set.  The  resulting  detected  output  is 
then  amplified  as  indicated  and  returns  to  the  hybrid  coil,  passing 
out  on  the  telephone  line  without  producing  a  voltage  on  the  speech 
amplifier  of  the  transmitting  set  if  the  hybrid  coil  balance  is  perfect. 

On  the  ship,  this  physical  separation  of  transmitting  and  receiving 
set  is,  of  course,  not  practical,  and,  as  indicated  before,  transmission 
and  reception  take  place  upon  one  antenna  so  arranged  that  the 
receiving  circuit  offers  a  high  impedance  to  currents  of  the  outgoing 
frequency   and    low   impedance   to    the    incoming   signal.     Actually, 


Fig.  3 

the  outgoing  signal  is  not  entirely  excluded  from  the  ship's  receiver 
and  there  is  present  a  side  tone  of  about  the  magnitude  of  the  incoming 
signal.  This  is  by  no  means  an  undesirable  condition  and  is  the  one 
which  holds  approximately  in  an  ordinary  telephone  subscriber's 
instrument.  The  presence  of  side  tone  assures  the  speaker  that  his 
system   is   functioning  properly. 

Fig.  3  is  a  view  of  the  operating  room  showing  the  four  trans- 
mitting units  at  the  back;  the  power  switchboard  for  supplying  the 
plate  circuits  of  the  tube  at  the  right;  the  telephone  switchboard 
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for  the  four  speech  or  telegraph  channels  in  the  center;  and  on  the 
gallery  above  the  transmitting  units,  the  coupling  coils,  loading 
inductances,  and  so  on,  between  the  sets  and  the  antennas.  The 
motor  generator  sets  capable  of  supplying  as  much  as  five  kilowatts 
at  eighteen  hundred  volts  to  each  of  the  transmitting  sets  are  located 
in  an  adjoining  room  and  controlled  from  the  operating  room. 

Fig.  4  shows  the  interior  of  one  of  the  transmitting  units.  In  the 
shielded  box  at  the  upper  right  hand  corner  is  the  master  oscillator 
which   sets   the   frequency   to  be   used   for   that   particular  channel. 


Fig.  4 

Next  to  the  left  are  two  more  shielded  compartments,  each  of  which 
contains  an  amplifier.  The  last  stage  of  this  amplifier  employs  a 
fifty  watt  tube.  In  the  larger  unshielded  compartment  are  located 
above,  the  six  radio  frequency  power  amplifier  tubes.  The  reason  for 
introducing  two  amplifiers  between  the  master  oscillator  and  the  power 
tubes  is  to  prevent  any  reaction  from  the  attenna  circuit  back  to  the 
master  oscillator.  By  taking  this  precaution  the  frequency  of  the 
master  oscillator  never  varies  more  than  fifty  cycles  in  eight  hundred 
thousand.  The  lower  set  of  shielded  compartments,  at  the  right, 
contains  the  audio  frequency  telephone  amplifiers  which  supply 
currents  to  the  six  modulator  power  tubes  shown  in  the  lower  par 
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of  the  open  compartment.  These  two  sets  of  six  tubes  each  are  con- 
nected together  to  secure  constant  current  modulation.  The  output 
of  these  twelve  tubes  is  led  to  terminals  on  the  output  of  the  trans- 
mitter unit  at  the  left.  To  secure  cooling  in  hot  weather,  a  fan  is 
installed  below  the  power  tube  compartment.  In  the  extreme  left 
compartment  are  shown  choke  coils  in  the  power  circuits,  and  at  the 
extreme  left  on  the  outside  are  circuit  breakers  and  two  handles  for 
operating  the  tuning  and  coupling  apparatus  in  the  gallery  above. 

Fig.  5  shows  one  set  of  radio  frequency  apparatus  in  this  gallery. 
The  two  inductometers  at  the  left  are  for  coupling  and  tuning,  and 


Fig.  5 

the  large  condenser  at  the  right,  the  plates  of  which  consist  of  brass 
frames  covered  with  copper  window  screen,  is  inserted  in  series  with 
the  antenna.  This  capacity  together  with  the  inductance  immedi- 
ately above  it  stiffens  the  antenna  circuit  and  increases  the  frequency 
selectivity  to  prevent  radio  frequency  interaction  between  the  several 
antennas. 

The  telephone  switchboard  shown  in  Fig.  6  is  a  special  type  of 
P.  B.  X.  (private  branch  exchange),  constructed  to  provide  the 
necessary  shielding  and  to  include  telegraph  oscillator,  phantom 
coils,  and  other  special  apparatus.     This  switchboard  provides  for 
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four  channel  telephone  or  telegraph  operation  and  for  the  control  and 

monitoring  of  all  channels.  In  the  operation  ol  the  system  one 
operator,  located  at  this  switchboard,  has  complete  control  ol  the 
entire  transmitting  plant.     The  operating  board  was  especially  built 


Fig.  6 

for  the  experiments,  and  altho  not  the  final  form  contains  features 
which  are  of  interest  in  that  they  illustrate  well  the  technique  in- 
volved in  combined  wire  and  radio  operation. 

The  four  vertical  rows  of  jacks  correspond  to  the  four  two-way 
radio  channels.  At  the  top  of  each  row  will  be  seen  the  dials  for 
controlling  amplification.  On  the  apron  are  telegraph  keys,  telephone 
keys,  and  operating  cords.  The  cord  circuits,  by  being  plugged  into 
the  jacks,  interconnect  any  one  of  the  New  York  toll  circuits  with 
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any  one  of  the  four  radio  circuits.  The  cord  circuits  contain  the 
switching  keys  seen  in  front,  by  means  of  which  the  radio  station 
operator  is  enabled  to  split  the  circuit  and  talk  either  way,  connect 
the  circuit  thru  and  bridge  on   it  and  talk  or  monitor.     This  cord 


Fig.  8 


circuit  is  shown  in  Fig.  7  in  relation  to  the  rest  of  the  wire-radio 
junction  circuit.  It  will  be  seen  to  be  of  a  four-wire  instead  of  the 
more  usual  two-wire  type  and  to  comprise  in  reality  two  circuits, 
one  for  east-bound  and  the  other  for  west-bound  transmission.    This 
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arrangement  was  used  in  order  to  obtain  flexibility  in  the  experi- 
ments. It  enables  the  circuits  to  be  continued  inland  as  four-wire 
circuits  and  permits  of  the  switching  operations  being  carried  out  with 
a  minimum  effect  upon  the  2-way  balance  of  the  transmission  system. 

The  receiving  station  at  Elberon  is  located  on  a  rented  plot  of 
ground  and  was  not  built  in  permanent  form,  since  we  did  not  regard 
this  location  as  entirely  suitable  for  receiving  from  the  Atlantic. 
Reception  is  carried  on  the  four  channels  by  means  of  four  loop 
antennas  operating  into  four  receiving  sets.  A  telephone  switchboard 
similar  to  that  at  Deal  Beach  provides  for  the  connection  to  the  wire 
system.  Of  course,  two  telephone  switchboards  are  not  necessary 
but  one  was  installed  at  each  station  in  order  that  we  might  deter- 
mine by  operating  tests  whether  the  control  of  the  system  should  be 
from  the  transmitting  or  the  receiving  station. 

The  receiving  sets  as  finally  developed  were  extremely  selective 
and  pass  only  a  band  of  speech  width  with  a  large  attenuation  outside 
this  band.     They  will  be  described  in  another  paper. 

Fig.  8  shows  a  front  view  of  one  of  the  experimental  transmitters 
used  aboard  ship.  The  lower  half  consists  of  power  control  apparatus. 
Three  2")()  watt  tubes  are  used  of  which  one  is  a  master  oscillator, 
one  a  power  amplifier  and  one  a  modulator.  The  large  capacity 
tube  was  used  as  a  master  oscillator  and  only  a  very  small  part  of  its 
output  applied  to  the  second  power  tube.  This  was  done  in  order 
to  prevent  reaction  of  the  antenna  system  upon  the  oscillator. 

Apparatus  of  this  type  was  installed  on  the  Ontario  and  Gloucester 
of  the  Merchants  and  Miners  Line,  and  operated  in  conjunction 
with  Deal  Beach  and  Green  Harbor.  Later  another  electrically 
similar  set  was  built  by  the  General  Electric  Company  and  was  in- 
stalled and  operated  by  the  Radio  Corporation  on  the  steamship 
America.     This  installation  is  illustrated  in  Fig.  9. 

Part  II 

OPERATION     OF    THE     COMBINED     RADIO    AND     WIRE 

SYSTEM 

The  development  work  as  described  in  Part  I  had  resulted  in  estab- 
lishing an  experimental  ship-to-shore  radio  telephone  plant  of  some 
proportions.  This  will  be  seen  by  reference  to  the  accompanying 
map  of  Fig.  10  which  gives  a  picture  of  the  field  setting,  as  it  were, 
of  the  experimental  operations.     The  experimental  plant  included: 

Two  operating  shore  stations — Deal  Beach,  NewT  Jersey,  and  Green 
Harbor,  Massachusetts. 
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A  field  experimental  station  at  Cliffwood,  New  Jersey. 

Two  ship  installations,  on  the  S.  S.  Gloucester  and  the  S.  S.  Ontario. 

The  vessels  operated  between  Boston  and  Philadelphia  or  Baltimore 


Fig.  9 


and   took  any  of  several  courses,  two  representative  ones  of  which 
are  as  plotted  in  the  figure. 

Let  us  now  consider  this  plant  from  the  communication  stand- 
point and  look  into  its  characteristics,  firsl  as  an  electric  transmission 
system,  and  then  as  a  message  handling  facility. 
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Each  of  the  two  land  stations  was  tied  into  its  nearest  center  by 
wire  circuits,  Deal  Beach  to  New  York  and  Green  Harbor  to  Boston. 
We  will  take  for  our  example  the  New  York-Deal  Beach-Ship  circuit 
pictured  in  Fig.  11  and  shown  diagrammatically  in  Fig.  12.     This  is 


Fig.  10 

a  combination  of  wire-radio  toll  circuit,  one  end  of  which  terminates 
on  a  vessel  of  variable  position  and  the  other  end  of  which  is  capable 
of  being  extended  either  over  a  local  circuit  to  a  Xew  York  subscriber 
or  over  a  long  distance  circuit  to  reach  subscribers  at  more  distant 
inland  points. 

This  communication  circuit  must  fulfil  two  general  requirements. 
In  the  first  place  it  must  be  so  constituted  electrically  as  to  preserve 
the  feeble  voice  currents  launched  upon  it  by  one  subscriber  so  that 
they  be  rendered  to  another  person  with  sufficient  volume  and  fidelity 
ot  wave  shape  as  to  be  readily  intelligible.  This  requires  that  the 
circuit  be  properly  engineered  as  an  electrical  transmission  network. 
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Secondly,  given  a  circuit  capable  of  talking,  it  is  necessary  that  this 
circuit  be  flexible  in  use  so  that  it  can  be  put  at  the  disposal  of  any 
land  line  subscriber  for  connection  to  a  ship  at  sea,  at  any  time  the 
ship  is  within  range.  This  requires  that  the  proper  switching  facilities 
be  provided  and  brings  in  operating  and  traffic  problems. 


Fig.  11 


COMBINED  WIRE  AND  RADIO  CIRCUITS 
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Fig.  12 


160  BELL  SYSTEM  TECHNICAL  JOURNAL 

The  Radio-Wire  Transmission  Circuit 

Two  types  of  circuits  were  used  in  the  experiments  in  operating 
between  Xew  York  and  the  vessel,  as  shown  schematically  in  Fig.  12. 
The  radio  link  is  the  same  for  both.  Different  frequencies  are  used 
for  transmit  ling  in  the  two  directions  so  that  in  the  radio  link  we 
have  the  equivalent  of  two  circuits,  one  for  transmitting  east  and 
the  other  for  transmitting  west.  This  is  the  same  as  the  four-wire 
telephone  circuit.  In  the  thru  circuit  first  shown  the  radio  four-wire 
circuit  is  brought  into  a  two-wire  circuit  at  the  land  radio  station, 
making  a  regular  two-wire  telephone  circuit  from  the  radio  station  to 
the  Xew  York  toll  terminal.  This  circuit  was  used  in  the  tests  for 
calls  local  in  New  York.  In  the  arrangement  of  the  second  circuit  of 
Fig.  12,  each  of  the  one-way  radio  channels  is  extended  back  to  the 
Xew  York  toll  office  by  its  own  wire  line  and  there  joined  into  a  two- 
wire  circuit,  making  the  wire-radio  toll  line  from  Xew  York  to  the  ship 
a  four-wire  system.  This  arrangement  forms  a  high  grade  circuit  and  is 
the  one  used  in  the  experiment*  for  connecting  with  long  distance  lines. 

Taking  the  four-wire  circuit,  the  path  of  the  voice  currents  may 
be  traced  thru  from  one  end  to  the  other  as  follows:  The  currents 
which  are  initiated  by  the  land  subscriber,  for  example,  upon  arrival 
at  the  Xew  York  toll  office  divide  in  the  hybrid  coil  between  the  east- 
bound  and  the  west-bound  circuits.  The  currents  are  prevented 
from  being  propagated  over  the  west-bound  branch  because  of  the 
unilateral  nature  of  the  repeater.  The  currents  of  the  east  branch 
are  amplified  in  the  repeater  of  this  circuit  in  order  to  make  up  for 
the  attenuation  suffered  in  the  cable  circuit,  and  upon  arrival  at  Deal 
Beach  are  amplified  to  power  proportions,  modulated  upon  the  radio 
carrier  and  radiated  into  space.  Upon  being  received  at  the  ship  end 
of  the  radio  circuit  they  are  sharply  selected  in  respect  to  frequency, 
are  again  amplified,  and  delivered  to  the  listener.  When  the  ship 
subscriber  talks,  the  voice  currents  are  amplified,  pass  directly  into 
the  radio  transmitter,  are  transmitted  over  the  radio  link  in  the  usual 
way,  received  at  the  shore  station,  amplified  and  sent  out  over  the 
wire  circuit  to  Xew  York.  Here  they  pass  in  the  reverse  direction 
thru  the  hybrid  coil  and  divided  between  the  two-wire  circuit  on  the 
one  hand  and  the  balancing  network  on  the  other,  thus  getting  back 
into  a  regular  two-wire  telephone  circuit. 

Interconnection  Between  Radio  and  Wire  Circuits 

It  will  bi'  well  to  recall  at  this  point  just  what  it  is  that  makes 
possible  automatic  repetition  or  thru  transmission  between  the  wire 
and  radio  circuits. 
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There  is  both  an  outgoing  and  an  incoming  radio  channel.  The 
automatic  repetition  from  the  wire  to  the  outgoing  radio  channel  is 
made  possible  thru  ability  to  control  the  transmitter  wave  power 
by  the  voice  currents  set  up  at  the  distant  end  of  the  telephone  line. 
It  will  be  recalled  that  in  the  early  radio  telephone  art,  before  the 
vacuum  tube,  modulation  was  effected  by  the  microphone  transmitter 
which  required  that  the  talker  be  present  at  the  radio  station.  It  is, 
therefore,  the  electric-control  type  of  modulator  such  as  the  vacuum 
tube,  as  distinguished  from  the  air-wave  control  modulator,  which 
permits  of  the  talker  being  at  the  far  end  of  a  wire  circuit.  Con- 
versely in  the  receiving  channel,  it  is  the  fact  that  the  detecting  action 
yields  telephone  currents  directly,  ready  for  propagation  over  a  wire 
circuit,  that  enables  the  radio  channel  to  be  extended  to  a  distant 
listener. 

Thus  it  is  the  thermionic  tube  modulator  and  detector  which  have 
made  possible  the  radio-wire  transfer.  It  is  the  thermionic  tube  as  a 
reliable  high-quality  amplifier,  however,  that  makes  the  transfer 
practical;  for  it  is  the  amplifier  which  enables  the  weak  voice  currents 
received  at  the  radio  station  from  a  land  line  subscriber  to  be  boosted 
to  power  proportions  and  thus  control  the  considerable  radio  frequency 
power  required  for  transmission;  and,  again,  it  is  the  amplifier  which 
enables  the  extremely  weak  currents  received  from  the  radio  link  to  be 
so  augmented  that  upon  being  placed  upon  a  wire  circuit,  and  perhaps 
being  further  amplified  en  route,  they  may  be  heard  in  the  regular 
telephone  at  the  other  end. 

The  other  important  feature  of  the  radio-wire  inter-connection  is 
the  junction  of  the  four-wire  and  the  two-wire  circuits  by  means  of 
the  hybrid  coil  and  balancing  network  as  shown  in  Fig.  11.  The 
windings  of  such  a  coil  are  so  designed  as  to  establish  a  sort  of  Wheat- 
stone  bridge  circuit.  This  bridge  circuit  accomplishes  the  joining 
of  the  regular  two-wire  telephone  circuit  with  the  sending  radio  channel 
on  the  one  hand  and  the  receiving  radio  channel  on  the  other,  while 
still  maintaining  an  electrical  separation  between  the  two  radio 
channels.  It  is  really,  therefore,  the  connecting  link  between  the 
two-wire  type  of  circuit  of  the  telephone  plant  and  the  four-wire 
circuit  of  the  radio  link.  The  hybrid  coil  type  of  circuit  is  taken 
from  the  telephone  repeater  and  carrier  current  art.2  The  radio 
receiving  circuit  corresponds  to  the  generator  branch  of  the  Wheatstone 
bridge,  and  radio  transmitting  circuit  to  the  detector  branch.     The 

2  "Telephonic  Repeaters,"  B.  Gherardi  and  F.  B.  Jewett,  Journal  of  American 
Institute  of  Electrical  Engineers,  pages  1255-1395,  November,   1919. 

"Carrier  Current  Telephony  and  Telegraphy,"  E.  H.  Colpitts  and  O.  B.  Blacknell, 
Journal  of  American  Institute  of  Electrical  Engineers,  pages  205-300,  February,  1921. 


162  BELL  SYSTEM  TECHNICAL  JOURNAL 

two-wire  telephone  line  corresponds  to  the  "X"  arm  of  the  bridge 
and  the  balancing  artificial  line  to  the  "  Y"  arm.  The  ratio  arms  are 
in  effect  formed  by  the  windings  of  the  hybrid  coil. 

Speech  Received  from  Ship  Re-Transmitted  from 
Shore  Station 

Now  this  junction  circuit  always  has  some  unbalance  because  it 
is  obviously  impossible  to  maintain  a  perfect  symmetry  between 
the  telephone  line  and  the  balancing  network.  Especially  is  this 
true  where  the  telephone  line  is  a  type  not  designed  for  repeater 
operation  and  is  switched  at  its  terminal  to  any  of  a  number  of  lines 
of  different  impedances,  as  was  the  case  with  the  circuit  used  in  the 
tests. 

This  unbalance  between  the  line  and  its  balancing  network  will 
be  seen  to  permit  some  of  the  speech-current  received  over  the  radio 
link  to  get  across  into  the  transmitting  circuit,  to  modulate  the  shore 
station  carrier  and  to  get  out  into  the  ether  again  on  the  transmitting 
wave  length.  As  a  matter  of  fact  during  the  experiments  the  unbalance 
was  sometimes  such  as  to  permit  of  fairly  strong  transmission  around 
back  thru  the  shore  transmitter,  so  that  incoming  speech  was  repeated 
out  thru  the  shore  station  transmitter  in  amplified  form.  This  en- 
abled listeners  in  the  vicinity  of  New  York  to  hear  the  conversation 
originating  on  the  ship  almost  as  well  as  that  originating  on  land, 
and  they  naturally  thought  that  they  were  picking  up  the  ship's 
radio  transmission  directly,  whereas  they  were  actually  overhearing 
the  re-transmission  of  the  shore-station's  reception. 

The  Thru  Circuit  as  a  Repeated  Telephone  Circuit 

This  re-transmission  makes  all  the  more  evident  the  true  role  of 
the  shore  station,  namely,  that  of  a  large  telephone  repeater  between 
two  sections  of  line,  the  one  a  land  line  and  the  other  a  "space" 
line,  and  functioning  also  to  convert  between  the  voice  frequencies 
of  one  section  and  the  radio  frequencies  of  the  other.  As  such,  we 
can  consider  the  over-all  circuit  from  a  transmission  standpoint  much 
as  we  do  long  distance  repeated  telephone  circuits. 

Now  one  of  the  most  important  transmission  considerations  in 
such  a  long  distance  circuit  is  that  of  how  the  amplification  is  ap- 
plied in  relation  to  the  losses  in  the  circuit.  This  question  of  amplifi- 
cation is  particularly  important  in  the  case  of  combination  radio-wire 
systems,  because  the  radio  circuit  possesses  inherently  large  trans- 
mission losses  and  requires  correspondingly  large  amplification.    The 
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necessary  large  amplification  is  supplied  at  both  ends  of  the  radio 
link,  partly  in  the  transmitting  station  wfwre  the  voice  currents  are 
amplified  up  to  power  proportions  and  partly  at  the  receiving  end  where 
the  amplification  is  likewise  large  altho  at  small  power.  In  the  radio 
telephone  circuits  which  were  operated  in  the  experimental  work 
the  power  in  the  sending  antenna  to  that  in  the  receiving  antenna 
is  in  the  ratio  of  roughly  1010.  This  requires  amplification  which 
was  distributed  somewhere  near  equally  between  the  sending  and 
the  receiving  ends.  It  has  been  found  convenient  to  express  such 
transmission  losses  in  terms  of  a  power  ratio  using  1001  as  a  unit.3 
Thus  the  above  antenna  to  antenna  power  ratio  would  correspond  to 
100  of  such  units. 

Circuit  Transmission  Equivalents 
It  is  necessary  that  the  amplification  of  such  a  circuit  be  sufficient 
to  offset  very  closely  the  loss,  in  order  that  the  net  loss  be  small. 
Actually,  in  the  tests,  the  radio  portion  of  the  circuit  was  worked 
with  a  net  transmission  loss  of  about  six  units,  meaning  that  at  least 
95  per  cent,  of  the  radio  over-all  circuit  losses  were  wiped  out.  This 
means  that  if  a  change  of  say  10  per  cent,  occurs  in  the  amplification, 
or  in  the  ether  loss  as  by  fading  or  movement  of  the  vessel,  the  circuit 
equivalent  will  be  greatly  affected — changed  by  about  200  per  cent. 
The  difficulty  of  maintaining  the  ship  circuit  stable  will  therefore  be 
appreciated. 

Fig.  12  shows  the  transmission  loss  (of  six  units)  obtained  for  the 
radio  link  during  the  tests  and  also  the  other  losses  which  are  in  the 
wire  portion  of  the  combination  system.  The  distribution  of  losses 
in  the  first  circuit  will  be  noted  to  be  approximately  as  follows: 

6  units  in  the  radio  link. 

3  units  in  the  hybrid  coil — balancing  network. 

12  units  in  the  wire  circuit  to  New  York. 

6  units  from  the  Xew  York  central  office  to  the  subscriber. 

3  The  unit  used  in  this  paper  is  one  which  has  been  found  convenient  in  which 
expressing  the  transmission  loss  or  gain  of  a  circuit.  One  unit  is  taken  as  that  power 
ratio  which  is  equal  to  100-1.  Thus,  if  the  attenuation  or  amplification  of  a  circuit 
is  one  unit  the  power  at  the  two  ends  are  in  ratio  of  100-1;  if  ten  units,  in  the  ratio  of 
Iqioxo.i  or  10;  twenty  units  would  therefore  have  a  power  ratio  of  100,  and  so  on. 
The 'advantage  of  using  a  power  ratio  instead  of  a  current  ratio  is  that  it  is  unde- 
pendent  of  the  impedances  of  the  two  portions  of  the  circuit  considered.  The  ad- 
vantage of  expressing  the  power  ratio  as  an  exponent  is  that  on  account  of  the  ex- 
ponential nature  of  attenuation  it  enables  the  net  transmission  efficiency  of  a  system 
to  be  readily  derived  by  algebraically  summing  up  the  individual  losses  and  gains. 
This  unit  has  been  selected  as  more  suitable  for  general  use  in  expressing  trans- 
mission efficiencies  than  the  800  cycle  "mile  of  standard  cable"  which  has  sometimes 
been  made.  The  ratio  between  these  two  units  is  as  follows:  1  mile  of  standard  cable 

P  1 

equals  0.95  units  as  used  in  this  paper.     -^  =  1001  =  --^z  e(0-m)  units. 
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This  makes  a  total  loss  between  subscribers  of  27  units  which  is 
satisfactory  for  a  good  talk  under  fairly  quiet  conditions.  This 
equivalent  was  usually  realizable  under  the  conditions  of  the  test 
and  the  majority  of  the  calls  put  thru  from  local  stations  in  New  York 
with  the  ship  100-200  miles  (160-320  km.)  out  were  successful  despite 
occasional  spark  interference  in  the  radio  circuit. 

The  transmission  loss  is,  however,  too  high  in  such  a  circuit  to 
enable  it  to  be  extended  inland  over  long  distance  wire  circuits.  If 
this  is  attempted,  two  limitations  come  into  play.  In  the  first  place, 
the  volume  of  the  talk  becomes  too  weak.  If  the  call  were  extended 
over  a  toll  circuit  having  a  10-unit  equivalent,  for  example,  the  over- 
all equivalent  would  become  something  like  37  units,  which  is  ex- 
cessive. This  could  be  overcome  to  some  extent  by  a  cord  circuit 
repeater  at  New  York.  A  second  limitation  which  existed  in  the 
experimental  set-up  resided  in  the  unbalance  between  the  line  and  the 
balancing  network  at  the  radio  station.  This  unbalance  permitted 
currents  received  over  the  radio  link  to  be  fed  back  thru  the  radio 
transmitter  of  the  land  station,  as  described  above.  These  fed-back 
currents  overload  the  radio  transmitter  if  they  are  large  compared 
with  the  currents  being  supplied  to  the  radio  transmitter  from  the 
shore  subscriber.  In  other  words,  if  there  is  sufficient  amplification  in 
the  shore  transmitter  to  enable  very  weak  voice  currents  arriving 
over  a  line  of  high  equivalent  to  load  the  transmitter  fully,  then  the 
transmitter  is  likely  to  be  overloaded  by  currents  which  get  through 
the  hybrid  coil  from  the  associated  radio  receiver.  For  these  reasons, 
the  two-wire-four-wire  circuit  of  Fig.  12  is  not  good  enough  for 
extension  over  long  distance  circuits. 

The  four-wire  type  of  circuit  which  is  suitable  for  long  distance 
land  line  connections  is  shown  in  the  second  diagram  with  repre- 
sentative transmission  equivalents.  A  brief  comparison  of  the  two- 
wire  and  the  four-wire  circuits  will  make  it  evident  why  the  four-wire 
circuit  gives  the  better  equivalent.  It  enables  the  land  line  loss 
between  the  radio  station  and  the  toll  center  to  be  more  or  less  wiped 
out,  thus  in  effect  placing  the  radio  station  electrically  at  the  toll 
center.  Another  way  to  express  the  situation  is  this:  regard  the 
hybrid  coil  unbalance  as  the  limiting  factor,  then  assume  that,  while 
holding  to  a  given  unbalance,  the  four-wire  circuit  (the  loss  in  which 
can  be  largely  wiped  out  by  one-way  amplifiers)  is  extended  inland. 
The  length  of  the  remaining  two-wire  line  back  to  the  land  sub- 
scriber is  thereby  decreased  and  the  ratio  of  the  current  received  at 
the  radio  station  over  the  line  as  compared  with  that  transmitted 
across  the  hybrid  coil  thru  unbalance  is  increased,     It  will  be  observed 
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that  with  the  circuit  conditions  as  illustrated,  the  over-all  equivalent 
between,  say,  a  Chicago  subscriber  and  a  ship,  including  a  10-unit 
toll  circuit  loss,  is  approximately  25  units,  which  should  give  a  good 
talk. 

Power  Levels  and  Interference 

It  is  necessary  that  the  magnitude  of  stray  currents  be  so  kept 
down  in  comparison  to  the  transmission  currents  thruout  the  system 
as  to  obviate  noise  interference  with  telephone  conversation.  This 
requirement  is  particularly  difficult  of  realization  in  the  radio  link 
because  of  static  and,  especially  in  the  vicinity  of  New  York,  inter- 
ference from  spark  telegraph  stations.  It  is,  of  course,  this  inter- 
ference, caused  by  the  presence  in  the  ether,  on  the  wave  length  band 
being  used,  of  extraneous  wave  components,  which  sets  the  actual 
range  limit  of  the  radio  link.  Actually  it  was  found  that  in  trans- 
mitting on  about  400  meters  in  the  vicinity  of  New  York  the  receiving 
field  strength  could  not  be  permitted  to  go  on  the  average  below 
about  200  micro-volts  per  meter,  and  even  then  the  spark  situation 
is  so  bad  in  the  present  art  as  to  give  periods  of  prohibitive  inter- 
ference. In  less  congested  zones  along  the  coast  to  the  north,  prob- 
ably lower  field  strengths  could  be  permitted. 

Transmission  Variations  in  Radio  Circuit 

One  of  the  outstanding  transmission  characteristics  of  a  ship-to- 
shore  radio  telephone  system  is  the  variation  which  the  attenuation  of 
the  radio  link  undergoes  as  a  result  of  the  movement  of  the  vessel. 
In  order  to  determine  the  magnitude  of  these  variations,  a  series  of 
measurements  were  made  of  the  telephone  transmission  over  the 
radio  circuit  as  the  vessel  proceeded  on  her  course. 

The  method  of  making  these  measurements  is  shown  schematically 
in  Fig.  13.  Take  for  example  the  case  of  measuring  a  one-way  circuit 
as  distinguished  from  a  circuit  looped  back.  A  1,000-cycle  current 
of  predetermined  power  of  the  order  of  one  miliwatt  is  impressed 
upon  the  input  circuit  of  the  radio  transmitter.  This  tone  is  received 
in  the  output  of  the  distant  radio  receiver.  There  it  is  passed  to  the 
measuring  apparatus  where  it  is  amplified,  rectified,  and  made  to 
operate  an  indicating  instrument.  The  receiving  end  measuring 
apparatus  is  then  switched  to  a  local  source  of  1,000-cycle  current 
giving  the  same  power  as  was  applied  to  the  transmitter  at  the  sending 
end.  The  proportion  of  this  power  which  enters  the  measuring  ap- 
paratus is  then  varied  by  a  variable  network  calibrated  in  power  ratio 
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loss  (it  was  actually  in  miles  of  standard  cable)  until  the  indicator 
reading  is  the  same  as  that  obtained  from  the  radio  receiver.  The 
setting  of  the  variable  network  then  indicates  the  transmission  loss 
of  the  circuit.  The  method  is  similar  to  that  developed  for  measuring 
the  transmission  loss  of  telephone  circuits. 

These  measurements  were  used  for  the  purpose  of  enabling  the 
radio  link  to  be  worked  to  a  contsant  transmission  equivalent — in 
this  case,  of  about  six  units.  The  procedure  for  so  doing  was  as 
follows:  When  the  vessel  was  first  picked  up,  the  receiving  amplifica- 
tions in  both  east  and  west  channels  were  adjusted  until  the  measure- 
ments showed  a  transmission  equivalent  of  6  units.  Then  as  the 
vessel    proceeded    on    her    course    the    transmission    equivalent   was 

MEASUREMENTS   OF  TELEPHONE  TRANSMISSION  OF  RADIO  CIRCUITS 
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measured  at  intervals  of  an  hour  or  less  and  the  receiving  amplifica- 
tion readjusted  to  hold  the  desired  six-unit  equivalent.  In  this 
way  the  talking  efficiency  of  the  radio  link  was  kept  constant. 

The  total  amplification  change  which  had  been  made  from  the 
beginning  of  a  run  up  to  any  one  time  gives  a  measure  of  the  change 
which  has  occurred  in  the  transmission  loss  of  the  radio  circuit.  By 
plotting  this  change  in  relation  to  the  time  of  day  and  in  turn  to  the 
varying  distance  between  the  two  stations,  an  interesting  curve 
results  which  shows  the  manner  in  which  the  progress  of  the  vessel 
affects  the  transmission  of  the  radio  circuit.  In  Fig.  14,  the  time  of 
day  is  plotted  horizontally,  distance  is  plotted  vertically  on  the  right 
and  amplification  vertically  on  the  left.  The  zero  amplification 
reference  is  the  amplification  in  the  circuit  which  gives  a  six-unit 
equivalent  at  the  time  the  vessel  is  first  picked  up. 
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Curve  A  shows  the  manner  in  which  the  distance  between  shore- 
station  and  ship  varied  with  time  of  day  as  on  her  south-bound  course 
the  ship  approached  the  shore  station  from  the  northeast  and  drew 
away  again  to  the  south.  The  vessel  in  this  case  was  on  her  inshore 
course  along  the  coast  as  shown  in  Fig.  10  above.  Curve  B  shows 
the  manner  in  which  the  receiving  amplification  on  shore  had  to  be 
changed  with  time  of  day  to  keep  the  ship-to-shore  transmission 
constant,  first  decreased  as  the  ship  came  closer  and  then  increased 
as  she  drew  away  again  to  the  south.  Curve  C  is  for  reception  on 
ship  and  shows  the  manner  in  which  the  ships  receiving  amplification 


;»  ...3.1  SSI  ON     TEST 

July   27,    1921 
A  ■  Ship  distance   frou  Deal  Beaom  soutneouno  on  course     -  / 

ESUIVAIENI     TC      SHIP.                                                                                                              / 
E«UIVALEnT     PROM     SHIP     CHANNEL     1     RECEIVER                                       / 

C 

3 

130 

120 
1  10 
100 

- 

\ 

a 

i 

*/ 

/  5 

& 

4 

t 

AW       \ 

7         6 

Noon 
10          II        12           1           2 

PU  /       j 

4           5           t         17      A 

10       1 

12 

,\     '     Nor 

»"" 

5 

i 

eo 

70 

to 
50 

40 

30 

s 

1 

s 

o 

I 

f 

0 

I 

° 

Fig.  14 


had  to  be  varied  to  keep  the  shore-to-ship  transmission  constant. 
Altho  these  are  not  measurements  of  any  absolute  quantity  such  as 
field-strength,  they  are  practical  measurements  of  actual  talking 
circuits  and  as  such  include  the  effect  thereon  of  apparatus  adjust- 
ments as  well  as  the  "ether"  conditions  and  therefore  are  of  value 
in  determining  the  conditions  to  be  met  in  maintaining  the  over-all 
system  in  operation.  The  difference  between  curves  B  and  C,  for 
example,  are  in  part  the  result  of  the  difference  in  adjustment  given 
to  the  detector  tubes  of  the  two  circuits.  The  load  on  the  detectors 
was  kept  practically  constant  by  adjustable  radio-frequency  amplifica- 
tion,  so   that  any  overloading  was  approximately  constant  thruout 
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the  measurements  and   had   the  effect  of  minimizing  the  variation 
of  circuits  equivalent  with  distance. 

The  curve  of  Figs.  15  and  16  are  obtained  by  taking  the  data  of 
Fig.  14  and  plotting  the  variation  of  amplification  with  separation 
between  stations.     The  minimum  point  is  arbitrarily  chosen.     These 
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curves  show  up  rather  strikingly  the  fact  that  the  transmission  to  the 
south  is  much  poorer  than  that  to  the  northeast  of  Deal  Beach.  This 
result  agrees  with  experience  since  greater  difficulty  is  usually  en- 
countered in  communicating  with  a  vessel  when  the  line  of  trans- 
mission is  along  the  coast  than  when  it  is  straight  out  to  sea.  The 
larger  transmission  loss  may  be  due  to  shore  absorption  or,  possibly, 
to  refraction  of  waves  by  the  electrical  discontinuity  represented  by 
the  coast  line.  This  high  attenuation  effect  was  observed  rather 
uniformly  in  all  of  the  measurements,  and  would  itself  form  an  inter- 
esting subject  of  investigation,  using  more  absolute  methods  of 
measurement. 

Fig.  17  shows  the  circuit-equivalent-distance  characteristic  for 
the  off-shore  course  taken  by  the  vessel.  The  curve^is*generally 
similar  to  that  for  the  near-in  course. 
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The  rate  at  which  the  transmission  of  the  circuit  varies  with  change 
in  distance  is  an  important  matter  in  operation,  since  it  determines 
the  frequency  with  which  the  amplification  in  the  circuit  must  be 
readjusted  to  keep  the  equivalent  constant.  In  accordance  with 
the  Austin-Cohen  formula,  the  equivalent  should  vary  at  the  rate  of 
about  0.25  units  per  statute  mile  (1.6  km.)  with  the  vessel  100  miles 
(160  km.)  out,  assuming  a  square  law  detector.  In  the  worst  case 
found,  the  circuit  equivalent  varied  at  the  rate  of  0.5  unit  per  statute 
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mile.  This  was  one  of  the  cases  where  the  vessel  was  well  south 
and  close  in  shore  and,  of  course,  represents  very  poor  transmission. 
It  means  that  with  the  vessel  traveling  as  slowly  as  ten  miles  (16  km.) 
per  hour,  a  transmission  change  of  about  five  units  per  hour  will 
occur.  In  telephone  practice  it  is  desirable  to  keep  the  transmission 
equivalent  constant  to  within  two  or  three  units,  so  that  this  condi- 
tion would  require  re-adjusting  the  amplification  as  often  as  every 
half  hour. 

These  curves  show  the  necessity  for  so  designing  the  receiving  set 
as  to  be  able  readily  to  obtain  a  wide  variation  in  amplification  in 
order  to  accommodate  the  changes  in  transmission  efficiency.  Under 
the  conditions  of  the  test,  it  was  found  that  a  variation  of  40  units 
amplification  is  necessary  in  order  to  carry  the  vessel  from  a  range  of 
40  up  to  200  statute  miles  (64  to  320  km.).  In  order  to  gain  such 
control,  it  is  desirable  to  switch  stages  of  amplification  into  and  out 
of  the  circuits  and  to  obtain  closer  adjustment  by  means  of  networks 
of  variable  loss. 

When  we  speak  of  holding  the  circuit  to  a  constant  transmission 
equivalent  thruout  a  wide  variation  in  the  position  of  the  ship,  we 
do  not  mean  that  the  circuit  for  200  miles  (320  km.),  for  example, 
is  as  good  as  that  for  40  miles  (64  km.).  The  field  strength  received 
over  the  longer  circuit  is,  of  course,  very  much  weaker  than  that 
received  over  the  shorter  one,  and  is  subject  to  correspondingly  more 
interference.  For  a  transmitting  power  of  about  one  kilowatt  used 
in  the  tests,  it  was  found  that  the  circuit  was  rather  consistently 
good  up  to  100  miles  (160  km.)  or  so.  During  summer  daylight 
condition,  it  was  only  fairly  good  at  around  150  miles  (240  km.),  and 
at  200  miles  (320  km.)  was  subject  to  so  much  interference  that  its 
insurance  against  interruption  in  service  was  small.  Under  more 
favorable  conditions,  particularly  as  at  night,  in  the  winter  time, 
connections  could  be  established  over  very  much  greater  distances, 
but  not  reliably. 

Field  Strength  Measurements 

The  circuit  transmission  measurements  described  above  were  sup- 
plemented during  the  latter  end  of  the  experiments  by  measurements 
of  a  more  fundamental  nature,  namely,  of  the  received  field  strength. 
These  measurements  represent  the  application  to  the  ship-to-shore 
development  program  of  what  was  really  another  investigation — that 
of  the  development  of  methods  and  apparatus  for  measuring  field 
strengths  at  these  relatively  short  wave  lengths  as  well  as  for  longer 
wave  lengths.     The  method  and   means  employed  will   not  be  de- 
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scribed,  since  they  will  be  the  subject  of  another  paper  to  be  given 
before  The  Institute  of  Radio  Engineers  shortly  by  the  engineers 
immediately  responsible  for  this  development.  Field  strength  meas- 
urements will  be  discussed,  therefore,  only  in  so  far  as  the  results 
obtained  apply  to  the  ship-to-shore  type  of  system. 

The  first  measurements  which  were  made  are  given  in  Fig.  18.  They 
show  the  variation  in  the  strength  of  field  received  from  the  S.  S. 
Gloucester  during  the  same  trip  as  the  circuit  measurements  of  Fig.  14 
were  taken.  The  fact  that  the  transmission  is  considerably  better 
to  the  northeast  from  Deal  Beach  than  when  the  vessel  is  south  is 
rather  strikingly  in  evidence.     The  dash-line  curve  is  for  the  Austin- 
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Cohen  formula  and  shows  that  the  field  strength  versus  distance 
relation  checks  that  formula  for  these  relatively  short  wave  lengths 
when  the  path  of  transmission  is  practically  entirely  over  sea.  The 
absorption  coefficient  is  obviously  greater  when  the  path  of  trans- 
mission has  a  relatively  large  component  skirting  along  the  coast 
line.  The  curve  shows  also  that  the  vessel  was  picked  up  and  the 
circuit  "made"  on  this  day  at  a  field  strength  of  about  400  micro- 
volts per  meter,  then  increased  as  the  vessel  came  nearer  and  passed 
the  land  station  to  a  value  of  2,200,  and  that  the  circuit  was  "broken  " 
on  about  200  micro-volts.  The  results  of  another  measurement  made 
at    the  off-shore  course  of  the  vessel  are  given  in  Fig.  19.     A  larger 
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portion  of  this  curve  is  for  straight-out-to-sea  transmission  where  the 
attenuation  law  is  seen  to  be  normal. 

In  the  field  strength  measurements  made  during  the  ship-to-shore 
development,  those  of  the  S.  S.  America  en  route  across  the  Atlantic 
are  especially  illuminating.  The  results  are  given  in  Fig.  20.  The 
vessel  was  in-bound  so  that  the  curve  develops  from  the  right  to  the 
left,  altho  the  effect  is  just  the  same  as  if  it  developed  in  the  reverse 
direction  with  the  vessel  out-bound  as  was  shown  by  another  set  of 
measurements  which  gave  generally  similar  results.  The  actual 
measurement   results  are   indicated   by  the  points  and  by  the  con- 
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necting  heavy  line  curve.  The  light  curve. A  is  a  plot  of  the  Austin- 
Cohen  formula,  the  absorption  term  of  which  is  for  daylight  trans- 
mission over  water.  The  light  curve  B  is  a  plot  of  the  simple  inverse- 
with-distance  law  without  any  absorption  term. 

This  curve  shows  up  the  following  important  factors: 

(1)  The  enormous  variation  between  day  and  night  in  the  received 
field  strength  which  occurs  at  distances  of  the  order  of  1,000 
miles  (1,600  km.)  using  wave  lengths  of  350  to  400  meters  as 
now  employed  in  broadcast  transmission.  The  curve  shows 
night  to  day  variations  of  the  order  of  100:1  or  a  power  ratio 
of  10,000:1.  This  means,  for  example,  that  it  would  require 
10,000  times  more  power  to  "get  thru"  as  well  during  the  day 
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as  during  the  best  times  at  night.  These  enormous  day  to 
night  fluctuations  are  now  familiar  to  broadcast  listeners. 
This  curve  shows  the  impossibility  of  giving  continuous  ship- 
to-shore  telephone  service  at  these  relatively  short  wave  lengths 
for  distances  as  great  as  1,000  miles  (1,600  km.).  For  such 
distances  much  longer  wave  lengths  will  be  required,  as  well 
as  more  sending  power. 
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(2)  The  wide  fluctuations  which  occur  thruout  the  night  period. 
Altho  smaller  than  the  day  to  night  fluctuations,  their  effect 
upon  transmission  is  still  very  large.  The  fluctuations  during 
the  third  night  out,  for  example,  are  as  much  as  10:1  in  field 
strength  or  100:1  in  power,  or  about  20  of  the  power  ratio  units 
we  have  used  above.  In  view  of  the  rapidity  with  which  these 
fluctuations  occur — within  a  very  few  minutes — it  is  practically 
impossible  to  maintain  a  circuit  under  these  conditions  satis- 
factory for  regular  telephone  service. 

(3)  The  most  interesting  thing  to  observe  is  that  the  fluctuations 
tend  to_fall  within  the  two  curves  A  and  B.     The  day  trans- 
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mission  is  a  pretty  definite  proposition,  following  closely  the 
Austin-Cohen  formula.  The  night  transmission  appears  in  the 
nature  of  a  "bob-up"  from  the  day  condition  but  seems  to  be 
limited  in  the  extent  of  its  "come-back"  by  the  loss  imposed 
by  the  simple  inverse-with-distance  law.  The  fact  that  the 
difference  between  curves  A  and  B  is  entirely  one  of  absorption 
suggests  that  the  very  large  and  rapid  night  fluctuations, 
which  are  now  so  well  known  to  broadcast  listeners,  may  be 
explained  in  large  part  if  not  in  whole,  by  variations  in  atmos- 
pheric absorption. 

Occasional  Long  Distance  Transmissions 

Many  of  the  long  distance  records  which  have  been  made  on  short 
waves  and  low  power  can  be  accounted  for  simply  on  this  basis — 
that  the  absorption  which  ordinarily  obtains  during  daylight  has 
been  temporarily  wiped  out.  The  way  in  which  it  is  possible  for  the 
range  to  "open  up"  tremendously  under  exceptionally  favorable 
conditions  will  be  seen  from  this:  Referring  to  Fig.  20,  assume  that 
the  normal  daylight  range  between  S.  S.  America  and  New  York  was 
250  miles  (400  km.)  as  fixed  by  a  limit  taken  as  200  micro-volts  per 
meter.  Then,  at  night,  this  same  field  strength  may  be  delivered  over 
a  distance  of  about  700  miles  (1,100  km.)  if  the  absorption  is  wiped  out 
in  accordance  with  curve  B. 

Furthermore,  so  favorable  is  the  simple  spreading-out  law  at  such 
distances,  that  the  field  strength  is  only  halved  in  going  another  700 
miles  to  1,400  miles  (2,200  km.)  and  only  halved  again  in  doubling 
this  distance  to  2,800  miles  (4,500  km.),  and  so  on.  In  other  words 
under  no-absorption  conditions,  by  increasing  the  receiving  radio 
frequency  amplification  by  a  current  ratio  of  only  }4Y.}4  =  }i,  or 
about  12  power  radio  units,  the  range  of  transmission  may  be  increased 
from  the  reliable  daylight  range  of  250  miles  (400  km.)  to  a  possible 
night  range  of  ten  times  this  distance.  It  is  therefore  seen  that 
many  if  not  all  of  the  long  distance  transmissions  which  have  been 
realized  for  short  periods  of  time  probably  can  be  explained  simply  on 
the  basis  of  there  having  occurred  an  exceptional  clearing  up  of 
absorption  at  a  time  of  unusually  favorable  interference  conditions. 

Setting  Up  and  Operating  Combined  Radio-Wire 
Circuits 

The  operating  problems  presented  by  the  combination  wire-radio 
telephone  system  are  more  difficult  than  those  involved  in  the  oper- 
ation of  either  a  straight  telephone  toll  line  on  the  one  hand  or  the 
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ordinary  radio-telegraph  circuit  on  the  other.  In  regular  long  distance 
telephone  circuits  we  have  a  fixed  type  of  system  which  is  maintained 
continually  in  good  talking  condition  and  the  operators  turn  the 
terminals  over  to  the  use  of  the  subscribers  themselves.  On  the 
other  hand  in  a  radio  telegraph  circuit  operating  between  land  and 
vessel  the  circuit  is  kept  entirely  in  the  hands  of  skilled  operators 
who  have  access  to  the  apparatus  and  who  handle  the  traffic  directly 
between  themselves.  In  no  case  before  have  we  had  the  requirement 
of  taking  a  radio  link  of  varying  length,  building  it  up  as  occasion 
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requires  with  wire  circuits  and,  upon  call,  putting  the  combined 
system  at  the  disposal  of  people  experienced  only  in  the  use  of  the 
regular  telephone.  The  technical  difficulties  of  the  combination 
system,  together  with  the  necessity  of  coming  as  close  as  possible  to 
meeting  telephone  standards  in  the  quality  of  talk  given,  greatly 
reduce  the  length  of  the  radio  link  which  can  be  used  for  a  service 
as  compared  with  those  distances  which  can  be  spanned  for  short 
periods  of  time  under  the  most  favorable  conditions.  The  effect 
which  the  requirement  of  reliability  has  in  reducing  the  range  of 
transmission  will  be  appreciated  from  the  discussion  of  field  strength 
measurements. 
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There  are  various  ways  in  which  the  combination  circuit  can  be 
set  up  and  operated  and  it  will  take  further  experience  before 
the  most  satisfactory  arrangement  is  determined  upon.  In  order 
to  explain  the  operation  generally,  however,  we  will  describe  how  the 
circuit  was  actually  set  up  during  the  tests.  Take  the  case  of  a  call 
originating  on  the  vessel;  then  the  procedure  is  as  illustrated  in 
Fig.   21,  namely: 

1.  When  the  ship  comes  within  range  she  calls  the  land  station  by 
telegraph  on  600  meters,  and  informs  the  land  station  of  her 
message  business. 

2.  The  land  station  then  assigns  a  pair  of  telephone  channels  to 
which  both  stations  switch  over  and  the  circuit  tested  out  for 
talking.  In  case  of  important  long  distance  land  line  connec- 
tion, this  test  may  involve  circuit  transmission  measurements. 

3.  The  ship  operator  then  passes  to  the  land  operator  by  voice  (or 
by  tone  modulation  telegraph)  the  information  as  to  the  con- 
nection desired. 

4.  The  land  operator  then  tells  the  ship  operator  to  stand  by  while 
he  switches  to  the  wire  circuit  and  passes  the  call  to  the  telephone 
central,  who  in  the  case  of  a  local  call  is  a  local  operator  (actually, 
for  this  case,  she  was  the  operator  on  the  Cortlandt  Official 
Board  of  the  American  Telephone  and  Telegraph  Company  at 
New  York;  or  in  the  case  of  a  long  distance  call  is  a  toll  operator. 

5.  The  land  line  connection  is  made  in  the  usual  way  and  the  shore 
station  radio  operator  greets  the  land  line  subscribers. 

6.  The  shore  station  operator  then  joins  together  the  land  line  and 
the  radio  link  thus  connecting  the  land  subscriber  with  the  ship 
operator,  who  proceeds  to  tell  the  subscriber  that  this  is  the 
steamship  so  and  so  and  that  Mr.  Blank  wishes  to  talk  with 
him.  While  this  is  going  on,  the  land  operator  is  monitoring 
on  the  circuit  and  makes  such  final  adjustments  of  the  amplifica- 
tion as  may  be  necessary. 

7.  The  ship  operator  then  summons  the  ship  subscriber  and  the 
latter  takes  up  the  conversation. 

The  handling  of  calls  originated  by  the  land  line  subscriber  presents 
a  more  difficult  operating  problem  because  of  the  uncertainty  as  to 
the  radio  link — it  not  being  known  whether  it  can  be  established 
and,  if  so,  as  to  how  long  a  wait  will  be  involved  in  getting  the  con- 
nection.    During  the  tests,  most  of  the  calls  originated  in' New  York 
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area.  For  these  cases  the  land  subscriber  was  connected  to  the  Deal 
Beach  station  and  there  the  call  was  put  thru  directly  to  the  ship  in 
case  the  radio  telephone  circuit  was  available.  When  not  available, 
information  as  to  the  call  was  recorded  by  the  radio  operator  and  the 
telephone  circuit  released  for  the  time  being.  The  call  was  then  com- 
pleted by  first  setting  up  the  radio  link  and  then  calling  back  the 
initiating  subscriber.  It  is  obvious  that  the  giving  of  commercial 
service  will  involve:  first,  the  ascertaining  of  whether  or  not  the 
vessel  is  within  range;  second,  the  "lining  up"  of  the  radio  link  pre- 
paratory to  the  thru  connection;  and  third,  the  building  up  of  the  land 
line  connection  back  to  the  calling  subscriber  and  the  making  of  the 
thru  connection.  Many  detailed  variations  are  possible  in  the  pro- 
cedure and  the  determination  of  the  best  operating  methods  will  have 
to  await  upon  experience  obtained  in  actually  giving  service. 
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In  order  to  become  familiar  with  the  problems  involved  in  main- 
taining the  ship-to-shore  system  in  operation,  a  series  of  operating 
tests  were  carried  out  for  a  period  of  about  three  months,  starting 
in  January,  1921,  and  operating  between  Deal  Beach  station  and  the 
S.  S.  Gloucester.  In  accordance  with  a  pre-arranged  schedule  (un- 
known to  the  engineer-operators),  calls  were  entered  by  a  considerable 
number  of  Bell  System  engineers  in  the  vicinity  of  New  York,  and 
calls  were  initiated  from  the  vessels  also  by  the  opening  of  sealed 
envelopes  carrying  instructions  to  call  one  or  more  parties  on  shore. 
Fig.  22  is  a  facsimile  of  the  message  form  or  "ticket"  used  in  the 
operating  tests.  The  tabic  below  gives  a  representative  record  sheet 
recording  the  calls  which  were  made  on  a  partciular  day  and  also  the 
time  which  elapsed  in  putting  each  one  thru.     These  data,  of  course, 
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are  not  especially  representative  of  what  can  be  done  with  a  system 
after  it  has  begun  smoothly  in  commercial  service,  but  are  inter- 
esting in  giving  a  general  idea  of  the  way  the  system  worked  and  in 
showing  that  calls  were  successfully  put  thru  in  a  reasonably  short 
time.  In  the  aggregate  a  large  number  of  calls  were  made,  and  as  a 
result  the  system  was  put  to  a  fairly  severe  operating  test.  It  was 
found,  as  was  to  be  expected,  that  the  time  required  to  put  thru  the 
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radio  connections  to  the  vessels  is  large  in  comparison  with  the  con- 
necting time  on  the  wire  lines,  and  will  require  that  precaution  to  be 
taken  in  the  operating  routine  to  minimize  the  time  during  which  wire 
circuits  are  held  up  pending  connection  with  the  radio  link.  (The 
wire  circuits  used  in  the  tests  appeared  in  New  York  on  a  busy  P.B.X. 
(private  branch  exchange)  and  did  not  receive  the  operating  attention 
that  they  would  in  regular  service.)  But  even  tho  the  radio  holding 
time  was  larger  than  the  usual  wire  time,  it  is  in  itself  rather  surpris- 
ingly good  considering  the  difficulties  which  attended   this  maiden 
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operation  of  telephone  circuits  to  ships  and  must  be  regarded  as  full 
of  promise  for  the  extension  of  telephone  service  to  the  highways 
of  the  sea. 

Tests  of  Three-Channel  Operation 

Of  course,  any  comprehensive  ship-to-shore  radio  telephone  system 
must  be  capable  of  establishing  a  number  of  telephone  connections 
from  a  common  land  station  to  a  number  of  ships.  The  Deal  Beach 
experiments,  therefore,  had  as  one  of  their  objectives  the  trying  out 
of  multi-channel  operation.  These  tests  were  conducted  during  the 
fall  of  1920  and  thru  January,  1921,  with  the  S.  S.  Gloucester  and  the 
S.  S.  Ontario.  A  third  boat  was  simulated  by  a  small-power  experi- 
mental set  installed  at  the  Cliffwood,  New  Jersey,  experimental 
station.  The  three  channel  operation  is  illustrated  diagrammatically 
in  Fig.  23,  which  also  shows  the  scheme  of  frequencies.  The  three 
channels  transmitting  from  Deal  Beach  were  grouped  in  one  frequency 
range,  spaced  30,000  cycles  apart.  The  frequencies  transmitted  from 
the  ships  and  received  at  Deal  Beach  were  grouped  in  another  fre- 
quency range  removed  30,000  cycles  from  the  first  and  having  fre- 
quency intervals  likewise  of  30,000  cycles.  Transmitting  and  receiving 
channels  differing  by  90,000  cycles  were  paired  in  the  manner  indicated 
to  form  two-way  circuits.  While  it  is  possible  to  squeeze  channels 
together  more  closely  than  this,  it  was  not  desired  on  the  experiments 
to  go  to  the  limit  of  frequency  squeezing,  particularly  because  of  the 
severe  selectivity  requirements  imposed  upon  vessel  equipment. 
These  frequencies  represented  a  fair  balance  between  technical  per- 
fection on  the  one  hand  and  practically  realizable  conditions  on  the 
other.  It  will  be  seen  that  the  set-up  was  really  a  four-channel 
system,  with  the  fourth  channel  used  on  600  meters  for  calling  pur- 
poses. Under  these  conditions  three  conversations  were  carried 
on  successfully  from  the  single  land  station,  two  to  actual  ships  and 
one  to  a  "dummy"  ship  at  the  Cliffwood  experimental  station. 

Equipping  of  S.  S.  "America" 

The  primary  development  work  of  the  ship-to-shore  system  was 
carried  out,  as  described  above,  in  conjunction  with  coastal  vessels. 
Such  vessels  were  chosen  because  the  rapidity  of  their  turn-round 
gave  much  more  frequent  test  periods  than  could  be  obtained  by  means 
of  vessels  pursuing  a  longer  route.  It  remained,  however,  to  equip 
a  trans-oceanic  vessel  and  connect  her  into  the  telephone  system. 

In  1921,  the  development  tests  of  ship-to-shore  telephony  were 
extended  to  include  the  General  Electric  Company  and  the  Radio 
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Corporation  ot  America.  The  engineers  of  these  companies  built  a 
ship  set  similar  to  that  developed  in  the  work  described  above,  but 
ot  a  more  commercial  design,  and  installed  in  on  the  S.  S.  America 
in  January.  1922. 4  During  the  succeeding  few  months,  tests  were 
made  between  the  S.  S.  America  and  the  shore,  and  on  a  number  of 
these  trips  connections  were  put  up  to  various  interested  parties 
around  New  York  when  the  ship  was  within  about  300  miles  (480  km.) 
of  the  Deal  Beach  station.  Of  course,  the  America  was  carried  out 
much  farther  than  this  at  night,  but  the  circuits  were  not  sufficiently 
reliable  to  be  used  in  connection  with  the  land  lines  as  will  be  appre- 
ciated from  the  field  strength  measurements  given  above. 

A  photograph  of  a  portion  of  the  installation  on  the  S.  S.  America 
is  reproduced  in  Fig.  9  above.  The  talking  tests  made  with  the 
America  were  the  occasion  of  much  interest  on  the  part  of  the  listeners- 
in,  and  several  of  the  demonstrations  which  were  given  the  subject  of 
newspaper  accounts  and  need  not  be  described.  The  more  technical 
phases  of  the  tests  with  the  S.  S.  America  are  (a)  the  field  strength 
measurements,  and  (b)  the  simultaneous  telegraph  tests  discussed 
below. 

Simultaneous  Telephone  and  Telegraph  Operation  Between 

Ship  and  Shore 

During  the  experiments  with  the  Steamships  Gloucester  and  Ontario, 
the  radio  telephone  transmissions  were  carried  on  alternately  with  the 
conduct  of  the  regular  radio  telegraph  service  of  the  vessels.  Simul- 
taneous operation  was  impossible  because  the  vessels  were  equipped 
with  spark  transmitters.  While  this  arrangement  of  having  to 
switch  between  either  telephone  and  telegraph  operation  is  permissible 
for  small  vessels  where  the  communication  load  is  light,  it  is,  of  course, 
not  satisfactory  for  large  trans-oceanic  vessels  where  the  message 
business  may  be  such  as  to  require  practically  continuous  operation 
on  the  part  of  both  services. 

Recognizing,  therefore,  that  one  of  the  problems  attending  the 
successful  application  of  radio  telephony  to  large  vessels  is  that  of 
simultaneous  telephone  and  telegraph  operation,  tests  of  such  trans- 
mission were  conducted  in  co-operation  with  the  Radio  Corporation 
ol  America  from  the  S.  S.  America.  These  were  made  during  Febru- 
ary and  March  of  1922.  On  the  land  ends,  the  two  radio  circuits 
terminated   at   different   stations,    the    telegraph    at    the    Bush    Ter- 

4  See  article  "Duplex  Radio  Telephone  Transmitter,"  by  Baker  and  Byrnes. 
General  Electrical  Review,  August,  1022. 
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minal,  New  York  City  station  of  the  Radio  Corporation,  and  the 
telephone  at  our  Peal  Beach,  New  Jersey,  station.  The  telegraph 
transmitter  was  of  the  continuous  wave,  vacuum  tube  type  manu- 
factured by  the  General  Electric  Company.  The  telephone  and 
telegraph  sets  used  individual  antennas  on  the  ship. 

Altho  certain  apparatus  difficulties  were  experienced  aboard  the 
vessel  because  of  the  short  notice  at  which  the  tests  were  made, 
nevertheless  the  tests  were  successful  and  demonstrated  that  a  tele- 
phone set  can  be  made  to  operate  simultaneously  with  a  suitable  C.  W. 
(continuous  wave)  telegraph  transmitter.  The  final  solution  of  this 
problem  of  simultaneous  operation,  however,  will  undoubtedly  require 
turther  work  in  co-ordinating  the  two  types  of  systems,  in  order  to 
permit  them  to  be  operated  on  wave  lengths  relatively  close  together. 
During  the  tests,  the  wave  lengths  were  widely  different,  the  telegraph 
operating  on  about  2,100  meters  and  the  telephone  on  about  375 
meters.  The  work  done  at  Deal  Beach  in  the  development  of  multi- 
plex telephone  operation,  where  three  telephone  channels  were  oper- 
ated in  the  vicinity  of  400  meters  and  a  fourtfrchannel  was  operated 
tor  telegraphy  at  600  meters,  demonstrates  that  it  should  be  feasible 
to  operate  telephone  and  telegraph  channels  simultaneously  on  closely 
adjacent  wave  length  bands.  However,  in  determining  wave  length 
allocations,  these  limiting  factors  will  have  to  be  considered:  first,  the 
greater  susceptibility  of  the  telephone  to  interfering  noises,  such  as 
beat  tones,  and  second  the  fact  that  the  telephone  requires  two  bands 
one  for  each  direction  of  transmission  and  that  these  bands  are  re- 
quired to  be  spaced  a  little  apart  in  frequency.  It  is  obvious  that 
by  controlling  both  types  of  channels  from  the  same  station  they 
can  be  better  co-ordinated  in  respect  to  frequency  and  general  service 
use  than  if  operated  from  separate  stations,  so  that  combined  tele- 
phone-telegraph shore  stations  present  interesting  possibilities  for  the 
future. 

Another  method  of  operation,  and  one  which  requires  fewer  wave 
lengths,  is  that  of  superimposing  the  telephone  and  telegraph  channel 
on  the  same  carrier  wave  after  the  general  manner  of  compositing 
long  distance  telephone  lines  with  telegraph.  This  can  be  done  by 
combining  the  two  channels  on  one  circuit  as  is  done  in  wire  practice 
and  then  modulating  the  combined  channels  upon  the  radio  carrier. 
At  the  receiving  end  both  channels  can  be  detected  simultaneously 
and  then  the  channels  separated  by  composite  sets  or  filters.  This 
method  is  mentioned  to  show  the  ultimate  possibilities  of  combined 
operation  and  is  not  put  forward  as  one  which  is  sufficiently  practical, 
all  things  considered,  for  use  in  the  art  of  the  immediate  future. 
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Radio  Linked  with  Transcontinental  Line  and 
Catalina  Island 

The  ship-to-shore  radio  link  was  on  several  occasions  connected 
with  very  long  distance  circuits  in  order  to  demonstrate  the  extreme 
conditions  under  which  combined  radio  and  wire  operation  are  pos- 
sible. 

Perhaps  the  most  interesting  case  is  that  in  which  the  ship  was 
linked  up  with  the  transcontinental  telephone  line  and  connected  thru 
to  Catalina  Island  in  the  Pacific  thus  bringing  together  the  two 
oceans.  The  circuit  arrangements  for  one  of  these  demonstrations 
are  given  schematically  in  Fig.  24.     Both  the  Deal  Beach  and  Green 

TRANSCONTINENTAL   LINE  WITH    RADIO    EXTENSIONS 


Fig.  24 

Harbor  shore  stations  were  used,  since  it  was  desired  to  reach  the 
ship  anywhere  on  her  course  from  Boston  to  the  Delaware  capes. 
The  demonstration  was,  therefore,  also  an  example  of  connecting 
the  ship  into  the  land  telephone  system  thru  either  of  two  shore 
stations.  As  a  matter  of  fact,  at  one  time  the  vessel  could  be  reached 
thru  both  stations.  It  happened  that  the  vessel  was  coming  up  the 
coast.  The  night  before  the  demonstration  the  ship  was  communi- 
cated with  thru  the  Deal  Beach  station  and  connected  thru  to  Catalina 
Island  for  a  rehearsal.  For  the  demonstration  of  the  following  morn- 
ing, connection  was  made  thru  Green  Harbor.  During  both  the 
rehearsal  and  the  demonstration  the  operator  on  the  vessel  talked 
successfully,  altho  with  some  difficulty,  with  the  Catalina  Island 
operator,   while   New   York   listened    in.     This   demonstration   was 
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made  for  General  J.  J.  Carty  on  February  14,  1921.  An  earlier 
demonstration  of  a  similar  nature,  although  not  involving  Green 
Harbor,  was  made  for  the  delegates  of  the  Preliminary  International 
Communications  Conference  on  October  21,  1920. 


Fig.  25 

Conclusions 
The  results  of  this  development  may  be  summed  up  as  follows: 

(1)  It  has  realized  a  radio-telephone  system  capable  of  giving 
two-way  transmission  and  meeting  the  requirements  imposed 
oy  joint  radio-wire  operation. 

(2)  It  has  demonstrated  the  actual  use  of  this  radio-telephone 
system  in  a  wire-radio  toll  circuit  as  a  means  for  extending  the 
telephone  service  of  the  country  to  include  vessels  at  sea. 

(3)  The  experiments  have  demonstrated  also  the  practicability  of 
multi-channel  operation  from  a  common  land  station  whereby 
a  number  of  land  subscribers  may  be  connected  simultaneously 
to  a  number  of  different  vessels. 

(4)  The  transmission  and  operating  tests  show  the  difficulties 
attending  the  establishment  and  maintenance  of  the  radio- 
telephone link  to  a  moving  vessel  and  the  necessity  for  careful 
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adjustment  oi  the  transmission  conditions  ol  the  circuit  and 
for  a  diligenl  maintenance  oi  these  adjustments  during  oper- 
ation. 

5  In  the  experiments  in  multi-channel  operation  and  in  simul- 
taneous telephone  and  telegraph  transmission  from  the  same 
vessel,  a  beginning  has  been  made  in  one  of  the  most  important 
problems  concerned  with  the  early  application  of  radio  telephony 
to  the  marine  service,  namely,  that  of  the  co-ordination  between 
radio-telegraph  and  radio-telephone  transmission.  It  is  obvi- 
ous that  the  general  development  of  the  art  of  selective  trans- 
mission, as  well  as  the  entrance  of  radio  telephony,  calls  for 
the  use  of  purer  carrier  waves  and  of  a  minimum  transmission 
band  in  radio  telegraphy. 

i  6)  As  regards  the  important  question  of  wave  lengths,  the  develop- 
ment has  shown  that  the  relatively  short  waves  employed  in 
the  experiments  are  satisfactory  up  to  several  hundred  miles 
but  that  for  longer  distances  longer  wave  lengths  will  be  re- 
quired. The  difficulty  of  obtaining  for  the  marine  service  a 
wave  length  sufficiently  wide  for  permitting  the  handling  of 
any  considerable  traffic  is  obvious.  The  band  which  can  be 
allocated  to  this  service  will  naturally  be  limited  by  the  require- 
ments of  other  services;  and  the  intensiveness  with  which  this 
band  can  be  worked  by  closing  tip  the  frequency  spacing  be- 
tween channels  is  limited  by  the  consideration  of  intercom- 
munication between  different  types  of  systems  and  by  apparatus 
expense. 

In  general  it  may  be  said  that  the  present  development  has  con- 
tributed to  the  communication  art  the  means  whereby  the  universal 
land  line  telephone  system  may  be  extended  to  ships  at  sea.  The 
actual  giving  of  such  service  must  await  the  working  out  ot  the  econ- 
omic problems  involved  and  the  necessary  business  and  organization 
arrangements  between  the  communication  companies  and  the  steam- 
ship companies. 
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Mutual  Impedances  of  Grounded  Circuits 

By   GEORGE   A.  CAMPBELL 

Synopsis:  Formulas  are  derived  for  the  direct-current  mutual  resistance 
and  inductance  between  circuits  grounded  at  the  surface  of  the  earth.  For 
circuits  composed  of  straight  filaments,  the  mutual  inductance  is  reduced 
to  known  Neumann  integrals  which  involve  only  comparatively  simple 
expressions  for  the  case  of  horizontal,  coplanar  conductors  above,  below 
or  on  the  surface  of  the  earth.  Xumerical  values  for  these  integrals  may 
be  readily  obtained  from  new  and  accurate  graphs  for  straight  filaments 
which  meet  at  a  point  or  start  from  a  common  perpendicular.  It  is  shown 
that  these  new  results  supply  a  useful  first  approximation  to  the  actual 
alternating-current  mutual  impedance  of  grounded  circuits,  when  the  fre- 
quency and  extent  of  the  circuits  are  not  larger  than  occur  in  many  prac- 
tical applications. 

1.     Introduction 

THE  important  discovery  of  the  possibility  of  using  the  earth 
as  the  return  conductor  for  electric  telegraphic  communication 
was  announced  by  Steinheil  in  the  Comptes  Rendus  of  September  10, 
1838,  and  throughout  the  entire  development  of  telegraphy  grounded 
circuits  have  been  extensively  employed.  Considering  the  extensive 
application  of  such  a  capital  discovery  extending  over  a  period  of 
85  years,  it  is  surprising  that  so  little  is  known  quantitatively  about 
grounded  circuits.  We  have,  however,  long  known  that  conditions 
are  not  of  the  extreme  simplicity  pictured  under  the  early  view  that 
the  earth  acts  as  a  reservoir  presenting  no  resistance  to  the  return 
current  and  introducing  no  interference  between  parallel  returns. 
This  view  was  expressed  in  1857  by  Bakewell  as  follows:  "There  is 
no  mingling  of  currents,  the  electric  current  of  each  battery  being 
kept  as  distinct  as  if  separate  wires  were  used  both  for  the  trans- 
mitted and  the  return  currents.  It  would  indeed  be  as  impossible 
for  the  separate  currents  transmitted  from  the  two  batteries  to  be 
mingled  together  as  it  would  be  for  the  written  contents  of  two  letters 
enclosed  in   the  same  mail  bag  to  intermix." 

Measurements  made  a  few  years  ago  of  the  mutual  impedances 
between  grounded  circuits  which  are  restricted  to  a  territory  six  miles 
square,  at  frequencies  of  25  to  60  cycles  per  second,  showed  that  within 
10  per  cent,  the  mutual  reactance  increased  in  the  same  ratio  as  the 
frequency.  It  was  inferred  that  the  effective  inductance  under  the 
conditions  of  these  tests  was  approximately  the  same  as  for  direct 
current,  or  in  other  words,  the  incomplete  penetration  of  the  alter- 
nating currents  into  the  earth  was  not  of  controlling  importance  in 
tests  upon  this  scale. 
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THE  important  discovery  of  the  possibility  of  using  the  earth 
as  the  return  conductor  for  electric  telegraphic  communication 
was  announced  by  Steinheil  in  the  Comptes  Rendus  of  September  10, 
1838,  and  throughout  the  entire  development  of  telegraphy  grounded 
circuits  have  been  extensively  employed.  Considering  the  extensive 
application  of  such  a  capital  discovery  extending  over  a  period  of 
85  years,  it  is  surprising  that  so  little  is  known  quantitatively  about 
grounded  circuits.  We  have,  however,  long  known  that  conditions 
are  not  of  the  extreme  simplicity  pictured  under  the  early  view  that 
the  earth  acts  as  a  reservoir  presenting  no  resistance  to  the  return 
current  and  introducing  no  interference  between  parallel  returns. 
This  view  was  expressed  in  1857  by  Bakewell  as  follows:  "There  is 
no  mingling  of  currents,  the  electric  current  of  each  battery  being 
kept  as  distinct  as  if  separate  wires  were  used  both  for  the  trans- 
mitted and  the  return  currents.  It  would  indeed  be  as  impossible 
tor  the  separate  currents  transmitted  from  the  two  batteries  to  be 
mingled  together  as  it  would  be  for  the  written  contents  of  two  letters 
enclosed  in   the  same  mail  bag  to  intermix." 

Measurements  made  a  few  years  ago  of  the  mutual  impedances 
between  grounded  circuits  which  are  restricted  to  a  territory  six  miles 
square,  at  frequencies  of  25  to  60  cycles  per  second,  showed  that  within 
10  per  cent,  the  mutual  reactance  increased  in  the  same  ratio  as  the 
frequency.  It  was  inferred  that  the  effective  inductance  under  the 
conditions  of  these  tests  was  approximately  the  same  as  for  direct 
current,  or  in  other  words,  the  incomplete  penetration  of  the  alter- 
nating currents  into  the  earth  was  not  of  controlling  importance  in 
tests  upon  this  scale. 
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This  led  to  my  making  a  theoretical  investigation  of  the  mutual 
inductance  between  direct-current  grounded  circuits  which  did,  in 
fact,  show  that  the  calculated  numerical  results  are  in  reasonable 
agreement  with  these  actual  experimental  data.  It  is  the  purpose  of 
this  paper  to  describe  this  work;  the  mathematical  discussion  of  the 
theoretical  corrections  for  the  incomplete  penetration  of  alternating 
currents  into  the  earth  will  form  the  subject  of  another  paper. 


2.     Distribution  of  Current,  Potential  and  Magnetic  Force 
with  Direct-Current  Earth  Return  Flow 

On  the  assumption  of  an  infinite  earth  of  uniform  resistivity  the 
lines  of  flow  and  the  equipotential  surfaces  for  a  direct  current  / 
entering  the  earth  at  a  point  source  at  A  and  leaving  the  earth  at  a 
point  sink  at  B,  both  A  and  B  being  on  the  surface  of  the  earth, 
assumed  flat,  and  the  distance  AB  =  2b,  are  given  by  the  equations,1 

C 

—  =  5  (cos  0i  —  cos  02) 

x< 


_l  (xi 


r-i 


=  sin  \  (0i+02)  sin  \  (02-0i) 

,  sin20    .,  b  .  .. 

=  b ,  it  —  is  small, 

r  r 

I      2Tr\r1      rj 


bp  cos  0   .,  b  .  ,. 

—  — ; — ,  if  —  is  small, 
7r      r-  r 


(1) 


(2) 


where  C  is  the  total  current  flowing  in  the  earth,  from  the  source  at  A 
to  the  sink  at  B,  outside  the  current  sheet  of  revolution  defined  by  (1) ; 
and  V  is  the  potential,  with  respect  to  the  midplane,  upon  the  equi- 
potential surface  of  revolution  defined  by   (2). 

These  equipotential  lines  and  stream  lines  are  identical  with  the 
equipotential  lines  and  lines  of  force  for  a  uniformly  magnetized 
filament.  The  formulas  may  be  checked  by  regarding  the  return 
flow  from  A  to  B  as  being  due  to  the  superposition  of  two  flows,  a 

-1  The  coordinates  used  in  this  paper  (*lf  y,  z),  (xi,  v,  z),  (.v,  y,  z)  and  (ru  0lt  <f>), 
(>2,  62,  <t>),  0,  9,  <t>)  are  rectangular  and  spherical  coordinates  with  origins  at  A,  B 
and  the  midpoint  of  AB,  respectively,  the  direction  AB  being  the  polar  axis  or  posi- 
tive .v-axis  in  all  cases,  z  being  vertical,  and  <j>  being  measured  from  the  earth's 
surface  in  the'plane  perpendicular  to  AB. 
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return  flow  of  direct  current  /  from  the  point  A  to  some  infinitely 
distant  point  and  a  second  return  flow  of  direct  current  /  from  this 
infinitely  distant  point  to  the  point  B.  For  these  component  flows 
the  current  diverges  from  A  or  converges  towards  B  radially  and 
with  equal  intensity  in  all  directions  in  the  earth;  the  total  current 
for  one  of  the  component  flows  flowing  through  any  surface  in  the 
earth  will  thus  be  equal  to  I  2ir  times  the  solid  angle  subtended  at 
A  or  B,  respectively,  by  the  boundary  of  the  surface,  s'nce  the  entire 
solid  angle  filled  by  the  earth  at  a  point  on  the  surface  is  2ir.  The 
total  radial  flow  from  A  through  the  lower  half  of  the  circular  cone 
having  its  axis  in  AB,  the  elements  of  the  cone  making  the  angle 
0i  with  AB,  is  \I{\—  cos  0i);  similarly,  the  total  radial  flow  toward 
B  through  the  lower  half  of  a  cone  with  the  angle  ir  —  02  will  be 
$/(l+cos02).  For  the  combined  superposed  flows  the  total  current 
flowing  through  the  semicircle  in  which  the  cones  intersect  is  the 
sum  of  these  two  values  or  \I{2  —  cos  0i+cos  02),  from  which  (1) 
is  immediately  obtained,  since  the  total  current  flowing  in  the  earth 
from  A  to  B  is  /.  This  assumes  that  the-semicircle  lies  between  A 
and  B,  but  the  same  formula  holds  for  the  entire  current  sheet  of 
revolution.  The  lines  of  flow  in  the  earth  are  symmetrical  about  AB 
and  lie  in  planes  through  AB,  since,  in  the  earth,  both  component 
flows  are  symmetrical  about  AB. 

For  the  component  flows  the  equipotential  surfaces  are  hemispherical 
and,  since  the  resistance  of  a  hemispherical  shell  of  radius  r,  thickness 
dr,  is  pdr  2-wr-,  the  potentials  at  distances  rx  or  r2  from  A  or  B,  re- 
ferred to  the  potential  at  infinity,  are  Ip  2wri  or  —Ip  2f;-2,  respec- 
tively, from  which  equation  (2)  follows  by  addition. 

Fig.  1  accurately  reproduces  the  flow  and  equipotential  lines  as 
given  by  formulas  (1)  and  (2).  At  the  midpoint  of  a  line  of  flow  its 
distance  from  each  electrode  is  r-i  =  r2  =  bl / 'C  and  it  may  be  shown 
that  every  other  point  of  a  line  of  flow  is  at  a  still  shorter  distance 
from  the  nearer  electrode.  It  follows,  for  example,  that  less  than 
1/10  of  the  total  current  reaches,  in  its  flow  through  the  earth,  any 
point  lying  at  a  distance  greater  than  5AB  from  the  line  AB  connect- 
ing the  electrodes. 

If  a  uniform  radial  flow  of  current  /  in  the  horizon  plane  con- 
verging on  the  point  A  is  combined  with  the  uniform  radial  flow 
in  the  earth  outward  from  A,  we  have  a  closed  flow  which  is  sym- 
metrical about  the  vertical  axis  through  A.  Below  the  horizon 
plane  the  magnetic  lines  of  force  will  be  horizontal  circles  and  the 
magnetic  force  at  any  point  distant  rx  from  A,  a  being  the  angle 
included   between   rx   and    the    nadir,    is    H  =  2I(l  —  cos  a)/(/isin  a) 
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=  11  ri  '  tan  (a  2).  Above  the  horizon  plane  there  is  no  magnetic 
field,  since  any  magnetic  lines  of  force  are,  by  symmetry,  horizontal 
circles  and  the  intensity  is  zero,  since  there  is  no  current  threading 
any  horizontal  circle  above  the  surface  of  the  earth. 

Superposing  this  closed  flow  and  a  similar  closed  flow  through  B 
from  the  earth  to  the  horizon   plane,  we  obtain  a  closed  flow  from  A 


rl.O  -.9    -.8 


1.0    -9    -8     -7 


5    -4     -3    -2     -I      0       .1      .2     .3     4      .5      6      .7      8      9     L0' 


Fig.  1 — Flow  and  equipotential  lines  on  the  earth's  surface  for  an  earth  return  flow 
from  .4  to  B.  C/I  is  the  fraction  of  the  current  flowing  in  the  earth  outside  the 
flow  surface  of  revolution;  V/I  is  the  resistance  to  the  flow  of  the  portion  of  the 
earth  lying  between  the  equipotential  surface  of  revolution  and  the  mid  or  zero  po- 
tential plane,  if  the  earth's  resistivity  is  p  =  2tv.  The  flow  and  equipotential  lines 
through  each  point  on  the  dotted  curve  are  perpendicular  and  parallel,  respectively, 

to  .45 


to  B  in  the  earth  and  back  from  B  to  A  in  the  horizon  plane.  The 
magnetic  field  for  this  closed  flow,  being  the  sum  of  the  magnetic 
fields  for  the  component  flows,  will  be  zero  above  the  horizon  plane, 
while  below  it  will  consist  of  lines  of  force  in  horizontal  planes.     This 
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result  also  applies  to  any  closed  flow  which  does  not  extend  above 
the  horizon  plane  and  may  he  resolved  into  any  number  of  com- 
ponent flows,  each  of  which  is  radially  symmetrical  about  a  vertical 
axis. 

3.     Mutual  Resistance  of  Grounded  Circuits 

By  definition,  if  e.m.f.'s  E  and  e  in  grounded  conductors  AB  and 
ab  produce  the  currents  I  and  /  =  ()  in  the  conductors,  the  mutual 
impedance  between  the  two  conductors  is  e  I.  In  the  present  case 
we  are  dealing  with  direct  current  and  thus  the  mutual  impedance 
is  a  mutual  resistance  Q,  and  by  (2)  its  value  is  2 


V     2tt  \Aa      Ab      Ba^  Bb) 

=£J  JdJds(iddSds 

p_   p  f ' -2dUduA-dVdv+dWdw 

2irJ 


(3) 


R3 

cos  (0i  —  e)      cos  (do  —  e) 

The  third  form  of  (3)  shows  that  the  mutual  resistance  falls  off 
as  the  inverse  third  power  of  the  distance  between  grounded  circuits 
when  this  distance  has  become  large  compared  with  the  length  of 
these   circuits  between   grounding  points. 

The  first  form  of  (3)  shows  that  the  mutual  resistance  between 
grounded  circuits  does  not  depend  upon  the  location  of  the  conductors 
but  only  upon  the  location  of  the  terminal  grounding  points  A,  B,  a,  b. 

The  mutual  resistance  for  the  case  p  =  2ir  is  obtained  from  Fig.  1 
by  taking  the  value  of  V  I  at  the  point  corresponding  to  a  reduced 
by  its  value  at  the  point  corresponding  to  b;  if  b  is  anywhere  on  the 
center  line,  for  which  V  7  =  0,  the  diagram  gives  directly  the  value  of 
the  mutual  resistance.  Employing  ordinary  units  the  diagram  gives 
the  mutual  resistance  directly  in  ohms  if  AB  =  \  mile  and  the  earth 
has  a  resistivity  of  about  one  million  ohms  per  centimeter  cube  (more 
exactly  1.01 1X106)  which  is  its  actual  order  of  magnitude. 


2  In  addition  to  the  earlier  notation  there  are  employed  in  the  different  expressions 
for  formula  (3),  and  also  in  formula  (5)  below,  the  following:  R  is  the  distance  be- 
tween two  elements  dS  and  ds  of  any  two  paths  extending  from  A  to  B  and  a  to  b; 
the  rectangular  projections  of  these  elements  along  and  perpendicular  to  R  are  d U, 
dV,  dW  and  du,  dv,  du\  the  two  sets  being  parallel  and  with  the  same  positive  direc- 
tions; du  62,  e  are  the  angles  which  ru  r2  and  ds  make  with  AB,  when  the  path  ab 
lies  in  a  plane  with  A  and  B. 
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4.     Neumann  Integrals  for  Return  Flows 

The  required  mutual  inductances  of  grounded  circuits  will  be  found 
by  means  of  the  Neumann  integral 

N=  )' )'  f  |*(cos  e/r)dl  dS  di  ds 

extended  over  every  current  filament  in  both  flows.  Since  the  earth 
return  portions  of  the  two  flows  are  independent  of  the  flows  in  the 
arbitrarily  located  conductors  on  the  earth's  surface,  it  is  convenient 
to  divide  the  Neumann  integral  into  four  partial  integrals  which  in- 
volve either  no  return  flow,  one  return  flow  or  both  return  flows  ac- 
cording   to    the    following    formula  3 

N{jr-  £)  (*-  *)  =  N  jxrx  -  Njr*  -  A7<5W+  Ne* 

=  A7jr^-(!  +  ^-l)A?byTableI, 
=Njr~  (4) 

Checking  the  entries  of  Table  I  may  be  accomplished  without  per- 
forming more  than  two  integrations.  It  will  be  convenient  to  make 
the  integrals  somewhat  more  general  than  is  required  in  checking 
the  table  and  find  Njrs  and  Njt'a  where  &  is  any  flow  in  space  from 
A  to  B,  which  need  not  be  coplanar  points  with  the  terminals  a  and  b 
of  •»,  and  <X"  is  any  flow  in  a  plane  parallel  to  the  horizon  plane  be- 
tween terminal   points  A'   and   B' . 

Consider  first  the  part  of  a  space  return  flow  ■*  which  is  radial  from 
a  in  connection  with  an  element  dS  on  any  filament  of  current  di 
of  a  flow  •&  from  A  to  B.  The  component  dx  of  dS  along  the  line  x 
from  a  to  ds  is  the  only  component  which  need  be  considered,  since  by 
symmetry  the  normal  component  contributes  nothing  to  the  Neumann 
integral.  As  the  total  radial  flow  is  to  be  taken  equal  to  unity,  the 
amount  flowing  out  through  a  ring,  taken  as  the  volume  element, 
lying  between  the  spheres  of  radii  5  and  s+ds  and  between  the  cones 
making  angles  6  and  6  +  dd  with  x  will  be  \  sin  6  dd.  If  this  ring  lies 
at  a  distance  r  from  dS  the  Neumann  integral  will  be 

~Ba        r>~       ^  cos  0  sin  ede  ,    . 

N=  dx  I      ds = ,  r  =  x2+s2  —  2xs  cos  8, 

J_\a  «A)  <A)  £Y 

i  r*dx  r~ds  /•(*+■-)        2 

=  a  /       —tl      —  (x-+s~-r~)dr 

\JAa      x-Jo       s-J  x-s\ 

3  Each  term  indicates  the  Neumann  integral  for  the  pair  of  flows  designated  by 
the  script  letter  subscripts,  as  explained  in  the  note  accompanying  Table  I.  Both 
(JT—<£)  and  ix—o)  are  arbitrary  flows  on  the  earth's  surface  closed  by  earth  return 
flows  from  A  to  B  and  from  a  to  b,  respectively. 
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SJAa       X2[Jq  Jx         s2 

1    rBa 
=  ±         dx  =  \(Ba-Aa). 
2Jag 


Table  I 

Entries  are  the  value  of  k  in  the  formula  N  =  kA  for  the  Neumann  integral  between 

the  specified   flows,  A  =  -Aa+Ab  +  Ba-Bb,  or  2/45  if  A  =a,  B=b,  and  points  A 

B,  a,  b  are  all  on  the  earth's  surface. 


Flowsf 

A 

S 

c 

a 

n 

z 

(*-*) 

U-») 

(A- a) 

U-«) 

u--) 

(•-«) 

Any  surface    =  Jf 

1 

\ 

1 

2 

l 

2 

0 

0 

1 

2 

i 

2 

1 
2 

l 

1 

0 

Space  return  =S 

i 

2 

1 

2 

1 
2 

1 

2 

i 

2 

0 

0 

0 

0 

0 

0 

Earth  return  =£ 

1 
2 

1 

0 

3 

1 
2 

0 

1 

2 

1 

2 

-l 

1 

1 

Air  return       =  *7? 

1 
2 

0 

1 

1 

2 

3 

0 

1 

2. 

1 
2 

l 

-1 

-1 

Nadir  return  =9? 

0 

i 

3 

1 
2 

* 

-1 

-1 

3 

1 
2 

* 

1 

2 

Zenith  return  =  J2T 

0 

2 

1 

2 

3 

-1 

* 

-\ 

1 
2 

3 
2 

l 

* 

-2 

Closed  (JT-J) 

1 

0 

0 

0 

1 
2 

1 
2 

1 
2 

1 
2 

l 

1 

0 

"      (JT-tf) 

1 

2 

0 

1 

2 

1 

3 

1 
2 

1 

0 

2. 

0 

-1 

"     (jr-sf) 

1 
2 

0 

1 
2 

1 

2 

1 

2 

5 

0 

1 

0 

2 

1 

"      (JT-S?) 

1 

0 

-1 

1 

* 

1 

2 

0 

* 

0 

-2 

"      (JT-JT) 

1 

(1 

1 

-1 

1 

* 

0 

2 

0 

* 

2 

"      ifi-Jt) 

0 

0 

1 

-1 

2 

-2 

0 

-1 

1 

_2 

2 

2 

*  Not  of  the  assumed  form  and  in  general  infinite. 

t  Each  type  of  flow  is  designated  by  a  script  letter.  Any  flow  in  the  surface  of 
the  earth,  assumed  to  be  a  plane,  is  designated  by  JX~,  there  being  no  restriction  on 
the  number  of  filaments  of  current  but  each  filament  must  start  from  a  common 
point,  A,  and  extends  to  another  common  point,  B.  A  special  case  of  ^Tis  J?  the 
horizon  return  flow  made  up  of  two  superposed  uniform  radial  flows,  from  A  to 
every  point  of  the  horizon  and  back  to  B.  The  space  return  flow,  S,  is  made  up 
of  two  superposed  uniform  radial  flows,  one  outward  in  all  directions  from  the  point 
A  and  the  other  inward  from  all  directions  toward  the  point  B.  The  earth  return 
and  air  return  flows,  £  and  ^  are  similar  except  that  the  flows  are  uniformly  dis- 
tributed over  all  directions  in  the  earth  and  air,  respectively.  The  nadir  return 
and  zenith  return  flows,  5^  and  =2°,  consist  of  two  infinite  vertical  filaments  from  A 
and  back  to  B  by  way  of  the  nadir  and  zenith,  respectively.  Small  script  letters 
indicate  similar  types  of  flow  with  any  independent  terminal  points,  a  and  b.  Dif- 
ferences such  as  (Jfc~— J*)  designate  closed  flows;  thus  {JC—G)  designates  any  flow 
on  the  earth's  surface  from  A  to  B  where  it  enters  the  earth  and  after  spreading 
out  uniformly  through  the  earth  returns  to  the  terminal  A,  thus  closing  the  flow. 
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To  this  is  to  be  added  the  corresponding  expression  \{Ab  —  Bb) 
for  the  radial  flow  converging  on  b,  giving  the  result  |A.  As  the  path 
of  the  line  of  flow  between  A  and  B  does  not  enter  into  the  result, 
it  is  immaterial  whether  the  flow  is  confined  to  a  single  filament  or 
is  spread  out  in  any  way  whatsoever  in  space,  provided  only  all 
stream  lines  extend  from  A  to  B,  as  assumed  for  &.     Thus 

Njrs=lA  =  Nss. 

To  find  Njt'a  let  r  and  s  be  the  distances  of  any  element  dS  of  a 
line  of  flow  forming  a  part  of  -*"  from  a  and  from  any  element  of  a 
plane  radial  flow  from  a,  respectively,  the  projections  of  r  and  5  on 
either  of  the  planes  being  x  and  y,  which  include  the  angle  4>\  s2  =  y2-\-z2, 
r2=x2+z2.  The  component  of  dS  parallel  to  x  will  be  dx  and  this  is 
the  only  component  which  need  be  considered,  since,  on  account  of 
the  symmetry  of  the  radial  flow,  the  normal  component  in  the  plane 
of  flow  contributes  nothing  to  the  integral. 

rBa        /"*    /»2tt        x  —  ycos<t>        ydyd<t> 

~JAa        '  «A)       «/)        X2-\-y2  —  2x}'  COS0       2vs 

i  fij_risri l+  ,^f~f    >« 

2irJAa     xJz         Jq    V       A-+y-  —  2xy  cos  0/ 

I    TBa  dx  f™      r  ^  (a-2 + y2)  cos  <fr  -  2xy~]  * 

=  2~JAa    TJt     ^L0-Sm      .v2+y2-2.rycos0Jo 

=  r  *  ['dS, 

since  inspection  shows  that  the  two  values  of   the  definite  integral 
2t  and  0  are  to  be  used  for  s>r  respectively,  and  therefore 

AT       rBa  r-z  . 
N=   I       ■ dx 


fBa    r 

V=     / 

J  A  a.  X 


rB'a   rdr 
Ja'u     r+z 

=  \  r-z\og(r+z) 

=  (B'a-A'a)-z\og1^-^. 

K  '  &  A'a  +  z 

This  is  for  the  radial  flow  from  a.     Adding  the  corresponding  expression 
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for  the  radial  flow  towards  b,  we  have  finally  for  the  complete  integral 

N^M-A'a+A'i+B'a-m-zlos  jff+<>  gffg;    (4a) 

which  becomes,  if  s  =  0, 

Njta  =  A  =  ATjfc*, 

The  first  line  of  Table  I  can  now  be  filled  in  at  once  since  the  in- 
tegrations have  shown  that  the  first  two  values  of  k  are  1  and  \;  the 
next  two  entries  are  also  \  since  by  symmetry  N jtrs  =  N jre  =  N jra; 
Njt~n  =  ^ JCz-  —  0  since  the  nadir  and  zenith  flows  are  perpendicular  to 
the  «#*  flow  in  the  horizon  plane.  The  remaining  six  entries  in  the 
first  row  are  for  closed  flows  which  are  expressed  as  differences  be- 
tween the  flows  already  considered,  and  the  corresponding  k's  are 
the  differences  of  the  k's  for  the  component  flows.  The  first  column 
of  k's  may  also  be  filled  in,  the  table  being  symmetrical,  since  inter- 
changing capital  and  small  script  letters  leaves  N  unchanged  and  * 
is  a  special  case  of  •*. 

The  second  row  ot  the  table  involves  only  special  cases  of  Ns/ 
and  only  the  values  \  and  0  occur. 

From  the  flows  included  in  the  table  nine  pairs  of  closed  flows  may 
be  formed  having  zero  mutual  inductances,  because  one  of  the  closed 
flows  of  each  pair  has  no  magnetic  field  below  the  surface  of  the 
earth  and  the  other  closed  flow  includes  no  current  above  the  sur- 
face of  the  earth,  and  thus  there  is  no  interlinkage  of  induction  be- 
tween the  two  closed  flows.  The  portion  of  Table  I  referred  to  is 
repeated  in  Table  II,  where  the  flows  at  the  top  are  those  for  which 
any  difference  such  as  (>*—«)  has  no  magnetic  field  below  the  earth's 
surface,  just  as  {Jf—€)  has  no  magnetic  field  above  the  earth's  surface, 
as  was  proved  above,  while  no  flow  at  the  side  penetrates  above  the 
earth's  surface. 


Table 

II 

a 

a 

jr 

JC 

1 

l 

2 

0 

s 

i 

2 

0 

1 

2 

V 

0 

1 

2 

-1 

The  top  row  of  Table  II  includes  only  values  of  k  already  found,  and 
the  remainder  of  the  first  column  follows  from  symmetry  and  the 
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fact  that  a  is  a  special  case  of  the  general  flow  ■*.  Any  other  entry  in 
Table  II  is  now  found  in  terms  of  three  of  the  entries  in  this  border, 
thus 

0  =  N(  jc-  <f)  U-  «)  =  Njta  -  Xjra  -  Nga  +  Nsm  =  ( 1  -  \  -  \)  A  +  Nsa, 

and  we  have  the  interesting  result  NtFa=0;  the  remainder  of  the  table 
follows. 

The  result  N^=  —  A  may  be  readily  checked  directly  since  it 
involves  only  the  mutual  Neumann  integral  between  straight  parallel 
filaments,  and  by  using  the  expanded  form  of  the  integral  for  equal 
filaments  beginning  at  a  common  perpendicular  with  opposite  positive 
directions4  the  result  can  be  written  down  at  once. 

The  important  difference  ^  which  is  utilized  in  Table  I  may  be 
expressed  in  the  following  useful  forms : 

A  =  (-Aa+Ab+Ba-Bb) 

d2R 


-If 
-II 


dSds 


dSds 

dVdv+dWdw 
R 


(5) 


=  2jsm%  (02- 0i)  sin  [%(d1  +  d2)-e]ds, 

where  the  notation  is  the  same  as  for  formula  (3)  above.  The  third 
form  of  (5)  shows  that  when  the  separation  R  is  great  the  mutual 
inductance  varies  inversely  as  the  first  power  of  the  separation. 

5.     Mutual  Inductance  Between  Grounded  Circuits  Lying  on 
the  Surface  of  the  Earth 

It  has  now  been  shown  that  for  direct  currents  the  mutual  inductance 
between  grounded  circuits  consisting  of  conductors  lying  on  the  surface 
of  the  earth  and  grounded  at  their  terminals  is  equal  to  the  mutual  Neu- 
mann integral  between  the  conductors  alone,  since  in  the  complete  Neu- 
mann integral  for  the  closed  flows  the  total  contribution  of  those  parts 
which  involve  the  ground  returns  is  zero.  For  low  frequencies  the 
effective  inductance  can  differ  but  little  from  the  direct-current  in- 
ductance,  and  it  is  therefore  of  practical  importance  to  investigate 

4  Mutual  Inductances  of  Circuits  Composed  of  Straight  Wires.  Physical  Review, 
5,  pp.  452-458,  June,  1915,  formula  (6). 
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the  numerical  magnitude  of  these  Neumann  integrals  between  grounded 
circuits.  In  order  to  visualize  the  magnitudes  involved  and  supply 
means  bv  which  they  may  be  readily  calculated,  a  number  of  diagrams 
have  been  prepared  for  the  important  case  of  straight  conductors.5 
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Fig.  4 — Mutual  Neumann  integral  between  filaments  forming  opposite  sides  of  a 
rectangle  with  unit  separation.  The  dashed  curves  show  the  mutual  resistance 
between  the  filaments  if  the  circuits  are  grounded  through  the  earth  and  its  resistivity 
is  p  =  2ir.  The  numerator  and  denominator  of  the  bracketed  fraction  on  each  section 
of  the  curve  show  the  factors  by  which  the  vertical  and  horizontal  scales  must  be 
multiplied  for  use  on  this  section 


If  the  two  straight  conductors  OA,  Oa  start  from  a  common  point 
0,  the  mutual  Neumann  integral  is  shown  by  Fig.  2;  the  curves  give 
the  locus  of  terminal  a  for  constant  values  of  the  integral  when  the 
other  conductor  OA  is  the  unit  base.     The  Neumann  integral  between 

s  The  necessary  formulas  are  given  in  the  paper  loc.  cit.  Additional  transforma- 
tions of  these  formulas  are  given  in  the  appendix  to  the  present  paper. 
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any  two  straight  filaments  <&  and  r  having  terminals  A,  B  and  a,  b 
may  be  expressed  as 


Nsb.  =  N(Aa)  -  N(Ab)  -  N{Ba)  +  N 


(Bb), 


(6) 


where  N(Aa)  stands  for  the  Neumann  integral  between  the  two  straight 
filaments,  OA  and  Oa,  beginning  at  0,  the  point  of  intersection  of  & 
and  r,  extended  if  necessary,  and  ending  at  the  terminals  A  and  a;  thus 
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Fig.  5 — Mutual  Neumann  integral  between  filaments  forming  opposite  sides  of  a 

rectangle  with   unit  separation.     The  dashed  curves  show  the  mutual  resistance 

between  the  filaments  if  the  circuits  are  grounded  through  the  earth  and  its  resistivity 

is  p  =  2ir.     This  is  Fig.  4,  but  with  logarithmic  scales 


the  integral  between  any  two  filaments  which  would  intersect  within 
a  finite  distance  may  be  readily  found  after  reading  four  values  from 
Fig-2.^ 

In  the  special  case  of  parallel  filaments  Fig.  2  fails;  the  corresponding 
curves  for  this  case  are  presented  by  Fig.  3,  which  assumes  a  unit  base 
filament  and  a  parallel  filament  starting  at  a  point  on  the  left  hand 
perpendicular   to   the   base.     Differences  will   give   the   general   case 
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of  parallel  filaments  which  do  not  start  at  a  common  perpendicular, 
which  may  thus  be  derived  from  Fig.  3. 

The  mutual  Neumann  integral  between  any  two  parallel  filaments 
may  also  be  obtained  by  means  of  the  formula 


N&, 


N(Aa)  +  ^(Ab)  +  ^T(Bj)  —  N(Bb)], 


(7) 


where  N(Aa)  now  stands   for  the  Neumann  integral  between  the  pro- 
jections of  Aa  on   &  and   rt  extended   if  necessary,  the  projections 


OS       -0,7      -0-6      -0,5      -0-4     -0-3      -0.2      -0 1  0         01         02        03         04       05        0-6        07        0-8        OS         10 


Fig.  6 — Contour  lines  of  the  mutual  Neumann  integral  between  a  counter-clockwise 
small  loop  on  the  surface  of  the  earth,  per  unit  area,  and  a  straight  grounded  filament 

AB  of  unit  length 

having  the  same  or  opposite  positive  directions  in  agreement  with 
.2?  and  r.  This  formula  for  the  mutual  Neumann  integral  presents  the 
advantage  of  requiring  only  a  single  entry  diagram,  which  is  supplied 
by  Fig.  4  and  on  a  logarithmic  scale  by  Fig.  5. 

The  mutual  inductance  may  be  required  between  a  small,  closed 
loop  lying  upon,  but  insulated  from,  the  surface  of  the  earth  and  a 
straight  grounded  conductor.  The  value  depends  upon  the  location, 
area  and  assumed  positive  direction  around  the  loop,  but  is  inde- 
pendent of  the  shape  of  the  loop.  Contour  curves  for  the  mutual 
inductance  per  unit  area  of  the  loop  are  given  by  Figs.  6  and  7;  the 
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positive  direction  around  the  loop  is  counter-clockwise;  the  straight 
grounded  conductor  AB  of  Fig.  6  is  of  unit  length  while  in  Fig.  7 
grounded  terminal  B  alone  appears,  terminal  A   being  at  an  infinite 


Fig.  7 — Contour  lines  of  the  mutual  Neumann  integral  between  a  counter-clockwise 
small  loop  on  the  surface  of  the  earth,  per  unit  area,  and  a  straight  grounded  filament 

of  infinite  length 

distance  to  the  left.  These  curves  show  the  vertical  component  of 
the  magnetic  field  due  to  unit  current  in  AB.  The  formulas  employed 
for  AB  =  1  and  infinity,  respectively,  are* 


2y(rl  +  r2) 


d*N 


dxdy     rir2[(ri  +  rj)2 


d2N  y  1  .       la 

-j-r  =     ,      , — v  =  —  tan  \6.2. 
dxdy      r2(.r2  +  r2)      r2 


L_    =  r_±±ll    fl-(ri-r2)a 
-1]        rir2  VCrx  +  rs)2-!' 


(8) 
(9) 


Large  loop  mutual  inductances  may  be  calculated  either  by  inte- 
grating the  value  of  —d2N/dxdy  over  the  loop  or  by  integrating  the 
value  of  dN/ds  around  the  boundary.  If  the  boundary  may  be  ap- 
proximated to  by  a  broken  straight  line,  the  curves  of  Figs.  2  and  3 
may  be  employed. 

6  These  formulas  may  be  derived  by  differentiating  (8)  of  the  paper  loc.  cit., 
dN/dx  =  2  tanh-HAB/Uj+sB)],  with  respect  to  y. 
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6.     Mutual  Impedances  for  Conductors  Lying  on  the  Surface 

of  the  Earth 

In  order  to  arrive  as  directly  as  possible  at  a  concrete  numerical 
idea  of  the  magnitudes  and  angles  occurring  in  the  mutual  impedances 
encountered  in  engineering  work,  we  may  advantageously  start  with 
the  following  specific  constants : 

Base  Length  {AB,  OA  or  A  a) 1  Mile, 

Frequency  of  the  Alternating  Current 1  Kilocycle, 

Resistivity  of  the  Earth  per  Centimeter  Cube .  1  Megohm, 

which  are  of  the  right  order  of  magnitude  and  make  the  factors 

p/(2tt  AB)  =  lQ6/(2ir  0. 1609 X106) -0.989, 
27r/X^5Xl0-9  =  27r  0.1609  =  1.011, 

which  are  both  equal  to  unity  within  about  1  per  cent.,  so  that  the 
approximate  resistance  and  reactance  components  of  mutual  im- 
pedances may  be  read  directly  from  Figs.  1-8  without  applying  multi- 
pliers. On  the  other  hand,  when  mutual  impedances  are  required 
for  other  lengths,  frequencies  and  specific  resistances,  the  correcting 
factors  are  readily  applied.  The  tangent  of  the  angle  of  the  mutual 
impedance  is  proportional  to  the  frequency,  to  the  square  of  the 
linear  dimensions  of  the  circuits  and  to  the  reciprocal  of  the  earth's 
resistivity. 

Grounded  circuits  separated  by  a  distance  large  compared  with 
the  dimensions  of  the  circuits  have  a  mutual  impedance  with  negligible 
resistance  component  since  ultimately  this  component  varies  in- 
versely as  the  cube  of.  the  distance  by  (3),  whereas  ultimately  the 
mutual  reactance  varies  inversely  with  the  distance. 

For  two  parallel  grounded  conductors  separated  by  one  mile  and 
forming  opposite  sides  of  a  rectangle,  the  two  components  of  the 
mutual  impedance  are  shown  by  Fig.  5  for  the  assumed  constants 
(approximately  a  kilocycle  and  a  megohm).  The  resistance  com- 
ponent of  the  mutual  impedance  is  then  always  less  than  the  reactance 
component;  when  the  rectangle  becomes  a  square,  the  mutual  im- 
pedance angle  is  tan_1l. 595  =  57.9°.  Reducing  the  frequency  to 
0.627  kilocycles  or  reducing  the  side  of  the  square  to  0.792  miles  or 
increasing  the  resistivity  to  1.595  megohms  would  reduce  this  angle 
to  45°. 

Consider  two  straight  grounded  conductors  AB  and  ab,  the  latter 
distance   being  small   compared   with   the   other   dimensions  of   the 
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system  and  assume  that  while  ground  a  is  fixed,  ground  b  is  rotated 
about  a  in  a  circle  of  fixed  radius  ab.  This  will  vary  the  mutual 
impedance  between  the  two  grounded  conductors.  The  reactance 
component  will  vary  as  the  cosine  of  the  angle  between  ab  and  AB. 
The  resistance  component  will  also  vary  as  the  cosine  of  an  angle, 
measured,  in  general,  from  a  direction  other  than  AB.  The  maxi- 
mum resistance  component  will  also  differ,  in  general,  from  the  maxi- 
mum reactance  component.  The  locus  of  the  mutual  impedance 
obtained  for  all  positions  of  ab  will  be  an  ellipse.  The  ellipse  becomes 
a  straight  line  when  ground  a  lies  on  the  bisecting  normal  of  AB, 
for  then  the  direction  giving  the  maximum  resistance  component  is 
parallel  to  AB  and  thus  the  same  as  for  the  maximum  reactance  com- 
ponent. The  straight  line  limit  is  also  obtained  when  ground  a  lies 
on  the  prolongation  of  AB  in  either  direction,  for  the  resistance 
component  then  has  its  maximum  value  in  the  direction  opposite  to 
AB.  The  maximum  resistance  component  will  be  perpendicular 
to  AB  at  the  points  on  Fig.  1  where  the  C/I  contour,  if  drawn,  would 
be  vertical.     The  locus  of  these  points  is 

y*  =  (x2-b2)2/z[(x+b)W+(x-b)W].  (10) 

At  remote  points  on  this  locus  y=± V 2  x  and  the  maximum  resist- 
ance is  negligible  compared  with  the  maximum  reactance  since  the 
circuits  are  widely  separated,  while  in  the  neighborhood  of  A  and  B 
it  is  the  maximum  reactance  which  is  negligible  compared  with  the 
maximum  resistance.  At  some  intermediate  point  the  two  maxima 
are  equal,  and,  since  they  occur  for  directions  differing  by  90°,  the 
elliptical  impedance  locus  becomes  a  circle;  and  the  mutual  impedance 
between  the  two  grounded  circuits  does  not  change  in  magnitude 
as  ground  b  is  rotated  about  ground  a.  For  the  assumed  constants 
(1  mile,  1  kilocycle  and  1  megohm)  this  -point  lies  at  distances  of 
1.562  and  0.939  miles  from  the  two  terminals  A  and  B,  and  its  four 
possible  locations  are  shown  by  the  four  small  crosses  on  Fig.  1. 

If  a  is  rotated  counter-clockwise  about  AB,  the  direction  giving  the 
maximum  resistance  component  also  rotates  counter-clockwise,  making 
two  complete  revolutions,  while  the  ground  a  makes  one  revolution 
about  AB. 

7.    Equivalent  Ground  Plane 

To  a  first  approximation  the  direct-current  mutual  inductance 
between  two  straight  conductors  AB  and  ab,  forming  opposite  sides 
of  a  rectangle  on  the  surface  of  the  earth,  at  a  separation  Aa  which 
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is  small  compared  with  the  length  AB  is,  by  (25)  of  the  appendix, 
neglecting  the  first  and  higher  powers  of  1  s,7 

-AB 

N  =  2AB\og^=2AB\og0-7™fB.  (11) 

This  expression  has  the  form  (2  /  log  s/r)  of  the  commonly  employed 
mutual  inductance  formula  for  two  long  parallel  conductors,  each  of 
length  /,  separated  by  distance  r,  the  common  return  being  a  perfectly 
conducting  earth  in  which  the  image  of  each  conductor  is  at  the 
distance  5  from  the  other  physical  conductor.  For  our  direct-current 
case,  therefore,  the  effective  distance  to  the  images  is  about  f  of 
the  length  of  either  grounded  conductor.  Since  this  distance  is  by 
assumption  large  compared  with  the  distance  between  the  conductors, 
the  images  are  approximately  at  this  same  depth  below  the  actual 
surface  of  the  earth,  and  the  hypothetical  perfectly  conducting  earth 
would  be  at  one-half  this  depth,  or  %AB.  The  effective  image  dis- 
tance is  necessarily  directly  proportional  to  the  dimensions  of  the 
grounded  circuits  and  independent  of  the  earth's  resistivity  because 
the  shape  and  relative  distribution  of  the  lines  of  flow  are  independent 
of  the  resistivity  and  of  the  length  of  the  grounded  circuits.  Inspec- 
tion of  Fig.  1  shows  that  somewhat  over  \  of  the  return  flow  attains  a 
distance  \AB  from  AB,  while  the  remainder  of  the  current  remains 
closer  to  the  grounded  conductor. 

It  may  be  inquired  what  would  be  the  effect  of  confining  both  return 
currents  to  a  thin  uniform  conducting  layer  on  the  earth's  surface, 
so  that  they  become  horizon  return  flows.  For  the  closed  flows 
(JT-J?)  and  (■*—  a)  in  general  and  the  particular  flows  (SP--&)  and 
(r—  a),  where  &  and  r  are  close  parallel  straight  conductors, 

N(JT-  Jt)  W-A)  =  NjTjt  -  XJTA  -  Xj?*+  XjtTA 

N(SP-je)(r-A)=Ns?r-2Ab  +  2Aa 

\ab 

=2AB  log  *J-=2AB  log .^~.         (12) 

7  If  the  term  1  s  =  Aa/AB  of  the  expansion  is  retained  the  equivalent  ground  plane 
has  the  depth  <AB+Aa)/e  and  thus  becomes  deeper  as  ab  is  moved  away  from  AB. 
But  the  equivalent  ground  plane  may  be  kept  fixed  at  the  distance  AB/e  from  AB 
provided  it  is  tipped  at  the  angle  sin  _12  e  =  -il°  so  that  ab  moves  away  from  the 
ground  plane  as  it  rroves  away  from  AB.  If  it  were  worth  while,  still  closer  ap- 
proximations might  be  secured  by  using  a  perfectly  conducting  cylindrical  earth  of 
suitable  cross-section. 
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Thus,  the  assumption  that  the  return  current  is  confined  to  the  earth's 
surface  does  not  change  the  order  of  magnitude  of  the  effective  image 
distance,  but  reduces  it  from  about  f  to  about  \  of  the  length  of  the 
exposure.     For  space  returns  the  effective  image  distance  is 

2A B/e3/2  =  0.446  AB. 

Now  take  another  practical  case  by  assuming  that  the  conductor 
ab  is  of  negligible  length  compared  with  its  separation  r  from  the 
parallel  conductor  AB  and  the  separation  is,  in  turn,  negligible  com- 
pared with  the  length  AB.  The  formula  for  dN/dx  given  in  footnote 
6  shows  that  the  required  inductance  depends  only  on  the  ratio 
AB/iri  +  ro)  and  is  thus  constant  upon  an  ellipse.  Equivalent  ex- 
pressions in  logarithmic  form  are 

iV  =  2a&log(2cosplSin^2^-^-2)  (13) 

or  approximately 

AB 
N  =  2  ab  log ,  if  ab  is  opposite  the  midpoint  of  AB,  (15) 


2V 


=  -     2  ab  log—        ,  if  ab  is  at  distance  r2  beyond  B*      (16) 


Thus,  from  (13)  the  effective  image  distance  is  never  greater  than 
twice  the  geometrical  mean  distance  from  ab  to  A  and  B.  Its  maxi- 
mum value  is  approximately  AB  and  occurs  when  ab  is  opposite 
the  midpoint  of  AB.  Its  minimum  value  is  approximately  v  r<iAB 
and  occurs  when  ab  is  at  the  distance  r2  from  A  or  B  in  the  prolonga- 
tion of  AB.  This  makes  the  inductance  one-half  of  what  it  is  at  the 
symmetrical  position.  Thus,  wherever  ab  is-  placed,  its  mutual  in- 
ductance with  AB  lies  somewhere  between  50  per  cent,  and  100  per 
cent,  of  the  mutual  inductance,  due  to  an  effective  image  distance 
AB,  ab  remaining  always  parallel  to  AB  and  the  locus  of  ab  being  a 
rectangle  with  semicircular  ends  of  radius  r2  and  centers  A  and  B. 

8.     Mutual  Impedances  of  Grounded  Circuits  Which  Depart 
from  the  Surface  of  the  Earth 

Consider  a  system  of  conductors  following  any  paths  in  space  and 
insulated  frpm  the  earth  except  at  two  grounding  points  on  the  sur- 

8  The  shortest  distance  from  ab  to  A  B  might  have  been  designated  by  a  single 
letter  in  place  of  using  y,  r  and  r-i  in  formulas  (13),  (15)  and  (16). 
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face  of  the  earth.  Any  flow  of  current  through  this  system  of  con- 
ductors may  be  divided  into  elementary  filaments  each  of  which  is 
made  up  of  segments  beginning  and  ending  at  the  earth's  surface 
and  not  crossing  the  earth's  surface  between  these  terminals.  Ground 
each  segment  at  both  ends.  Let  W  and  ^designate  segments  having 
terminals  A  and  B,  W  (for  example,  an  open  wire  circuit)  never 
going  below  the  surface  of  the  earth  and  1/  (for  example,  an  under- 
ground cable  circuit)  never  going  above  the  surface  of  the  earth.  Add 
the  underground  flow  2/  to  Table  II  at  the  foot  of  the  left-hand 
column  and,  proceeding  as  before, 

Q  =  X  7/-JT  *-*  =  N&* -  N&a +§A  =  2Vs&  +  Xt/c  -  \\ , 

0  =  N\  1/-JC)  A-a   =  N&a  -  X2/a  -  JA  =  N&A  +  N&e  -  f  A , 

or  N&e  =|A-  N&*  =  §A  -  N&a, 

and  similarly  for  the  flow  W  above  ground, 

Xwa  =  |A+  Nf&„  =  NfifA  -\\. 
Hence  the  three  cases  which  may  occur  give 

-V  71/ -  £     iv  -  e    =  XWiv  —  X?6>„  —  Ntyut 


(17) 
=  ^Wu,—  ^Wa  —  Njeu,+2A,   , 

x  t/~£  u  -  c ,  =  Xq/u + iVat + Xjru 

(18) 
=  Nitu  +  N&a  +  Nj?u  -  2  A ,      J 

-V  W- £    u- o)  =  XWu  -  Xw„  -f NjTu 

(19) 
=  A  2fu  -N&/X-\-  Xjfu. 

The  importance  of  these  equations  lies  in  the  fact  that  the  earth 
return  flows  are  replaced  by  the  simpler  nadir,  zenith  and  horizon 
return  flows.  If  the  conductors  comprise  only  broken  straight  filaments, 
making  any  angles  with  each  other  and  the  earth,  the  required  Neumann 
integrals,  if  ice  use  the  expressions  involving  the  nadir  and  zenith  returns, 
are  the  known  expressions  between  straight  filaments.  If  the  conductors 
lie  in  horizontal  planes  with  vertical  ground  connections,  it  is  con- 
venient to  employ  the  expressions  involving  the  horizon  return  flows, 
since  the  required  integral  is  (4a)  derived  above.  Formulas  (33)-(41) 
of  the  appendix  are  the  resulting  formulas  for  the  three  general  cases 
and  for  a  number  of  important  special  cases. 

In  general  we  may  say  that  the  effect  of -changing  the  height  of  one 
or  both  conductors  by  an  amount  which  is  small  compared  with  the 
length  of  the  conductors  will  be  relatively  small,  since  the  effective 
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image  distance  has  been  shown  above  to  be  of  the  order  of  thelength 
of  the  conductors.  To  illustrate  this  fact,  in  Fig.  8  four  dotted  curves 
have  been  added  to  the  curve  of  Fig.  5  showing  the  mutual  induct- 
ances of  the  two  parallel  grounded  conductors  when  they  are  in  the 


Fig.   8 — Mutual  Neumann  integral  between  grounded  filaments  forming   opposite 

sides  of  a  rectangle  with  unit  separation,  on  the  surface  of  the  earth  (from  Fig.  5) 

and  between  the  same  filaments  when  one  or  both  of  the  filaments  is  raised  above 

or  depressed  below  the  surface  of  the  earth  as  shown  by  the  insert 


four  positions  indicated  by  Ni,  A72,  N3  and  Ni  on  the  insert  of  Fig.  8, 
calculated  by  formulas  (28)-(30)  of  the  appendix,  which  are  special 
cases  of  (35),  (36),  (39)  and  (40).  When  the  conductors  are  long,  the 
relative  change  in  the  mutual  inductance  is  small.     Depressing  the 
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Fig.   9 — Comparison  of  measured  and  calculated  mutual  impedances  between  the 

indicated  circuit  pairs.     Each  arrow  extends  from  the  measured  impedance  located 

at  its  tail  to  the  calculated  impedance  at  its  head.     The  location  of  and  positive 

directions  for  these  circuits  are  shown  by  Fig.  10 
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wires  reduces  the  inductance;  the  cuives  show  that  in  the  case  of 
Ni  the  inductance  passes  through  zero  and  is  reversed  in  sign  when 
^  =  1.560. 

When  the  departure  of  the  circuits  from  the  earth's  surface  may  be 
neglected,  all  terms,  but  the  first,  on  the  right-hand  side  of  formulas 
(17)— (19)  drop  out,  and  each  reduces  to  the  simple,  fundamental 
grounded  circuit  formula  (4). 

9.     Comparison   of  Theoretical   Results   with   Measurements 
at  25  and  60  Cycles 

Fig.  9  shows,  by  means  of  arrows,  the  impedances  which  must  be 
added  to  each  of  a  large  group  of  measured  25-cycle  mutual  im- 
pedances to  obtain  the  results  calculated  by  means  of  the  preceding 
formulas,  on  the  assumption  that  the  earth  has  a  uniform  resistivity 
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Fig.  10 — Location  of  test  circuits,  the  arrow-heads  showing  the  positive  directions 
in  the  conductors.  When  circuits  are  combined  in  series,  with  the  removal  of 
intermediate  grounds,  the  new  circuit  designation  is  shown  by  the  equations.  The 
test  circuits  A,  m  and  t  are  large  metallic  loops  from  which  all*  grounds  have  been 
removed.  The  horizontal  and  vertical  displacements  of  the  conductor  by  a  few  feet, 
which  render  the  indicated  equalities  for  ./fand  n  only  approximate,  were  allowed 
for  in  determining  the  calculated  results  for  Fig.  9.  The  grounds  of  the  capital 
letter  circuits  were  isolated  sections  of  single  track  about  one  mile  in  length;  the 
midpoint  of  the  section  is  shown  as  the  effective  ground  but  it  may  have  actually 
been  displaced  and  have  varied  with  the  moisture  of  the  road-bed 
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ot  0.5  megohm  per  centimeter  cube.  The  measurements  were  not 
made  for  the  purpose  of  this  comparison,  for  which  they  are  not  well 
adapted,  but  they  do  give  both  components  of  the  mutual  impedance, 
which  is  the  absolutely  essential  requirement.  The  geometrical 
irregularity  of  these  circuits  is  shown  by  Fig.  10.  This  was  com- 
pletely allowed  for  by  making  detailed  computations  after  substitut- 
ing an  approximately  equivalent  broken  line  for  each  circuit.  The 
variability  in  the  earth's  resistivity  with  location,  depth  and  changing 
moisture  content  on  different  days  could  not  be  allowed  for.  The 
effect  of  buried  gas  and  water  pipes  and  of  other  grounded  conductors 
was  also  necessarily  neglected. 

The  direct-current  theory  leaves  but  one  arbitrary  constant  at  our 
disposal  after  the  frequency  and  the  geometry  of  the  circuits  have 
been  fixed.  This  constant  is  the  earth's  resistivity.  By  trial  it 
was  found  that  0.5  megohm  gave  a  good  average  agreement  between 
the  calculated  resistance  components  and  the  entire  set  of  measure- 
ments, only  a  part  of  which  is  included  in  Fig.  9.  The  individual 
discrepancies  are  large  but  are  not  so  large  as  to  be  disconcerting, 
considering  the  variations  in  effective  earth  resistivity  from  place  to 
place  and  from  day  to  day  during  the  progress  of  the  tests. 

The  calculated  reactance  component  of  the  mutual  impedance 
based  on  the  direct-current  mutual  inductance  is  independent  of  the 
earth's  resistivity  and  is  uniquely  determined  by  the  frequency  and 
geometrical  relations.  Even  a  general  agreement  between  the  cal- 
culated and  the  measured  reactances  is  significant  and  Fig.  9  shows  not 
only  this,  but  also  a  great  many  good  individual  agreements.  The 
outstanding  discrepancies  for  circuits  tfand  <?are  systematic,  and  are 
apparently  to  be  explained  by  the  effective  grounding  of  these  cir- 
cuits at  some  other  points  than  the  midpoints  of  the  track  sections. 
On  the  basis  of  this  comparison,  it  appears  that  the  direct-current 
theory  proves  itself  adequate  to  give  an  approximation  to  the  actual 
mutual  reactances,  provided  the  linear  scale  and  the  frequency  in- 
volved do  not  greatly  exceed  those  of  these  tests. 

Measurements  were  also  made  at  60  Cycles.  The  resistance  com- 
ponent remained  roughly  the  same  as  for  25  cycles;  the  reactance 
component  doubled  as  shown  by  Fig.  11;  each  component  therefore 
agreeing  approximately  with  the  results  which  would  obtain  if  the 
direct-current  distribution   is  maintained. 

Other  comparisons  have  been  made  with  the  same  conclusion,  but 
tests  should  be  made,  throughout  a  range  of  frequencies,  at  a  locality 
where  it  is  known  that  the  conductivity  of  the  upper  layer  of  the 
earth's  surface  is  reasonably  uniform  so  that  the  effect  of  the  lower 


26 


BELL  SYSTEM  TECHNICAL  JOURNAL 


layers  may  be  determined.  Small  scale  models,  having  the  proper 
propagation  constant,  could  advantageously  be  used  in  determining 
the  alternating-current  impedances  for  uniform  earth  resistivity  or 
any  assigned  distribution  of  resistivity. 
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Fig.  11 — Comparison  of  measured  mutual  reactances-at  25  and  60  cycles.     A  right 

line  with  the  slope  2.0  fits  the  point  somewhat  better  than  a  line  with  the  slope  2.4 

which  corresponds  to  the  ratio  of  the  frequencies 


10.    Summary 

Formulas  for  the  direct-current  mutual  resistances  and  mutual 
inductances  for  grounded  circuits  on  the  assumption  of  uniform 
earth  resistivity  have  been  derived  and  useful  diagrams  prepared. 
The  applicability  of  these  results  as  a  first  approximation  to  many 
practical  alternating-current  cases  has  been  shown. 

If,  as  I  hope,  this  paper  is  free  from  ambiguities  and  errors,  it  is 
due  to  a  thorough  revision  by  Mr.  R.  M.  Foster;  and  I  am  indebted 
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to  Miss  Frances  Thorndike  for  the  accuracy  attained  in  the  numerous 
curves  of  Figs.  1-5  and  8,  which  should  make  them  of  practical  value 
in  numerical  calculation. 

Mathematical  Appendix 

Additional  mathematical  results  which  have  been  employed  in 
connection  with  the  figures  and  discussion  of  this  paper  are  brought 
together  below  for  convenient  reference. 

Formulas  for  Fig.  2 

2s=p+d+l,if  0.4  =  1,  Oa  =  p, 

d1  =  1  +p2  —  2p  cos  6, 
sin  6  =  J  sin  (#  +  </>), 

sin  <£  =  p  sin  (d+<f>),  —jf ' f 

cos  e  =  (2s-l)-  2s(s  -l)/p,  Fi§-  12 


AB 


-f(p,e)=Pf(p-1, 


s  ,         s 


=  cos0(log-^-+plog-^)  (20) 

5  —  p  5  —  1 

A.      tani(0+0)    ,     ,  1  ,01N 

=  cos0      og ,  n       +P  og r~n T~  f  (21) 

6      tan  §0  p     *  tan  \6  tan  ^0  J 

=  2cos0log^t-  =  2cos01og(l  +  l/sin£0),ifp=l, 

i     i      2  +  p   ,  !    o  i      2  +  p  .. 

=  2Plog^ Hp2log -,  if  d  =  l, 

1  —  p  p 

=  cos0^plog  —  -(l-p)log(l-p)J 

=  cos/3[plogp-(l+p)log(l+p)]-4(1P+p)/32 

pdl  +  lOp  +  llp2)^  , 

96(1  +p)3        P  f  ••  •  ' 

9  =  _2_e-[iv+(i-p)iog(i-p)]/2p_j_  ^  (22) 

a/p 
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2PMog[(l+p)/p]  -•  . 

^  =  o~i 7TH — \ 77T~i — \  =  (radius  <>t  curvature 

21ogU+p)-p/(l+p) 

when0  =  7r)  (23) 

=  0,  1.564,  cc  at  p  =  0,  1,  -r-,  which  checks  the 
sharp  curvature  of  the  curves  which  cross 
the  axis  just  to  the  left  of  the  origin. 


Formulas  for  Figs.  4  and  5 
s=AB/Aa, 

NSR 


Aa    -2[slog(*  +  vV  +  l)  +  l-Vs2+l]  (24) 

=  2,[,og2,-l+l-l2+3i-4-^6+...] 

-*[}  T2+z>-m+  ■'■  ■]•  (26) 


'2i 

P 

Aa~  Aa 


N2  (or  JV4)      -N&*  ,  OM        Wl    .      /TTTi         /~T"Pi    ,       ,  -.i 
-^ =~Xa   ±2f,og  KHv^  +  lj-VHl+i  +  l], 

iv"3     J\tav  J  or,       (**+!)  (V2  +  1)4 


(25) 


w<T)-2-vm'  (27) 

■2  log  (5=  +  l),  (28) 


(29) 


/-  =~i h2    log 

4  a      /la  L    &      (i+vV+2)4 

4-4(V^+2-V^+l-\/2+l)].  (30) 

Formulas  for  the  Mutual  Inductance  Between  Any  Flows  in  Two  Hori- 
zontal Planes  Grounded  by    Vertical   Filaments 

Let  the  arbitrary  flows  be  JC'  and  *  between  points  A',  B'  and  a',  b' 
in  the  two  horizontal  planes,  grounded  by  vertical  filaments  connect- 
ing these  four  terminals  with  the  points  A,  B,  a,  b  on  the  surface  of 
the  earth.  In  order  to  indicate  briefly  which  of  these  eight  points 
are  involved  in  each  term  of  the  result,  we  imagine  a  vertical  line 
which  cuts  the  horizontal  planes  in  the  points  P' ,  p' ,  P,  p,  where  P 
and  p  are  the  same  point  on  the  surface  of  the  earth,  since  the  non- 
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primed  points  are  all  in  this  plane,  and  we  agree  that  A'  or  A  occurs 
in  a  term,  according  as  P'  or  P  is  found  in  the  subscript  of  the  symbol 
A  or  r  used  to  designate  the  term,  where 

&P>P>=-A'a'+A'b,+B'a,-Brb',  (31) 

.      Mb'+P'p'KB'a'+P'p')  (oo, 

rpy  =  log  (A'a'+p/p'XB'b'+P'py  '     } 

In  these  expressions  every  distance  between  points,  such  as  A'b' , 
P'p',  is  a  positive  quantity.  The  formulas  below  are  perfectly  general, 
but  require  the  assignment  of  the  capital  letters  JC }  A\  B',  P'  to  the 
upper  plane  when  both  flows  are  above  the  earth  and  to  the  lower 
plane  when  both  flows  are  below  the  earth.  They  are  most  readily 
checked  by  employing  formulas  (4a)  and  (24)  in  formulas  (17),  (18) 
and  (19).  The  results  show  that  the  mutual  inductance  is  equal 
to  the  Neumann  integral  between  -2T'  and  *  augmented  by  terms 
which  depend  only  upon  the  arithmetical  distances  between  the  eight 
points  A',  B',  a',  b' ,  A,  B,  a,  b. 

N(2f-eHu,-*)=Njr'Jr'+P'p,rPr+2Pp,Tpp-AFp>+&pp, 

where  P'p>Pp\  (33) 

=^V+2Z1og^^,ifP'and^are 

both  at  height  Z,  (34) 

=  Njc'Je'+2Z  log  (1+52),  if  A'B'b'a    is  a 

horizontal  rectangle  and  AB  =  s{Aa),        (35) 

-.v^v+2Z[iogKi  +  v/i+^2)  +  i-Vr+^+^], 

if  A  'B'b'a'  is  a  vertical  rectangle  with  one 
side  on  the  earth  and  AB  =  s  (A' a)  =sZ,     (36) 

N&-S)  („-,,  =  NJT'^+P'p'  TP.p.  -  2P'pYp'P  -  2Pp'  {TPp>  -  TPp) 
—  Ap-p-  +  2Sp'P  -f  2App>  —  Slpp, 

where  P'p>Pp',  (37) 

_  (Aa)(BbKAb'+Zy-(Ba'+Zy- 

-nx  *    -z  log  (Ab)(Ba)(Aa'+Zy-(Bb'+zy 

+4:(AP'p  —  App),  if  P'  and  p'  are  both 

at  distance  Z  below  the  earth,  (38) 
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=  Njr'jr'  +  2(Aa)t  log ,  — 

(Z+VI+^R)4 

+  8  (Aa)(Vl  +  s2  +  f2  +  1  -  Vl  +  s2 

-  Vl+t'2 ),  xiA'B'b'a'  is  a  horizontal 

rectangle  at  the  distance  Z  =  t(Aa) 

below  the  earth  and  AB=s{Aa),  (39) 

=  AT^r-V-2Z[logi(l  +  V/TIK2)-V/l+^  +  l+5]. 
if  A'B'b'a'  is  a  vertical  rectangle  with 
one  edge  at  the  surface  of  the  earth  and 
AB  =  ab=-s(A'a)=sZ,  (40) 

N{W-e)(„-*)=Njr'j/+P,p'Tp>p>-2Pp,TpP'-Ap-p'A-2App>-App.  (41) 


Thermionic  Vacuum  Tubes  and  Their  Applications 

By  ROBERT  W.  KING 

Note-  The  present  material  was  originally  prepared  for  the  National 
Research  Council  for  use  in  a  proposed  Manual  on  "Physical  Research 
Methods  and  Technique."  As  the  appearance  of  the  Manual  has  been 
postponed  the  Committee  in  charge  of  its  preparation  has  kindly  consented 
to  the  separate  publication  of  some  of  the  sections  in  various  technical 
magazines.  In  order  to  meet  the  requirements  of  the  Manual,  the  form 
of  expression  has  been  made  as  compact  as  possible  with  practically  no 
discussion  of  theory  and  no  derivation  of  formulas.  Since  this  style  of 
presentation  leaves'  much  to  be  desired  from  some  points  of  view,  refer- 
ences have  been  given  to  the  original  literature  wherever  possible.  How- 
ever main-  of  the  vacuum  tube  circuits  presented  have  not  as  yet  been 
treated  in 'the  literature.  In  the  preparation  of  the  new  material  the 
author  has  been  greatly  helped  by  persons  whose  contact  with  these  subjects 
is  at  first  hand. 

Contents:  I.  Introduction.  II.  Two-electrode  Tubes.  III.  Three-elec- 
trode Tubes.  IV.  Thermionic  Amplifiers.  Y.  Amplifier  Power  Supply. 
VI  Troubles  in  Amplifier  Circuits.  VII.  Thermionic  Modulators.  Mil. 
Thermionic  Detectors.  IX.  Vacuum  Tube  Oscillators.  X.  Miscellaneous 
Applications  of  Thermionic  Vacuum  Tubes. 

I.     Introduction 

1.  Thermionic  Emission.  By  thermionic  vacuum  tubes  we  shall 
understand  those  whose  operation  depends  in  an  essential  manner 
upon  thermionic  emission. 

The  design  of  the  various  types  of  thermionic  tubes  at  present  in 
use  requires  no  knowledge  of  the  exact  mechanism  of  thermionic 
emission.  It  may  be  said,  however,  that  the  work  of  O.  W.  Richard- 
son and  others  leaves  little  question  but  that  this  emission  is  a  physical 
as  distinguished  from  a  chemical  process,  and  occurs  from  certain 
substances  as  the  result  of  the  large  velocities  of  thermal  agitation 
acquired  by  electrons  when  these  substances  are  raised  to  a  high 
temperature. 

On  the  basis  of  certain  plausible  assumptions,  O.  \V.  Richardson 
derived  2  the  expression, 

Is  =  Ne  =  ATxt~fr,  (1) 

for  the  thermionic  emission  per  cm.2  in  which  Is  is  the  saturation 
current  formed  by  drawing  all  the  emitted  electrons  to  a  positively 
charged  electrode  placed  near  the  emitting  surface,  e  is  the  electronic 
charge  and  e  the  Xaperian  base,  A  is  a  constant  dependent  on  the 
emitting  substance  but  independent  of  the  absolute  temperature  T, 
2  Richardson,  The  Electron  Theory  of  Matter,  1916  Edition,  page  441. 
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w0  represents  the  energy  lost  by  each  electron  as  a  result  of  becom- 
ing free.  X  is  a  number  which  does  not  differ  much  from  unity,  and  k 
is  the  gas  constant  per  molecule.  Experiments  show  that  the  value 
of  X  for  a  wide  range  of  substances  is  about  unity,  but  its  exact  value 
is  of  little  practical  importance,  since  the  variation  of  Is  with  T  is 
almost  entirely  controlled  by  the  term  in  which  Tenters  as  an  exponent. 

The  quantity  w0  which  expresses  the  electron  affinity  of  the  emitting 
substance  is  usually  called  the  internal  work  of  evaporation.  In 
Equation  1,  it  is  in  terms  of  ergs  per  electron.  Calling  v0  the  value  of 
w0  when  expressed  in  equivalent  volts,  w0  =  1.59  X10~12  v0. 

The  term  v0  is  of  great  importance  when  considering  the  economy 
with  which  a  substance  acts  as  a  thermionic  emitter.  Assuming 
that  the  emission  of  an  electron  occurs  when  its  velocity  acquires  a 
value  sufficiently  high  to  overcome  the  potential  drop  v0,  it  is  apparent 
that  the  smaller  v0,  the  more  copious  will  be  the  thermionic  emission 
at  any  given  temperature.  For  the  substances  thus  far  examined, 
v0  ranges  between  about  two  volts  and  five  volts.3  The  two  sub- 
stances whose  thermionic  properties  we  shall  consider  particularly  are 
platinum,  coated  with  a  mixture  of  barium  and  strontium  oxides,  and 
tungsten.  For  tungsten  the  value  of  v0  is  approximately  5  volts, 
and  for  coated  platinum  it  varies  between  1.67  and  2.05  volts.  The 
value  of  (i'0)a  ~  (Vo)b  for  two  substances  A  and  B  is  equal  (except  for 
a  small  term  expressing  the  Peltier  coefficient)  to  their  contact  dif- 
ference of  potential.4 

2.  Thermionic  Properties  of  Filaments.  In  designing  electron  tubes 
with  predetermined  characteristics  knowledge  of  the  thermionic 
emissivity  of  the  proposed  filament  is  necessary.  This  property  may 
be  conveniently  represented  by  curves  of  the  type  shown  in  Figs.  1, 
2  and  3.  The  coordinates  have  been  so  proportioned  5  that,  provided 
the  electronic  emission  varies  with  the  temperature  as  indicated  by 
Equation  1  and  the  thermal  radiation  from  the  filament  varies  as  the 
fourth  power  of  the  temperature,  then  the  relation  between  the 
thermionic  emission  and  the  heating  power  supplied  to  the  filament 
is  a  straight  line. 

Fig.  1  gives  data  for  tungsten  and  for  coated  platinum  filaments, 
Fig.  2  compares  thoriated  tungsten  filament  with  pure  tungsten  and 
Fig.  3  gives  data  relating  to  a  special  coated  filament,  the  core  of  which 
consists  mainly  of  platinum  alloyed  with  about  5%  of  nickel.     Since 

3  For  a  Table  of  Values  of  v0  for  the  materials  commonly  used  see  Van  der  Bijl — 
Thermionic  Vacuum  Tube,  page  29;  also  Langmuir,  Trans.  Am.  Electro-chem. 
Soc.  29,166,  1916. 

4  Richardson,  Electron  Theory  of  Matter,  1916,  p.  455. 

5  See  Van  der  Bijl,  The  Thermionic  Vacuum  Tube,  p.  82. 
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the  thermionic  emission  of  tungsten,  and  thoriated  tungsten  when 
freshly  activated,  do  not  vary  much  between  different  samples,  they 
are  given  with  sufficient  accuracy  for  tube  design  purposes  by  single 


103  INCH  WIRE 
OPERATED  AT    X 


lines.  Coated  filaments,  however,  show  a  rather  wide  variation  as  is 
indicated.  The  range  of  variation  shown  in  Fig.  1  was  obtained  in 
the  study  of  several  thousand  tubes;  10  per  cent,  showed  activity 
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greater  than  that  represented  by  the  10%  line,  50  per  cent,  showed 
activity  greater  than  the  50%  line  and  90  per  cent,  showed  activity 
greater  than  the  £0%  line.     The  three  lines  illustrating  the  range  of 


-P — 
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Fig.  2 


variation  in  Fig.  3  do  not  correspond  to  these  same  percentages  but 
have  been  labeled  so  as  to  be  readily  interpretable. 

The  efficiencies  in  milliamperes  of  emission  current  per  watt  used  to 
heat  the  filament  are  shown  by  the  curved  lines  that  cross  each  chart. 
Operating  temperatures  and  corresponding  filament  life  are  given  for 
certain  of  the  ordinates.  The  tungsten  life  data  in  Fig.  1  are  for 
3-mil  wire  and  a  constant  heating  current.     If  operating  at  a  con- 
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stant  temperature,  the  life  would  be  somewhat  longer;  furthermore, 
the  larger  the  wire  the  longer  the  life  for  a  given  temperature.  The 
activity  of  thoriated  filaments  tends  to  diminish  with  use  but  may 
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be  re-activated  by  heating  to  a  temperature  higher  than  the  normal 
operating  temperature.  The  useful  life  of  these  filaments  is,  there- 
fore, somewhat  indefinite  but  taking  the  possibility  of  re-activation 
into  account,  it  is  probably  well  in  excess  of  2,000  hours. 

In  using  Figs.  1,  2,  3,  it  should  be  borne  in  mind  that  the  emission 
values  given  represent  saturation  currents  and  that  in  general  the 
normal  operating  space  current  in  a  tube  must,  for  reasons  which  will 
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appear  later,  be  appreciably  less  than  the  saturation  current.  The  dif- 
ference between  the  saturation  current  and  the  maximum  operating 
space  current  varies  with  the  duty  to  which  the  tube  is  assigned.  In 
the  case  of  high  voltage  rectifiers,  the  space  current  may  at  certain 
points  in  the  cycle  reach  the  saturation  value,  while  in  a  tube  which  is 
used  as  an  amplifier  it  is  often  desirable,  in  order  to  avoid  distortion,  to 
have  the  total  emission  two  to  three  times  as  great  as  the  maximum 
working  space  current. 

3.  Space  Current-Voltage  Characteristic.  Experiment  shows  that 
in  a  vacuum  tube  containing  an  emitting  electrode  and  a  conveniently 
placed  anode,  the  space  current  Ip,  varies  with  the  temperature  of 
the  emitter  and  the  anode  potential  Ep,  as  in  Fig.  4.  The  three  curves 
shown  are  for  three  temperatures  such  that  Ti<T2<Ts.  It  will  be 
observed  that  between  points  0  and  A   the  three  curves  coincide; 


Anode  Potential 
Fig.  4 

between  0  and  B  the  curves  for  the  two  higher  temperatures  coincide. 
The  saturation  values  of  the  filament  emission  at  the  various  temper- 
atures are  shown  by  Is. 

For  values  of  IP  ranging  from  zero  to  somewhat  less  than  Is,  the 
relation  between  Ip  and  Ep  may  be  expressed  with  a  fair  degree  of 
accuracy  by  Ip  =  kEp1  in  which  the  exponent  t]  does  not  differ  greatly 
from  3/2.  This  relation,  therefore,  is  frequently  known  as  the  3/2 
power  law.  It  has  been  deduced  theoretically  by  Child  7  and  Lang- 
muir  8  and  has  been  studied  lately  in  greater  detail  by  Fry.9  Fry's 
analysis  takes  account  of  the  initial  velocities  of  emission  of  electrons, 

■  Phys.  Rev.,  Vol.  32,  p.  498,  1911. 

tPhys.  Rev.  (2),  Vol.  2,  p.  450,  1913. 

9  T.  C.  Fry,  Phys.  Rev.,  Vol.  17,  p.  441,  1921. 
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and,  as  he  shows,  the  effect  of  the  space  charge  is  to  create  a  region  of 
negative  potential  immediately  around  the  emitter.  Let  Fig.  5 
represent  the  value  of  the  potential  as  one  proceeds  from  the  cathode 
in  the  direction  x,  and  V'  represent  the  minimum  value  of  the  poten- 
tial. Assuming  indefinitely  large  emission  from  the  cathode,  V 
(which  is  a  function  of  Ep) ,  determines  the  space  current  corresponding 


Fig.  5 

to  any  particular  value  of  Ep.  The  lower  the  value  of  V'  the  fewer 
the  electrons  with  initial  velocities  sufficient  to  carry  them  past  the 
equipotential  surface  V'  into  the  region  where  they  are  attracted  by 
the  anode.  Assuming  the  average  initial  velocity  to  be  0.3  volts 
(roughly  a  temperature  of  2400°  K),  Fry  finds  an  appreciable  deviation 
from  the  3/2  power  law  for  £^<30  volts,  but  initial  velocities  need  be 
considered  only  in  tubes  which  operate  at  low  Ep. 

Another  factor  which,  for  low  Ep  causes  an  appreciable  deviation 
from  the  3  2  power  law,  is  the  potential  gradient  in  a  filament  cathode 
due  to  the  heating  current.  Whereas  velocity  of  emission  tends  to 
make  r?<3,  2,  the  potential  gradient  in  the  filament  has  the  reverse 
effect.  In  general,  the  latter  more  than  overbalances  the  former  and 
for  small  anode  voltages  jj>3  2.  The  value  of  77  when  the  cathode 
potential  gradient  is  considered,  but  initial  velocities  are  neglected, 
has  been  given  by  W.  Wilson,10  who  finds  that  when  Ep  is  less  than 
the  potential  drop  across  the  filament  77  =  5  2,  while  for  higher  Ep  it 
gradually  approaches  the  limiting  value  3/2. 

10  For  discussion  of  the  5,  2  power  relation,  see  Van  der  Bijl,  The  Thermionic 
Vacuum  Tube,  p.  64. 
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4.  Temperature  Saturation  and  Voltage  Saturation.  When  a  vacuum 
tube  operates  at  such  filament  temperature  and  Ep  that  an  increase  in 
temperature  produces  no  increase  in  Ip  the  tube  is  said  to  show  temper- 
ature saturation.  On  the  other  hand  when  temperature  and  EP  are 
such  that  an  increase  in  Ep  does  not  increase  Ip,  the  tube  shows 
voltage  saturation.  Referring  to  Fig.  2  the  curve  7\  shows  temperature 
saturation  between  0  and  A  and  approaches  voltage  saturation  beyond 
the  point  A.  Similarly  the  curve  T2  shows  temperature  saturation 
up  to  the  point  B  and  approaches  voltage  saturation  beyond. 


V 


#- 


-CD- 


Load 


Fig.  6 


5.  Effect  of  Gas.  In  thermionic  tubes  as  usually  pumped  the  gas 
pressure  is  between  10-5  and  10-6  mm.  At  this  pressure  the  gas 
generally  does  not  manifest  its  presence  in  the  operation  of  the  tube. 
However,  at  higher  pressures,  and  particularly  above  10-4mm,  it 
produces  certain  objectionable  disturbances.  Thus  many  gases 
seriously  reduce  the  filament  activity;  also  for  EP  greater  than  about 
20  volts,  ionization  occurs  and  the  resulting  discharge  differs  in  im- 
portant respects  n  from  the  pure  electron  discharge  of  Fig.  4. 


II.     Two-Electrode  Tubes 

The  two-electrode  tube,  which  was  first  due  to  Edison,  found  an 
early  practical  application  when  Fleming  used  it  to  detect  wireless 
telegraph  signals. 

However,  since  the  advent  of  the  three-electrode. tube  of  De  Forest, 
the  earlier  device  has  been  almost  entirely  superseded  as  a  detector 
and  finds  its  principal  application  as  a  rectifier  of  a.c.  voltages.  Its 
range  of  applicability  in  this  field  is  extremely  large.  With  properly 
designed  tubes,  Hull  l2  has  succeeded  in  rectifying  5  k.w.  at  a  potential 
of  100,000  volts,  and  in  its  transatlantic  radio  telephone  experiments, 

11  See  Van  der  Bijl:  The  Thermionic  Vacuum  Tube,  p.  86. 

12  A.  W.  Hull,  General  Electric  Review,  Vol.  19,  p.  177,  1916.  Another  good  source 
of  information  is  Van  der  Bijl's  "The  Thermionic  Vacuum  Tube." 
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the  American  Telephone  and  Telegraph  Company  is  using  a  six 
phase  rectifier  giving  about  200  kw.  at  about  10,000  volts.13 

6.  Two-Electrode  Tube  as  Rectifier.  Three  typical  forms  of  circuit 
are  shown  in  Figs.  6,  7,  8,  each  of  which  has  certain  characteristics 
not  possessed  by  the  others.  The  circuit  shown  in  Fig.  6  rectifies 
the  full  transformer  voltage,  but  utilizes  only  one-half  of  the  current 
wave;  the  circuit  of  Fig.  7  gives  a  d.c.  voltage  of  only  about  half  the 
transformer  peak  voltage  but  utilizes  both  halves  of  the  wave,  and 
Fig.  8  illustrates  a  circuit  making  use  of  the  full  transformer  voltage 
and  both  halves  of  the  a.c.  wave. 

A  rectifier  circuit  employing  a  tuning  condenser  for  the  secondary 
of  the  high  voltage  transformer  and  giving  a  rectified  d.c.  voltage  as 
large  again  as  the  a.c.  voltage  of  the  transformer  and  providing  auto- 
matic control  of  the  maximum  d.c.  voltage  supplied  by  the  rectifier, 
has  been  described  by  Webster.14 


Fig.  8 


The  circuits  shown  in  Figs.  6  and  7  provide  means  in  the  form  of 
condensers  &,  C2  and  inductances  Lu  L2  for  smoothing  out  the  rectified 
voltage.  Such  an  arrangement  of  conductors  is  essentially  a  network 
whose  attenuation  for  electric  currents  of  a  certain  range  of  frequencies 
is  very  low  and  for  all  other  frequencies  is  high.  This  type  of  network 
is  a  special  form  of  the  electric  wave-fitter  which  is  finding  many  ap- 

13  Arnold  and  Espenschied,  Journal  of  A.  I.  E.  E.,  August,  1923;  also  Bell  System 
Technical  Journal,  October,  1923. 

u  D.  L.  Webster,  Procd.  Nat.  Acad.,  Vol.  6,  p.  28,  p.  269,  1920.  These  articles 
also  suggest  certain  modifications  of  Hull's  method. 
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plications  at  the  present  time  and  a  complete  account  of  its  proper- 
ties is  to  be  found  in  recent  literature.15 

No  definite  statement  can  be  made  as  to  the  exact  range  of  fre- 
quencies over  which  the  rectification  of  alternating  currents  can  be 
satisfactorily  accomplished  by  means  of  thermionic  tubes,  but  it  is 
apparent  that  this  range  is  large.  The  degree  of  smoothness  required 
in  the  d.c.  output  is  of  primary  importance  in  setting  the  lower  limit 
of  the  frequency  range;  on  the  other  hand,  the  smaller  the  load  re- 
sistance, the  higher  the  frequency  which  may  be  satisfactorily  rectified 
before  the  internal  capacity  of  the  tubes  permits  the  flow  of  an  objec- 
tionable amount  of  alternating  current.  Whenever  an  output  with  a 
minimum  of  ripple  is  required  it  is  in  general  desirable  to  use  as  high 
a  frequency  as  is  readily  available. 

III.     Three-Electrode  Tubes 

In  1906  De  Forest  brought  out  the  three-electrode  tube  16  in  which 
a  grid  is  interposed  between  filament  and  plate.  Since  the  introduc- 
tion of  this  tube,  much  study  has  been  devoted  to  its  properties  and 
many  investigations  have  been  made  concerning  the  best  substances 
to  use  as  thermionic  emitters,  the  best  metals  for  plates  and  grids, 
the  best  varieties  of  glass  for  the  containing  bulbs,17  and  the  best 
methods  of  exhaustion,18  so  that  today  problems  of  design  are  well 
understood.  At  present  the  three  electrode  tube  finds  use  as  a  rec- 
tifier, amplifier  of  small  currents  and  voltages,  detector  of  small  a.c. 
voltages,  modulator  of  alternating  currents,  and  generator  of  electric 
oscillations.  Tubes  have  been  built  which  range  in  size  from  those 
about  one  inch  long  with  a  space  current  of  about  a  milliampere  to 
others  which  are  water-cooled  and  have  an  individual  output  capacity 
of  100  k.w.19  Amplifiers  with  a  capacity  of  150  k.w.  are  in  operation 
(see  footnote  13). 

7.  Action  of  the  Grid.  The  general  theory  of  the  grid  action  is 
simple.     As  pointed  out  by  Fry  19  the  space  charge  creates  a  region  of 

15  G.  A.  Campbell,  Bell  System  Technical  Journal,  Nov.,  1922;  U.  S.  Patents 
1,237,113  and  1,237,114,  May  22,  1917;  O.  J.  Zobel,  Bell  System  Technical  Journal, 
Jan.,  1923;  Carson  and  Zobel,' Bell  System  Technical  Journal,  July,  1923;  G.  \V.  Pierce, 
Electric  Oscillations  and  Electric  Waves,  p.  186,  1920;  Karl  \Y.  Wagner,  Arch.  f. 
Electr.,  Vol.  3,  p.  315,  1915;  Vol.  8,  p.  61,  1919. 

16  Variously  called  the  audion,  vacuum  tube,  triode,  pliotron,  etc. 

17  Measurements  of  Gases  Evolved  from  Glasses  of  Known  Chemical  Composi- 
tion—Harris &  Schumacher,  Jour.  Ind.  &  Eng.  Chcm.,  Feb.,  1923;  also  Bell  System 
Technical  Journal,  Jan.,  1923. 

18  For  methods  of  exhaustion,  see  Dushman,  Gen.  Elect.  Review,  Vol.  23,  p.  493, 
1920,  et  seq. 

19  See  W.  \\'i!son,  Bell  System  Technical  Journal,  July,  1922. 
19  T.  C.  Fry,  1.  c. 
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negative  potential  immediately  around  the  cathode  which  persists  for 
all  values  of  Ep  less  than  that  required  to  produce  voltage  saturation. 
It  is  the  minimum  potential  V  (see  Fig.  5)  that  limits  Ip,  and  any 
increase  in  V1  will  result  in  an  increase  in  Ip.  Because  the  grid  is 
close  to  the  filament,  small  changes  in  the  grid  potential,  Eg,  are  as 
effective  in  changing  V'  and  therefore  /;,,  as  large  changes  in  Ep. 
This  leads  to  the  so-called  amplification  constant  y.  of  the  tube  which 
may  be  taken  as 

±ep 

M= » 

in  which  ±eP  and  =Feg  are  changes  in  Ep  and  Eg,  the  changes  being 
opposite  in  sign  as  indicated,  and  such  that  they  leave  Ip  unchanged. 

It  has  also  been  shown20  that  if  \EP  and  \Eg  are  increments  of 
Ep  and  Eg  which  cause  equal  increments  in  the  electric  field  at  the 
surface  of  the  cathode  (considered  simply  as  an  equipotential  surface 
and  not  as  a  source  of  electrons)  the  amplification  constant,  y,  of  the 
tube  will  be  the  ratio  AEp/AEg. 

8.  Characteristic  Equation.  The  electrical  characteristics  of  the 
three-electrode  vacuum  tube  may  be  represented  21  by  the  equation 

Ip=K(^l  +  Eg  +  eY  (2) 


The  constant  k  is  related  in  a  simple  way  to  the  internal  resistance  of 
the  tube.  A  consideration  of  e  which  expresses  the  contact  difference 
of  potential  between  grid  and  filament  is  usually  essential  only  in 
tubes  which  operate  at  a  low  Ep  and  particularly  in  detectors  and 
amplifiers.  In  tubes  with  coated  filament,  e  may  not  only  vary 
within  a  range  of  two  or  three  volts  between  different  tubes,  but  may 
also  change  during  the  life  of  any  one  tube.  The  exponent  rj  varies 
in  a  given  tube  with  applied  voltage,  being  usually  equal  to  about  2 

when  the  effective  voltage  f  —  -\-Eg  -\-  e  ]  is  comparable  with  the  poten- 
tial drop  in  the  filament  (see  Fig.  9),  and  tending  to  approach  the 
theoretical  value  3/2  with  increasing  effective  voltage.  It  has  been 
found  possible  to  deduce  relations  between  the  constants  ju  and  k  of 
Equation  2  and  the  structure  and  dimensions  of  any  tube  which  are 
in  very  fair  agreement  with  experimental  values.22 

Typical  curves  corresponding  to  the  characteristic  Equation  2  are 
shown  in  Figs.  10  and  11.     These  curves  are  referred  to  as  static  char- 

20  R.  \V.  King,  Phys.  Rev.,  Vol.  15,  p.  256,  1920. 
31  Van  d'fer  Bijl,  Phys.  Rev.,  12,  180,  1918. 
"King,  I.  c. 
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acteristics  one  parameter  being  fixed  in  each  case.  For  the  dynamic 
characteristic  see  section  12.  Equation  2,  of  course,  fits  only  the 
portions  of  the  curves  characterized  by  temperature  saturation. 
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The  abruptness  with  which  the  curves  of  Fig.  10  meet  the  potential 
axis  is  important  in  certain  uses  to  which  tubes  are  put.  The  value 
of  Eg  which  reduces  Ip  to  zero  is  called  the  cutoff  voltage.  To  have  a 
sharp  cutoff  a  tube  should  have  a  fairly  large  /x  and  its  grid  should  be 
sufficiently  large  with  respect  to  the  filament  to  effectively  screen  all 
parts  of  the  filament  from  the  plate. 
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9.  Grid  Current.  For  certain  purposes,  a  consideration  of  the  grid 
current  Ig,  is  necessary.  Fig.  12  represents  a  characteristic  relation 
between  Ig  and  Eg  for  various  Ep.  Note  that  Eg  in  excess  of  about 
10  volts  results  in  secondary  emission  of  electrons  from  the  grid. 
These  secondary  electrons  flow  to  the  plate  and,  as  shown,  their  num- 
ber may  actually  exceed  the  total  number  of  primary  electrons  striking 
the  grid.     The  character  of  the  grid  surface  plays  an  important  part 


Fig.  12 


in  determining  the  amount  of  secondary  emission.  The  secondary 
emission  from  the  grid  of  a  tube  containing  a  pure  tungsten  filament 
is,  in  general,  less  than  that  from  the  grid  of  a  tube  with  an  oxide- 
coated  filament.  At  high  temperature  a  coated  filament  appears 
to  evaporate  a  minute  amount  of  its  coating,  some  of  which  is  de- 
posited upon  the  grid  presumably  augmenting  the  secondary  activity.23 

10.  Vacuum  Tube  Constants.  The  two  most  important  constants 
of  the  three  electrode  tube  are  fj,  and  its  internal  resistance  rp.  The 
determination  of  ft  and  rP  from  the  characteristic  curves  (Figs.  10,  11) 
is  obvious.  For  general  design  purposes  these  curves  give  the  best 
insight  into  the  behavior  of  a  tube  and  furnish  the  most  instructive 
means  of  determining  /j.  and  rp. 

11.  Dynamic  Methods  of  Measuring  Vacuum  Tube  Constants.  How- 
ever, in  cases  where  many  tubes,  all  practically  alike,  have  to  be 
tested,  certain  "dynamic"  methods  are  timesavers.  Several  such 
methods  have  been  devised,  but  all  are  modifications  of  a  scheme 
first  published  by  Miller.24 

23  A.  W.  Hull  has  designed  two  types  of  tube  known  as  the  dynatron  and  plio- 
dynatron  which  utilize  the  negative  resistance  characteristic  (AB  of  Fig.  11)  resulting 
from  secondary  emission.     Procd.  Inst.  Radio  Engrs.,  Vol.  6,  p.  5,  1918. 

24  J-  M.  Miller,  Proc.  I.  R.  E.,  Vol.  6,  p.  141,  1918.  For  variations  of  Miller's 
dynamic  method  the  reader  is  referred  to  Van  der  Bijl,  1.  c,  p.  198,  Method  of  G.  H. 
Stevenson. 
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Miller's  method  is  illustrated  in  Fig.  13.  To  determine  /x  the  key 
K\  is  open  and  K2  is  closed.  The  resistance  Y\  is  adjusted  until  the 
sound  heard  in  the  telephones  T  is  a  minimum,  under  which  circum- 


M 


stances  it  is  clear  that  u=  — .     To  determine  rp,  some  definite  relation 

between  t\  and  r2  is  established.  Then,  with  key  Ki  closed,  the  re- 
sistance r0  is  adjusted  until  the  telephone  response  is  a  minimum. 
With  this  adjustment  it  may  be  shown  that 

rp  =  r0(n-  —  I  J.  (3) 

This  measurement  of   rp  may  be  simplified  as    follows:    suppose    we 

adjust  r\  for  a  minimum  tone  in  T  when  K\  is  open.     Then  n=—t 

r2 

and  it  is  seen  from  Equation  3  that  with  this  relation  between  t\  and 
r2  it  would  not  be  possible  to  obtain  a  balance  with  K\  closed;  but  if 
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Fig.  13 


r2  be  doubled,  which  can  be  done  by  opening  K2  thus  adding  a  re- 
sistance equal  to  r2,  and  r0  be  now  adjusted  with  K\  closed  to  give  a 
minimum  tone  in  T,  then  rp  =  r0. 

12.  Dynamic  Characteristics  of  Vacuum  Tubes.  In  a  circuit  such  as 
that  shown  in  Fig.  13,  the  space  current  causes  a  fall  of  potential 
along  any  resistance  r,  and  the  difference  in  potential  between  filament 
and  plate  is  therefore  less  than  the  potential  difference  across  the 
battery  by  the  amount  Ipr.  If  Ip  is  increased  in  any  way,  as  for 
instance,  by  an  increase  in  Eg,  the  drop  IP  r  increases  and  with  a  fixed 
battery  e.m.f.  the  potential  difference  between  the  filament  and  plate 
diminishes  somewhat.  It  follows,  therefore,  that  a  given  change  in 
Eg  will  cause  a  smaller  change  in  space  current  when  the  plate  circuit 
includes  an  external  resistance  r  than  when  it  does  not. 

This  important  fact  supplies  a  simple  means  of  straightening  the 
characteristic  of  a  vacuum  tube  to  such  an  extent  that  it  may  become 
practically  a  distortionless  amplifier. 


THERMIONIC  VACUUM  TUBES 


45 


To  a  first  approximation,26  the  alternating  component  /  of  the 
space  current,  when  a  voltage  e  =  e0  cos  pt  is  applied  to  the  grid  is  given 
by 

u  r^rJp.J 

(4) 


J  =  - ^  e0cos pt-    'f^    (l+cos2pt). 
r+rP  r      2\(r+rp)3y  FJ 


In  this  equation  rp  is  the  internal  resistance  of  the  tube  and  rP  is  its 
derivative  with  respect  to  the  effective  voltage  (  —  +Eg)       It  will  be 

noted  that  the  second  term  on  the  right  side  of  Equation  4,  which 
gives  the  first  harmonic,  diminishes  rapidly  with  r  as  was  to  be  ex- 
pected from  the  preceding  paragraph.     The  more  or  less  straightened 
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characteristic  resulting  from  the  effect  of  r  is  known  as  the  dynamic 
characteristic;  see  Fig.  14,  which  curves  fit  a  tube  whose  r  =6,000 
ohms.  As  will  be  pointed  out  in  the  section  on  amplifier  circuits, 
the  dynamic  characteristic  is  a  useful  guide  in  selecting  tubes  as 
amplifiers. 

Equation  4  also  expresses  the  important  fact  that  the  application 
of  the  voltage  e0  to  the  grid  is  equivalent,  so  far  as  current  in  the  plate 
circuit  is  concerned,  to  the  application  of  the  voltage  p  e0  in  the  plate 
circuit. 

13.  Internal  Capacities  and  Effect  on  Input  Impedances.  In  certain 
uses  to  which  the  vacuum  tube  may  be  put,  a  knowledge  of  the  in- 
fluence which  the  internal  electrostatic  capacities  have  on  the  input 
impedance   is   important.     The   equivalent   circuit   of   the   tube 27   is 

36  J.  R.  Carson,  Proc.  Inst.  Radio  Engrs.,  Vol.  7,  page,  187,  1919.  In  case  the 
output  circuit  of  a  tube  contains  reactance  as  well  as  resistance,  Eq.  4  becomes 
much  more  complicated  as  Carson  shows. 

17  H.  W.  Nichols,  Phys.  Rev.,  Vol.  13,  p.  405,  1919;  I.  M.  Miller,  Bureau  of  Stand- 
ards, Bulletin  No.  351. 
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shown  in  Fig.  15  in  which  C\  is  the  capacity  between  filament  and  grid  , 
C2  capacity  between  filament  and  plate,  C3  capacity  between  grid  and 
plate,  and  ru  rs,  are  leakage  resistances.  As  the  action  of  the  tube  is 
such  as  to  produce  an  equivalent  voltage  ixe0  between  filament  and 


Fig.  15 

plate,  a  generator  of  voltage  ne0  is  shown  in  series  with  the  internal 
resistance  rp  of  the  tube.  Calling  Yg  the  input  admittance  of  the  tube, 
that  is, 

1   =Z,=     * 


Y,     "'     ix+h' 

in  which  eg  is  the  alternating  voltage  between  filament  and  grid,  the 
solution  of  the  above  circuit  gives  for  Yg  the  value, 

,  (-+jC3p)[jC2prpZi  +  r,  +  Z2(M  +  1)] 

(JCiprpZt  +  rp+Z*)  +  (-  +jC3p  j  rpZ9 

Case  1,  Low  Frequencies.  For  low  frequencies  the  admittance  of 
the  condenser  C*  is  negligible  compared  with  that  of  rp.  Dropping 
the  terms  containing  Ci  gives  the  equation, 

Yg  =  —  +lCip+  (  ~+jC3p J : -j ' 

'  (rP+Z2)+rpZ2(±+jCap) 

which  yields  important  interpretations.  In  case  the  load  impedance 
Zt  is  a  pure  resistance  r^,  the  admittance  of  the  filament-grid  branch 
of  the  tube  may  be  much  greater  than  the  admittance  which  would 
result  from  Ri  and  C\  alone.  This  is  due  to  the  influence  which  the 
alternating  component  of  the  plate  voltage  exerts  upon  the  input 
circuit  through  the  condenser  C2.  Figs.  16  and  17  show  respectively 
the  effective  capacity  and  effective  conductance  between  filament  and 
grid  as  a  function  of  the  external  resistance.  For  the  particular  tube 
studied  (W.  E.  Co.  102-A)  Fig.  17  shows  that,  if  r2  =  40,000  ohms,  the 
effective  capacity  between  filament  and  grid  is  not  the  capacity  C\ 
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(about  10X10~12  farads)  but  is  approximately  HOXIO-12  farads. 
Fig.  16  shows  that  the  effective  conductance  is  also  greatly  increased 
above  that  due  to  r\.  This  increase  in  conductance  means  an  in- 
creased absorption  of  input  energy  by  the  tube  which,  of  course,  is 
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not  dissipated  in  the  grid  circuit  but  passes  through  the  path  supplied 
by  the  condenser  C3  to  be  wasted  in  the  plate  circuit. 

In  case  Z2  is  a  pure  inductance  L2,  the  effective  input  conductance 
of  the  tube  is  negative  and  not  positive  as  in  the  preceding  case. 
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Fig.  19 


Fig.  18  shows  the  variation  of  this  negative  conductance  with  Lo.  and 
Fig.  19  the  variation  of  effective  input  capacity  with  h*.  A  negative 
input  conductance  means  that  the  grid  circuit  draws  power  from  the 
plate  circuit;  if  the  negative  conductance  is  large  enough,  a  tube  in 


48 


BELL  SYSTEM  TECHXICAL  JOVRXAL 


such  a  circuit  will  oscillate  steadily  or  "sing"  with  no  coupling  but  that 
provided  by  its  internal  capacities.  This  phenomenon  is  frequently 
encountered  in  vacuum  tube  amplifiers  and  at  times  proves  quite 
troublesome. 

Tubes  can  readily  be  constructed  in  which  r^  and  r3  are  so  large 
as  to  exert  no  influence  on  the  behavior  of  the  tube  and  may  be  ignored 
in  the  above  equations.  However,  even  in  such  tubes  there  is  an 
effective  input  conductance,  either  positive  or  negative,  depending 
upon  the  character  2i>  of  Z-2. 

Case  2,  High  Frequencies.  For  very  high  frequencies  terms  of  the 
first  order  in  p  are  negligible  compared  to  terms  of  the  second  order, 
and  Eq.  5,  becomes. 


Y„  = 


Cz+Cz 


indicating  that  as  the  frequency  is  raised  the  effective  input  impedance 
approaches  that  due  to  the  condensers  alone.  Under  these  circum- 
stances the  grid  absorbs  very  little  power,  but  the  amplification  is 
lowered  because  the  input  is  to  an  extent  short-circuited  by  the 
electrode   capacities.     Fig.    20   shows   the   variation   in   voltage   am- 
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Fig.  20 


plification  against  wave  lengths  in  meters  for  high  frequencies.  The 
two  curves  are  for  different  Ep,  the  higher  EP  giving  a  larger  amplifica- 
tion because  rP  of  the  tube  is  lower.  It  is  seen  that  the  amplification 
at  1,000  meters  is  about  three  times  as  large  as  the  amplification 
at  100  meters  and  the  amplification  at  both  values  of  Ep  tends  to 
approach  zero  as  the  frequency  becomes  infinite. 

Nichols  suggests  2 '  that  the  reduction  in  amplification  for  a  given 
frequency  can  be  avoided  by  shunting  the  grid-plate  capacity  C3  with 

38  For  cases  in  which  Z2  is  neither  pure  resistance  nor  reactance,  see  Van  der  Bijl, 
1.  c,  p.  210. 

29  H.  W.  Nichols,  Phys.  Rev.,  Vol.  13,  p.  411,  1919. 
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an  inductance  of  such  a  value  as  to  make  the  impedance  between 
grid  and  plate  infinite  at  this  frequency. 


IV.     Thermionic  Amplifiers 

Equation  4,  given  in  Sec.  12  is  of  fundamental  importance  in  the 
design  of  vacuum  tube  amplifier  circuits.  Neglecting  the  second 
term  on  the  right  hand  side  which,  as  previously  pointed  out,  expresses 
distortional  effects  and  should  therefore  be  very  small  in  amplifier 
circuits,  the  equation  can  be  written 

(6) 


/  = 


Z+rp' 

in  which  the  impedance  Z  =  r-\-j  x  is  substituted  for  r.  From  Equation 
6  both  the  voltage  and  power  amplification  of  a  tube  for  any  particular 
circuit  can  readily  be  calculated. 

14.  Voltage  Amplification.  Assuming  as  above  that  the  tube  works 
into  an  output  impedance  Z,  it  follows  that  the  voltage  amplification 
(i.e.,  the  ratio  of  the  output  to  the  input  voltage)  is 

H  Z 
Z  +  rp- 

This  expression  shows  that  the  voltage  amplification  increases  as  Z 
increases.  Considering  separately  the  two  cases  in  which  Z  is  a 
pure  resistance  and  pure  reactance,  typical  values  of  the  voltage 
amplification  are  plotted  in  Fig.  21.     Curve  a  corresponds  to  reactance 
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in  the  output  and  b  to  resistance.     These  curves  show  that  the  voltage 
amplification  rises  much  more  rapidly  when  reactance  is  used,  reaching 

x 
90%  of  its  maximum   value  when  —  =  2. 

rp 
If  the  resistance  component  of  Z  is  made  as  small   as   possible,  Ep 
becomes  practically  equal  to  the  potential  across  the  plate  battery, 
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making  possible  a  given  voltage  amplification  with  smaller  plate 
battery  than  could  be  obtained  if  the  output  circuit  contained  an  ap- 
preciable resistance. 

15.  Power     Amplification.     From     Equation     6,     which     neglects 
harmonic  terms,  it  is  readily  seen  that  the  power  output  is 

H2e02r 


{r+rP)2+x2' 

where  r-\-jx  has  been  substituted  for  Z.  This  output  is  a  maximum 
when  r2  =  fp2-\-x2.  The  case  in  which  x  =  0  is  particularly  important; 
evidently  for  maximum  power  output,  a  tube  should  work  into  a  re- 
sistance equal  to  its  internal  resistance. 

As  pointed  out  in  Sec.  13  the  input  impedance  of  a  tube  is  not 
always  readily  determinable;  however,  calling  the  input  resistance30 
rg,  the  power  amplification  produced  by  a  tube  is  given  by  the  ex- 
pression, 

H2rrg 


(r+rpY+x* 


(7) 


This  expression  has  been  obtained  on  the  assumption  that  the  grid 
draws  no  electron  current  from  the  space  charge,  which  in  turn  requires 
that  the  grid  remain  at  a  negative  potential  at  all  times.  Since  the 
power  amplification  falls  rapidly  as  the  grid  becomes  positive,  it  is 
customary  in  most  amplifier  circuits  to  supply  means  of  maintaining 
the  grid  at  a  negative  potential. 

Expressions  6  and  7  are  of  fundamental  importance  in  the  design  of 
amplifier  circuits. 

16.  Selection  of  Tubes.  When  selecting  tubes  for  an  amplifier, 
curves  such  as  those  shown  in  Fig.  14  are  very  useful.  By  their 
means  it  is  readily  possible  to  select  the  tube,  the  plate  potential 
and  the  average  grid  potential  which  will" give  satisfactory  results 
for  any  pre-assigned  value  of  the  input  voltage.  In  order  to  obtain 
amplification  as  free  from  distortion  as  possible,  it  is  necessary  that 
the  grid  potential  in  its  excursions  neither  become  positive  nor  strike 
the  lower  end  of  the  characteristic.  To  a  sufficient  approximation 
it  is  evident  that  when  the  variable  grid  or  input  voltage  e0  is  given, 
we  should  choose  Eg  and  Ep  such  that 

e0>-Ee>§*. 

Zfj. 

30  Where  many  tubes  of  the  same  design  are  to  be  interchanged  in  a  given  circuit, 
and  where  the  conditions  of  manufacture  are  such  that  the  insulation  resistance 
between  filament  and  grid  is  not  always  of  the  best,  it  may  be  found  desirable  to 
shunt  the  input  with  a  fixed  resistance,  e.g.,  J  megohm. 
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Referring  to  Fig.  14,  for  an  input  potential  of  10  volts  (peak  value) 
and  rp  =  6,000  ohms,  the  point  B  (but  neither  A  nor  C)  is  evidently  a 
satisfactory  mean  position  about  which  to  operate. 

Since  both  voltage  and  power  amplification  increase  as  EP  is  in- 
creased (because  rp  is  decreased)  it  is  frequently  desirable  to  have 
the  value  of  Ep  considerably  larger  than  the  lower  limit  just  indicated. 

17.  Amplifier  Circuits.  The  fundamentals  of  thermionic  amplifier 
circuits  may  be  gathered  from  Fig.  22.     The  variable  input  voltage 


Fig.  22 

e0  between  grid  and  filament  of  the  first  tube  A  modulates  the  plate 
current  of  this  tube.  The  circuit  is  evidently  such  that  the  variable 
Ip  of  tube  A  varies  the  grid  potential  of  B  and,  due  to  the  properties 
of  the  three  electrode  tube,  not  only  is  the  power  applied  to  the  grid  of 
B  greater  than  that  applied  to  A,  but  the  potential  variation  may  be 
many  times  as  large  as  e0.  Hence  the  variations  in  Ip  of  B  will  be 
larger  than  those  of  Ip  in  A,  thus  yielding  an  amplifying  action. 
Tubes  A  and  B  and  their  associated  circuits  are  known  as  the  first  and 
second  stage  respectively. 

Amplifier  circuits  may  for  convenience  be  divided  into  six  general 
classes: 

1.  Resistance  coupled  circuits  (Fig.  23). 

2.  Resistance-condenser  coupled  circuits  (Fig.  24). 

3.  Retard-condenser  coupled  circuits  (Fig.  25). 

4.  Transformer  coupled  circuits  (Fig.  26). 

5.  Feed-back  circuits  (Fig.  31). 

6.  Push-pull  circuits  (Fig.  32). 

The  Sections  immediately  following  will  point  out  the  advantages 
of  each  type  of  circuit  and  general  design  considerations.  Equations 
6  and  7  show  that  the  amplification  of  which  a  single  tube  (or  "stage") 
is  capable  is  definitely  limited.  For  greater  amplification  than  a 
single  stage  can  produce,  it  is  necessary  to  arrange  two  or  more  stages 
in  cascade.  Multistage  amplifiers  frequently  consist  of  combinations 
of  certain  of  the  above  types  of  circuits  as  will  be  pointed  out  in  the 
following  paragraphs. 
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18.  Resistance  Coupled  Amplifier.  This  simplest  of  all  amplifier 
circuits  (Fig.  23)  is  particularly  useful  where  a  wide  range  of  frequencies 
is  to  be  amplified  without  selective  amplification  of  any  particular 
frequencies.     For  this  reason,  it  is  often  used  as  an  amplifier  in  con- 


Input 


Output 


Fig.  23 


nection  with  an  oscillograph.  It  is  also  one  of  the  few  types  of  circuit 
which  can  be  used  for  direct  current  amplification.  However,  as  will 
be  pointed  out  later,  a  special  type  of  push-pull  circuit  makes  a  more 
satisfactory  d.c.  amplifier  for  many  purposes. 

One  or  more  stages  of  the  resistance  coupled  circuit  may  be  sub- 
stituted for  transformers  in  voltage  amplification.  Voltage  amplifier 
tubes  having  an  amplification  constant  /.<  =  30  are  common  and  it  fol- 
lows from  Equation  6  that  such  a  tube  can  readily  produce  a  voltage 
amplification  of  from  20  to  25.  It  can,  therefore,  take  the  place  of  an 
input  transformer  in  one  of  the  other  types  of  amplifier  circuit.  Unless 
special  considerations  require  another  adjustment,  it  is  customary  to 
arrange  all  but  the  last  stage  of  an  amplifier  for  voltage  amplification, 
the  last  stage  being  designed  for  power  amplification.  (See  Sees.  14 
and  15.) 

Since  in  resistance  coupled  amplifiers  there  is  a  d.c.  path  between 
the  plate  of  one  tube  and  the  grid  of  the  following  tube,  a  negative 
grid  battery  large  enough  to  counterbalance  the  plate  battery  must 
be  used  in  every  stage  in  order  to  supply  the  necessary  negative  grid 
potential.  As  shown  in  Fig.  23,  a  common  plate  battery  can  be  used 
for  two  or  more  stages.  A  more  complete  discussion  of  battery  re- 
quirements is  given  under  Power  Supply. 

19.  Resistance-Condenser  Coupled  Amplifier.  This  type  of  circuit 
(Fig.  24)  is  similar  to  the  preceding  in  all  respects  except  that  con- 
densers are  inserted  between  the  plates  and  grids  of  adjacent  stages. 
This  makes  the  employment  of  large  negative  grid  batteries  unneces- 
sary although  it  is  still  important  that  steady  negative  potentials  be 
applied  to  the  grid  of  each  tube  sufficiently  large  to  prevent  their 
being  carried  positive  by  the  variations.  For  example,  in  Fig.  24, 
r'  may  be  two  meghoms  and  the  grid  battery  emf  2  to  3  volts.     This 
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type  of  circuit  is  in  general  the  easiest  to  handle.     Due  to  the  insertion 
of  condensers  it  will,  of  course,  not  serve  as  a  direct  current  amplifier, 


Fig.  24 

but  with  sufficiently  large  condensers  it  can  handle  low  frequencies 
with  little  or  no  distortion. 

20.  Retard-Condenser  Coupled  Circuit.     The  substitution  of  retard 
coils  for  resistances  (see  Fig.  25)  in  the  circuit  last  described  affects 
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Output 


Fig.  25 


the  behavior  of  the  circuit  in  several  ways.  An  advantage  in  the 
change  lies  in  the  fact  that  a  given  plate  potential  can  be  secured  by 
a  smaller  plate  battery  (Sec.  14).  Since  the  tubes  in  all  but  the  last 
stage  of  an  amplifier  generally  act  as  voltage  amplifiers,  it  is  desirable 
that  the  inductance  of  the  retard  coils  be  made  large.  By  employing 
retard  coils  of  the  proper  inductance  and  resistance  and  shunting 
them  with  condensers,  such  an  amplifier  may  be  tuned  for  any  par- 
ticular frequency. 

It  follows  that  the  width  of  the  frequency  band  which  can  be  am- 
plified without  distortion  is  likely  to  be  less  than  for  the  resistance 
coupled  amplifier.  Since  the  impedance  of  the  retard  coils  increases 
with  increase  of  frequency  the  higher  frequencies  will,  in  general,  be 
amplified  more  than  the  low.  However,  it  is  impossible  to  make 
retard  coils  without  a  certain  amount  of  distributed  capacity,  the 
shunting  effect  of  which  tends  to  limit  the  amplification  of  the  higher 
frequencies.  By  the  proper  design  of  coils  it  is  possible  to  construct 
a  retard-coupled  amplifier  which  will  give  practically  uniform  ampli- 
fication, e.g.  throughout  the  speech  range  of  200  to  3,000  cycles.     It 
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is  customary  to  make  the  retard  and  choke  coils  of  the  toroid  or  closed 
core  type. 

21.  Transformer  Coupled  Amplifiers.  From  a  theoretical  point 
of  view  the  transformer  coupled  amplifier  (Fig.  26)  should  be  the 
ideal  type.  By  the  proper  choice  of  transformers  it  should  be  possi- 
ble to  match  stages  with  respect  to  one  another  in  such  a  way  as  to 
obtain  the  greatest  efficiency  from  tubes  and  batteries.  The  chief 
advantage  of  transformer  coupling  lies  in  the  fact  that  the  input 
voltage  to  the  second  stage  may  be  made  greater  than  the  voltage 
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Fig.  26 

output  of  the  first,  and  so  on,  at  the  same  time  that  each  tube  operates 
into  a  properly  matched  impedance  to  give  maximum  power  output. 
When  uniform  amplification  over  a  relatively  wide  band  of  frequencies 
is  not  required,  the  interstage  transformer  may  be  designed  to  step 
up  the  voltage  as  many  as  30  to  40  times.  Other  advantages  are 
the  economical  use  of  plate  batteries  (Sec.  14)  and  the  elimination  of 
grid  condenser  and  grid  leak  or  high  voltage  grid  battery. 

However,  the  difficulties  attendant  upon  the  design  and  making  of 
transformers  are  such  that  to  realize  the  apparent  advantages  of  this 
type  of  circuit  will  require  very  careful  planning.     This  will  be  illus- 


Fig.  26a 


trated  by  the  following  example  of  a  transformer  to  handle  the  fre- 
quencies of  speech.  Given  an  interstage  transformer  as  in  Fig.  26a, 
we  will  assume  that  the  transformer  works  out  of  a  tube  impedance 
rp  and  into  a  grid  circuit  impedance  which  has  infinite  resistance. 
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Then,  imaging  for  the  moment  that  the  condenser  C\  has  been  re- 
moved, the  output  voltage  e2  of  the  transformer  is 

emp 


ei  = 


rp+jhp 


(8) 


in  which  e  is  the  input  voltage,  h  is  the  inductance  of  the  primary- 
winding,  m  is  the  mutual  between  the  windings,  and  p  is  2x  times  the 
frequency.  This  neglects  resistance  of  the  winding  and  also  capacity 
effects.     Inspection  of  Equation  8  shows  that  e2  varies  with  the  fre- 


Fig.  26b — Curve  .4  corresponds  to/  =  l  henry.     Curve  Ctol=2  henries,  C^.141/. 


quency  or  with  p  in  the  manner  shown  in  curve  A,  Fig.  26b,  from 
which  it  is  seen  that  the  transformer  tends  to  suppress  the  lower 
frequencies. 

Curve  A  shows  the  performance  of  a  transformer  as  calculated  from 
Equation  8  assuming  rp  =  5,000  ohms  and  U  =  1  henry.  Such  a  trans- 
former would  be  quite  unsuited  for  a  speech  frequency  amplifier  as  it 
introduces  very  serious  distortion  below  1,000  cycles.  Curve  B  is 
calculated  on  the  assumption  that  /2  =  2  henries  and  shows  marked 
improvement  over  .4  for  the  lower  frequencies. 

In  input  transformer  design  it  is  ordinarily  necessary  to  limit  the 
inductance  of  the  two  windings  not  only  because  of  the  limited  winding 
space  but  also  because  of  the  need  of  keeping  down  the  capacity  be- 
tween windings  and  the  capacity  within  each  winding.  Curve  C 
shows  the  performance  of  the  same  transformer  as  Curve  B  when 
the  capacity  C\  (Fig.  26a)  is  put  in  the  primary  circuit,  C\  having  a 
value  of  .141  m.f.  and  being  so  chosen  as  to  tune  U  to  300  cycles.  With 
the  capacity  present  Equation  8  becomes 


e2  = 


emp 


r>+j(!>?-ch) 
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Use  of  the  capacity  improves  the  transformer  characteristic  for  all 
frequencies  above  about  200  cycles  and  the  combination  therefore 
gives  better  results  in  a  speech  amplifier  than  the   transformer  alone. 
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The  effect  of  distributed  capacity  in  the  windings  (present  especially 
in  the  secondary  because  of  its  greater  number  of  turns)  is,  more  or 
less,  to  shunt  the  high  frequencies.  This  may  be  counteracted  either 
by  the  inductance  in  the  primary  winding  or,  if  this  is  not  sufficient, 
by  insertion  of  the  proper  inductance  in  series  with  the  primary.  It 
may  be  said,  in  a  general  way,  that  the  lower  the  ratio  of  a  trans- 
former the  better  suited  its  frequency  characteristic  will  be  to  a  wide 
band  of  frequencies  such  as  occurs  in  speech,  and  transformers  with  a 
ratio  of  1  to  4  are  made  which  require  no  correcting  provided  they  are 
properly  chosen  with  respect  to  <:he  impedance  characteristics  of 
associated  tubes. 

The  selective  amplification  of  an  amplifier  for  particular  frequencies 
may  be  increased  by  tuning  one  or  more  of  the  secondaries  of  the 
interstage  transformers  with  condensers.     (See  Equation  8a.) 

Due  to  the  fact  that  there  is  an  appreciable  distributed  capacity 
between  the  primary  and  the  secondary  windings,  an  interstage 
transformer  supplies  capacity  coupling  as  well  as  inductive  coupling 
between  adjacent  stages,  the  phase  of  the  capacity  coupling  being 
independent  of  the  direction  of  winding  while  the  inductive  coupling 
is  not.  Therefore,  the  transformer  may  be  so  placed  in  the  circuit 
that  these  two  effects  either  aid  or  oppose  one  another.  In  order  to 
secure  the  greatest  amplification  they  should  aid. 

The  transformer  used  in  speech  frequency  work  is,  in  general,  made 
with  an  iron  core;  therefore,  care  should  be  taken  to  prevent  the  d.c. 
component  of  Ip  magnetizing  the  core  and  reducing  its  efficiency. 
One  method  of  accomplishing  this  is  shown  in  Fig.  26  in  which  the 
d.c.  component  of  Ip  is  bypassed  by  a  choke  coil.  In  circuits  in  which 
two  or  more  interstage  transformers  are  used,  attention  should  be  paid 
to  the  danger  of  magnetic  feed-back.  This  can  be  largely  eliminated 
by  using  transformers  with  closed  magnetic  circuits.  Both  the  toroid 
type  core  and  the  shell  type  core  (commonly  employed  in  power 
transformers)  have  been  found  satisfactory,  and  especially  the  latter. 

22.  Amplification  of  Higher  Frequencies.  The  transformer  coupled 
amplifier  is  the  type  perhaps  best  suited  to  use  at  frequencies  higher 
than  those  of  speech.  As  a  special  case  the  amplifier  circuit  of  Fig.  27 
will  be  considered  first.  This  circuit  contains  a  tuned  output  and 
should  be  used  only  in  case  a  single  frequency  or  very  narrow  band  of 
frequencies  is  to  be  amplified  but  in  this  case  wTill  be  found  very 
satisfactory.  The  inductance  L  may  consist  of  two  parallel  windings, 
insulated  from  each  other  to  avoid  any  conductive  connection  be- 
tween the  plate  battery  and  the  output.  Such  an  arrangement 
would  be  desirable  if  the  output  went  to  a  detecting  tube  or  another 
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amplifying  tube.  By  using  a  variable  condenser  C,  the  frequency  of 
maximum  amplification  can  be  readily  shifted  but  for  any  one  setting 
the  amplification  will  be  as  shown  by  curve  A  of  Fig.  28.     For  maxi- 


Ct 


Output 


Fig.  27 

mum  output,  the  position  of  the  tap  A  should  be  set  so  that  the 
impedance  of  the  tuned  circuit  LC  as  seen  from  the  tube  is  equal  to 
the  output  impedance  of  the  tube.  Tuned  circuit  amplifiers  are 
especially  adapted  for  amplification  at  very  high  frequencies  (above 
2,000,000  cycles),  where  the  effect  of  the  capacities  between  the 
elements  of  the  tubes  makes  other  types  of  amplifiers  very  inefficient. 
' "  The  amplification  curve  A  will  be  broadened  when  more  and  more 
turns  are  added  to  the  inductance  L  and  the  capacity  of  the  tuning 
condenser  C  is  diminished  clue  to  the  effect  of  the  distributed  capacity 


frequency  — 
Fig.  28 


of  the  coil.  Curve  B  gives  the  amplification  for  a  circuit  where  the 
condenser  C  is  omitted  in  which  case  it  becomes  a  retard  coupled 
amplifier.  Maximum  amplification  occurs  at  the  natural  frequency 
of  the  coil  including  the  capacity  effects  of  the  leads  and  elements  of 
the  tubes. 

In  case  a  relatively  wide  band  of  frequencies  is  to  be  amplified, 
transformer  coupling  is  usually  resorted  to,  and  given  suitably  de- 
signed transformers  one  to  two  octaves  can  be  amplified  with  very 
fair  uniformity  at  frequencies  between  100,000  to  2,000,000  and 
four  to  five  octaves  at  frequencies  below  100,000  cycles.  Use  of 
transformer  coupling  will  broaden  the  characteristic  of  the  amplifier 
as  shown  in  curve  C,  Fig.  28,  the  exact  shape  of  this  curve  being 
largely  dependent  upon  the  design  of  the  transformers  employed. 
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For  frequencies  up  to  about  100,000  cycles,  transformers  with  iron 
cores  of  the  ring  type  are  suitable  and  are  preferably  enclosed  in 
metal  covers  which  are  grounded.  A  transformer  suitable  for  fre- 
quencies higher  than  100,000  cycles  may  consist  of  two  choke  coils 
(one  to  two  inches  in  diameter)  of  very  fine  wire,  these  coils  being 
mounted  close  together  on  a  suitable  form.  The  natural  frequency 
of  the  coils  will  approximately  determine  the  middle  of  the  band  of 
frequencies  which  are  amplified  and  the  coupling  between  the  two 
coils  will  determine  the  width  of  the  band,  closer  coupling  resulting 
in  a  wider  band.  The  coupling  is  generally  a  combination  of  electro- 
static and  electromagnetic  coupling  and  therefore,  in  connecting  all 
transformers  for  high  frequency  uses,  it  is  essential  to  establish  the 
proper  phase  relations  between  them  (see  paragraph  21).  Each 
stage  of  the  amplifier  should  be  shielded  as  shown  in  Fig.  29  although 
in   certain   cases  it   may   be  dispensed   with.     The   shielding  should 
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consist  of  brass  or  copper  sheeting  made  into  boxes  with  well-soldered 
joints  and  tightly  fitting  covers.  Holes  through  the  shielding  should 
be  just  large  enough  to  pass  the  insulation  of  the  wires. 

A  common  plate  battery  may  safely  be  used  for  four  or  more  stages 
provided  a  condenser  is  placed  across  the  terminals  of  the  battery 
as  shown  in  Fig.  29.  This  condenser  should  have  a  capacity  large 
enough  to  offer  practically  no  impedance  to  the  high  frequency  cur- 
rents, and  its  use  may  be  desirable  although  the  plate  battery  is 
common  to  but  two  stages.  Use  of  a  common  grid  battery,  as  shown, 
introduces  a  small  feed-back  from  the  second  stage  to  the  first.  This 
feed-back  may  be  either  positive  or  negative,  depending  upon  the 
phase  relations  in  the  intermediate  transformer  and  may  be  elimi- 
nated by  placing  a  condenser  across  the  grid  battery  terminals. 
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It  has  been  the  practice  in  high  frequency  amplification  to  use 
tubes  with  ju's  between  6  and  10,  interstage  transformers  being  selected 
to  step  up  the  voltage  as  much  as  is  possible  consistent  with  the 
desired  flatness  of  the  amplifier  characteristic.  In  general,  the  larger 
the  ratio  of  the  transformer,  the  more  pronounced  is  the  peak  of  the 
characteristic.  Other  things  being  equal,  the  most  suitable  tubes  are 
those  with  the  smallest  internal  electrostatic  capacities.  The  largest 
of  these  capacities,  in  general,  is  that  between  grid  and  plate  and 
tubes  have  been  produced  in  which  this  does  not  exceed  5  p  p  f.  and 
in  which  the  internal  plate  resistance  is  about  20,000  ohms. 

In  amplifying  the  higher  frequencies  the  feed-back  which  occurs 
through  the  tube  may  require  attention.  In  section  13,  it  was  pointed 
out  that  an  inductive  output  for  a  tube  gives  rise  to  a  negative  resist- 
ance characteristic  in  the  input  which  means  that  feed-back  is  occur- 
ing.  To  eliminate  the  possibility  of  singing  and  also  to  eliminate 
unequal  amplification  of  different  frequencies  which  feed-back  intro- 
duces, various  means  of  neutralizing  it  have  been  proposed.29     One 
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such  means  is  illustrated  in  Fig.  30  which  is  drawn  to  show  radio  re- 
ception with  a  loop  antenna.  Note  that  the  grid  of  the  first  tube  is 
joined  to  one  end  of  the  loop  and  the  plate  is  joined  to  the  other  end 
through  the  balancing  condenser  Cb,  the  filament  being  joined  to  the 
midpoint  of  the  loop.  When  Cb  is  chosen  equal  to  C3  the  capacity 
between  grid  and  plate,  it  is  evident  that  the  feed-back  occurring 
through  the  tube  is  just  balanced  by  that  occurring  through  Cb.  By 
adjusting  the  condenser  Cb  so  as  to  permit  of  feed-back,  very  large 
amplification  may  be  obtained  at  a  single  frequency  but  at  the  ex- 
pense of  flatness  of  characteristic. 

wSee  Patent  No.  1,183,875  issued  to  R.  V.  L.  Hartley,  and  Patent  No.  1,334,118 
issued  to  C.  W.  Rice. 
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23.  Feed-Back  Amplifiers.  This  amplifier  may  be  either  resistance 
or  inductive  coupled,  a  typical  resistance  coupled  circuit  being  shown 
in  Fig.  31.  In  a  feed-back  circuit,  attention  must  be  paid  to  phase 
relations.  In  Fig.  31,  let  the  arrow  along  the  resistance  Ri  represent 
an  increase  in  electron  current  to  the  grid  of  tube  A.  This  corre- 
sponds to  an  increase  in  the  potential  of  this  grid.  In  phase  with  this 
increase  in  potential  is  an  increase  in  electron  current  in  R2  as  shown 
by  the  arrow.  This,  in  turn,  corresponds  to  a  fall  in  potential  of  the 
grid  of  tube  B  and  therefore  to  a  reduction  of  the  Ip  in  B,  as  indicated 
by  the  arrow  at  i?3,  which  produces  an  increase  in  Ip  in  C.  There- 
fore, in  this  particular  circuit  the  correct  phase  relations  require  the 
output  of  one  tube  to  be  returned  to  the  input  of  the  second  preceding 
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tube  or  one  of  its  alternate  preceding  tubes.  The  amount  of  energy 
fed  back  can  readily  be  controlled  by  varying  the  portion  of  R%  through 
which  the  feed-back  current  flows. 

24.  Push-Pull  Amplifier.  See  Fig.  32.  This  type  of  circuit  is 
particularly  useful  as  a  terminating  stage  since  it  makes  possible  the 
use  of  a  low  impedance  in  the  output  circuit  without  serious  distortion. 
If  the  tubes  A  and  B  have  identical  characteristics,  it  is  readily  seen 
that  the  coils  of  the  output  transformer  may  be  so  connected  that  the 
fundamental  and  odd  harmonics  will  aid  one  another,  while  all  even 
harmonics  will  oppose.  Since  the  third  and  higher  harmonics  (count- 
ing the  fundamental  as  first)  are  very  small  compared  to  the  second, 
this  circuit  gives  very  nearly  distortionless  amplification.  In  speech 
amplifiers  it  permits  of  considerable  overloading  without  this  being 
very  apparent  in  the  quality  of  the  output. 

By  reversing  the  transformer  connections  it  is  possible  to  cause 
the  circuit  to  add  the  even  harmonics  and  give  the  differences  of  the 
odd. 

An  additional  use  for  this  circuit  will  be  pointed  out  in  the  section 
dealing  with  modulation. 

Fig.  33  shows  a  special  type  of  push-pull  circuit  which  is  particu- 
larly adapted  to  the  amplification  of  steady  and  low  frequency  volt- 
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ages.  It  consists  of  a  Wheatstone  bridge  in  which  two  similar  tubes 
form  one  pair  of  arms.  The  output  circuit  is  the  branch  in  which 
the  galvanometer  is  ordinarily  placed.  When  a  voltage  is  applied 
to  the  two  tubes  in  such  manner  that  the  potential  of  one  grid  is 
raised  by  the  same  amount  as  the  grid  of  the  other  is  lowered,  the 
bridge  becomes   unbalanced  and  current   flows   through   the  output 


Fig.  33 


branch.  For  small  applied  voltages  the  amplification  of  the  circuit 
is  very  nearly  distortionless.  The  circuit  has  the  obvious  disadvantage 
of  requiring  a  close  balance  between  the  tubes  and  is  therefore  liable 
to  require  careful  adjustment  during  use. 

The  push-pull  circuit  possesses  one  marked  advantage  over  the 
resistance-coupled  d.c.  amplifier  described  in  Sec.  18  for  in  it  current 
flows  through  the  output  branch  only  when  voltage  is  applied  to  the 
input.  For  the  same  reason  it  is  also  useful  for  amplifying  low  fre- 
quency alternating  voltages. 


V.    Amplifier  Power  Supply 

The  proper  power  supply  for  amplifiers  is  an  item  of  prime  im- 
portance. 

25.  Plate  Voltage  Supply.  The  principal  requirement  placed  on 
plate  voltage  is  that  it  be  steady.  For  this  reason  storage  batteries 
are  usually  best,  but  good  dry  cells  are  more  often  used  and  when 
fresh,  prove  very  satisfactory.  The  principal  trouble  encountered 
in  the  use  of  dry  cells  arises  from  an  attempt  to  use  partially  rundown 
cells.  A  dry  battery  should  be  tested  periodically  for  voltage,  the 
reading  being  taken  while  the  battery  is  delivering  a  current  at  least 
as  large  as  that  drawn  by  the  amplifier.  Whether  dry  cells  or  storage 
cells  are  used  for  plate  voltage,  in  general  not  more  than  four  stages 
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should  be  operated  from  a  single  battery.  In  the  case  of  a  retard 
coupled  amplifier  whose  stages  are  tuned  with  condensers,  each  stage 
should  preferably  have  a  separate  plate  battery  to  reduce  the  tendency 
to  "sing." 

A  generator  as  a  source  of  plate  voltage  is  frequently  used  for 
power  amplifiers.  In  case  a  direct  current  generator  is  used,  a  filter 
is  generally  necessary  in  the  plate  circuit  to  remove  commutator 
ripples. 

26.  Filament  Voltage  Supply.  A  source  of  constant  filament  voltage 
is  not  necessary  in  order  to  insure  constant  space  current  within  the 
tubes  at  temperature  saturation,  but  in  general  any  variation  in  fila- 
ment current  will  affect  the  relative  potential  difference  between 
filament  and  grid,  and  is,  therefore,  equivalent  to  a  variation  in  the 
input  voltage.  This  possible  source  of  trouble  must  be  particularly 
guarded  against  in  such  a  circuit  as  that  shown  in  Fig.  25,  in  which  a 
portion  of  the  adjustable  resistance  of  the  filament  circuit  is  included 
between  the  filament  and  the  "common  point"  A.  If  storage  batteries 
are  available,  they  form  the  best  source  of  filament  current;  generators 
have  been  used  satisfactorily  however. 

27.  Sources  of  Grid  Potential.  A  flow  of  electrons  to  the  grid  of  a 
tube  is  liable  to  result  either  in  distortion  or  a  loss  of  amplification  or 
both  (see  Sees.  15  and  16).  The  steady  negative  grid  potential  re- 
quired to  prevent  the  input  voltage  carrying  the  grid  to  a  positive 
potential  may  be  obtained  from  either  one  of  two  sources:  by  a  grid 
battery  or  by  an  IR  drop  in  some  resistance  in  the  circuit.  The  re- 
quirements for  a  grid  battery  are  very  light  since  it  is  called  upon  to 
give  no  appreciable  current.  As  was  pointed  out  in  Sec.  26,  use  of 
an  IR  drop  for  grid  voltage  pre-supposes  steady  filament  or  plate 
battery  according  to  circumstances,  and  since  the  proper  grid  battery 
is  readily  obtainable  the  use  of  an  IR  drop  is  likely  to  prove  desirable 
only  in  very  unusual  circumstances. 

VI.     Troubles  in  Amplifier  Circuits 

28.  Noise.  The  noise  in  amplifier  circuits  is  due  to  several  causes 
which  may,  in  general,  be  grouped  into  two  classes.  Certain  noises 
originate  within  the  tubes  and  other  noises  find  their  origin  in  the 
circuit.  The  amount  of  noise  in  any  amplifier  limits  the  minimum 
input  voltages  which  it  will  handle  satisfactorily,  for  obviously  input 
voltages  which  produce  output  currents  of  the  same  order  of  magni- 
tude as  the  currents  giving  rise  to  noise  will  not  be  satisfactorily- 
amplified. 
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29.  Tube  Noises.  Tubes  may  be  responsible  for  three  distinct 
kinds  of  noises,  (a)  Ringing  or  rattling  is  due  to  the  vibration  of  the 
tube  elements  and  may  be  eliminated  by  proper  tube  construction  or 
by  some  form  of  vibration  proof  suspension  for  the  early  stages  of  the 
amplifier,  (b)  Crackling  may  be  produced  by  high  resistance  films 
on  the  inner  surface  of  the  bulb,  forming  conducting  paths  between 
the  leads.  Faulty  electrical  contact  between  the  plate,  grid  and 
filament  and  their  respective  leads  is  also  a  frequent  source  of  crackling. 
Furthermore,  in  tubes  which  are  well  constructed  in  regard  to  the 
points  just  mentioned,  but  which  contain  tungsten  filament,  crackling 
may  be  observed.  This  trouble  is  not  found  in  all  tungsten  filament 
tubes  but,  when  present,  is  sufficiently  marked  to  become  apparent 
in  a  two  stage  amplifier,  (c)  In  carefully  constructed  amplifiers  of 
more  than  three  or  four  stages  a  noise  which  can  best  be  described 
as  a  hissing  or  sighing  is  certain  to  be  present.  It  appears  to  be  re- 
lated to  an  unavoidable  statistical  variation  in  the  escape  of  electrons 
through  the  grid  to  the  plate.  Its  magnitude  has  been  found  to  cor- 
respond approximately  to  an  output  voltage  from  the  first  stage  of 
between  5X10-7  volts  and  5X10-6  volts.  Between  these  limits 
the  noise  is  found  to  increase  as  the  output  impedance  of  the  first 
stage  is  increased,  and  also  to  increase  as  the  resistance  across  the 
terminals  of  the  input  increases.  Its  components,  above  300  cycles, 
appear  to  be  of  about  equal  magnitude  and  uniformly  distributed. 
It  is,  therefore,  impossible  at  the  present  time  to  build  amplifiers  to 
handle  voltages  of  less  than  this  order  of  magnitude,  at  any  rate 
when  the  frequencies  involved  are  in  the  audible  range. 

30.  Circuit  Noises.  In  general,  circuit  noises  in  amplifiers  are  due 
to  one  or  more  of  the  following  causes :  variations  in  grid  and  plate 
batteries,  loose  contacts  and  variations  in  resistances,  leakage  of  con- 
densers and  leakage  across  the  insulating  mounting  upon  which  the 
amplifier  parts  are  fastened,  and  external  electric  or  magnetic  fields 
acting  inductively  on  the  circuit.  The  remedy  in  each  case  is  obvi- 
ous once  the  exact  cause  has  been  found.  To  eliminate  inductive 
effects  in  the  wiring  it  is  usually  sufficient  to  run  wires  in  pairs  and 
to  shield  them  electrically,  the  shielding  being  grounded.  In  laying 
out  the  various  parts  of  an  amplifier  it  is  well  to  place  the  bulky  pieces 
at  points  in  the  circuit  at  which  they  will  have  as  near  zero  potential 
as  possible. 

31.  Singing.  Singing,  which  is  one  of  the  most  serious  troubles  in 
amplifiers,  is  always  due  to  some  form  of  feed-back.  This  may  be 
magnetic,  electrostatic,  or  in  the  form  of  mechanical  vibrations  as  in 
an  amplifier  having  a  microphone  attached  to  the  input  and  a  receiver 
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to  the  output.  Mechanical  feed-back  can  also  occur  in  the  case  of 
tubes  whose  parts  can  easily  be  set  into  vibration  and  a  cure  is  usually 
found  in  some  form  of  vibration-proof  mounting.  The  coupling 
which  is  responsible  for  feed-back  may  be  difficult  to  locate,  but  when 
found  can  usually  be  removed.  Both  retard  coils  and  transformers 
may  afford  an  easy  method  of  coupling  due  to  stray  fields.  If  the 
coupling  induces  voltages  which  are  in  phase  with  the  input  voltages, 
it  may  cause  singing,  and  if  out  of  phase,  the  amplification  may  be 
seriously  reduced.  Closed  core  coils  and  magnetic  shields  are  the 
usual  remedies  for  this  condition,  although  a  rearrangement  of  the 
circuit  parts  may  be  necessary. 

Certain  kinds  of  electrostatic  feed-back  may  be  removed  by  en- 
closing each  stage  in  a  separate  grounded  metal  cage  or  box.  The 
electrostatic  coupling  due  to  tube  capacities  (Sec.  13)  cannot  be 
eliminated  but  it  is  possible  to  so  design  circuits  that  trouble  from 
this  source  will  not  present  itself.  Thus  an  inductive  impedance  in 
the  output  circuit  may  prove  troublesome  because  it  induces  a  negative 
resistance  back  in  the  input  circuit;  a  non-inductive  output  can  never 
do  this.  Feed-back  through  tubes  increases  with  frequency,  and  in 
the  case  of  high  frequencies,  it  may  sometimes  be  necessary  to  use 
resistance  coupled  rather  than  reactance  coupled  circuits. 

32.  Blocking.  Two  entirely  different  types  of  blocking  may  occur 
in  an  amplifier.  They  both  result  from  the  grid  of  one  or  more  tubes 
having  been  carried  to  a  positive  potential  by  the  input  voltage. 
While  positive,  the  grid  picks  up  a  negative  charge  of  electrons  which 
is  removed  more  or  less  rapidly  by  the  grid  leak.  In  case  the  leak 
resistance  is  high,  a  residual  charge  may  remain  upon  the  grid  for  an 
appreciable  length  of  time,  depressing  its  mean  potential  to  so  low 
a  value  that  the  output  of  the  tube  is  cut  to  zero  or  very  nearly  zero. 
The  remedy  is  obviously  to  reduce  the  input  voltage  or  to  increase 
the  voltage  of  the  negative  grid  battery.  "In  certain  cases,  a  read- 
justment of  the  resistance  of  the  grid  leak  may  be  desirable. 

The  second  type  of  blocking  involves  secondary  emission  from  the 
grid  as  discussed  in  Sec.  9.  It  can  occur  only  when  the  input  is 
sufficient  to  force  the  grid  potential  of  some  tube  positive  by  as  much 
as  10  or  15  volts,  and  then  if  the  grid  leak  resistance  is  large  enough, 
secondary  emission  will  hold  the  grid  at  about  this  positive  potential 
and  entirely  prevent  proper  functioning  of  the  amplifier.  In  elimi- 
nating this  type  of  blocking,  the  first  step  should  be  to  note  the  effect 
of  increasing  the  filament  currents  as  secondary  emission  is  less  likely 
to  occur  when  the  filament  yields  a  copious  supply  of  electrons.  If 
this  does  not  remove  the  trouble,  the  negative  grid  batteries  in  the 
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stages  at  fault  may  be  increased  and  lower  grid  leaks  may  be  desir- 
able.    The  volume  of  input  to  each  stage  should  also  be  considered. 

33.  Distortion.  Distortion  in  an  amplifier  circuit  may  result  either 
from  a  failure  to  amplify  all  frequencies  by  the  same  amount  or  from 
the  generation  of  overtones  of  the  fundamental  frequencies  in  the 
input. 

The  unequal  amplification  of  various  frequencies  arises  from  the 
presence  of  resonant  characteristics  in  the  circuit.  This  may  take 
the  form  of  a  feed-back  which  discriminates  in  favor  of  certain  fre- 
quencies, the  feed-back  not  being  pronounced  enough  to  cause  singing. 
A  negative  feed-back  may  also  occur,  causing  a  loss  of  efficiency  over 
some  particular  frequency  range. 

The  distortion  which  arises  from  the  generation  of  overtones  is  due 
to  non-linear  voltage-current  characteristics  in  one  or  more  branches 
of  the  circuit.  The  usual  sources  of  this  trouble  are  curvature  of  the 
plate  and  grid  characteristics  (See  Equation  4)  and  the  variable 
permeability  of  the  iron  used  as  cores.  With  properly  chosen  coils, 
practically  distortionless  amplification  can  be  secured  by  the  method 
indicated  in  Sec.  12.  In  general,  to  accomplish  this,  the  output 
impedance  need  not  be  more  than  two  or  three  times  rP.  In  case  it 
is  necessary  to  use  a  low  output  impedance  in  the  final  stage,  distortion 
may  be  reduced  by  using  the  push-pull  circuit  of  Sec.  23. 

In  using  an  amplifier  under  circumstances  such  that  distortionless 
output  is  desired,  care  should  be  taken  that  no  tube  by  itself  is  over- 
loaded or  caused  to  work  in  such  fashion  that  its  dynamic  character- 
istic is  curved.  Distortion  which  arises  from  curvature  of  this  char- 
acteristic can  be  detected  by  inserting  an  ammeter  in  the  plate  circuit 
of  each  tube.  When  each  characteristic  is  straight,  or  nearly  so, 
there  should  be  no  change  in  ammeter  reading  as  the  source  of  input 
voltage  is  thrown  on  and  off,  and  in  the  case  of  a  variable  input  such 
as  that  arising  from  speech,  the  ammeter  readings  should  remain 
constant  while  the  amplifier  is  in  operation.  This  test  will  not  detect 
distortion  which  arises  from  selective  amplification  with  respect  to 
frequency. 

3-4.  Calculation  and  Measurement  of  Amplification.  Provided  all 
parts  of  an  amplifier  circuit  are  functioning  properly  and  its  constants 
are  known,  its  amplification  can  be  calculated  quite  accurately.  The 
fallowing  example  will  illustrate  the  procedure  to  be  followed  in  any 
case.  Referring  to  the  transformer  coupled  amplifier  of  Fig.  26,  as- 
sume that  the  ratio  of  the  first  input  transformer  is  z:zx  and  that  the 
ratio  of  the  second  input  transformer  is  22:23;  assume  also  that  z2  is 
numerically  equal  to  rP,  the  plate  circuit  resistance  of  the  first  tube. 
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Then,  calling  eg  the  input  voltage,  the  voltage  across  the  first  tube  is 
the  voltage  across  the  primary  of  the  second  input  transformer  is 


g2\7 

since  z2  is  numerically  equal  to  rp;  and  across  the  secondary  is 
Hence  the  voltage  amplification  of  this  portion  of  the  amplifier  is 

M      jZi       1 23 
2\    2     \z2' 

and  a  similar  argument  applies  to  the  following  stages. 

The  measurement  of  amplification  can  be  accomplished  by  the 
obvious  procedure  of  determining  the  magnitudes  or  the  relative 
magnitudes  of  the  input  and  output  current.  This  can  be  done  for 
either  a  single  stage  or  for  several  stages  at  once. 


Fig.  34 

A  very  satisfactory  circuit  for  measuring  amplification  is  illus- 
trated in  Fig.  34  and  through  use  of  a  vacuum  tube  voltmeter  (see 
Sec.  56)  as  a  comparison  means,  it  is  capable  of  an  accuracy  of  about 
2%.  The  conditions  which  the  resistances  Ri  and  R2,  etc.,  should 
satisfy  are  very  simple.  The  network  connected  between  the  oscilla- 
tor and  amplifier  input  should  present  an  impedance,  looking  into 
it  from  the  right,  equal  to  the  input  impedance  of  the  amplifier;  like- 


THERMIONIC  VACUUM  TUBES 


67 


wise  the  output  impedance  of  the  amplifier  should  equal  2R\.  The 
input  impedance  of  the  vacuum  tube  voltmeter  is  so  high  as  not  to 
shunt  the  resistances  across  which  it  is  connected  appreciably.  The 
grounds  at  the  mid  points  eliminate  the  disturbing  effects  of  capacities 
to  ground.  Under  these  conditions  the  voltage  amplification  a  is 
given  by  the  equation  : 


_  ar4Rs(2R1-\-R2)+2RlRn 
a     pL2R3(2Rl+RJ+2RlR,S 


to  a- 


An    expression    for    current  amplification  can  readily  be 


in  which  a,  B  are  the  fractions  of  R\  and  i?4  respectively,  across  which 
the  voltmeter  is  connected  to  obtain  equal  readings  when  the  switch 
W  is  thrown  from  one  position  to  the  other.  In  case  R-i  is  made  quite 
small  with  respect  to  Ri,  R3,  the  expression  for  a  reduces  approximately 
2a 
0' 
derived. 

Another  simple  measuring  circuit  is  shown  in  Fig.  34a  in  which 
0  is  an  oscillator  of  the  desired  frequency,  F  is  a  filter  to  remove 
harmonics  from  the  oscillator  current,  R\R-2  and  R3Ra  are  attenuating 
networks  consisting  of  resistances,  WWW  are  switches  by  which  the 
telephone  receiver  T  can  be  joined  either  to  the  output  of  the  amplifier 


Fig.  34a 


or  directly  to  the  oscillator,  and  also  provide  means  for  removing  the 
known  attenuation  in  the  shunt  Sh  (receiver  shunt)  at  the  same  time 
the  amplifier  is  removed.  By  the  proper  design  of  the  receiver  shunt, 
which  will  be  discussed  presently,  the  attenuation  required  to  give  the 
same  volume  of  sound  in  the  receiver  whether  the  amplifier  is  in  or 
out  may  be  read  directly. 

In  setting  up  the  circuit  of  Fig.  34a,  special  attention  must  be  given 
to  the  networks  R1R2  and  R3Ra-  In  addition  to  reducing  the  input 
to  the  amplifier  to  a  value  safely  below  the  overload  point,  RiR->  should 
be  designed  to  present  an  impedance  (when  seen  from  the  amplifier) 
equal  to  that  out  of  which  the  amplifier  is  to  operate  in  service.  Other- 
wise the  measurements  of  amplification  may  be  without  significance. 
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The  network  R-aR\  serves  two  important  purposes.  It  is  designed 
to  present  toward  the  amplifier  the  same  impedance  as  the  amplifier 
is  to  work  into  in  service,  and  this  in  turn  requires  that  the  input  and 
output  impedances  of  the  amplifier  be  practically  equal  (or  if  not, 
then  small  with  respect  to  R\)  for  otherwise  the  network  R3Ri  when 
joined  to  R1R2  will  not  draw  the  same  fraction  of  current  as  the 
amplifier,  thereby  upsetting  the  comparison  upon  which  the  measure- 
ments are  based.  Furthermore,  the  attenuation  in  R*Ri  is  to  be 
sufficiently  large  that  variations  in  the  impedance  of  the  receiver  and 
its  shunt  as  seen  from  R3Ri  will  not  appreciably  affect  the  impedance 
into  which  the  amplifier  works  as  the  receiver  shunt  setting  is  changed. 
A  simple  calculation  will  show  how  great  the  attenuation  must  be  in 
any  given  case  to  satisfy  these  conditions. 

Proper  values  for  the  steps  of  the  receiver  shunt  may  be  calculated 
as  follows,  reference  being  made  to  Fig.  35  in  which  the  currents  and 
potentials  indicated  are  in  accordance  with  the  assumptions  made 
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35 

regarding  the  attenuation  in  the  various  portions  of  the  circuit. 
Calling  a  the  amplification  to  be  measured  it  may  readily  be  shown 
that 

(a  -!)-_/-! 
a  r2' 


(9) 


Or  if  R  is  the  impedance  of  the  network  R3R4  as  seen  from  the  receiver, 
and  the  shunt  Sh  is  proportioned  so  that  it  also  presents  the  impedance 
R  to  the  receiver,  whence 

r22? 


R  =  r, 


ro+R' 


then  Equation  (9)  gives 


R-\-r, 


Taking  account  of  the  necessary  approximations  it  is  readily  pos- 
sible to  measure  current  amplification  to  within  5%,  for  a' range  of 
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frequencies  extending  from  200  to  3,000  cycles.  Receiver  shunts  are 
made  which,  in  10  to  15  steps,  will  reach  a  maximum  reduction  ratio 
in  current  of  25:1  which  corresponds  to  an  energy  reduction  of  625:1, 
and  this  does  not  represent  the  greatest  range  possible. 

In  case  a  rougher  approximation  of  the  amplifying  power  is  suffi- 
cient, the  circuit  of  Fig.  34a  may  be  simplified  by  omission  of  the 
network  R3Ri  and  reversal  of  the  receiver  shunt  to  present  a  constant 
impedance  (except  for  variation  of  impedance  with  frequency  and 
phase  angle)  toward  the  amplifier.  The  network  RiRz  should  prefer- 
ably be  retained  and  should  be  so  proportioned  that  the  current 
through  the  right  hand  Rx  branches  is  practically  the  same  whether 
connected  with  the  amplifier  or  directly  to  the  receiver. 

In  measuring  the  over-all  amplification  of  a  multistage  circuit,  it 
will  probably  be  desirable  to  add  fixed  but  known  attenuation  units 
similar  to  R3Ri  to  the  receiver  shunt  which  may  be  cut  in  or  out  as 
required.  These  units  may  be  given  an  attenuation  equal  to  and 
twice  the  total  attenuation  of  the  shunt,  etc.,  after  the  fashion  of  the 
ordinary  resistance  box.  In  constructing  attenuation  networks  the 
arrangement  indicated  in  Fig.  34a  will  be  found  desirable  in  that  the 
symmetrical  placing  of  the  branches  tends  materially  to  eliminate 
errors  which  might  otherwise  arise  due  to  capacities  to  ground  in  the 
oscillator  and  amplifier.  Pairing  of  lead  wires  and  shielding  of  leads 
and  resistance  coils  will  be  found  desirable  for  accurate  work. 


Fig.  36 


The  filter  F  should  be  used  in  case  the  amplifier  tends,  because  of 
the  limited  range  of  frequencies  which  it  passes  or  because  of  some 
other  kind  of  distortion,  to  modify  the  quality  of  the  note  given  by 
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the  oscillator,  it  being  very  difficult  to  match  sounds  for  intensity 
which  differ  in  quality. 

A  very  satisfactory  type  of  audio-frequency  generator  is  shown  in 
Fig.  36;  it  is  a  buzzer  which  operates,  not  by  making  and  breaking 
current,  but  by  varying  it  periodically  with  a  microphonic  button. 
The  vibrating  parts  of  this  generator  may  be  tuned  to  any  audio- 
frequency, e.g.  800  cycles,  and  it  gives  quite  accurately  a  sinusoidal 
variation  of  current,  although  it  is  customary  to  insert  a  filter  (Sec.  6) 
to  insure  the  input  energy  being  accurately  of  one  frequency. 

VII.     Thermionic  Modulators 

In  discussing  modulation  the  terminology  which  has  been  de- 
veloped in  connection  with  radio  and  carrier-current  signaling  will 
be  used. 

By  the  term  "modulation"  is  meant  the  varying  of  the  amplitude  of 
a  relatively  high  frequency  wave,  so  that  its  envelope  represents  a 
particular  low  frequency  wave  or  combination  of  such  waves.  (See 
Curves  A,  B  and  C,  Fig.  37).     The  combination  of  low  frequency 
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Fig.  37 

modulating  waves  may  be  very  complicated,  as  in  the  case  of  speech, 
but  the  principle  involved  is  common  to  all  cases  of  modulation  and 
can  be  clearly  brought  out  by  the  consideration  of  a  single  low  fre- 
quency. 
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Let  Fig.  37,  C,  represent  a  high  frequency  wave  modulated  by  a 
sinusoidal  low  frequency.     The  wave  C  can  be  represented  by 

y  =  a(6  +  cos  qt)  cos  pt,  (10) 

in  which  ~  is  the  high  (carrier)  frequency  and  £-  the  low  (signal)  fre- 
2ir  2tt 

quency.     Equation  8  can  be  rewritten  in  the  form 

y  =  ab  cos  p/+ ~[cos  (p  —  q)t+cos  (p+q)t],  (11) 

which  brings  out  the  fact  that  the  modulated  wave  C  contains,  in 

p 
general,  three  distinct  frequencies — the  carrier  frequency  ^-,  a  differ- 

ence  frequency  ,  and  a  summation  frequency  ~ — -.    These  latter 

2ir  2ir 

frequencies  represent  the  so-called  "side  bands"  of  the  modulated  wave. 
Two  special  cases  of  the  wave  represented  by  Equations  10  and  11 
are  represented  graphically  at  D  and  E  of  Fig.  37  and  correspond  to 
6  =  1  and  b  —  o  respectively.  When  b  =  \  it  is  evident  that  the  ampli- 
tude of  each  side  band  is  half  the  amplitude  of  the  carrier  frequency; 
such  a  wave  is  said  to  be  "completely  modulated";  when  b  =  0  the 

P 
carrier  frequencv  ^-  is  absent  altogether.31 

35.  Means  for  Producing  Modulation.  Perhaps  the  simplest  case 
of  modulation  is  that  illustrated  by  continuous-wave  radio  telegraphy, 
in  which  the  intermittent  radiation  of  a  uniform  wave  is  accomplished 
by  means  of  a  telegraph  key.  In  most  cases,  however,  modulation 
requires  a  gradual  change  in  the  amplitude  of  the  high  frequency 
wave.  For  effecting  this  the  vacuum  tube  possesses  two  properties 
which  make  it  particularly  useful — (a)  the  Eg,Ip  characteristic  is 
very  nearly  parabolic  (Sec.  8) ;  (b)  the  current  in  the  plate  circuit 
is  a  function  of  the  grid  potential  (Fig.  10). 

Circuits,  by  means  of  which  modulation  may  be  effected  by  each  of 
these  properties,  are  described  in  *:he  following  paragraphs. 

36.  Modulation  by  Curved  Characteristic.  Considering  the  circuit 
of  the  type  illustrated  in  Fig.  38,  let  it  be  assumed  that  a  voltage 

e  =  A  cos  pt-\-B  cos  qt 

is  applied  to  the  input  of  the  tube.     The  result  is  shown  graphically 
in  Fig.  39.     When  this  value  of  e  is  substituted  in  Equation  4  we 

81  For  a  more  complete  discussion  of  modulation  and  the  nature  of  the  side  bands, 
see  R.  V.  L.  Hartley,  Procd.  Inst,  of  Radio  Engrs.,  Feb.,  1923,  or  Bell  System  Technical 
Journal,  Apr.,  1923. 
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obtain  for  the  modulated  output  (i.e.,  terms  whose  frequencies  are  of 
the  order  —). 


/* 


-[ 


fj.-rPrp 


r+rp      (r+rPY 


B  cos 


qt    cosp/. 


(12) 


As  pointed  out  above,  the  first  term  gives  the  carrier  wave  and  the 
second  term,  the  two  side  bands.     It  will  be  remembered  that  this 


Fig.  38 


equation  neglects  terms  of  higher  order  than  the  second,  which  is 
permissible,  so  long  as  the  tube  characteristic  is  approximately 
parabolic. 

Certain  points  regarding  Equation   12  should  be  noted.     In   the 
first  place,  the  amplitude  of  the  side  bands  is  proportional  to  the 


Fig.  39 


product  AB  and  is  therefore,  independent  of  the  relative  amplitudes 
of  the  original  carrier  and  modulating  frequencies.  Also  the  modu- 
lated current  is  proportional  to  the  first  power  of  B,  the  amplitude 
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is  proportional  to  /„  ,'     ,3  which  is  a  maximum  when  r  =  \  rP;  and  the 


of  the  low  frequency  wave;  i.e.,  although  the  modulation  is  effected 
by  the  curvature  of  the  tube  characteristic,  the  modulated  output  is 
free  from  distortion.  Furthermore,  the  modulated  output  voltage 
r 

(r  +  rpy 

modulated  output  energy  is  proportional  to —  which  is  a  maxi- 

(r  +  rp)6 

mum  when  r  =  ±  rp. 

Another  type  of  circuit  in  which  the  modulation  is  dependent  upon 
the  curvature  of  the  Eg,Ip  characteristic  is  shown  in  Fig.  40.  The 
two  tubes  are  supposed  to  be  alike ;  so  long  as  no  low  frequency  is  im- 
pressed on  the  grids  the  high  frequency  space  currents  are  equal, 
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Fig.  40 


each  passing  through  one  of  the  primary  coils  of  the  transformer  T0, 
the  order  of  winding  these  coils  being  such  that  this  condition  gives 
zero  current  in  the  secondary.  However,  the  presence  of  a  low  fre- 
quency voltage  (L.F.,  Fig.  40)  raises  one  grid  potential  at  the  same 
time  that  it  lowers  the  other,  with  the  result  that  the  high  frequency 
currents  in  the  two  primary  coils  are  no  longer  equal,  and  a  high 
frequency  current  therefore  flows  in  the  secondary  of  Tot  the  amplitude 
of  which  is  determined  by  the  degree  to  which  the  two  tubes  are 
unbalanced  by  the  low  frequency  input.  It  is  apparent  that  the  out- 
put of  this  modulator  circuit  contains  only  the  two  side  bands  and 
none  (or  very  little,  if  the  tubes  are  not  exactly  identical)  of  the  carrier 
frequency  and  therefore  corresponds  to  curve  E  in  Fig.  37.  It  is  par- 
ticularly useful  in  communication  circuits  where  several  telephone  or 
telegraph  channels  are  desired  on  the  same  pair  of  wires.  Since  only 
the  side  bands  are  transmitted  the  total  current  which  must  be  handled 
by  repeaters  and  other  line  apparatus  is  materially  reduced.  By  the 
use  of  the  proper  wave-filter  it  is  also  possible  to  suppress  one  side 
band,  thereby  approximately  cutting  to  one  half,  the  width  of  the 
frequency  band  to  be  transmitted.  As  will  be  pointed  out  under 
homodyne  detection,  the  suppressed  carrier  frequency  must  be  sup- 
plied locally  before  detection  can  occur. 
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37.  Modulation  Effected  by  Controlling  Plate  Current  with  Grid 
Potential.  Numerous  circuits  have  been  developed  for  modulation, 
making  use  of  the  fact  that  the  grid  potential  affects  the  resistance 
of  the  plate  circuit.     Two  circuits  of  this  type  are  shown  in  Figs. 


Siqnol 


Fig.  41 

41  and  42.  In  the  first,  the  plate  circuit  of  the  tube  forms  a  shunt 
across  a  portion  of  the  antenna  inductance.  As  the  grid  potential  is 
varied,  the  antenna  is,  therefore,  thrown  more  or  less  out  of  tune, 
with  the  consequent  radiation  of  a  variable  amount  of  high  frequency 
energy. 

Fig.  42  shows  one  of  the  most  efficient  modulating  schemes  thus  far 
developed.  As  the  grid  potential  of  the  modulator  tube  A  varies, 
causing  a  change  in  plate  current  through  this  tube,  the  plate  voltage 


Low  Frequency             High  Frequency 
Choke                           Choke 
-CO T <D~ 


Fiff.   42 


applied  to  the  oscillator  tube,  B,  fluctuates,  because  of  the  presence 
of  the  low  frequency  choke  coil.  Under  this  condition  of  variable 
plate-voltage  the  oscillator  gives  a  variable  amount  of  high  frequency 
energy  to  the  antenna.  When  used  for  speech  modulation  this 
circuit  is  very  efficient  and  gives  good  quality.  The  tubes  A  and  B 
are  ordinarily  of  the  same  type. 

Many  other  modulating  circuits  have  been  designed,  and  those 
given  above  are  to  be  considered  merely  as  illustrative  of  the  general 
manner  in  which  the  properties  of  the  vacuum  tube  may  be  applied 
to  the  problem  of  modulation. 3- 

82  For  other  types  of  modulator  circuits  see  a  paper  by  R.  A.  Heising,  Procd.  Inst. 
Radio  Engrs.,  Aug.,  1921. 
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VIII.     Thermionic  Detectors 

Like  the  modulator  the  detector  is  a  device  for  the  production  and 

separation  of  difference  frequencies.     The  object  of  modulation  is,  in 

p  Q 

general,  to  transform  a  high   frequency  -f-  and  a  low   frequency  — 

into  two  high  frequency  side  bands,  %— -.     Detection  accomplishes 

P 
the  inverse  operation  of  forming  from  a  carrier  frequency  -—-  and  either 

or  both  side  bands  the  original  low  frequencv  ■—,  detection  often  being 

J.TT 

referred  to  as  demodulation.     Detection,  like  modulation,  can  be  most 
readily  described  by  the  consideration  of  a  single  pair  of  frequencies. 
When  carried  out  by  means  of  a  vacuum  tube  it  results  from  rectifi- 
cation in  either  the  grid  circuit  or  the  plate  circuit.     This  rectification 


Fig.  43 


may  arise  either  from  unilateral  conductivity  or  a  curved   current- 
voltage  characteristic  as  pointed  out  in  the  following  paragraphs. 

38.  Detection  by  Curved  Plate  Characteristic.  Considering  the  circuit 
shown  in  Fig.  43  and  assuming  an  input  voltage  e  =  A(B-\-cos  qt)  cos  pt, 
it  follows  from  Equation  4  that  the  output  current,  considering  only 

those  terms  whose  frequencies  are  of  the  order  -^-,  is 

2.1T 


Jd=k\t+7^AKB  cos  ^+{cos  2  20- 


(13) 


The  current  Jj,  known  as  the  "detected  current,"  therefore,  consists 
of  a  term  whose  frequencv  is  ~-  and  another  term  whose  frequency  is 
twice  this.  The  presence  of  these  two  frequencies  is  readily  under- 
stood.      The  detected   current  of  frequency   ^~  corresponds  to  the 
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difference  frequency  (See  Equations  10  and  11)  of  the  carrier  of  ampli- 
tude  AB  and  each  side  band  of  amplitude  —  and  is  therefore  propor- 

tional  to  2  .— .  AB.  The  second  term  of  the  detected  current  rep- 
resents the  difference  frequency  —  between  the  two  side  bands  them- 

A2 
selves  and,  as  is  to  be  expected,  its  amplitude  is  proportional  to  — . 

4 

In  case  one  of  the  side  bands  is  suppressed  before  detection,  this  term 
of  double  frequency  is  entirely  absent  in  the  detected  current.  Fur- 
thermore,  the  amplitude    of   the  detected  current  of  frequency  ^~ 

is  independent  of  the  relative  amplitudes  of  the  carrier  wave  and  the 

A 
side  bands.     In  general,  AB  is  large  compared  to  —  with  the  result 

Li 

that  the  term  of  double  frequency  in  the  detecting  current  is  negligible. 
It  follows,  therefore,  as  in  the  case  of  modulation  that  the  detecting 
current  is  practically  free  from  distortion. 


Grid  Potential 


K^ 


Plate  Current 


Audio  Current 
in  Telephone 


Fig.  44 


The  detecting  action  resulting  from  the  curved  plate  characteristic  is 
shown  in  Fig.  44. 

Equation  13  leads  to  the  result  that  the  output  voltage  of  a  detector 
tube,  when  working  as  above,  is  a  maximum  when  r  —  \  rp.  In  using 
these  relations  note  that  r  represents  the  value  of  the  output  resistance 
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for  the  high  frequency  and  not  the  low  frequency.  When  using  an 
amplifier  on  the  output  of  a  detector  (see  Fig.  45),  it  is  important  to 
choose  r  to  give  the  maximum  detecting  voltage.     As  in  amplifier  cir- 


T~""W 


-#! 

It  :c 

Fig.  45 

cuits  it  is  essential  in  this  type  of  detector  that  the  grid  remain  always 
negative.     See  also  the  sections  on  amplifiers. 

39.  Detection  by  Rectification  in  Grid  Circuit.  This  type  of  circuit 
(see  Fig.  46)  is  now  in  very  general  use  for  radio  purposes,  and  is 
characterized  by  the  grid  blocking  condenser  Cs.  Contrary  to  the 
preceding  type  of  detector,  the  present  requires  the  flow  of  electrons 
to  the  grid  and  works  best  when  the  grid  is  held  permanently  at  a 


Fig.  46 


small  positive  potential.  The  action  of  the  high  frequency  input 
causes  the  periodic  accumulation  of  a  negative  charge  upon  the  grid 
and  the  blocking  condenser,  thus  lowering  Es  and  diminishing  Ip. 
This  action  is  clearly  illustrated  in  Fig.  47.  This  circuit  is  most 
effective  when  the  carrier  frequency  is  much  greater  than  the  signal 
frequency,  and  not  as  efficient  as  the  circuit  described  in  Sec.  38 
when  the  carrier  is  say  only  four  or  five  times  as  great  as  the  signal 
frequency. 

Attempts  to  deduce  a  quantitative  relation  for  the  detecting  current 
in  this  type  of  detector  have  as  yet  met  with  little  success,  one  of  the 
principal  reasons  being  that  very  little  is  known  about  the  "dynamic" 
grid  current  characteristic.33     Experiments  show,  however,  that  the 

33  For  a  discussion  of  this  topic  see  Hulbert  &  Breit,  Phys.  Rev.,  Nov.,  1920,  pp. 
408-419;  Oct.,  1920,  pp.  274-281. 
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detecting  current  is  practically  proportional  to  the  square  of  the  input 
voltage,  provided  that  this  is  small,  thus  establishing  the  relation, 

Jd  =  ae2, 

which  corresponds  in  form  to  Equation  13  above. 

In  designing  this  type  of  detector  circuit,  attention  must  be  paid 
to  the  value  of  the  blocking  condenser  Cs  and  its  leak  Rs.  It  is  clear 
that  the  capacity  of  Cs  should  be  sufficiently  small  to  cause  the  grid 
to  undergo  the  maximum  potential  change  as  a  result  of  the  relatively 


6nd  Potential 


Plate  Current 


Audio  Current 


in  Telephone 


Fie.  47 


small  electron  charge  picked  up,  and  yet  it  must  be  several  times 
larger  than  the  tube  capacity  between  grid  and  filament.  Further- 
more, the  time  constant  of  Cs  and  Rs  should  approximately  match 
the  frequency  of  the  detected  current.  With  the  more  common  de- 
tector tubes  and  radio  frequencies,  capacities  of  the  order  of  200  nni. 
are  satisfactory. 

Detector  circuits  with  grid  blocking  condensers  may  be  coupled  to 
amplifiers  as  readily  as  the  other  type  of  detector,  and,  in  general,  a 
higher  output  resistance  for  the  detector  can  be  used,  thus  making 
possible  more  efficient  coupling  between  the  detector  and  the  first 
stage  of  amplification.  In  increasing  the  output  resistance  of  the 
detector  it  should,  however,  be  borne  in  mind  (see  Sec.  13)  that  a 
secondary  result  is  to  reduce  the  input  impedance  of  the  detector, 
which  may  entail  a  reduced  input  voltage. 
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40.  Heterodyne  and  Homodyne  Detection.  In  continuous- wave  radio 
telegraphy,  the  dots  and  dashes  of  the  code  are  transmitted  by  a  con- 
tinuous carrier  wave  of  a  single  frequency.  Heterodyne  reception 
consists  in  supplying  a  slightly  different  frequency  at  the  receiving 
station,  the  transmitted  and  locally  generated  frequencies  when  ap- 
plied to  the  detector  acting  exactly  as  the  carrier  and  side  band  fre- 
quency described  above.  The  useful  output  of  the  detector  is  the 
difference  frequency  which,  of  course,  is  chosen  in  the  audible  range. 

It  follows  from  Sec.  38  that  the  heterodyne  detecting  current  is 
proportional  to  the  product  of  the  amplitudes  of  the  transmitted  and 
locally  generated  waves.  Because  of  this  fact  a  feedback  circuit  may 
be  used  to  advantage  as  a  means  of  increasing  the  strength  of  both 
high  frequency  terms.  In  the  usual  type  of  feed-back  detector,  the 
detector  tube  is  also  used  as  the  source  of  local  high  frequency.     Such 


Fig.  48 


a  circuit  is  shown  in  Fig.  48.  The  oscillatory  circuit  0  is  tuned  to 
differ  in  frequency  from  the  incoming  signal  by  an  amount  which  will 
give  a  satisfactory  difference  frequency  in  the  telephone  receiver  T. 
By  varying  the  coupling  at  M,  the  intensity  of  the  beat  note  can  be 
readily  changed.  It  must,  however,  be  sufficient  to  cause  the  circuit 
as  a  whole  to  oscillate  at  the  natural  frequency  of  0.  A  feed- 
back arrangement  is  particularly  applicable  to  those  cases  in  which 
the  carrier  frequency  is  much  higher  than  the  signal  frequency  and 
is  therefore  generally  used  with  a  blocking  condenser. 

In  telephone  systems,  whether  radio  or  carrier  current,  it  is  fre- 
quently desirable  to  suppress  the  carrier  frequency  and  transmit  only 
one34  or  both  of  the  side  bands.  Detection  with  only  the  side  bands 
present  would  result  in  a  double  frequency  detecting  current  which 
obviously  would  not  be  permissible  in  a  telephone  circuit.    Whenever 

34  For  a  discussion  of  the  advantages  of  single  side  band  transmission,  see  reference 
given  in  footnote  13. 
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the  side  bands  alone  are  transmitted,  a  locally  generated  high  fre- 
quency exactly  equal  in  frequency  and  phase  to  the  original  carrier 
frequency  must  be  supplied.35     This  is  known  as  homodyne  reception. 

41.  Measurement  of  Detection  Coefficient.  The  constant  a  in  the 
relation  Jd  =  ae2  is  called  the  "detection  coefficient."  Its  measurement 
by  direct  means  is  not  difficult  but  as  seen  from  Equation  13  it  involves 
so  many  factors  that  no  satisfactory  indirect  methods  of  determina- 
tion have  been  developed.  The  requirements  of  the  direct  method 
are  quite  obvious,  and  for  circuit  details  reference  is  made  to  the 
Thermionic  Vacuum  Tube  by  van  der  Bijl. 

42.  Detecting  Efficiency.  A  knowledge  of  the  detecting  coefficient  a 
tells  very  little  about  the  detecting  efficiency  of  a  tube,  the  efficiency 
being  defined  as  the  ratio  between  the  low  frequency  energy  in  the 
output  and  the  high  frequency  energy  in  the  input.  The  efficiency 
involves  the  input  impedance  of  the  tube  which  is  a  function  of  the 
circuit  constants  as  well  as  the  tube.  It  is  therefore  impossible  to 
specify  the  detecting  efficiency  of  a  tube  without  certain  data  con- 
cerning the  circuit  in  which  it  is  to  be  used;  a  is  therefore  without 
much  significance. 


Plate  .::;;= 
Fig.  49 

43.  Detecting  Coefficient  and  Plate  Voltage.  The  variation  of  the 
detecting  coefficient  with  plate  voltage  depends  upon  the  type  of 
circuit.  If  detection  is  accomplished  by  a  curved  plate  characteristic, 
experiment  shows  (see  Fig.  49)  that  the  operation  is  best  when  the 
effective  voltage  is  about  equal  to  the  potential  drop  in  the  filament, 

'-See  J.  R.  Carson,  Procd.  Institute  of  Radio  Engineers,  Vol.  II,  p.  271,  1923. 
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it  being  presupposed  (see  Sec.  38)  that  Eg  is  enough  less  than  zero  to 
keep  the  grid  negative  at  all  times.  If  detection  is  accomplished  by 
means  of  a  blocking  condenser,  the  variation  is  as  shown  in  Fig.  50, 
no  sharply  defined  maximum  being  present  in  the  curve. 
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Fig.  51 


The  variations  of  detected  current  under  heterodyne  operation  are 
shown  in  Figs.  51  and  52  which  refer  respectively  to  detection  with 
and  without  a  blocking  condenser.  The  abscissa,  exe-2,  gives  the 
product  of  the  two  high  frequency  amplitudes  in  the  input.  As  is 
to  be  expected  when  no  grid  condenser  is  used  (see  Equation  13),  the 
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variation  of  detected  current  with  eie2  is  very  nearly  linear  provided 
Eg  is  sufficiently  negative.  Fig.  51  referring  to  detection  with  grid 
condenser  shows  no  linear  relation  however.  The  data  for  Figs.  51 
and  52  are  taken  from  Van  der  Bijl. 

44.   Comparison  of  Tubes  as  Detectors.     If  a  tube  is  available  whose 
detecting  coefficient  is  known,  other  tubes  may  be  calibrated  in  terms 
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of  this  standard.  The  comparison  of  detectors  can  be  very  readily 
carried  out  by  means  of  such  a  circuit  as  shown  in  Fig.  53.  This 
circuit  makes  use  of  a  grid  blocking  condenser  but  could  readily  be 
rearranged  not  to  employ  it.  In  use,  switches  5  and  K  are  operated 
together  in  such  manner  that  the  receiver  shunt  is  cut  out  when  the 


Shield 


Fig. 


receiver  is  connected  to  the  tube  of  lower  detecting  power.  By  proper 
adjustment  of  the  shunt  the  two  tubes  can  then  be  brought  to  apparent 
equality,  the  difference  being  read  from  the  calibration  of  the  shunt. 

IX.  Vacuum  Tube  Oscillators 

As  pointed  out  in  the  section  on  amplifiers,  it  is  easy  to  design  feed- 
back circuits  which  will  sing,  i.e.,  will  generate  continuous  oscillations. 
The  necessary  requirements  which  an  oscillating  circuit  must  meet 
are  two  in  number  and  are  readily  understood.  Any  small  alternating 
voltage  when  applied  to  the  input  generates  a  current  in  the  output, 
and  by  virtue  of  the  feed-back  a  portion  of  this  energy  is  returned  to 
the  input.  For  continuous  oscillations,  the  energy  returned  must  be 
in  phase  with  the  original  input  supply.  Furthermore,  letting  e 
represent  the  initial  input  voltage,  the  feed-back  coupling  must  be 
sufficient  to  return  to  the  input  a  voltage  greater  than  e.  If  it  is  less 
than  e  the  circuit  will  amplify  but  will  not  oscillate, 

The  circuit  requirements  necessary  for  any  given  tube  to  return  a 
voltage  greater  than  e  may  readily  be  stated  in  mathematical  form, 
but  so  far  as  the  practical  design  of  oscillators  is  concerned,  this  state- 
ment has  no  particular  value.  The  design  of  circuits  is  still  very  largely 
an  empirical  matter,  and  the  problem  is  not  so  much  to  make  the 
circuit  oscillate  as  to  make  it  oscillate  with  the  proper  frequency, 
efficiency  and  output  power.     These  requirements  can  usually  best  be 
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met  by  trial  and  adjustment  taking  into  account  such  general  theo- 
retical considerations  as  follows. 

Vacuum  tube  oscillators  make  a  convenient  way  of  obtaining 
large  high  frequency  currents  at  small  voltages  and  large  a.c.  voltages 
at  small  currents  for  testing  purposes.36  A  special  oscillator  circuit 
for  giving  a  very  pure  sine  wave  output  of  constant  frequency  is  dis- 
cussed in  Sec.  53. 

45.  Equivalent  Resistance  of  the  Oscillator  Circuit.  Oscillator  cir- 
cuits are  of  many  types,  but  the  fundamental  action  of  all  of  them 
can  be  reduced  to  common  terms,  and  to  simplify  the  discussion  the 
type  of  circuit  illustrated  in  Fig.  54  will  be  discussed. 

It  will  be  noted  that  a  d.c.  voltage  is  applied  between  filament  and 
plate  by  means  of  a  battery  in  series  with  a  choke  coil.     This  choke 


Eb 


may  be  considered  as  having  zero  d.c.  resistance  and  virtually  an 
infinite  resistance  to  the  a.c.  generated  by  the  oscillator.  An  oscillat- 
ing circuit  consisting  of  inductance,  resistance  and  capacity  is  also 
connected  between  filament  and  plate,  and  by  means  of  another  in- 
ductance joining  filament  and  grid  a  portion  of  the  output  energy  is 
fed  back  to  the  input  by  virtue  of  the  inductive  coupling  M. 

In  circuits  as  usually  constructed  the  ohmic  resistances  r±  and  rj 
of  the  oscillating  circuit  are  very  small  compared  to  the  impedances 
of  L2  and  C.  It  follows  that  the  frequency  of  oscillation  differs  but 
slightly  from  the  natural  frequency  l/2ir\/L^C,  and  the  oscillating 
circuit  may  therefore,  be  looked  upon  as  introducing  nothing  more 
than  a  pure  resistance  (so  far  as  the  fundamental  component  of  Ip  is 
concerned)  into  the  output  circuit  of  the  tube.  Except  for  consider- 
ations of  feed-back,  we  may  therefore  imagine  the  oscillating  circuit 
L2,  C,  replaced  by  an  equivalent  resistance  whose  value  is  given  by 

+u  .■       d     r\r*+Lo/C  .  .  •       . 

the  equation  K  = . .      1  his     equivalent  resistance     is  lmport- 

ant  in  dealing  with  oscillating  circuits. 
"See  W.  C.  White,  Gen.  Elect.  Rev.,  Vol.  20,  p.  635,  1917. 


84 


BELL  SYSTEM  TECHNICAL  JOURNAL 


46.  Phase  Relations.  Typical  phase  relations  between  the  various 
currents  and  voltages  in  the  oscillating  circuit  are  illustrated  by  the 
oscillograms  in  Fig.  55.  Note  that  the  oscillation  current  I0,  and 
also  Ep  and  Eg  show  practically  sinusoidal  variations.     Such  variations 


Hate  Voltage 


Grid  Voltage 


Hate  Current 


Grid  Current 


Oscillating  Current 


Plate  Current 


Fig.  55 


will  be  found  over  very  wide  ranges  of  adjustment.  Although  Ip  does 
not  show  a  sinusoidal  variation,  the  fundamental  component  (whose 
frequency  is  the  same  as  that  of  I0)  is  relatively  much  larger  than 
the  higher  components. 

Note  that  the  variations  of  Ep  and  Eg  are  practically  180°  out  of 
phase,  and  also  that  Ep  and  the  fundamental  of  Ib  are  180°  but  of 
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phase.  This  latter  condition  is  obviously  required  for  maximum 
power  output  by  an  a.c.  generator.  In  order  that  Ip  be  a  maximum 
when  Ep  is  a  minimum,  Eg  must  be  a  maximum  at  this  time. 

47.  Dynamic  Characteristic.  A  tube  when  operating  into  an  output 
resistance  follows  a  dynamic  characteristic  (also  called  derived  char- 
acteristic)37 whose  slope  is  somewhat  less  than  that  of  the  static  (see 
Sec.  12).  The  dynamic  characteristic  is  flatter  than  the  static  char- 
acteristic since  the  oscillating  circuit  L-_,  C  acts  as  an  equivalent  re- 
sistance. In  fact,  the  dynamic  characteristic  of  the  oscillating  tube 
may  differ  in  one  important  respect  from  that  of  Sec.  12,  for  in  an 
oscillator  the  grid  potential  has  a  relatively  very  high  positive  value 
for  a  portion  of  the  cycle.  Consequently  the  dynamic  plate  char- 
acteristic very  frequently  turns  downward  at  its  upper  end  (point  B, 
Fig.  56).     As  will  be  pointed  out  later,  this  feature  of  the  dynamic 
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characteristic  is  likely  to  be  one  of  the  factors  tending  to  limit  the 
amplitude  of  oscillation. 

48.  Amplitude  of  Oscillation.  As  yet  no  very  comprehensive 
formula  has  been  derived,  either  theoretically  or  empirically,  to  express 
the  amplitude  of  oscillation  in  terms  of  the  tube  and  circuit  constants 
and  the  applied  Ep.  However,  certain  general  statements  can  be 
made  which  will  serve  as  useful  guides. 

We  shall  not  consider  further  the  circuit  shown  in  Fig.  54;  it  shows 
a  negative  grid  battery  in  the  grid  filament  branch,  which,  if  sufficiently 
large  to  control  the  oscillator  when  in  operation,  usually  makes  the 
starting  difficult  and  uncertain,  and  is  therefore  undesirable.  To 
eliminate  the  grid  battery  and  yet  supply  sufficient  negative  potential, 
once  oscillations  have  started,  circuits  are  usually  supplied  with  a 
grid  blocking  condenser  and  high  resistance  leak  (see  Figs.  64  and 
65).     Since  for  a  portion  of  each  oscillation  the  grid  is  positive,  it 

37  See  L.  A.  Hazeltine,  Procd.  Inst,  of  Radio  Engrs.,  April,  1918. 
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picks  up  a  charge  of  electrons  which  in  flowing  off  through  the  leak 
creates  an  average  negative  grid  potential.  It  is  apparent  that  as  the 
amplitude  of  oscillation  increases,  the  charge  picked  up  at  each  posi- 
tive swing  of  the  grid  potential  increases,  with  the  result  that  this 
average  negative  potential  tends  to  sink  lower.  The  importance  of 
this  control  feature  will  be  brought  out  presently. 

It  is  generally  found  that  the  oscillations  build  up  to  such  a  value 
that  the  greatest  positive  potential  of  the  grid,  which  will  be  repre- 
sented by  -Egmax'  becomes  practically  equal  to  the  lowest  plate  po- 
tential, Epmin.  It  is  not  difficult  to  understand  why  this  condition 
should  represent  a  sort  of  limit.  It  is  usually  found  that  the  dynamic 
characteristic,  as  shown  at  B,  Fig.  56,  tends  to  bend  rapidly  downward 
as  Egmax  becomes  greater  than  EPm-m.  When  Egmax  tends  to  become 
greater  than  EPmin  the  electron  current  to  the  grid  rises  suddenly  (see 
cathode  ray  oscillogram,  Fig.  57)  with  the  result  that  the  average 


current  flowing  through  the  grid  leak  increases  very  rapidly,  which 
in  turn  results  in  a  marked  depression  of  the  average  grid  potential. 

The  increased  electron  current  to  the  grid  as  Eg  tends  to  become 
greater  than  EPmin  also  represents  a  greater  dissipation  of  energy  upon 
the  grid  which  is  equivalent  to  an  increase  in  the  effective  resistance  R. 

It  is  quite  possible  that  any  one  of  these  three  factors,  in  the  absence 
of  the  others,  would  be  sufficient  to  limit  the  oscillations;  but  as  each 
springs  into  importance  when  the  amplitude  of  the  oscillation  has 
reached  about  the  same  value,  we  shall  not  discuss  the  exact  com- 
bination of  the  three  which  actually  determines  the  amplitude. 

Adopting  the  relation  Egmax  =  EPmin  and  making  the  additional 
assumption  that  the  dynamic  characteristic  is  straight  (which  is  very 
nearly  true)  an  expression  for  the  amplitude  of  oscillation  can  readily 


THERMIONIC  VACUUM  TUBES 


87 


be    obtained.      Introducing    certain    approximations    this    expression 
may  be  written, 

1      _ 


ipi(R+Ro)  = 
1 


(14) 


in  which  terms  of  the  order  —  are  neglected  in  comparison  to  unity. 

M  _ 

ipi  is  the  fundamental  component  of  the  space  current,  Ep  is  the  mean 
plate  voltage  and  the  term  R0  is  largely  determined  by  the  tube,  and 
while  not  generally  equal  to  rp,  is  apparently  not  much  different  from 
it.  This  equation  indicates  that  the  amplitude  of  oscillation  is  prac- 
tically independent  of  the  value  of  p. 

The  remarkably  simple  relation  given  by  Equation  14  has  been 
tested  for  a  wide  variety  of  circuits  and  tubes  and  has  been  found 
to  hold  with  a  very  fair  degree  of  accuracy.  It  may  safely  be  taken 
as  indicating  quite  approximately  what  response  may  be  expected 
from  any  tube  and  circuit  when  operated  at  a  particular  applied  Ep. 
The  equation  is  likely  to  be  more  closely  followed  the  more  carefully 
the  adjustment  of  circuit  for  maximum  efficiency  has  been  made. 

The  condition  Egmax=EPmin  should  not  be  considered  as  invariable. 
Adjustments  can  readily  be  made  for  which  Egmax  will  either  be  ap- 
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preciably  less  or  greater  than  EPmin.  It  is  generally  found  how- 
ever that  these  adjustments  do  not  give  the  most  efficient  operation. 

Additional  information  as  to  the  relation  between  the  amplitude  of 
oscillation  and  certain  circuit  constants  are  given  in  Figs.  58,  59,  60, 
61.  Fig.  53  shows  that  an  oscillator  tube  may  present  a  well-defined 
condition  of  temperature  saturation.  Figs.  60  and  61  show  that  the 
value  of  the  feed-back  voltage  and  grid  leak  resistance  rg  may  be 
varied  within  wide  limits  without  affecting  the  output  markedly. 

49.  Efficiency.  The  efficiency  of  an  oscillator  may  be  defined  as 
the  ratio  between  the  energy  of  oscillatory  current  and  the  d.c.  energy 
supplied  to  the  plate  circuit.     This  leaves  out  of  account  the  energy 
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required  to  actuate  the  filament.  The  efficiency  of  oscillator  circuits 
ranges  all  the  way  from  a  few  per  cent,  to  as  high  as  90%  or  better. 
The  principal  factors  determining  the  efficiency  are  those  which 
determine  the  amount  of  energy  dissipated  upon  the  plate  of  the  tube. 
Inspection  of  the  oscillogram,  Fig.  55,  shows  that  the  sharper  and 
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narrower  the  plate  current  wave  and  the  more  nearly  the  plate  voltage 
approaches  zero,  the  higher  will  be  the  efficiency.  In  an  extreme 
case  such  as  the  hypothetical  one  illustrated  in  Fig.  62  it  is  evident 
that  the  efficiency  would  be  very  large  indeed.     The  /x  of  the  tube 
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largely  determines  the  sharpness  of  the  plate  current  wave  and  ex- 
perience shows  that  for  efficiencies  of  about  50%  and  better,  n  should 
be  at  least  ten;  an  increase  above  this  value  does  not  result  in  any 
very  large  improvement.  It  is  also  generally  true  that  for  the  highest 
efficiencies  the  circuit  constants  should  be  so  arranged  that  R  is  at 
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least  four  or  five   times  as  great  as  rp,  and  it  may  advantageously  be 
made  10  to  15  times  as  great.     In  these  latter  cases  R0  is  relatively 


Fig.  62 

negligible  compared  to  R  in  Equation  14  with  the  result  that  it\  can 
be  quite  accurately  calculated  although  the  exact  value  of  R0  may  be 
unknown. 

50.  Types  of  Oscillating  Circuits.  There  are  many  different  types 
of  oscillating  circuits  and  as  they  do  not  lend  themselves  readily  to 
classification,  only  a  few  of  the  more  common  types  will  be  described. 

One  of  the  simplest  oscillating  circuits  is  that  shown  in  Fig.  63 
which  is  characterized  by  a  tuned  grid  circuit  inductively  coupled 
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to  a  coil  in  the  output.  This  type  is  satisfactory  for  low  plate  voltages 
and  small  powers,  but  is  not  to  be  recommended  where  large  amounts 
of  power  and  high  efficiencies  are  desired. 

The  condenser  C0  is  inserted  to  prevent  short  circuiting  of  the 
plate  battery  or  generator  and  may  be  made  so  large  as  to  have  no 
effect  on  the  frequency. 

A  circuit  of  similar  properties  is  shown  in  Fig.  64,  the  output  being 
tuned  instead  of  the  input. 

51.  Colpitts  and  Hartley  Circuits.  Two  very  similar  types  of  circuits 
which  have  proved  satisfactory  for  a  wide  range  of  frequencies,  voltages 
and  powers,  and  which  yield  very  high  efficiencies,  are  shown  in 
Figs.  64  and  65,  the  former  being  known  as  the  Colpitts  and  the  latter 
as  the  Hartley  circuit.  In  both  circuits,  as  illustrated,  the  mean  grid 
potential  is  secured  by  a  grid  leak.  The  blocking  condenser  Cg 
should  be  large  enough  to  offer  very  little  impedance  to  the  flow  of 
the  alternating  current  which  causes  the  variation  of  the  grid  potential, 
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and  as  seen  in  Fig.  61  the  resistance  of  the  leak  can  be  varied  within 
wide  limits  without  an  appreciable  effect  upon  the  performance  of  the 
circuit.  The  source  of  plate  potential  may  be  either  battery  or 
generator.  The  choke  in  the  generator  supply  should  be  sufficiently 
large  to  prevent  an  appreciable  amount  of  oscillating  current  flowing 
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through  the  generator.  In  order  to  avoid  short  circuiting  the  generator 
in  the  Hartley  circuit,  a  large  condenser  C0  is  interposed  as  shown  in 
Fig.  65.  For  high  frequencies  it  is  customary  to  make  this  con- 
denser so  large  that  it  has  very  little  effect  upon  the  frequency  of 
oscillation. 

The  power  of  the  oscillating  current  may  be  removed  either  by 
capacity  or  magnetic  coupling,  or  it  may  be  dissipated  by  resistance 
within  the  oscillating  circuit.  Magnetic  coupling  is  very  satisfactory 
for  radio  frequencies,  but  for  the  audio  frequencies  unless  iron  core 
transformers  are  used,  capacity  coupling  usually  proves  more  con- 
venient. In  regard  to  the  use  of  iron  core  inductance  and  transformers, 
the  reader  should  note  the  following  Section. 

52.  Frequency  of  Oscillation.  It  is  frequently  found  that  the  tube 
causes  an  appreciable  deviation  from  the  -  calculated  frequency  of 
oscillation.  This  is  not  so  much  because  the  tube  influences  the 
normal  operation  of  the  oscillating  circuit  as  it  is  due  to  the  fact  that 
the  impedances  of  inductance  coils  (particularly  when  iron  cored)  and 
of  the  condensers  are  liable  to  vary  in  value  with  the  current  amplitude. 
Hence  any  change  in  applied  plate  potential,  filament  current,  or  out- 
put resistance,  because  of  its  effect  upon  the  amplitude  of  the  oscillat- 
ing current,  will  give  rise  to  changes  in  frequency.  In  designing  cir- 
cuits to  operate  at  a  constant  frequency  regardless  of  slight  changes 
in  tube  constants,  plate  potential,  filament  current,  etc.,  the  most 
important  requirement  is  to  provide  inductances  and  condensers  whose 
impedances  are  independent  of  the  currents  they  carry,  and  whose 
resistance  components  are  very  small. 
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53.  Oscillator  for  A.C.  Measurement  Purposes.  For  many  a.c. 
measuring  purposes  an  oscillator  whose  output  is  both  free  from 
harmonics  and  constant  in  frequency  is  desirable.  Such  a  circuit  is 
shown  in  Fig.  66.  the  design  of  which  is  radically  different  from  the 
oscillator  circuits  already  discussed.  It  possesses  a  tuned  input  LC 
and  coupling  is  supplied  by  the  resistance  R.     R  is  usually  given  a 


Output 


Fig.  66 


value  between  100,000  and  400,000  ohms.  A  negative  grid  battery 
fixes  the  average  grid  voltage,  the  emf.  of-  this  battery  being  about 
8  to  10  volts.  It  is  customary  to  make  the  resistances  ri  amd  r2 
several  thousands  ohms  apiece,  r\  being  perhaps  5  times  r2.  The 
condenser  C\  is  merely  a  blocking  condenser  and  should  offer  little 
impedance  to  the  a.c. 

It  is  not  difficult  to  make  the  oscillator  of  Fig.  68  maintain  a  fre- 
quency that  is  constant  within  3  10  of  1%  and  when  the  feed-back 
is  not  too  large  the  harmonics  in  the  output  will  comprise  only  5% 
or  even  less  of  the  total  a.c.  output. 

54.  Range  of  Frequencies  Obtainable  with  Vacuum  Tube  Oscillators. 
Circuits  have  been  constructed  whose   frequency   is  but  a   fraction 


Fig.  67 

of  a  cycle  per  second.  The  requirements  of  such  a  circuit  are  large 
inductance  and  capacity  and  very  close  coupling  between  input  and 
output.  A  satisfactory  circuit  for  low  frequencies  is  that  shown  in  Fig. 
67;  the  two  inductances  taking  the  form  of  an  iron  core  transformer. 


92 


BELL  SYSTEM  TECHNICAL  JOURNAL 


At  the  other  extreme,  frequencies  as  high  as  5X10"  cycles  per 
second  can  be  obtained  by  means  of  tuned  vacuum  tube  circuits 
of  the  Hartley  or  Colpitt  type.  At  this  point  the  coupling  reactance 
of  the  tube  becomes  appreciable  with  that  of  the  circuit. 

Circuits  capable  of  considerably  higher  frequencies  have  been 
described  by  Van  der  Pol,37  Southworth,38  Gutton  and  Touly,39  and 
Holborn.40  In  all  of  these  cases  the  oscillatory  circuit  is  made  up  of 
distributed  inductance  and  capacity  connected  to  the  tube  in  such  a 
way  as  to  utilize  the  capacity  between  the  elements  of  the  tube  as  a 
means  of  coupling. 

The  circuit  shown  in  Fig.  68,  when  properly  arranged,  is  as  efficient 
as  those  used  for  lower  frequencies  and  will  give  frequencies  as  high 
as  3X108  cycles  per  second.  The  oscillatory  circuit  is  indicated  by 
the  heavy  lines.  It  consists  of  a  rectangle  whose  dimensions  are 
appreciable  with  the  wave  length.  Therefore,  waves  produced  by 
variations  in  the  electron  emission  through  the  grid  are  guided  along 
the  rectangle  and  are  reflected  at  the  ends.  The  reflected  waves 
produce  the  proper  voltage  changes  on  the  grid  to  sustain  oscilla- 


Fig.  68 


tions.  The  ground  imposed  by  the  power  leads  places  at  least  one 
point  of  the  circuit  at  earth  potential.  If  the  condenser  C  is  properly 
adjusted  relative  to  the  capacity  between  the  grid  and  the  plate  the 
wave  front  can  be  made  essentially  perpendicular  to  the  sides  of  the 
rectangle.  It  has  been  found  that  a  large  part  of  the  power  loss  in 
the  circuit  is  due  to  radiation.     This  circuit  has  been  used  as  a  basis 

"  B.  van  der  Pol,  Phil.  Mag.,  38,  July,  1919. 

38  G.  C.  Southworth,  Radio  Rev.,  1,  Sept.,  1920. 

39  Gutton  and  Touly,  Comptes  Rendus.  168,  Feb.  3,  1919. 
«  F.  Holborn,  Zs.  fur  Physik,  6,  p.  328. 
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of  directive  radio  in  which  a  metallic  mirror  was  used  to  reflect  the 
transmitted  signals. 

Very  different  means  of  producing  high  frequencies  have  been  used 
by  R.  Whiddington,41  Barkhausen  and  Kunz,42  and  by  Gill  and  Mor- 
rell.43  In  some  cases  they  employ  tubes  having  considerable  residual 
gas.  The  frequencies  produced  depend  on  the  relative  voltages  ap- 
plied to  the  grid  and  plate.  Probably  the  best  explanation  of  this 
phenomenon  has  been  given  by  Gill  and  Morrell.  Frequencies  higher 
than  3X10"  cycles  per  second  have  been  reported. 

The  most  accurate  way  ot  measuring  these  high  frequencies  is  by 
observing  the  length  of  standing  waves  produced  on  a  parallel  wire 
system.  The  constancy  of  the  vacuum  tube  generator,  compared 
with  spark  ocsillators,  combined  with  the  fact  that  the  sharpness  of 
resonance  in  a  parallel  wire  circuit  is  comparable  with  that  in  ordinary 
radio  circuits,  makes  it  especially  adaptable  to  measurement  pur- 
poses. It  may  be  used,  for  example,  to  measure  small  inductances 
and  capacities  or  to  determine  the  dielectric  constant  of  liquids. 
Many  of  the  corrections  necessary  when  a  damped  source  is  used  are 
eliminated. 

55.  The  Mechanically  Coupled  Oscillator.  In  addition  to  the  types 
of  oscillators  described  above  where  the  frequency  is  determined  by 
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inductance  and  capacity,  we  may  have  oscillators  in  which  the  fre- 
quency is  governed  by  a  mechanical  system  such  as  a  pendulum  or  a 
tuning  fork.44     An   example   is   shown   in   Fig.   68a.     The   two  coils 

41  R.  Widdington,  Radio  Rev.,  1,  Nov.,  1919. 

*2  Barkhausen  and  Kunz,  Phys.  Zs.,  Jan,  1,  1920. 

«  Gill  and  Morrell,  Phil.  Mag.,  44,  July,  1922. 

44  See  Eckhardt,  Karcher  and  Reiser,  /.  0.  S.  A.  &  R.  S.  I.,  Vol.  6,  p.  948,  1922; 
Eccles  &  Jordan,  Phys.  Soc.  Proc.  31,  Aug.,  1919  and  Phys.  Soc.  Proc.  32,  Aug.,  1920; 
Abraham  &  Bloch,  J.  d.  Physique,  Vol.  9,  July,  1920. 
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LpLg  are  inserted  in  the  plate  and  grid  circuits  of  the  tube.  Variations 
in  the  plate  current  through  the  coil  LP  impress  forces  on  the  tuning 
fork  which  result  in  its  motion.  This  motion  of  the  fork  causes 
variations  in  the  magnetic  field  through  Lg  and  induces  a  varying 
voltage  on  the  grid.  With  the  proper  coupling,  sustained  oscillations 
result  having  a  period  very  nearly  that  of  the  tuning  fork. 

The  electrically  driven  tuning  fork  described  above  constitutes  a 
very  satisfactory  source  of  either  sound  or  electromotive  force.  Hor- 
ton,  Ricker  and  Morrison  45  have  made  improvements  which  make  it 


Fig.  68b 


constant  in  amplitude  and  frequency  to  six  parts  in  a  million  over  very 
long  periods  of  time. 

An  entirely  different  form  of  mechanical  coupling  has  been  used  by 
Cady.46  The  circuit  is  shown  in  Fig.  68b.  It  makes  use  of  the 
piezo-electric  effect  and  mechanical  vibrations  of  a  crystal.  Varia- 
tions in  the  plate  current  in  the  tube  9  cause  a  voltage  change  across  the 
resistance  5.  This  is  communicated  to  a  crystal  AB  such  as  quartz  by 
means  of  the  plates  2  and  4.  A  transverse  electric  field  applied  to 
such  a  crystal  causes  a  change  in  its  length.  .  If  this  electric  field  be 
periodic,  compression  waves  will  travel  along  the  crystal  with  a 
velocity  depending  on  its  density  and  elastic  properties.  These 
waves  will,  in  turn,  cause  a  varying  electric  field  between  plates  1 
and  3  which  may  be  communicated  to  the  grid  of  the  tube  7,  amplified 
by  8,  and  finally  transmitted  to  tube  9.  This  provides  conditions 
for  sustained  oscillations  having  a  frequency  which  is  roughly  in- 
versely proportional  to  the  length  of  the  crystal. 

Cady  describes  oscillators  ranging  in  frequency  from  3X104  to  106, 
and  states  that  the  frequency  is  constant  to  about  one  part  in  10,000. 
The  effect  of  temperature  change  is  not  great. 

«  Journal  of  A.  I.  E.  E.,  1923. 

46  Cady,  Proceedings  of  I.  R.  E.,  Vol.  10,  No.  2,  April,  1922. 
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X.     Miscellaneous  Applications  of  Thermionic  Vacuum  Tubes 

56.  The  Tube  as  a  Voltmeter.  The  three-element  tube  may  be 
used  for  the  measurement  of  either  d.c  or  a.c.  voltages.  In  the  case 
of  d.c.  voltages  it  is  customary  to  apply  the  unknown  voltage  to  the 
plate,  counter-balancing  this  voltage  with  a  known  negative  potential 
applied  to  the  grid.  Given  the  n  of  the  tube,  it  is  then  possible  to 
calculate  with  a  fair  degree  of  accuracy  the  plate  potential.  The 
usual  procedure  is  to  adjust  the  negative  grid  potential  to  such  a 
point  that  the  plate  current  just  becomes  zero.  The  tube  when  used 
in  this  manner  becomes  an  electrostatic  voltmeter,  and  it  is  evident 
that  to  give  accurate  readings  the  tube  should  have  a  well-defined 
cutoff  (see  Sec.  8,  Fig.  10). 

In  a  somewhat  similar  fashion  a.c.  peak  voltages  may  readily  be 
compared  with  known  d.c.  voltages.  A  typical  circuit  is  shown  in 
Fig.  69.     In  operation  a  fixed  plate  voltage  is  applied  to  the  voltmeter 


Fig.  69 


Fig.  70 


tube  and  a  steady  negative  d.c.  voltage  is  applied  to  the  grid  which  is 
just  sufficient  to  reduce  the  plate  current  to  zero.  The  a.c.  voltage  is 
then  superimposed  in  the  grid  circuit  with  the  result  that  current 
flows  during  the  positive  halves  of  the  wave.  If  now  the  steady 
grid  potential  is  made  more  negative  until  the  plate  current  again 
just  ceases  to  flow,  it  is  apparent  that  this  change  in  the  steady  poten- 
tial just  equals  the  peak  value  of  the  a.c.  voltage. 

For  the  measurement  of  very  high  voltages  a  special  tube  of  the 
design  shown  in  Fig.  70  will  be  found  desirable,  the  grid  being  in  the 
form  of  a  screen  which  surrounds  the  filament.  Such  a  tube  may  have 
a  n  as  high  as  200. 

A  circuit  similar  to  Fig.  69  may  be  so  employed  that  the  a.c.  voltage 
to  be  measured  causes  a  change  in  the  space  current  meter  reading, 
the  negative  grid  potential  being  preferably  so  set  that  the  conditions 
discussed  in  Sec.  16  are  satisfied.     The  tube,  due  to  its  curved  char- 
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acteristic,  acts  as  a  detector  and  as  pointed  out  in  Sec.  37,  the  change 
in  space  current  is  approximately  proportional  to  the  square  of  the 
a.c.  input  voltage.  For  accurate  work  the  circuit  requires  calibra- 
tion but  the  calibration  will  in  general  remain  good  over  long  periods 
of  time.     This  method  is  particularly  useful  for  small  voltages. 

57.  Power-Limiting  Devices.  As  pointed  out  in  Sec.  4  the  total 
emission  from  the  filament  at  a  given  temperature  is  fairly  sharply 
defined  regardless  of  the  plate  voltage,  so  long  as  this  exceeds  the 
value  required  to  give  voltage  saturation.  The  fact  that  the  total 
emission  is  limited  by  the  temperature  may  be  used  to  control  the 
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Fig.  71 


Fig.  72 


maximum  current  in  a  circuit.  As  an  illustration,  Fig.  71  shows  its 
application  to  an  alternating  current  circuit,  the  performance  of  which 
is  illustrated  in  Fig.  72.  The  introduction  of  such  a  device  into  an 
a.c.  circuit  will,  of  course,  result  in  the  generation  of  harmonics  and 
may  therefore,  be  objectionable. 

There  is  almost  no  limit  to  the  number  of  regulatory  circuits  which 
can  be  devised  to  employ  the  three-electrode  tube. 
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58.  Voltage  and  Current  Regulation  of  Generators.  The  two-elec- 
trode tube  with  tungsten  filament  has  been  used  to  great  advantage 
as  a  voltage  regulator  for  a  special  airplane  generator  designed  to  de- 
liver both  28  volts  and  300  volts.    The  circuit  arrangement  is  illustrated 
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in  Fig.  73  in  which  M  represents  the  main  field  winding,  and  D  the 
differential  winding  which  opposes  M.  The  high  voltage  given  by 
the  generator  when  applied  to  the  plate  of  the  valve  is  sufficient  to 
produce  a  condition  of  voltage  saturation.  As  the  speed  of  the 
generator  increases,  the  current  through  the  main  field  winding  and 
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Fig.  74 

the  filament  increases,  thereby  giving  rise  to  greater  emission  from 
the  filament  and  a  larger  current  through  the  differential  winding. 
It  was  found  possible  to  so  design  the  valve  as  to  yield  the  very  close 
regulation  illustrated  in  Fig.  74.47 

The  three-electrode  tube  can  also  be  used  as  a  voltage  regulator 
for  a  generator  as  shown  in  Fig.  75.     It  is  apparent  that  an  increase 


Fig.  75 

in  the  voltage  across  the  line  tends  to  increase  the  current  through 
the  tube  and  resistance  R.     This  in  turn  lowers  the  grid  potential  and 
tends  to  prevent  an  increase  in  current  through  the  field  winding. 
The  circuit  shown  in  Fig.  76  illustrates  an  arrangement  for  main- 
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Fig.  77 


taining  a  constant  current  from  a  generator.  The  operation  of  the 
device  is  apparent. 

Fig.  77  shows  another  arrangement  for  maintaining  a  constant 
generator  voltage.     In   this  circuit  an  increase  in  voltage  tends  to 

47  Radio  Telephony  by  Craft  &  Colpitis,  Trans.  A.  I.  E.  E.,  Vol.  38,  p.  330.  1919 
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make  the  grid  less  negative,  thereby  reducing  the  resistance  shunted 
across  the  field  winding. 

A  somewhat  similar  arrangement  can  readily  be  applied  to  regulate 
the  voltage  delivered  by  a  battery.  Fig.  78  illustrates  such  a  circuit. 
An  increase  in  Ex  raises  the  grid  potential,  thereby  increasing  the 
current  through  the  tube  and  the  resistance  r3.  By  a  choice  of  regu- 
lating tube  and  resistances  such  that 

ri  +  r2  dE, 

r\      dip 

it  may  readily  be  shown  that  the  voltage  E2  remains  constant.     Since 
the  regulation  effected  by  this  circuit  is  independent  of  frequency  it 


r2 


Fig.  78 

may  also  be  applied  to  a  generator  supply  for  elimination  of  commuta- 
tor noise  as  well  as  voltage  fluctuations  due  to  changes  in  speed. 

59.  The  Ionization  Manometer.  When  gas  is  present  in  a  three- 
electrode  tube  in  quantities  not  sufficient  to  seriously  affect  the 
activity  of  the  filament,  and  the  plate  voltage  exceeds  a  value  suffi- 
cient to  produce  ionization  by  collision,  it  has  been  found  that  the 
number  of  ions  produced  is  proportional  both  to  the  pressure  of  the 
gas  and  to  the  electron  current  passing  through  the  gas  to  the  anode.48 
If  now  a  small  negative  potential  be  applied  to  the  grid,  a  certain 
fraction  of  the  positive  ions  will  be  drawn  to  it  and  their  number  can 
be  accurately  measured  by  the  current  flowing  in  the  grid  circuit. 
The  best  arrangement  is  to  apply  the  positive  potential,  not  to  the 
plate  in  the  usual  fashion,  but  to  the  grid;  and  apply  the  negative 
potential  to  the  plate  making  it  the  collector  of  the  positive  ions. 
Dimensions  of  a  satisfactory  tube  are  given  in  Fig.  79.  The  values 
.Eg  =  110  volts  and  Ep=—2  volts  have  been  found  to  give  very  satis- 
factory results,  the  electron  current  being  .02  ampere,  and  K  being 
equal  to  0.10  for  nitrogen  and  having  approximately  this  value  for  air. 
The  gauge  equation  may  be  put  in  the  form, 

P  =  KI±, 

in  which  P  is  the  pressure,  K  a  constant  depending  upon  the  design 
48  O.  E.  Buckley,  Procd.  Xat.  Acad.,  Vol.  2,  p.  683,  1916. 
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of  the  tube,  /+  the  positive  ion  current,  and  /—  the  electron  current. 
As  it  is  necessary  to  know  the  value  of  I—,  and  since  the  emission 
from  the  filament  is  liable  to  vary  somewhat  with  the  kind  of  gas  and 
its  pressure,  it  will  be  found  advantageous,  if  many  readings  are  to  be 
made,  to  place  in  the  /—  circuit,  the  coils  of  a  relay  which  is  adjusted 
to  close  at  a  definite  value  of  I—,  and  which,  when  closed,  cuts  in  a 
shunt   around    the   filament   which   will   reduce   its   heating   current. 
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Fig.  79 
Automatic  regulators  of  this  type  have  been  used  with  complete  suc- 
cess. Experiment  shows  that  the  value  of  K  remains  constant  for 
pressures  as  high  as  1.5  X10~3  mm.  of  Hg.  and  the  lower  limit  is  de- 
termined very  largely  by  the  sensitivity  of  the  current  reading  in- 
struments. It  follows  that  an  ionization  gauge  can  be  calibrated  by 
comparison  with  a  McLeod  gauge  and,  in  use,  extrapolated  to  low 
pressures.49 

60.  Heterodyne  Method  of  Generating  Currents  of  Very  Low  Fre- 
quencies. By  impressing  upon  the  grid  of  a  detector  tube  two  fre- 
quencies which  differ  by  a  very  small  amount  (e.g.,  99  and  100  cycles), 

49  Dushman,  Phys.  Rev.,  Oct.,  1920,  p.  854. 
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it  is  possible  to  obtain  from  the  output  of  the  detector  the  difference 
frequency  of  one  cycle  per  second.  This  low  frequency  may  be 
readily  separated  by  means  of  a  filter.  It  is  apparent,  however,  that 
to  maintain  this  difference  frequency  constant  requires  that  the  input 
frequencies  be  held  within  a  very  narrow  range  of  variation. 

61.  Thermionic  Valve  as  a  High  Tension  Switch.  If  the  plate 
circuit  of  a  valve  is  inserted  in  a  high  tension  circuit,  the  flow  of 
current  in  the  circuit  may  readily  be  stopped  by  cutting  off  the  filament 
heating  supply,  thus  making  unnecessary  the  breaking  of  any  con- 
tacts in  the  high  tension  circuit.  In  case  the  transmission  of  current 
in  both  directions  is  necessary,  two  valves  may  be  used. 

62.  Devices  Employing  Secondary  Emission.  As  pointed  out  in 
Sec.  9,  the  grid  current  in  a  three-element  tube  shows  a  negative 
resistance  characteristic  for  a  certain  range  of  voltage,  and  various 
uses  of  this  fact  have  been  pointed  out.50 

63.  Electron  Tube  Oscillograph.  A  special  type  of  thermionic  tube 
designed  for  oscillographic  uses  is  of  great  importance  as  a  laboratory 
instrument.  These  tubes,  using  the  hot  filament  as  a  source  of 
electrons,  have  certain  marked  advantages  over  the  Braun  tube 
with  its  gaseous  discharge.51  One  of  the  very  successful  thermionic 
oscillographs  has  the  following  properties:  anode  potential  300-400 
volts,  sharp  focus  of  electron  beam,  sensitivity  of  1  mm.  per  volt  be- 
tween deflection  plates  and  1  mm.  per  ampere-turn  when  using  mag- 
netic deflection.  Photographic  recording  is  possible  with  relatively 
short  exposures  by  using  suitable  fluorescent  material. 

49  Dushman,  Phys.  Rev.,  Oct.,  1020,  p.  854. 

50  See  footnote  21. 

51  See  J.  B.  Johnson,  /.  of  Opt.  Soc.  of  Amer.,  Sept.,  1922,  or  Bell  System  Technical 
Journal,  Nov.,  1922. 
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By  K.  K.  DARROW 

Note:  Dr.  Darrow,  the  author  of  the  following  article,  has  made  it  a 
practice  to  prepare  abstracts  and  reviews  of  such  recent  researches  in 
physics  as  appear  to  him  to  be  of  special  interest.  The  results  of  Dr. 
Darrow's  work  have  been  available  to  the  staffs  of  the  Bell  System  labora- 
tories for  some  time  and  having  been  very  well  regarded,  it  is  thought  that 
such  a  review,  published  from  time  to  time  in  the  Technical  Journal, 
might  be  welcomed  by  its  readers. 

The  review  cannot,  of  course,  cover  all  the  published  results  of  physical 
research.  The  author  chooses  those  articles  which  appear  significant  to 
him  or  instructive  to  his  readers,  without  attempting  to  pass  judgment  on 
the  scientific  importance  of  the  different  papers  published.  It  is  not  in- 
tended that  the  review  shall  always  assume  the  same  form;  at  one  time 
it  may  cover  many  articles,  at  another  be  devoted  to  only  a  few,  and  it 
may  occasionally  treat  of  but  a  single  piece  of  work. — Editor. 

SOME  years  ago  C.  T.  R.  Wilson  of  Cambridge  University  de- 
veloped a  beautiful  method  for  making  the  paths  of  moving 
charged  atoms  and  electrons  individually  visible.  The  charged 
particle  flies  through  a  gas  such  as  air,  mixed  with  water- vapor ;  it 
ionizes  many  of  the  molecules  near  which  it- passes;  the  gas  is  sud- 
denly cooled  by  expansion  and  the  water-vapor  is  precipitated  upon 
the  ionized  molecules,  forming  a  trail  of  droplets  which  visibly  mark 
out  the  path  of  the  ionizing  electron  or  atom.  Truly  spectacular 
photographs  of  such  trails,  thick  straight  ones  of  fast-moving  atoms 
and  thin  curly  ones  of  electrons,  are  frequently  published  in  text- 
bocks  and  in  popular  articles. 

The  method  is  now  proving  very  powerful  in  the  study  of  collisions 
and  close  encounters  of  electrons  with  atoms  and  of  atoms  with  atoms. 
Rutherford  having  found  by  another  method  that  the  nuclei  of  atoms 
are  occasionally  broken  up  by  unusually  direct  blows  from  fast- 
moving  helium  nuclei  (alpha-particles),  the  prospect  of  actually 
photographing  such  an  important  event  becomes  alluring.  How- 
ever, it  is  a  very  rare  event;  for  W.  D.  Harkins  and  R.  W.  Ryan  of 
the  University  of  Chicago  photographed  eighty  thousand  alpha- 
particle  trails  in  air,  and  only  three  of  the  particles  struck  molecules 
so  squarely  as  to  be  deflected  through  more  than  a  right  angle;  and 
of  these  only  one  showed  indications  of  having  broken  the  nucleus  it 
struck.  This  particular  collision  is  shown  in  Fig.  1  (two  photo- 
graphs of  the  same  encounter  taken  from  different  directions  at  the 
same  moment).  In  addition  to  the  tracks  of  the  alpha-particle  up 
to  and  away  from  the  scene  of  the  encounter,  there  are  two  more 
tracks  diverging  from  it,  which  are  probably  the  tracks  of  two  frag- 
ments of  the  struck  nucleus.  Other  interpretations,  such  as  two 
distinct    impacts   very    near    together   or   a   stray   radioactive    atom 
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happening  to  disintegrate  just  as  the  alpha-particle  passed  by,  are 
admissible  but  highly  improbable.  Another  such  collision  in  argon 
is  shown  in  Fig.  2 ;  this  too  was  the  only  encounter  with  four  diverging 


Fig.  1 


tracks  observed  in  many  thousand  photographs  with  the  same  gas.1 
A  collision  in  air,  in  which  the  struck  nucleus  was  not  broken,  but 
knocked  to  one  side  while  the  alpha-particle  rebounded  in  the  manner 
demanded  by  the  principle^of  conservation  of  momentum,  is  shown 


Fig.  2 


in  Fig.  3.  These  results  show  how  small  the  atom-nuclei  must  be, 
compared  to  the  extension  of  their  electron-systems;  for  the  80,000 
alpha-particles  observed  in  air  had  traversed  the  electron-systems  of 
about  ten  billion  molecules  altogether. 

1  As  Rutherford's  experiments  indicate  that  argon  atoms  are  especially  stable 
against  disintegration,  this  may  be  a  case  of  two  consecutive  collisions  with  adjacent 
atoms. 
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Fig.  4  shows  curious  collisions  of  alpha-particles  passing  through 
helium  gas,  photographed  by  D.  Bose  and  S.  Ghosh  of  Calcutta.  In 
each  of  the  two  left-hand   trails  the  alpha-particle  has  apparently 


Fig.  3 

knocked  the  nucleus  and  the  two  electrons  of  the  atom  in  three  differ- 
ent directions.2  The  alpha-particle  of  the  right-hand  trail  (iiib  is  a 
magnification  of  Hid)  seems  to  have  produced  quite  an  explosion; 
this  may  be  the  disruption  of  a  nucleus  belonging  to  a  stray  molecule 


/ 

j 

er 

~^c 

I 

i 

i 

c 
ii 

t       b 

Fig.  4 


of  nitrogen,  but  one  would  not  expect  the  original  particle  to  go  on 

as  if  unaffected. 

2  In  hydrogen  they  found  no  cases  of  two  electrons  being  driven  off  by  the  same 
impact.  This  agrees  with  Millikan's  conclusion  that  double  ionization  is  much 
more  frequent  with  helium  atoms  than  with  molecules  of  any  other  kind,  if  indeed, 
it  is  not  a  characteristic  of  helium  alone. 
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Much  work  is  now  being  devoted  to  the  spectra  of  ionized  atoms. 
One  instance,  that  of  ionized  potassium,  will  suffice  to  illustrate 
the  problem.  The  potassium  atom  differs  from  the  argon  atom  in 
three  respects;  the  weight  of  its  nucleus  is  slightly  different,  which  is 
prcbably  inessential;  the  charge  on  its  nucleus  is  19/18  as  great;  and 
it  has  a  nineteenth  electron  outside  of  the  three  closed  electron-shells, 
comprising  eighteen  electrons,  which  by  themselves  constitute  the 
whole  electron-system  of  the  argon  atom.  When  this  outermost 
electron  is  removed,  we  have  a  system  which  probably  differs  from 
the  argon  atom  in  only  one  essential  respect — that  the  central  nucleus 
has  a  somewhat  larger  attractive  power  and  hence  the  three  electron- 
shells  are  somewhat  more  drawn  inward.  The  spectra  of  ionized 
potassium  and  of  argon  should  therefore  be  very  nearly  alike.  This 
has  been  tested  by  Zeeman  and  Dik  at  Amsterdam;  the  result  is  very 
satisfactory,  and  the  difference  between  the  simple  and  clearly- 
arranged  spectfum  of  potassium  on  the  one  hand,  and  the  rich  and 
intricate  spectra  of  ionized  potassium  and  argon  on  the  other  hand, 
is  very  striking.  At  Bonn,  the  spectrum  of  ionized  rubidium  is 
being  compared  with  that  of  krypton  for  the  same  purpose. 

The  most  extensive  results,  however,  have  been  obtained  by  Fowler 
with  silicon.  For  some  reason  or  other,  silicon  is  a  particularly  easy 
element  from  which  to  obtain  spectra  not  only  of  the  neutral  and  the 
ionized  atom,  but  also  of  the  twice-ionized  and  thrice-ionized  atom — 
four  distinct  spectra,  one  from  neutral  silicon,  the  next  from  an  atom 
resembling  aluminium,  the  next  from  an  atom  resembling  magnesium, 
and  the  last  from  an  atom  resembling  sodium.  These  four  spectra 
can  be  observed  in  the  stars  and  in  the  laboratory,  some  of  the  im- 
portant lines  from  thrice  ionized  atoms  having  been  photographed 
by  Millikan  in  the  extreme  ultra-violet.  In  their  general  type,  they 
resemble  the  spectra  of  the  neutral  atoms  corresponding  in  structure 
to  the  atoms  which  emit  them. 

Data  have  also  been  made  available  for  doubly-ionized  magnesium 
(by  Paschen)  singly-ionized  magnesium,  and  for  neutral  sodium — three 
atoms  in  which  the  nuclear  charge  is  respectively  13e,  12e,  and  lie, 
while  in  each  of  them  the  nucleus  is  surrounded  by  ten  electrons  and 
there  is  an  eleventh  one  much  further  out.  This  eleventh  electron 
being  responsible  for  the  spectrum  and  being  relatively  exempt  from 
perturbations  due  to  the  other  ten,  the  spectra  of  these  three  atoms  are 
of  the  simplest  and  clearest  type.  The  series-lines  which  in  the 
spectrum  of  neutral  sodium  are  in  the  inaccessible  infra-red  are 
moved  up,  in  the  spectrum  of  doubly-ionized  aluminium,  into  the 
visible  region.     Further  study  of  spectra  related  to  each  other  in  this 


SOME  CONTEMPORARY  ADVANCES  IN  PHYSICS  105 

manner,  and  differing  by  virtue  of  slight  intelligible  differences  in  the 
atoms  which  emit  them,  may  be  expected  to  help  greatly  in  making 
clear  the  major  features  of  atomic  structure. 

Two  phenomena,  first  accurately  examined  by  A.  H.  Compton, 
afford  a  striking  illustration  of  the  way  in  which  classical  electro- 
magnetic theory  and  quantum  theory  are  alternately  successful  in 
explaining  the  qualities  of  radiation.  On  the  one  hand,  Compton 
has  been  the  first  to  apply  accurate  wave-length  measurements  to 
scattered  X-rays,  and  finds  that  they  are  a  mixture  of  two  kinds  of 
X-rays — one  having  exactly  the  same  wave-length  as  the  primary 
X-rays,  the  other  a  wave-length  slightly  greater  and  varying  with  the 
angle  between  the  primary  and  the  secondary  rays.  According  to  the 
classical  theory,  scattered  X-rays  are  simply  radiation  sent  out  in 
all  directions  by  electrons  inside  the  atoms  of  the  scattering  sub- 
stances, vibrating  under  the  influence  of  the  primary  X-rays,  and 
hence  vibrating  necessarily  with  the  same  frequency  as  the  primary 
X-rays.  This  could  account  for  one  of  the  components  of  the  scat- 
tered X-rays,  but  not  the  other.  The  other  can  be  accounted  for  by 
assuming  that  the  primary  X-ray  quanta  of  frequency  n  are  perfectly 
elastic  spheres  which  travel  with  the  velocity  of  light,  have  mo- 
mentum hn/c  and  energy  hn,  and  collide  with  the  atoms  just  as  one 
elastic  sphere  collides  with  another  (that  is,  under  conditions  of 
conservation  of  translator}*  kinetic  energy*  and  of  momentum) ;  they 
depart  from  the  collision  with  less  energy  and  less  momentum  than 
they  initially  had,  and  consequently  with  a  diminished  frequency. 
But  this  does  not  explain  the  first-mentioned  component,  leaving  the 
two  theories  balanced.  On  the  other  hand,  in  the  Philosophical 
Magazine  paper,  Compton  describes  the  total  reflection  of  X-rays  by 
glass,  silver  and  lacquer — a  phenomenon  of  exactly  the  type  which  the 
classical  theory  explains  far  more  easily  and  naturally  than  the 
quantum-theory. 

In  glass  and  lacquer,  the  highest  natural  frequency  of  any  of  the 
electrons  in  any  of  the  constituent  atoms — to  speak  the  language  of 
the  classical  theory — is  far  belovv  the  frequency  of  available  X-rays; 
we  are,  in  optical  terminology,  on  the  high-frequency  or  anomalous- 
dispersion  side  of  the  highest-frequency  absorption-band ;  the  well- 
known  dispersion  formula  reduces  to  a  single  term, 


M 


=  l-Xe-  '2ivmn- 


where  AT  is  the  total  number  of  electrons  able  to  vibrate  in  unison 
with  the  X-rays,  and  ju  is  the  index  of  refraction  of  the  X-rays  of 
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frequency  ;/ ;  e  and  m  have  their  usual  meanings.  The  index  of  re- 
fraction is  less  than  unity,  the  X-rays  travel  faster  in  glass  or  in 
lacquer  than  in  air  or  in  vacuo,  and  are  totally  reflected  from  a  glass 
surface  if  incident  at  a  sufficiently  small  angle  with  the  surface.  The 
agreement  between  experiment  and  theory  is,  quantitatively  as  well 
as  qualitatively,  very  good.  It  is  equally  good  for  silver,  allowance 
being  made  for  the  fact  that  the  frequency  of  the  X-rays  used  lay 
between  the  two  absorption-bands  of  silver.  It  seems  conceivable 
that  this  might  be  refined  into  a  method  for  determining  the  numbers 
of  electrons  in  different  orbits  of  the  atom. 

The  atoms  of  the  inert  or  "rare"  gases  argon,  krypton,  and  xenon 
are  almost  completely  transparent  to  slow  electrons — electrons  moving 
with  a  speed  of  one  or  two  equivalent  volts.  In  more  exact  language, 
the  radius  of  the  effective  cross-section  of  one  of  these  atoms  relatively 
to  slow  electrons  is  much  smaller  than  its  radius  relatively  to  faster 
electrons  or  to  other  atoms.  This  almost  incredible  statement,  having 
been  tested  by  several  different  experimenters  and  by  at  least  two 
entirely  distinct  methods,  now  appears  to  stand  beyond  doubt.  This 
radius  of  the  effective  cross-section  of  the  atom,  relatively  to  an 
electron,  is  (by  definition)  the  least  distance  at  which  the  electron  can 
pass  by  the  centre  of  the  atom  without  being  intercepted  or  deflected ; 
the  radius  of  the  atom  relatively  to  another  of  the  same  kind  is, 
naturally,  half  the  least  distance  at  which  the  centres  of  the  two 
atoms  can  pass  each  other  without  affecting  one  another's  paths. 
The  concept  is  not  perfectly  exact,  depending  as  it  does  on  what  we 
choose  to  take  as  the  least  perceptible  alteration  of  the  path  of  a  par- 
ticle; nevertheless,  it  is  practicable  and  useful.  Years  ago  the  radius 
relative  to  other  atoms  was  determined  (from  the  viscosity  of  the 
gas).  There  is  no  binding  reason  why  it  should  be  identical  with 
the  radius  relative  to  electrons,  but  the  first  measurements  of  this 
latter  quantity  on  such  gases  as  hydrogen,"  nitrogen,  and  helium 
yielded  fairly  good  agreements  between  the  two.  Recent  measure- 
ments on  argon  disclosed  a  surprising  difference. 

The  method  consists  essentially  in  measuring  the  fraction  of  a 
beam  of  electrons,  projected  against  a  layer  of  gas,  which  pass  through 
the  layer  undeflected.  (Another  and  entirely  different  method  used 
by  Townsend  resulted  in  a  valuable  confirmation  of  the  result.)  If 
there  are  N  atoms  under  unit  area  of  the  surface  of  the  layer  (looking 
through  it  in  the  direction  from  which  the  electrons  come)  and  N  is 
not  so  large  that  many  of  the  atoms  are  partly  shielded,  in  the  per- 
spective, by  others,  the  fraction  of  the  electrons  which  go  through 
undeviated  is  (1  —  Nirr2)]  r  being  the  radius  just  defined.     The  most 
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delicate  arrangement  is  that  of  Ramsauer  (Fig.  5) ;  the  electrons  enter 
at  Bu  and  are  steered  by  a  magnetic  field  along  a  semicircular  path 
through  the  slits  B2  —  -Ss;  electrons  deviated  even  through  a  very 
slight  angle  go  against  the  partitions  and  are  not  received  by  the 
electrometers  connected  at  Ei  or  E2.     Measurements  with  the  two 
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Fig.   7 

electrometers,  at  two  pressures  of  the  gas,  yield  the  data  required. 
The  values  of  f~  thus  determined  for  argon,  neon  and  helium  are 
plotted  against  the  speed  of  the  electrons  in  Fig.  6.  The  ordinates 
of  the  short  straight  horizontal  lines  on  the  right  represent  the 
squares  of  the  radii  relatively  to  other  atoms. 

The  effect  shows  itself,  however,  very  distinctly  in  a  much  simpler 
and  more  common  device,  a  cylindrical  three-element  tube  of  audion 
type  with  the  grid  very  much  closer  to  the  filament  than  is  the  plate; 
the  plate  is  maintained  at  a  potential  a  fraction  of  a  volt  higher  than 
that  of  the  grid.  Figs.  7  and  8,  from  a  recent  article  by  Minkowski 
and  Sponer,  exhibit  curves  of  plate-current  versus  grid-voltage  in 
helium,  which  does  not  show  the  effect  in  question,  and  argon,  which 
does.3     In  helium  the  current  rises  steadily  as  the  increasing  voltage 

3  The  displacement  of  the  curves  by  about  -2  volts  along  the  axis  of  voltages  is 
probably  due  in  part  to  drop  of  potential  along  the  filament,  in  part  to  neglected 
contact-potential-differences. 
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gradually  overcomes  the  space-charge  repulsion,  augmented  in  the 
gas  by  the  reflection  of  electrons,  for  the  reflected  electrons  stay 
longer  in  the  space  between  filament  and  plate  than  they  would  if 
they  went  straight  through.  In  argon  the  curve  rises  at  first  more 
swiftly,  almost  or  quite  as  steeply  as  in  vacuo,  for  the  atoms  are 
almost  transparent  to  the  electrons  when  they  are  slow;  but  as  their 
speed  is  increased  and  the  effective  radius  of  the  atom  rises,  the  cur- 
rent   sharply    declines   again.     Further    on,    near    11    volts,    there  is 
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another  peak;  near  this  voltage,  the  electrons  which  collide  with 
atoms  lose  almost  all  their  energy  (threshold-speed  for  inelastic  im- 
pact at  11.3  equivalent  volts)  at  the  first  collision,  and  pass  through 
the  rest  of  the  gas-filled  region  without  obstacle.  A  second  peak 
near  16  volts  is  ascribed  to  a  second  critical  speed  for  inelastic  impacts. 
Krypton  and  xenon  give  toothed  curves  of  the  same  general  type. 
Neon  and  mercury  vapor,  however,  behave  like  helium,  the  curves 
rising  steadily  or  at  most  showing  slight  kinks  and  inflections  which 
may  be  indications  of  a  slight  effect  of  the  same  sort. 

The  reason  for  this  remarkable  effect  is  still  obscure.  It  may  be 
possible  to  devise  an  atom-model  adequate  to  explain  it  without 
forfeiting  spherical  symmetry,  which  it  is  desirable  to  retain  if  pos- 
sible, for  among  all  atoms   these  of  the  heavy   inert  gases  would  be 
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expected  to  display  the  most  complete  symmetry  and  smoothness. 
F.  Hund  tried  to  devise  an  atom  such  that  any  one-volt  electron  pass- 
ing within  a  distance  r  of  the  centre  would  be  deflected  through 
exactly  360°  before  coming  out;  he  attained  a  formal  solution  of  the 
problem,  but  the  model  involved  a  continuous  distribution  of  negative 
charge  from  the  nucleus  outward  to  the  distance  r,  which  is  quite 
incompatible  with  all  our  other  knowledge  of  atomic  structure.  H.  A. 
Wilson  of  Rice  Institute  tried  out  a  well-known  and  popular  model, 
consisting  of  a  nucleus  surrounded  by  a  spherical  surface  of  radius  r, 
over  which  negative  charge  equal  in  amount  to  the  positive  charge 
on  the  nucleus  is  uniformly  spread.  For  very  slow  electrons,  the 
average  angle  of  deflection  is  90°;  it  increases  with  speed,  becoming 
180°  at  a  certain  critical  value  vq  at  which  every  electron  is  turned 
back  into  the  direction  whence  it  came;  beyond  i'o  it  decreases  in- 
definitely with  increasing  speed.  At  v0  the  oncoming  electrons  are 
more  radically  deflected  by  the  atoms,  so  to  speak,  than  at  any  greater 
or  lesser  speed;  below  Vo  the  variation  of  mean  deflection  with  speed 
is  in  the  proper  sense  to  agree  with  experiment,  but  not  by  any  means 
of  a  sufficiently  great  order-of-magnitude.  The  theory,  however, 
seems  to  explain  the  mild  variations  encountered  in  such  gases  as 
hydrogen  and  nitrogen,  and  the  explanation  of  the  more  striking 
ones  may  lie  in  the  same  direction.4 

Important  contributions  have  lately  been  made  to  our  knowledge 
of  self-sustaining  discharges,  such  as  the  glow  and  the  arc,  which 
maintain  themselves  as  long  as  the  proper  voltage  is  applied  at  the 
electrodes,  without  requiring  the  assistance  of  a  separate  source  of 
ions  such  as  a  hot  filament  or  an  outside  ionizing  agency  such  as  X- 
rays.  The  field  has  perhaps  been  somewhat  neglected,  because  it  is 
easier  to  obtain  simple  clear  results  with  electrons  and  ions  admitted 
into  a  very  rarefied  gas  after  being  generated  elsewhere.  In  a  self- 
sustaining  discharge,  there  is  usually  a  sudden  steep  potential-drop 
just  in  front  of  the  anode,  and  another  just  in  front  of  the  cathode — 
the  so-called  anode-fall  and  cathode-fall;  in  the  region  between,  the 
potential  varies  gradually.  The  anode  always  tends  to  become  very 
hot,  and  Gunther-Schulze  at  Berlin  has  lately  measured  the  rate  at 
which  heat  is  generated  at  the  anode  of  a  mercury  arc;  he  finds  that 
it  agrees  wonderfully  well  with  the  rate  calculated  from  the  assump- 
tion that  practically  the  entire  current  is  carried  by  negative  ions 

4  Any  competent  theory  must  explain  the  results  obtained  by  different  methods, 
notably  the  fact  that  the  value  of  r  measured  in  an  apparatus  like  Ramsauer's 
agrees  with  the  value  measured  in  an  apparatus  in  which  electrons  deflected  through 
considerable  angle  should  yet  reach  the  collector,  and  so  be  counted  as  though 
they  had  not  been  deflected  at  all. 
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(probably  electrons)  which  dash  against  the  anode  with  the  entire 
kinetic  energy  acquired  during  unobstructed  passage  through  the 
anode-fall.5 

The  heat  generated  at  the  cathode  must  arise  in  the  converse  way, 
from  the  kinetic  energy  of  positive  ions  pulled  violently  against  the 
cathode  surface.  K.  T.  Compton  of  Princeton,  has  made  elaborate 
calculations  for  the  arc  in  air  with  a  carbon  cathode  and  the  arc  in 
hydrogen  with  a  tungsten  cathode,  and  comparing  the  results  with  the 
experimental  evidence,  concludes  that  a  few  per  cent  of  the  current 
at  the  cathode  is  carried  by  positive  ions,  the  remainder  by  electrons 
moving  away  from  the  cathode.  Compton  then  attacked  the  same 
problem  in  an  entirely  different  manner;  he  assumed  that  the  region 
near  the  cathode,  in  which  the  cathode-fall  occurs,  is  a  region  in  which 
positive  ions  are  moving  gradually  towards  the  cathode,  accelerated 
by  the  field,  and  retarded  by  their  collisions  with  neutral  molecules 
and  by  their  mutual  space-charge  repulsion.  The  problem  is  form- 
ally similar  to  that  of  determining  the  current-voltage  relation  in  a 
thermionic  vacuum-tube,  and  the  solution  is  a  relation  between 
cathode-fall,  current,  and  width  of  the  region  in  which  the  cathode- 
fall  occurs.  The  first  quantity  is  known;  the  third  is  assumed  to  be 
the  mean  distance  which  an  electron  travels  from  the  cathode  before 
striking  a  molecule;  the  second  quantity,  the  current  of  positive  ions 
into  the  cathode,  comes  out  to  be  a  few  per  cent  of  the  observed 
total  current.  These  two  methods  thus  support  one  another  in 
indicating  that  in  the  arc-discharge  some  90-98%  of  the  current 
near  the  cathode  is  carried  by  electrons,  and  the  small  remainder 
by  positive  ions.  In  the  glow-discharge,  according  to  experiments 
by  Gunther-Schulze,  the  rate  at  which  heat  is  generated  at  the  cathode 
is  25%  to  75%  of  what  it  would  be  if  all  the  current  were  carried 
by  positive  ions,  falling  against  the  cathode  with  the  entire  energy 
derived  in  passing  through  the  cathode-fall.  Expecting  that  a  much 
larger  fraction  of  the  energy  of  the  positive  ions  would  be  dissipated 
in  collisions  with  neutral  gas  molecules,  he  concludes  that  the  region 
of  the  cathode-fall  must  be  a  region  in  which  the  gas  is  abnormally 
rarefied  because  abnormally  hot;  the  hotness  in  turn  being  due  to  the 
collisions  between  ions  and  molecules. 

In  the  central  region  of  the  arc,  the  potential-gradient  is  uniform 
and  consequently  the  positive  and  negative  charges  per  unit  volume 

6  It  is  obviously  necessary  to  be  very  cautious  in  making  deductions  of  this  kind, 
for  the  entire  energy  iV  (i  representing  the  current  and  V  the  anode-fall  or  cathode- 
fall,  as  the  case  may  be)  is  dissipated  as  heat  in  the  region  of  the  anode-fall  or  cathode- 
fall;  and  if  this  region  is  very  narrow  it  is  hard  to  distinguish  between  heat  gener- 
ated within  it  and  heat  generated  at  the  anode  or  cathode  surface. 
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must  exactly  balance  one  another.  In  this  region  Compton  sug- 
gests that  the  gas  is  in  the  state  of  thermal  ionization  defined  and 
described  by  Saha,  in  which  at  all  times  a  certain  constant  percentage 
of  the  atoms,  depending  only  on  their  ionizing-potential  and  on  the 
temperature,  is  ionized.  If  the  temperature  of  the  central  region  of 
the  carbon  arc  is  about  4000°,  and  the  ionizing-potential  of  the  gas 
about  8  volts,  the  proportion  of  ionized  molecules  will  be  about  right. 

According  to  one  of  the  newer  and  stranger  developments  of  the 
quantum-theory,  an  atom  possessing  magnetic  moment  and  sub- 
merged in  a  magnetic  field  is  not  at  liberty  to  orient  itself  in  anv 
direction  whatever,  not  even  momentarily;  it  may  set  itself  only  at 
certain  specified  inclinations,  such  that  the  cosine  of  the  angle  be- 
tween the  direction  of  its  magnetic  axis  and  the  direction  of  the  field 
will  have  one  of  certain  specified  values.  'Imagine  for  example,  an 
atom  consisting  of  a  single  electron  revolving  in  a  one-quantum  orbit 
(the  smallest  possible  orbit)  about  a  centre  which  itself  is  not  magnetic ; 
such  a  centre  might  be  a  simple  nucleus,  or  a  nucleus  surrounded  by 
a  number  of  electrons  moving  in  orbits  so  inclined  to  each  other  that 
their  magnetic  moments  cancel  one  another  out.  The  magnetic 
moment  of  such  an  atom  is  eh/^irm  (e  the  charge  and  m  the  mass  of 
the  electron) ;  its  magnetic  axis  is  perpendicular  to  the  plane  of  the 
orbit  of  the  electron.  According  to  the  theory,  the  magnetic  axis 
must  point  exactly  with  or  exactly  against  the  magnetic  field ;  the 
cosine  of  the  angle  must  be  +1  or  —  1.  This  was  verified  last  year 
by  Gerlach,  who  projected  a  ray  of  silver  atoms  (shooting  off  from  a 
hot  rapidly-evaporating  silver  filament  through  a  small  hole)  across 
a  magnetic  field  with  an  extremely  steep  field-gradient.  The  ray 
divided  itself  into  two,  one  consisting  of  atoms  with  their  north 
magnetic  poles  pointing  directly  up  the  field,  the  other  of  atoms 
turned  through  180°  relatively  to  the  first  set;  there  was  quantitative 
agreement  with  the  theory.  If  the  outside  electron  moves  in  a  two- 
quantum  orbit,  the  magnetic  moment  of  the  atom  is  2  eh/^irm,  and 
the  cosine  of  the  angle  may  take  the  values  ±1  and  the  values ±§; 
if  in  a  w-quantum  orbit,  the  moment  is  neh/^irm  and  the  permissible 
values  for  the  cosine  are  ±l/«,  ±2/w, ±>i /n.6 

The  theory  also  accounts  for  the  normal  Zeeman  effect.     It  remains 

to  be  settled  whether  the  magnetic  moments  of  actual  paramagnetic 

substances  can   be  calculated   from   it.     According  to   the  accepted 

ti  The  condition  governing  the  angle  is,  that  the  integrals  of  (a)  the  angular  mo- 
mentum of  the  electron  in  its  orbit,  and  (b)  the  projection  of  the  angular  momentum 
on  the  plane  normal  to  the  field,  taken  around  a  complete  cycle  of  the  orbital  motion, 
must  both  separately  be  integer-multiples  of  the  quantum-constant  h.  The  latter 
integer-multiple  cannot  be  zero,  according  to  Gerlach 's  experiment  and  Sommerfeld's 
theory. 
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belief,  the  atoms  of  a  paramagnetic  substance  all  have  a  given  con- 
stant magnetic  moment,  but  are  oriented  in  every  possible  direction 
so  that  the  resultant  magnetic  moment  of  any  piece  of  the  substance 
is  zero.  If  all  the  atoms  could  be  made  to  point  in  the  same  direction 
by  a  powerful  magnetic  field,  the  total  moment  of  the  piece  would 
be  equal  to  the  number  of  atoms  in  it  multiplied  by  the  moment 
of  each  atom,  which  could  then  be  determined.  Xo  attainable  mag- 
netic field  is  strong  enough  to  do  this;  the  persistent  effort  of  the  field 
to  twist  the  atoms  into  parallelism  is  almost  completely  counter- 
balanced by  the  thermal  agitation.  The  total  moment  of  the  piece 
when  all  the  atoms  are  parallel,  and  therefore  the  moment  of  each 
atom,  have  therefore  to  be  calculated  from  the  trend  of  the  magnetiza- 
tion-versus-field  strength  curve  in  its  attainable  p  >rtion.  In  making 
this  calculation  it  has  heretofore  been  assumed  that  all  orientations 
of  the  atoms  are  possible.  Replacing  this  assumption  by  the  con- 
trasting one  explained  in  the  foregoing,  we  find  the  method  of  calcu- 
lation altered;7  the  data  heretofore  assembled  remain  valid,  but  the 
values  of  magnetic  moment  computed  from  them  are  replaced  by  an 
entirely  new  set. 

The  old  set  of  values  of  magnetic  moment,  calculated  for  a  number 
of  solid  and  gaseous  substances  and  of  ionized  liquids,  by  Weiss  and 
others,  were  said  to  be  integer  multiples  of  a  fundamental  constant, 
the  "Weiss  magneton."  Xo  one  had  succeeded  in  calculating  the 
observed  value  of  this  constant  from  any  atomic  theory,  and  it  is  not 
compatible  with  the  picture  of  the  atom  given  above.  The  new  set 
of  values,  according  to  Gerlach  and  to  Pauli,  who  have  worked  over 
the  published  experimental  material,  is  compatible  with  the  atom- 
model.  The  values  for  solid  platinum  and  palladium;  for  nickel  in 
its  high-temperature  non-ferromagnetic  "beta"  form;  and  for  nitric 
oxide  gas,  agree  with  the  simplest  model — the  electron  in  a  one- 
quantum  orbit  revolving  around  a  non-magnetic  centre.  The  value 
for  gaseous  oxygen  agrees  with  the  model  having  an  electron  in  a  two- 
quantum  orbit;  gamma-iron  with  the  three-quantum,  Mn20  with 
the  4-quantum  and  MnO  with  the  5-quantum  model.  Various 
ions  in  solution  from  Cabrera's  data  also  give  values  in  accordance 
with  the  theory.      It  is  implied  that  these  cover  all  the  reliable  ob- 

7  In  the  latter  case  it  is  assumed  that  the  number  of  atoms  oriented  with  their 
axes  in  one  permissible  direction  Di  stands  to  the  number  oriented  in  another  per- 
missible direction  D2  in  a  ratio  given  by  exp  (W/kT)  where  T  is  the  temperature, 
k  is  Boltzmann's  constant,  and  W  is  the  work  required  to  twist  an  atom  from  direc- 
tion Dx  to  direction  D2  against  the  magnetic  field.  In  the  former  case  all  directions 
are  regarded  as  permissible,  and  in  the  assumption  just  stated,  "number  of  atoms 
oriented  in  direction  D"  is  replaced  by  "density  in  solid  angle  of  atoms  oriented  in 
direction  D,"  a  fundamental  change. 


114  BELL  SYSTEM  TECHNICAL  JOURNAL 

servations  on  paramagnetic  substances,  except  for  two  ions  which 
yield  values  not  reducible  to  agreement  with  the  new  theory.8  The 
new  method  of  calculating  magnetic  moments  thus  leads  to  values 
which  confirm  the  contemporary  atom-model.  It  would  not  be  desir- 
able to  dismiss  the  old  method  and  the  old  theory  too  hastily, 
considering  that  they  lead  to  values  which  are  claimed  to  be  integer 
multiples  of  an  apparently  fundamental  constant;  but  this  constant 
has  proved  so  intractable  to  theory  that  it  would  be  gratifying  to  be 
able  to  discard  it. 

The  arrangement  of  atoms  in  two  samples  of  Heusler  alloys  was 
investigated  with  the  X-ray  method  by  J.  F.  T.  Young  at  Toronto. 
These  alloys  are  mixtures  of  the  metals,  copper,  manganese,  and 
aluminium  in  certain  proportions;  they  are  strongly  ferromagnetic 
while  the  component  metals  are  not  ferromagnetic  at  all.  Of  the 
two  samples,  one  had  a  much  higher  permeability  than  the  other; 
the  atoms  of  the  former  sample  were  arranged  in  a  body-centered 
cubic  lattice,  with  no  trace  of  the  characteristic  lattices  of  the  com- 
ponent metals.  The  atoms  of  the  latter  sample  were  arranged  in  a 
face-centred-cubic  lattice.  Thus  these  alloys  furnish  an  additional 
instance  of  the  frequent,  though  not  by  any  means  universal,  correla- 
tion between  body-centred-cubic  lattice  and  strong  ferromagnetism. 
L.  W.  McKeehan  of  the  Western  Electric  used  the  same  method  to 
investigate  palladium  containing  great  quantities  of  occluded  hydro- 
gen. The  space-lattice  of  the  hydrogen-free  metal  was  distended  by 
a  certain  fixed  percentage  by  saturating  it  with  hydrogen;  and  it 
appeared  that  when  the  palladium  contained  a  lesser  quantity  of 
hydrogen  than  the  maximum  or  saturation  amount,  some  parts  of  it 
were  quite  saturated  and  others  contained  no  hydrogen  at  all,  instead 
of  the  whole  lattice  being  equally  enlarged;  it  is  probable  that  the 
individual  crystals  of  the  metal  are  saturated  one  by  one  as  the  hydro- 
gen creeps  in. 

8  The  value  for  beta-iron  as  quoted  by  Gerlach  does  not  agree  with  the  theory. 
As  for  the  values  assigned  by  Weiss  to  the  three  ferromagnetic  metals  iron,  nickel 
and  cobalt,  obtained  from  direct  measurements  of  the  saturation-intensity  at  the 
temperature  of  boiling  hydrogen,  the  first  two  do  not  agree  with  the  theory,  the  last 
agrees  very  well  (assuming  the  electron  to  be  in  a  one-quantum  orbit).  Of  course, 
it  is  likely  enough  that  the  theory  should  not  be  applied  to  ferromagnetics.  It 
seems  fitting  to  quote  a  remark  of  Andrade  about  theories  of  magnetism  in  general 
"...  the  substances  selected  for  verification  of  theories  are  of  a  very  limited 
class,  called  of  normal  behavior  rather  because  they  agree  with  the  theories  than 
because  they  represent  a  numerical  majority." 
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Transatlantic  Radio  Telephony1 

By  H.  D.  ARNOLD  and  LLOYD  ESPENSCHIED 

Synopsis:  The  first  transmission  of  the  human  voice  across  the  Atlantic 
was  accomplished  by  means  of  radio  in  1915.  Since  that  time  substantial 
progress  has  been  made  in  the  art  of  radio  telephony  and  in  January  of 
this  year  another  important  step  was  taken  in  the  accomplishment  of  trans- 
oceanic voice  communication.  At  a  prearranged  time  telephonic  messages 
were  received  in  London  from  New  York  clearly  and  with  uniform  intensity 
over  a  period  of  about  two  hours. 

These  talking  tests  were  part  of  a  series  of  experiments  on  transatlantic 
telephony  which  are  now  under  way,  the  results  of  which  to  date  are  re- 
ported in  this  paper. 

A  new  method  of  transmission,  radiating  only  a  single  side-band,  is  being 
employed  for  the  first  time.     As  compared  with  the  ordinary  method  of 
transmission,  this  system  possesses  the  following  important  advantages: 

The  effectiveness  of  transmission  is  greatly  increased  because  all  of  the 
energy  radiated  is  effective  in  conveying  the  message;  whereas  in  the  ordinary 
method,  most  of  the  energy  is  not  thus  effective. 

The  stability  of  transmission  is  improved. 

The  frequency  band  required  for  transmission  is  reduced,  thus  conserving 
wave  length  space  in  the  ether  and  also  simplifying  the  transmitting  antenna 
problem. 

An  important  element  of  the  high-power  transmitter  is  the  water-cooled 
tubes,  by  means  of  which  the  power  of  the  transmitted  currents  is  amplified 
to  the  order  of  100  kilowatts  or  more.  The  direct-current  power  for  these 
tubes  is  supplied  from  a  60-cycle,  a-c.  source  through  water-cooled  rectifier 
tubes. 

A  highly  selective  and  stable  type  of  receiving  circuit  is  employed. 
Methods  and  apparatus  have  been  developed  for  measuring  the  strength 
of  the  electromagnetic  field  which  is  delivered  to  the  receiving  point  and 
for  measuring  the  interference  produced  by  static. 

The  transmission  tests  so  far  have  been  conducted  on  a  wave  length  of 
5260  meters  (57,000  cycles  per  second).  The  results  of  the  measurements 
during  the  first  quarter  of  the  year  on  the  transmission  from  the  United 
States  to  England  show  large  diurnal  variations  in  the  strength  of  the 
received  signal  and  in  the  radio  noise  strength,  as  is  to  be  expected,  and 
correspondingly  large  diurnal  variations  in  the  ratio  of  the  signal  to  noise 
strength  and  in  the  resulting  reception  of  spoken  words.  Also,  the  measure- 
ments, although  as  yet  incomplete,  show  a  large  seasonal  variation. 

The  character  of  the  diurnal  and  seasonal  variations  is  clearly  indicated 
in  the  figures.  The  curves  present  the  most  accurate  and  complete  data  of 
this  kind  yet  obtained. 

OX  January  15,  of  this  year,  a  group  of  about  60  people  gathered 
in  London  at  a  prearranged  time  and  listened  to  messages 
spoken  by  officials  of  the  American  Telephone  and  Telegraph  Com- 
pany from  their  offices  at  195  Broadway,  New  York  City.  The 
transmission  was  conducted  through  a  period  of  about  two  hours, 
and  during  this  time  the  words  were  received  in  London  with  as  much 
clearness  and  uniformity  as  they  would  be  received  over  an  ordinary 
wire  telephone  circuit.     During  a   part  of  the  time  a  loud  speaker 

'This  paper,  with  the  exception  of  the  Appendix,  was  presented  at  the  Annual 
Convention  of  the  A.  I.  E.  E.,  Swampscott,  Mass.,  June  26-2  >,  1923,  and  was  printed 
in  the  Journal  for  August,  1923. 
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was  used  in  connection  with  the  receiving  set,  instead  of  head  receivers. 
The  reporters  present  easily  made  a  transcription  of  all  the  remarks, 
both  with  head  sets  and  with  the  loud  speaker. 

These  tests  were  made  possible  by  cooperation  between  the  engineers 
of  the  American  Telephone  and  Telegraph  Company  and  the  Western 
Electric  Company,  and  the  engineers  of  the  Radio  Corporation  of 
America  and  its  associated  companies.  The  sending  apparatus  was 
installed  in  the  station  of  the  Radio  Corporation  of  America,  at 
Rocky  Point,  L.  I.,  in  order  to  make  use  of  that  company's  very 
efficient  multiple-tuned  antenna.  The  receiving  apparatus  was 
installed  in  the  buildings  of  the  Western  Electric  Company,  Ltd., 
at  New  Southgate,  England. 

This  was  not  the  first  time  speech  had  been  transmitted  from 
America  to  Europe.  Transatlantic  telephony  was  first  accomplished 
in  1915,  when  the  American  Telephone  and  Telegraph  Company 
transmitted  from  the  Navy  station  at  Arlington,  Va.,  to  the  Eiffel 
Tower,  Paris.  In  these  earlier  tests,  however,  speech  was  received 
in  Paris  only  at  occasional  moments  when  transmission  conditions 
were  exceptionally  favorable.  The  success  of  the  present  tests 
indicates  the  large  amount  of  development  which  has  been  carried 
out  since  this  first  date. 

The  recent  talking  tests  were  carried  out  as  part  of  an  investigation 
of  transatlantic  radio  telephony.  This  investigation  is  directed 
at  determining  (1)  the  effectiveness  of  new  methods  and  apparatus 
which  have  been  developed  for  telephonically  modulating  and  trans- 
mitting the  large  amounts  of  power  necessary  for  transoceanic  opera- 
tion, (2)  the  efficacy  of  improved  methods  for  the  reception  of  this 
transmission  and  for  so  selecting  it  as  to  give  an  extremely  sharp 
differentiation  between  the  range  of  frequencies  transmitted  and  all 
the  frequencies  outside  of  this  range;  and  (3)  determining  the  trans- 
mission characteristics  for  transatlantic  distances  and  the  variation 
of  the  characteristics  with  the  time  of  day  and  the  season  of  the  year, 
including  the  measurement  of  the  amount  of  static  interference. 

The  tests  are  being  continued,  particularly  as  regards  the  study 
of  transmission  efficiency. 

Single  Side-Band  Eliminated  Carrier  Method 

of  Transmission 

The  method  of  transmission  used  in  these  experiments  is  what  we 

know  as  the  single  side-band  eliminated  carrier  method2.     With  this 

2For  a  more  complete  exposition  of  this  method  see  U.  S.  patent  No.  1449382 
issued  to  John  R.  Carson  to  whom  belongs  the  credit  for  having  first  suggested  it. 
Also  see  Carson  patents  Nos.  1,343,306  and  1,343,307. 
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method,  the  narrowest  possible  band  of  wave  lengths  in  the  ether  is 
used,  and  all  of  the  energy  radiated  has  maximum  effectiveness  in 
transmitting  the  message. 

As  had  been  pointed  out  in  other  papers3,  when  a  carrier  is  modulated 
by  telephone  waves,  the  power  given  out  is  distributed  over  a  fre- 
quency range,  and  may  be  conveniently  considered  in  three  parts: 
(1)  energy  at  the  carrier  frequency  itself,  (2)  energy  distributed  in  a 
frequency  band  extending  from  the  carrier  upward,  and  having  a 
width  equal  to  the  frequencies  appearing  in  the  telephone  waves, 
and  (3)  energy  in  a  band  extending  from  the  carrier  downward,  and 
having  a  similar  width.  The  power  at  the  carrier  frequency  itself 
makes  up  somewhat  more  than  two-thirds  of  the  total  power,  even 
when  modulation  is  as  complete  as  possible.  Furthermore,  this 
energy  can,  in  itself,  convey  no  message,  as  is  self  evident.  In  the 
present  method,  therefore,  the  carrier-frequency  component  is  elim- 
inated, by  methods  explained  in  detail  below  with  the  result  that  a 
large  saving  in  power  is  effected.  Each  of  the  remaining  frequency 
ranges,  generally  known  as  the  upper  and  the  lower  side-band  re- 
spectively, transmits  power  representing  the  complete  message.  It  is 
therefore  unnecessary  to  transmit  both  of  these  side-bands,  so  that 
in  the  present  method  one  of  them  is  eliminated.  In  this  way  the 
transmission  of  the  message  uses  only  half  the  frequency  band  re- 
quired in  the  usual  method  of  operation.  Similarly  the  frequency- 
band  accepted  by  the  receiving  set  is  narrowed  to  conform  to  a  single 
side-band  as  compared  with  the  usual  double  side-band  reception, 
and  as  a  result  the  ratio  of  signal  to  interference  is  improved.  Certain 
other  advantages  of  this  method  will  be  brought  out  in  the  further 
discussion. 

While  these  advantages  of  the  single  side-band  eliminated  carrier 
method  hold  good  for  radio  telephone  transmission  generally,  they 
become  of  the  utmost  importance  in  transoceanic  work,  because  of 
the  necessity  of  conserving  power  in  a  system  where  the  transmitting 
powers  are  large,  and  also  because  the  very  limited  frequency  range 
available  for  long  distance  transmission  makes  it  imperative  that 
each  part  of  the  range  shall  be  utilized  with  the'  greatest  of  care. 
Before  discussing  the  method  further,  the  circuits  and  apparatus 
which  are  actually  used  in  the  tests  will  be  described. 

3"Carrier  Current  Telephony  and  Telegraphy"  by  Colpitts  and  Blackwell. 
Journal  A.  I.  E.  E.,  April,  1921. 

"Application  to  Radio  of  Wire  Transmission  Engineering"  by  Llovd  Espenschied. 
Proc.  Inst.  Radio  Engrs.,  Oct.  1922. 

"Relations  of  Carrier  and  Side-bands  in  Radio  Transmission"  by  R.  V.  L.' Hartley. 
Proc.  Inst.  Radio  Engrs.,  Feb.  1923. 
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The  Transmitting  System 

The  transmitting  system  is  shown  in  simplified  circuit  form  in 
Fig.  1.  It  is  illustrated  as  grouped  into  three  parts:  The  low-power 
modulating  and  amplifying  stages,  shown  below  in  light  lines;  the 
high-power  amplifiers,  shown  in  heavy  lines  above  and  to  the  right; 
and  the  rectifier  which  supplies  the  power  amplifier  with  high-tension 
direct  current,  shown  in  the  upper  left-hand  portion  of  the 
diagram. 

Referring  first  to  the  low-power  portion  of  the  system,  it  will  be 
seen  that  the  voice  currents  (from  either  a  telephone  line  or  a  local 
microphone)  are  fed  into  a  balanced  type  of  modulator  circuit  and 
are  modulated  with  a  carrier  current  of  a  frequency  of  about  33,000 
cycles.  The  operation  of  the  balanced  type  of  modulator  in  sup- 
pressing the  unmodulated  carrier  component  is  explained  in  the 
Colpitts  and  Blackwell  carrier  current  paper  referred  to  above.  The 
result  of  this  modulating  action  is  to  produce  in  the  output  circuit  of 
modulator  No.  1,  modulated  current  representing  the  two  side-bands, 
for  example,  the  upper  one  extending  from  33,300  to  36,000  cycles 
and  the  lower  one  from  32,700  down  to  30,000  cycles.  These  com- 
ponents are  impressed  upon  a  band  filter  circuit  which  selects  the 
lower  side-band  to  the  exclusion  of  the  upper  one  and  of  any  remain- 
ing part  of  the  carrier,  with  the  result  that  only  one  side-band  is 
impressed  upon  the  input  of  the  second  modulator.  This  second 
modulator  is  provided  with  an  oscillator  which  supplies  a  carrier 
current  of  88,500  cycles.  The  result  of  modulation  between 
the  single  side-band  and  this  carrier  current  is  to  produce  a 
pair  of  side-bands  which  are  widely  separated  in  frequency,  the  upper 
one,  representing  the  sum  of  the  two  frequencies,  extending  from 
118,500  to  121,200  cycles  and  the  lower  one,  representing  the  difference 
between  the  two  frequencies,  extending  from  58,500  down  to  55,800 
cycles.  In  this  second  stage  of  modulation  there  is  a  relatively  wide 
separation  between  the  two-side  bands  which  facilitates  the  selection 
at  these  higher  frequencies  of  one  side-band  to  the  exclusion  of  the 
other.  Another  important  advantage  is  that  it  allows  a  range  of 
adjustment  of  the  transmitted  frequency  without  changing  filters. 
This  is  accomplished  by  varying  the  frequency  of  the  oscillator  in 
the  second  step.  In  the  present  case,  the  frequency  desired  for  trans- 
mission is  that  corresponding  to  the  lower  side-band  of  the  second 
modulator.  The  lower  side-band  of  from  58,500  to  55,800  is  therefore 
selected  by  means  of  the  filter  indicated.  This  filter  excludes  not  only 
the  other  side-band  but  also  any  small  residual  of  90,000-cycle  un- 
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modulated  carrier  current  which  may  get  through  the  second  modu- 
lator circuit  if  it  is  imperfectly  balanced. 

Having  prepared  at  low  power  the  side-band  currents  of  desired 
frequency  it  is  necessary  to  amplify  them  to  the  required  magnitude 
for  application  to  the  transmitting  antenna.  This  amplification  is 
carried  out  in  three  stages.  The  first  stage  increases  the  power  to 
about  750  watts,  and  is  shown  in  Fig.  1  together  with  the  modulating 
circuits.  This  amplifier  employs  in  its  last  stage  three  glass  vacuum 
tubes  rated  at  250  watts  each  and  operating  at  1500  volts. 

The  output  of  the  750  watt  amplifier  is  applied  to  the  input  of 
the  larger-power  amplifying  system  beginning  with  the  15-kw.  ampli- 
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fier  of  Fig.  1.  This  consists  of  two  water-cooled  tubes  in  parallel, 
operating  at  approximately  10,000  volts.  The  output  of  this  amplifier 
is  applied  by  means  of  a  transformer  to  the  input  of  the  150-kw. 
amplifier  which  consists  of  two  units  of  ten  water-cooled  tubes  each, 
all  operating  in  parallel  at  about  10,000  volts. 

The  high-voltage,  d-c.  supply  is  furnished  by  a  large  vacuum  tube 
rectifier  unit  rated  at  200  kw.     It  employs  water-cooled  tubes  similar 
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to  those  used  in  the  power  amplifiers  except  that  they  are  of  the 
two-electrode  type.  The  rectifier  operates  from  a  60-cycle,  three- 
phase  supply  circuit  and  utilizes  both  halves  of  each  wave.  The 
two  sets  of  rectified  waves  are  combined  by  means  of  an  inter-phase 
reactor  which  serves  to  smooth  out  the  resultant  current  and  by 
distributing  the  load  between  tubes  of  adjacent  phases  increases  the 
effective  load  capacity  of  the  rectifier.  The  ripple  is  further  reduced 
by  the  filtering  retardation  coil  and  condensers  shown. 


Fig.  3 


Reproductions  of  the  apparatus  comprising  the  transmitter  system 
as  described  above  are  given  in  Figs.  2,  3,  4  and  5. 

Fig.  2  shows  the  apparatus  comprising  the  low-power  stage  of  the 
transmitting  system.  The  right-hand  rack  contains  the  two  weak- 
power  modulating  units  and  the  two  single-side-band  selecting  filters. 
The  left-hand  rack  is  the  750-watt  amplifier  unit.  The  three  radiation- 
cooled  tubes  of  250-watt  capacity  each  will  be  seen  near  the  top. 
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Below  are  the  smaller  amplifying  stages.  The  power  supply  board  is 
shown  in  the  center  of  the  photograph. 

Fig.  3  is  a  side  view  of  the  15-kw.  amplifier  unit.  The  face  of  the 
panel  from  which  the  control  handles  protrude  is  on  the  left.  Mounted 
in  the  cage  behind  the  front  panel  are  two  water-jackets  for  accom- 
modating the  water-cooled  tubes,  also  a  coiled  hose  for  increasing  the 
electrical  resistance  of  the  water  supply  circuit  (the  water-cooled 
anodes  of  the  tubes  being  operated  above  ground  potential). 

The  final  amplifier  of  150-kw.  capacity  is  shown  in  Fig.  4.  It 
comprises  two  units  each  of  75  kw.  Each  unit  contains  10  water 
cooled  tubes  which  can  be  seen  mounted  in  their  water  jackets. 
To  the  right  of  these  units  is  located  the  200-kw.  rectifier  unit  shown 
in  Fig.  5.    The  unit  contains  actually  12  tubes,  there  being  two  tubes 


Fig.  i 


for  each  of  the  six  half  waves.  The  pancake  coils  on  the  top  of  the 
rack  are  protecting  choke  coils  to  guard  the  transformer  secondary 
winding  against  steep  wave  fronts  in  case  of  tube  failure. 

From  the  above  description  it  will  be  understood  that  the  trans- 
mitting system  is  one  in  which  the  useful  side-band  is  first  developed 
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by  modulation  and  filtration  at  low  power  and   then   its  power   is 
built  up  to  a  large  value  in  a  succession  of  powerful  amplifiers.     It 
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will  be  appreciated,  therefore,  that  the  large-power  amplifiers  and  in 
particular  the  water-cooled  tubes  which  are  their  essential  elements 
represent  one  of  the  major  problems  of  the  development. 

High-Power  Tubes 

The  development  of  the  high-power  tubes  is  described  quite  fully 
in  another  paper4.  The  present  discussion  is,  therefore,  limited  to  a 
few  of  the  outstanding  features. 

*Bell  System  Technical  Journal,  July  1922 
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In  the  design  of  high-power  tubes  for  use  in  this  system  the  main 
problem  is  to  insure  the  ready  disposal  of  the  large  amounts  of  heat 
generated  at  the  anodes.  For  the  conditions  of  use  in  the  present 
type  of  system  where  the  tube  is  employed  as  an  amplifier,  the  power 
which  must  be  disposed  of  as  heat  at  the  anode  is  of  the  same  order  of 
magnitude  as  the  power  which  the  tube  will  deliver  to  the  antenna. 
In  the  case  of  the  present  equipment,  therefore,  the  tube  must  be  so 
designed  as  to  operate  continuously  with  a  heat  dissipation  at  the 
anode  of  more  than  10  kw.  It  is  obviously  difficult  to  secure  so  large 
a  dissipation  in  a  tube  enclosed  with  glass  walls,  and  a  tube  was 
therefore  designed  in  which  the  anode  forms  a  part  of  the  wall  of  the 
containing  vessel  and  the  heat  generated  in  it  is  removed  by  circu- 
lating water.  The  tube  used  is  shown  in  Fig.  6.  The  lower  cylindrical- 
portion  is  the  anode  which  is  drawn  from  a  sheet  of  copper.  The 
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upper  portion  is  of  glass  and  serves  both  to  support  and  insulate  the 
grid  and  filament  elements. 

The  three  principal  difficulties  met  in  the  construction  of  these 
tubes  are  the  making  of  a  vacuum-tight  seal  between  the  copper  and 
the  glass,  the  provision  of  adequate  means  for  conducting  through  the 
glass  wall  the  large  currents  necessary  to  heat  the  filament,  and  the 
obtaining  of  the  necessary  vacuum  for  high-power  operation. 
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The  first  of  these  problems  was  solved  by  the  development  of  a 
new  metal  to  glass  seal.  In  making  this  seal  the  glass  and  metal  parts 
are  brought  into  contact  while  hot,  the  temperature  being  high  enough 
for  the  glass  to  wet  the  metal.  The  part  of  the  metal  in  contact  with 
the  glass  is  made  so  thin  that  the  stresses  which  are  set  up  when  the 
seal  cools  are  not  great  enough  to  fracture  the  glass  or  to  break  it 
away  from  the  metal  at  the  surface  of  contact.  Seals  made  in  this 
way  are  sufficiently  rugged  to  stand  repeated  heating  and  cooling 
from  the  temperature  of  liquid  air  to  that  of  molten  glass  without 
deterioration. 

A  seal  employing  the  same  principle  but  different  in  form  is  also 
used  at  the  point  where  the  leads  carrying  the  filament  current  pass 
through  the  glass  walls  of  the  tube.  The  lead  is  made  of  copper  0.06-4 
in.  in  diameter  and  passes  through  the  center  of  a  copper  disk,  0.010 
in.  thick,  the  joint  between  the  lead  and  the  disk  being  made  vacuum- 
tight  by  the  use  of  a  high  melting  solder.  The  disk  is  sealed  to  the  end 
of  a  glass  tube  which  is  in  turn  sealed  into  the  glass  wall  of  the  vacuum 
tube. 

In  exhausting  the  tubes  it  has  been  found  necessary  to  subject  all 
the  metal  parts  to  a  preliminary  heat  treatment  in  a  vacuum  furnace 
during  which  the  great  bulk  of  the  occluded  gasses  is  removed.  By 
this  method  the  time  of  exhaust  can  be  considerably  reduced  but  the 
vacuum  conditions  to  be  met  are  so  stringent  that  the  final  processes 
of  evacuation  must  be  carefully  controlled  and  often  occupy  as  much 
as  twelve  hours. 

The  tubes  are  operated  at  a  plate  voltage  of  10,000  volts  and  are 
capable  of  delivering  10  kw.  at  this  voltage  in  a  suitable  oscillatory 
circuit.  For  this  performance  an  average  electron  current  of  1.35 
amperes  is  required.  The  total  electron  current  that  the  filament 
must  be  capable  of  supplying  to  insure  steady  operation  is  about  6 
amperes. 

When  the  tubes  are  used  to  amplify  modulated  currents  with  large 
peak  values  such  as  are  characteristic  of  telephone  signals  it  is  essential 
that  the  maximum  electron  current  through  the  tube  shall  be  several 
times  the  normal  operating  current  and  therefore  to  insure  the  neces- 
sary high  quality  of  transmission  these  tubes  are  operated  for  tele- 
phone purposes  with  an  average  output  of  about  5  kw. 

The  Receiving  System 

In  the  method  of  transmission  ordinarily  employed  in  radio  telephony 
by  which  the  carrier  and  both  side-bands  are  sent  out  from  the  trans- 
mitting station  and  received  at  the  distant  end,  detection  is  readily 
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accomplished  merely  by  permitting  all  of  these  components  to  pass 
through  the  detector  tube.  The  detecting  action  whereby  the  voice- 
frequency  currents  are  derived,  is  accomplished  by  a  remodulation 
of  the  carrier  with  each  side-band. 

With  the  present  eliminated  carrier  method  of  transmission  the 
side-band  is  unaccompanied  by  any  carrier  with  which  to  remodulate 
in  the  receiving  detector.     It  is  necessary,  therefore,  to  supply  the 
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detector  with  current  of  the  carrier  frequency  obtained  from  a  local 
source.  Thus,  in  the  present  experiments,  if  a  current  of  the  original 
carrier  frequency,  55,500  cycles,  is  supplied  to  the  detector  it  will 
remodulate  or  "beat"  with  the  received  side-band  of,  say  55,800  to 
58,500  cycles  and  a  difference-frequency  band  of  300  to  3000  cycles, 
i.e.,  the  voice  frequency  band  will  result. 

The  arrangement  actually  used,  however,  is  not  quite  so  simple  as 
this.  It  is  shown  schematically  in  Fig.  7.  Reception  is  carried  out 
in  two  steps,  the  received  side-band  being  stepped  down  to  a  lower 
frequency  before  it  is  detected.  The  stepping  down  action  is  accom- 
plished by  combining  in  the  first  detector  the  incoming  band  of  55,800 
to  58,500  cycles  with  a  locally  generated  current  of  about  90,000 
cycles.  In  the  output  circuit  of  the  detector  the  difference-frequency 
band  of  34,200  to  31,500  cycles  is  selected  by  a  band  filter  and  passed 
through  amplifiers  and  thence  to  the  second  detector.  This  detector 
is  supplied  with  a  carrier  of  34,500  cycles  which,  upon  "beating" 
with  the  selected  band,  gives  in  the  output  of  the  detector  the  original 
voice-frequency  band . 

The  object  of  thus  stepping  down  the  received  frequency  is  to  secure 
the  combination  of  a  high  degree  of  selectivity  with  flexibility  in 
tuning.     The  high  selectivity  is  obtained  by  the  use  of  a  band  filter. 
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It  is  further  improved  by  applying  the  filter  after  the  frequency  is 
stepped  down  rather  than  before.  To  illustrate  this  improvement 
assume  that  there  is  present  an  interfering  signal  at  60,000  cycles,  1,500 
cycles  off  from  the  edge  of  the  received  telephone  band.  This  is  a 
frequency  difference  of  about  2l/2  per  cent;  but  after  each  of  these 
frequencies  is  subtracted  from  90,000  cycles,  the  difference  of  1500 
cycles  becomes  almost  5  per  cent.  This  enables  the  filter  to  effect  a 
sharper  discrimination  against  the  interfering  signal.  Furthermore, 
the  filter  is  not  required  to  be  of  variable  frequency  as  would  be  the 


Fig.  8 


case  were  it  employed  directly  at  the  received  frequency  since  by 
adjusting  the  frequency  of  the  beating  down  oscillator  the  filter  is  in 
effect  readily  applied  anywhere  in  a  wide  range  of  received  frequencies. 
The  receiving  method,  therefore,  enables  the  filter  circuit,  and  indeed 
also  the  intermediate  frequency  amplifiers,  to  be  designed  for  maximum 
efficiency  at  fixed  frequency  values  without  sacrificing  the  frequency 
flexibility  of  the  receiving  set. 

A  photograph  of  the  receiving  set  used  in  the  transatlantic  measure- 
ments is  reproduced  in  Fig.  8.     The  signals  are  received  ort  a  square 
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loop  six  feet  on  a  side  and  wound  with  4(5  turns  of  stranded  wire.  The 
first  box  contains  the  beating  oscillator  and  high-frequency  detector, 
the  second  box  of  the  filter  and  amplifying  apparatus  for  the  inter- 
mediate frequency  and  the  third  box  the  final  detector  and  amplifier. 
The  shielded  box  at  the  left  of  the  picture,  which  is  connected  to  the 
loop  by  means  of  leads  in  the  copper  tube,  is  the  apparatus  for  intro- 
ducing the  comparison  signal  of  known  strength  into  the  loop  for 
measuring  purposes.  This  receiving  and  measuring  set  is  described 
more  in  detail  in  a  paper  by  Bown,  Englund,  and  Friis  in  the  "Pro- 
ceedings of  the  Institute  of  Radio  Engineers  for  April,  1923." 

Although  it  was  this  very  selective  and  reliable  method  of  inter- 
mediate-frequency reception  which  was  used  in  London,  it  is  quite 
possible  to  receive  the  single-side-band  transmission  by  means  of  a 
regular  heterodyne  receiving  set.  Even  a  self-regenerative  set  will 
suffice  under  some  conditions.  It  is  necessary,  however,  to  adjust 
the  frequency  of  the  oscillator  very  carefully  to  that  of  the  trans- 
mitting carrier  frequency,  otherwise  serious  distortion  of  the  received 
speech  will  result.  Also  it  is,  of  course,  necessary  that  the  tuning 
be  not  too  sharp  if  ordinary  tuned  circuits  and  not  filter  circuits  are 
employed.  One  might  expect  that  some  difficulty  would  be  experi- 
enced in  maintaining  the  frequency  at  the  receiving  end  in  sufficiently 
close  agreement  with  the  sending  frequency.  In  the  tests  no  par- 
ticular difficulty  was  experienced,  the  oscillators  at  the  two  ends 
being  so  stable  that  only  an  occasional  slight  readjustment  of  the 
receiving  oscillator  was  required.  With  the  development  of  more 
stable  oscillators,  doubtless,  the  frequency  with  which  readjustments 
are  required,  will  be  further  reduced.  If  serious  distortion  of  the 
received  speech  is  to  be  avoided  the  two  frequencies  must  be  within 
about  50  cycles,  an  accuracy  of  0.1  per  cent  at  50,000  cycles. 

Transmission  Advantages  of  the  System 

Since  the  present  experiment  represents  the  first  use  of  the  single- 
side-band  eliminated  carrier  type  o(  system  some  further  discussion 
of  the  characteristics  and  advantages  of  the  system  is  appropriate. 

The  importance  of  the  system  in  conserving  frequency  range  will 
be  appreciated  when  it  is  realized  that  the  total  frequency  range 
available  for  transatlantic  telephony  is  distinctly  limited.  Just 
what  the  most  suitable  range  is  has  not  been  accurately  determined 
but  it  seems  limited  to  below  60,000  cycles  (5000  meters)  because  of 
the  large  attenuation  suffered  during  the  daylight  hours  by  frequencies 
higher  than  this.     On  the  lower  end  of  the  frequency  scale,  trans- 
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atlantic  telegraphy  at  present  pretty  well  preempts  frequencies  below 
30,000  cycles  (10,000  meters).  Therefore,  for  the  present  at  least 
transatlantic  telephony  is  limited  to  a  range  of  some  30,000  cycles. 
Now  transmission  of  speech  requires  as  a  minimum  for  good  quality 
a  single-side-band  3000  cycles  wide.  Allowing  for  variations  and 
clearances  between  channels  it  is  doubtful  if  the  channels  could  be 
made  to  average  closer  than  one  every  4000  cycles  for  single-side- 
band transmission  and  one  every  7000  cycles  for  the  ordinary  double- 
side-band  transmission.  This  means  that  even  were  the  whole  range 
from  30,000  to  60,000  cycles  devoted  to  telephony  to  the  exclusion  of 
telegraphy,  only  about  four  channels  could  be  obtained  by  the  older 
methods  and  some  seven  by  the  present  one. 

It  is  a  rather  interesting  commentary  to  note  that  a  somewhat 
similar  situation  as  to  limitation  in  frequency  range  exists  in  the 
case  of  carrier-current  transmission  over  wires.  The  transmission 
efficiency  falls  off  with  increase  in  frequency  and  limits  the  range 
of  frequencies  which  can  be  economically  used,  in  much  the  same 
way  as  it  is  limited  in  long  distance  radio  transmission.  It  is  because 
of  this  limitation  in  the  case  of  wires  and  the  value  which  attaches 
to  conserving  the  frequency  range  consumed  per  message  that  single- 
side-band  transmission  was  first  developed  for  wire  carrier  current 
systems.  Its  development  in  wire  transmission  has  been  of  con- 
siderable aid  in  adapting  the  method  to  the  present  purpose  of  trans- 
atlantic operation. 

The  second  of  the  outstanding  characteristics  of  the  present  system 
resides  in  the  large  power  economy  which  it  permits.  Transatlantic 
telephony  requires  hundreds  of  kilowatts  of  high-frequency  power. 
Since  it  is  difficult  and  expensive  to  produce  this  power  it  is  important 
that  every  effort  be  made  to  increase  its  efficiency  or  effectiveness  in 
transmitting  the  voice.  To  illustrate  how  the  present  system  effects 
economies  in  power,  consider  the  case  of"  a  carrier  wave  completely 
modulated  by  a  single  frequency  tone.  In  such  a  completely  modu- 
lated wave,  only  1/3  of  the  total  power  contains  the  message,  the 
remaining  2/3  conveying  only  the  carrier  frequency  which  can  as 
well  be  supplied  from  an  oscillator  of  small  power  at  the  receiving 
station.  It  is  obvious,  therefore,  that  by  eliminating  the  carrier 
only  1/3  as  much  power  need  be  used  as  would  be  required  were  all 
the  elements  of  the  completely  modulated  wave  transmitted.  To 
realize  the  maximum  advantage  of  this  mode  of  operation,  the  system 
eliminates  the  carrier  at  low  power  and,  thereby,  the  high-power 
apparatus  is  devoted  exclusively  to  the  amplification  of  the  essential 
part  of  the  signal. 
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If,  after  having  suppressed  the  carrier,  both  side-bands  were  trans- 
mitted, their  reception  would  require  perfect  synchronism  between 
the  carrier  resupplied  at  the  receiving  end  and  that  eliminated  at  the 
sending  end,  a  condition  which  is  practically  impossible  to  meet 
without  transmitting  some  form  of  synchronizing  channel,  which  is, 
indeed,  much  the  same  as  transmitting  the  carrier  itself.  If  the 
receiving  carrier  is  not  synchronized,  the  two  side-bands  will  interfere 
with  each  other  upon  being  detected.  By  eliminating  one  side-band, 
this  interference  is  prevented  and  reception  may  be  carried  on,  using 
a  locally  supplied  frequency  which  is  only  approximately  equal  to 
that  of  the  suppressed  carrier.  The  two  may  differ  by  as  much  as 
50  cycles  before  the  quality  of  the  received  speech  is  greatly  impaired. 
The  importance  to  the  carrier  suppression  method  of  eliminating 
one  side-band  will,  therefore,  be  appreciated.  The  present  system 
eliminates  one  side-band  while  still  in  the  low-power  stage.  While 
it  would  be  possible  to  do  this  selecting  after  they  have  both  been 
raised  to  the  full  transmitting  power,  this  would  require  the  use  of  a 
filter  of  high-power  carrying  capacity,  which  -would  make  the  filter 
very  costly  and  also  render  the  system  inflexible  to  change  of  wave 
length.  The  present  system  overcomes  both  of  these  difficulties  by 
filtering  our  one  side-band  at  low-power  levels  and  by  the  use  of  the 
double  modulation  method. 

Another  very  important  reason  for  the  transmission  of  a  frequency 
band  as  narrow  as  is  possible  lies  in  the  difficulty  of  constructing  an 
antenna  to  transmit  more  or  less  uniformly  at  these  long  waves  a 
band  of  frequencies  which  is  an  appreciable  fraction  of  the  main 
carrier  frequencies.  For  example,  in  the  ordinary  method  of  trans- 
mission an  antenna  which  was  intended  to  transmit  a  30,000-cycle 
carrier  and  its  two  speech  side-bands  would  need  to  be  designed  to 
transmit  all  the  frequencies  from  27,000  cycles  to  33,000  cycles,  a  band 
which  is  equal  to  20  per  cent  of  the  carrier  frequency.  This  band  is 
considerably  wider  than  that  given  by  the  resonance  curve  of  a  highly 
efficient  long  wave  antenna.  To  accommodate  both  side-bands  would 
require  flattening  out  the  resonance  curve  either  by  damping,  which 
means  sacrifice  in  power  efficiency,  or  by  special  design  of  the  antenna, 
possibly  throwing  jt  into  a  series  of  interacting  networks  and  causing 
it  to  become  a  rather  elaborate  wave  filter.  The  importance,  from 
the  antenna  standpoint,  of  narrowing  the  frequency  band  required  to 
be  transmitted  is,  therefore,  evident. 

It  is  extremely  important  that  the  received  signal  be  affected  as 
little  as  possible  by  changes  in  the  transmission  efficiency  of  the 
medium.     The  voice  frequency  currents  produced  at  the  receiving 
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end,  after  detection,  are  proportional  to  the  product  of  the  carrier 
wave  and  the  side-band.  If  the  carrier  as  well  as  the  side-band  is  trans- 
mitted through  the  medium,  then  a  given  variation  in  the  transmission 
efficiency  of  the  medium  will  affect  both  components  and  will  change 
the  received  speech  in  proportion  to  the  square  of  the  variation,  as 
compared  to  the  first  power  if  only  the  side-band  is  transmitted  and 
the  carrier  is  supplied  locally.  Thus  it  will  be  seen  that  the  omission 
of  the  carrier  from  the  sending  end  and  the  resupplying  of  it  from 
the  constant  source  at  the  receiving  end  gives  greater  stability  of 
transmission. 

Without  discussing  the  system  in  further  detail  the  advantages  of 
it  may  be  summarized  as  follows: 

1.  It  conserves  the  frequency  (wave  length)  band  required  for  radio 
telephony,  which  is  particularly  important  at  long  wave  lengths. 

2.  It  conserves  power,  in  that  all  of  the  power  transmitted  is  useful 
signal-producing  power.  This  is  particularly  important  also  in 
long  distance  transmission  which  requires  the  use  of  large  powers. 

3.  The  fact  that  only  a  single-band  of  frequencies  is  transmitted 
simplifies  the  antenna  problem  at  long  wave  lengths,  where  the 
resonance  band  becomes  too  narrow  to  transmit  both  side-bands. 

4.  As  compared  with  a  system  which  eliminates  the  carrier  but 
transmits  both  side-bands  the  simple  side-band  system  has  the 
important  advantage  of  not  requiring  an  extreme  accuracy  of 
frequency  in  the  carrier  which  is  resupplied  at  the  receiver.  Were 
both  side-bands  transmitted  very  perfect  synchronism  would  be 
required  for  good  quality. 

5.  It  improves  the  transmission  stability  of  the  radio  circuit  since 
variations  in  the  ether  attenuation  affect  only  one  (the  side-band) 
of  the  two  components  effective  in  carrying  out  the  detecting 
action  in  the  receiver. 

6.  The  receiving  part  of  the  overall  system  has  two  advantages: 

a.  It  need  accept  only  half  of  the  frequency  band  which  would  be 
required  in  double  side-band  transmission,  thereby  accepting 
only  half  of  the  "static"  interfering  energy. 

b.  By  stepping  down  the  frequency  of  the  received  currents  and 
filtering  and  amplifying  at  the  low-frequency  stage  a  very  sharp 
cutoff  is  obtained  for  frequencies  outside  of  the  desired  band  and 
a  very  stable  and  easily  maintained  amplifying  system  is  obtained. 
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Study  of  Transatlantic  Transmission 

We  come  now  to  a  consideration  of  the  second  major  part  of  the 
investigation,  namely,  that  having  to  do  with  the  transmission  of 
the  waves  across  the  Atlantic.  It  will  be  evident,  from  what  has  been 
said  earlier,  that  the  transmission  question  is  essentially  one  of  how 
best  to  deliver,  through  the  variable  conditions  of  the  ether  to  the 
receiving  station,  speech-carrying  waves  sufficiently  free  lrom  inter- 
ference to  be  readily  interpretable  in  the  receiving  telephone.  The 
transmission  efficiency  of  the  medium  varies  with  time  of  day  and 
year,  and  is  different  for  different  wave  lengths.  The  interference 
conditions  are  also  influenced  by  these  same  factors. 

Now  we  can  study  this  transmission  medium  in  much  the  same  way 
we  would  a  physical  telephone  circuit,  by  putting  into  it,  at  the 
sending  end,  electromagnetic  waves  of  a  known  amount  of  power 
and  measuring  the  power  delivered  at  the  receiving  end.  The  inter- 
ference at  the  receiving  station  likewise  may  be  measured  and  the 
ratio  of  the  strength  of  the  signal  waves  to  the -interfering  waves  may 
be  taken  as  a  measure  of  freedom  from  interference;  this  in  turn 
being  directly  related  to  the  readiness  with  which  the  messages  are 
understood.  Accordingly,  there  has  been  included  as  an  integral  part 
of  the  investigation  of  transatlantic  radio  telephony,  the  development 
of  suitable  methods  and  apparatus  for  measuring  the  strength  of  the 
signal  waves  and  of  the  interfering  waves,  as  they  arrive  at  the  receiv- 
ing station.  The  apparatus5  employed  in  measuring  the  field  strength 
of  the  received  signals  has  been  outlined  above  under  Receiving 
System  and  need  not  be  gone  into  further.  However,  a  word  of 
explanation  about  the  method  which  is  employed  in  making  the 
measurement  may  be  helpful.  It  will  be  recalled  that  the  specially 
designed  receiving  set  is  provided  with  a  local  source  of  high  fre- 
quency from  which  can  be  originated  signals  of  predetermined  strength. 
A  measurement  of  the  field  strength  of  a  signal  received  from  the 
distant  transmitter  is  made  by  listening  first  to  the  distant  signal  and 
then  to  the  locally  produced  signal,  shifting  back  and  forth  between 
these  signals  and  adjusting  the  strength  of  the  local  signal  until  the 
two  are  substantially  of  the  same  strength.  Then,  knowing  the 
power  delivered  by  the  local  source,  the  power  received  from  the 
distant  station  is  likewise  known.  The  relation  between  the  power 
in  the  input  of  the  radio  receiving  circuit  to  the  field  strength  required 
to  deliver  that  power  is  known  through  the  geometry  of  the  receiving 

6It  is  described  in  detail  in  the  paper  entitled,  "Radio  Transmission  Measurements" 
by  Bown,  Englund,  and  Friis,  Proc.  Institute  of  Radio  Engrs.,  April,  1923. 
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antenna  (in  this  case  a  loop)  and,  therefore,  the  measured  power  of 
the  signal  can  be  translated  directly  into  the  field  strength  of  the 
received  waves. 

The  measurement  tone  signal  is  transmitted  from  the  Rocky  Point 
sending  station  by  substituting  for  the  microphone  telephone  trans- 
mitter a  source  of  weak  alternating  current  of  about  1/100  watt  at 
a  frequency  of  approximately  1500  cycles.  This  tone  modulates  the 
radio  telephone  transmitter  in  the  same  way  that  voice  currents 
would  and  is  radiated  from  the  antenna  as  a  single-frequency  wave 
of  5260  meters  (57,000  cycles  per  second).  It,  therefore,  constitutes 
a  means  of  sending  out  a  single-frequency  continuous  wave  for 
measurement  purposes.  At  the  receiving  end  this  continuous  wave 
is  demodulated  to  the  same  tone  frequency  which  it  originally  had. 

For  measuring  the  strength  of  the  received  noise,  i.e.,  the  radio 
frequency  currents  arising  from  static  or  other  station  interference, 
the  method  is  quite  similar.  In  this  case,  however,  the  noise  received 
is  so  different  from  that  which  can  be  set  up  artificially  in  any  simple 
manner  that  no  attempt  is  made  to  compare  it  directly  with  a  local 
noise  standard.  Instead  the  volume  of  the  interfering  noise  is  expressed 
in  terms  of  its  effect  in  interfering  with  the  audibility  of  a  local  tone 
signal  by  measuring  the  local  signal  which  can  just  be  definitely 
discerned  through  it.  This  is  a  threshold  type  of  measurement 
which  is  necessarily  difficult  to  carry  out  with  accuracy.  In  order  to 
increase  the  sharpness  of  definition  of  the  local  signal  and  to  make 
it  correspond  more  closely  to  speech  reception  the  signal  tone  is 
subjected  to  a  continuous  frequency  fluctuation.  The  comparison 
signal  has  therefore  a  warbling  tone  which  occupies  a  frequency  band 
not  unlike  that  of  the  voice.  This  method  of  measuring  the  inter- 
ference is  discussed  in  more  detail  also  in  the  measurement  paper 
referred  to  above. 

Procedure  in  Making  Transmission  Measurements.  The  three 
quantities  which  are  included  in  the  transmission  measurements, 
namely,  the  signal  strength,  the  noise  strength,  and  the  percentage 
of  words  received  correctly,  are  observed  one  after  another  in  what 
might  termed  a  unit  test  period.  Although  the  duration  of  this  test 
period  and  the  order  of  making  the  measurements  has  been  changed 
somewhat  during  the  course  of  the  experiments,  the  following  pro- 
gram is  representative  of  the  conditions  under  which  the  data  pre- 
sented below  were  taken. 

A  25-minute  test  period  divided  as  follows: 

5  minutes  of  tone  telegraph  identification  signals  (for  receiving 
adjustment  purposes). 
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10  minutes  of  disconnected  spoken  words. 

10  minutes  of  a  succession  of  five-second  tone  dashes  separated  by 
five-second  intervals,  (for  measurement  of  the  received  field  strength, 
the  intervals  between  the  dashes  being  used  for  throwing  on  the  local 
receiving  source  and  adjusting  its  strength  to  equal  that  of  the  receive 
signals  by  alternately  listening  to  one  and  then  the  other). 

Transatlantic  Radio  Transmission  Measurements 

Diurnal  Signal  &  Noise  Variation 

Janl-Febr.25,  1925. 


7      8       9      W      11     I2M     I       2       5 

■  hJew  Vprk  Time 


Fig.  9 


Immediately  following  this  test  period  the  London  observers 
measured  the  noise  level. 

This  unit  test  period  was  repeated  every  hour  over  a  period  which 
varied  from  several  hours  to  as  long  as  two  days'  duration.  Most  of 
the  test  periods  ran  for  about  28  hours,  starting  about  eleven  o'clock 
Sunday  morning  and  continuing  until  about  three  o'clock  Monday 
morning,  London  time.     During  this  time  the  telegraph  load  through 
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the  Rocky  Point  station  of  the  Radio  Corporation  was  sufficiently 
light  to  enable  one  of  the  two  antennas  to  be  devoted  to  these  experi- 
ments. The  measurements  were  started  January  1,  1923  and  are 
still  in  progress. 

At  the  present  time  (April)  the  results  for  the  first  three  months 
of  the  tests  are  available.  These  results  are  not  yet  sufficiently 
complete  nor  do  they  cover  a  sufficient  number  of  variables  in  terms 

Transatlantic  Radio  Transmission  Measurements 

Diurnal  Signal  &  Noise  Variation 

Feb.25-Apr.9,     1925. 


Shaded  area  shows  range 
of  variation,  Heavy  lines 

Signal  Field  Strengths  corrected 
to  500  Amps.  Antenna  Current. 


Fig.  10 


of  time,  wTave  length,  etc.,  to  enable  any  very  definite  conclusions  to 
be  drawn  from  them.  They  do  illustrate,  however,  the  usefulness  of 
the  methods  employed,  and  even  in  their  incomplete  state  show  some 
factors  of  considerable  interest. 

The  results  of  the  measurements  of  received  signal,  strength  and 
received  noise  are  given  in  Figs.  9  and  10.  The  data  have  been  divided 
and  plotted  in  these  two  sets  of  curves  because  the  transmission  con- 
ditions across  the  North  Atlantic  appeared  to  suffer  a  rather  rapid 
change  about  February  23rd.  Fig.  9  therefore  covers  the  winter 
period  from  January  1  (when  the  test  started)  to  February  23;  and 
Fig.  10  covers  the  next  period  from  February  25  to  April  9. 
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The  curves  are  plotted  between  time  of  day  as  abscissas  and  field 
strength  in  microvolts  per  meter  as  ordinates.  The  time  during  which 
darkness  prevailed  at  Rocky  Point  and  at  London  is  indicated  by  the 
block-fills  on  the  time  scales.  The  overlap  of  these  block-fills  indicates 
the  time  during  which  darkness  extended  over  the  entire  transatlantic 
path.  For  Fig.  9  the  darkness-belt  is  as  of  February  1  and  for  Fig.  10 
as  of  March  21.  The  curves  show  the  mean  of  the  results  and  also 
the  boundaries  of  the  maximum  and  minimum  values  observed. 

Received  Signal  Strength.  The  outstanding  factors  to  be  noted 
concerning  the  signal  strength  curves  are: 

1.  The  diurnal  variations  are  plainly  in  evidence.  During  the  first 
test  period  covered  by  Fig.  9,  for  example,  the  field  strength  varied 
in  the  ratio  of  the  order  of  15  to  1  between  day  and  night  conditions, 
running  about  100  microvolts  per  meter  during  the  night  and  averag- 
ing about  6  microvolts  per  meter  during  the  day.  The  diurnal  varia- 
tion is  also  to  be  seen  in  Fig.  10  although  the  variations  between  night 
and  day  transmission  are  less  marked. 

The  measured  daylight  values  lend  suppor-t  to  the  Austin-Cohen 
absorption  coefficient.  The  average  of  the  observed  daylight  value 
for  the  period  of  these  tests  is  between  7  and  8  microvolts  per  meter, 
while  the  calculated  value  is  9.5.  Concerning  the  high  field  strengths 
obtaining  at  night,  it  should  be  noted  that  the  maximum  observed 
value  of  237  microvolts  per  meter  does  not  exceed  the  value  of  some 
340  microvolts  which  it  is  estimated  should  obtain  at  London  were 
no  absorption  present  in  the  intervening  medium,  i.e.,  were  the  waves 
attenuated  in  accordance  with  the  simple  inverse-with-distance  law. 
While  no  definite  conclusions  can  yet  be  drawn  from  these  results  as 
to  the  cause  of  the  diurnal  variations,  this  indication  that  the  upper 
limit  of  the  variation  is  the  no-absorption  condition  suggests  that 
the  diurnal  fluctuations  are  controlled  by  the  absorption  conditions 
of  the  medium  rather  than  by  reflection  or  refraction  effects. 

2.  An  indication  of  the  seasonal  variation  which  apparently  occurs 
in  developing  from  winter  to  early  spring  is  found  in  a  comparison  of 
the  signal  strength  curves  of  Figs.  9  and  10.  On  the  whole  the  signal 
strength  received  in  the  second  test  period  is  considerably  less  than 
that  received  for  the  first  period.  This  drop  in  the  average  of  the  24 
hours  is  caused  by  a  large  decrease  in  the  night-time  transmission 
efficiency.  The  daylight  transmission  does  not  change  much,  but 
what  little  change  there  is  lies  in  the  direction  of  an  increase  as  the 
season  advances. 

3.  A  decrease  in  the  transmission  efficiency  is  observed  between 
the  time  of  sundown  in  London  and  sundown  in  Xew  York,  that  is, 
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during  the  period  when  the  sunset  condition  intervenes  in  the  trans- 
mission path.  This  dip  is  particularly  noticeable  in  the  signal  strength 
curve  of  Fig.  10.  It  is  not  noticeable  in  Fig.  9,  except  for  the  fact  that 
the  rise  in  signal  strength  corresponding  to  night  conditions  in  London 
is  delayed  until  the  major  part  of  the  transmission  path  is  in  darkness. 
Strength  of  Received  Noise.  The  variation  in  the  strength  of  received 
noise  is  shown  by  the  noise  curves  of  Figs.  9  and  10. 

1.  The  diurnal  variation  of  that  portion  of  the  noise  which  is  due 
to  atmospheric  or  "static"  disturbances  is  somewhat  obscured  by 
the  presence  of  artificial  noise,  i.e.,  noise  caused  by  interference  from 
other  stations.  The  rise  in  the  noise  curve  at  12  noon  is  known  to 
be  due  to  artificial  interference.  In  general,  however,  the  large  noise 
values  shown  to  prevail  throughout  the  night  in  London  between 
about  6  p.  m.  and  4  a.  m.  are  known  to  be  due  to  atmospherics.  This 
diurnal  variation  shows  up  quite  prominently  in  both  figures. 

The  maximum  noise  is  reached  at  2  a.  m.  London  time.  Up  to  this 
time  the  night  belt  extends  over  London  and  a  sector  of  the  earth 
considerably  to  the  east  and  including  Europe,  Africa  and  Asia.  The 
noise  begins  to  drop  off  shortly  thereafter  and  reaches  its  minimum 
at  sunrise  in  London.  This  could  be  accounted  for  on  the  assumption 
that  the  major  source  of  the  noise  lies  considerably  to  the  east  of 
London  and  that  transmission  of  the  stray  electric  waves  to  London 
is  gradually  diminished  in  efficiency  as  daylight  overtakes  the  path 
of  transmission. 

2.  The  seasonal  variation,  as  shown  by  a  comparison  of  the  noise 
curve  of  Fig.  9  with  that  of  Fig.  10,  is  not  so  great  as  is  the  case  with 
the  transmission  efficiency  of  the  signal.  However,  the  noise  level  is 
noticeably  higher  during  the  second  period  of  the  tests,  as  shown 
by  the  average  curve  of  Fig.  10,  particularly  during  the  night  when  the 
maximum  noise  obtains. 

This  indicates  that  the  noise  is  largely  of  continental  origin  lying 
to  the  east  or  south  east  of  London  which  is  in  agreement  with  rough 
observations  made  by  means  of  a  loop  and  suggests  that  the  employ- 
ment of  directional  antennas  would  be  of  considerable  advantage.  It 
is  expected  to  include  such  antennas  in  the  further  measurement  work. 

In  connection  with  these  noise  curves  it  should  be  noted  that  what 
they  represent  is  in  reality  the  strength  of  a  local  warbling  tone-signal, 
expressed  in  terms  of  equivalent  field  strength  in  microvolts,  which 
which  is  just  definitely  audible  through  the  noise.  The  actual  value 
of  the  noise  currents,  were  they  measured  by  an  integrating  device  such 
as  a  thermocouple,  for  example,  would  be  a  number  of  times  larger 
than  indicated. 
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Ratio  of  Signal  to  Noise  Strength;  Words  Received.  The  noise  curve 
of  Fig.  9  and  that  of  Fig.  10  can,  therefore,  be  read  as  "The  strength 
of  the  signal  tone  which  can  just  be  heard  through  the  noise."  It  can, 
therefore,  be  directly  compared  with  the  signal  curve  itself  and  the 
difference  between  the  two  curves  is  a  measure  of  the  level  of  the  actual 
signal  strength  above  that  which  would  just  permit  of  the  signals  being 
heard.  Actually,  the  difference  between  the  two  curves,  as  shown  in 
the  figures,  is  proportional  to  the  ratio  of  the  signal  to  the  noise 
strength,  because  the  curves  are  plotted  to  a  logarithmic  scale. 
This  signal  to  noise  ratio  is  plotted  in  Fig.  11  for  the  test  period 
which  corresponds  to  Fig.  9,  and  Fig.  12  for  the  test  period  which 
corresponds  to  Fig.  10.  These  ratio  curves  are  derived  by  going  back 
to  the  original  data  and  taking  the  ratio  for  each  unit  measurement 
period  and  spotting  it  upon  the  chart  as  shown  by  the  black  points. 
An  average  is  taken  of  the  points  for  each  hour  of  the  24-hour  period 
as  shown  by  the  circle  points.  The  dash  line  curves  of  Figs.  11  and  12, 
therefore,  trace  the  average  diurnal  variation  of  signal  to  noise  ratio. 

These  curves  show : 

1.  That  the  signal  to  noise  ratio  reaches  its  minimum  during  the 
time  when  the  sunset  period  intervenes  between  London  and  New 
York. 

2.  During  the  night  in  London  the  ratio  increases  more  or  less  con- 
tinuously and  reaches  a  maximum  around  the  time  of  sunrise  in 
London. 

3.  During  the  course  of  the  daylight  period  in  London  the  ratio 
starts  out  high  and  drops  rather  rapidly  during  the  forenoon  and 
assumes  a  more  or  less  constant  intermediate  value  during  the  after- 
noon until  sundown.  It  is  during  this  afternoon  period  in  London 
that  the  business  hours  of  the  day  in  London  and  New  York  coincide, 
so  that  this  is  the  most  important  period  from  a  telephone  com- 
munication standpoint. 

The  drop  in  the  very  low  ratios  obtaining  in  London  in  the  early 
evening  is  due  to  the  fact  that  an  increase  in  noise  occurring  at  this 
time  is  accompanied  by  a  decrease  in  transmission  efficiency  from 
America.  This  may  readily  be  seen  by  referring  to  Fig.  10.  The 
noise  increases  as  the  night  belt,  proceeding  westward,  envelops  Eng- 
land and  improves  the  transmission  of  atmospherics,  which  arise 
possibly  in  continental  Europe,  Asia  and  Africa.  As  the  shadow  wall, 
proceeding  westward,  intervenes  between  England  and  America,  the 
transmission  efficiency  of  the  desired  signals  from  America  drops  and 
it  is  not  until  the  night  belt  extends  as  far  west  as  America  that  the 
transmission   efficiency   improves   sufficiently    to   overcome    the   dis- 
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advantage  in  London  of  the  large  noise  values  which  night  there  had 
brought  on.  Conversely,  the  high  signal  to  noise  ratio,  obtaining  at 
about  sunrise  in  London,  appears  to  be  due  to  the  fact  that  as  the 
termination  of  the  night  belt,  moving  westward,  intervenes  between 
England  and  the  source  of  atmospherics  to  the  east,  the  noise  level 
drops  rapidly  and  has  reached  low  values  by  the  time  sunrise  arrives 
in  London.    At  this  time,  however,  darkness  still  extends  to  the  west 
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and  the  transmission  efficiency  from  America  is  at  its  maximum.  It 
is,  therefore,  due  to  this  interplay  between  these  two  factors,  signal 
strength  and  noise  strength,  controlled  very  largely  by  the  transition 
periods  between  day  and  night,  that  the  signal  to  static  ratio  varies 
diurnally  in  the  manner  pictured  in  Figs.  11  and  12. 

Concerning  seasonal  variation,  shown  by  a  comparison  of  Figs. 
11  and  12,  the  following  can  be  said:  The  dimunition  in  signal-to- 
noise  ratio  in  the  second  test  period  as  compared  with  the  first  is 
caused  by  the  fact  that  the  signal  strength  has  decreased  and  at  the 
same  time  the  noise  has  somewhat  increased.    There  is  just  one  other 
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point  that  concerns  the  dip  in  the  ratio  occurring  at  night  in  London 
between  12  midnight  and  3  a.  m.  This  dip  is  due  to  an  increase  in  the 
noise  which  occurs  around  2  a.  m.     (A  further  reduction  during  this 
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time,  and  one  which  extends  the  time  of  minimum  ratio  from  sundown 
on  through  the  night  until  2  a.  m.  is  shown  by  the  April  measurements 
which  time  has  not  permitted  including  in  the  curves). 

During  each  test  period  lists  of  disconnected  words  were  spoken 
over  the  systems.  As  an  approximate  and  easily  applied  method  of 
indicating  the  talking  efficiency  of  the  circuit,  note  was  made  of  the 
percentage  of  the  words  which  were  correctly  received. 

The  curves  of  Figs.  13  and  14  show  the  manner  in  which  the  per- 
centage of  the  words  which  were  correctly  received  varies  through 
the  24  hours.  Each  point  corresponds  to  the  percentage  of  words  cor- 
rectly received  during  one  unit  test  period.  In  many  of  these  tests 
the  interference  was  noted  to  be  caused  by  radio  telegraph  stations, 
and  the  data  in  which  the  interference  is  of  this  character,  in  so  far  as 
identified,  are  indicated  by  the  triangular  dots.  It  will  be  seen  that 
most  of  the  poor  receptions  were  due  to  this  cause.  Especially  is 
this  true  of  tests  at  12  noon  at  which  time  severe  interference  from 
sources  local  in  London  was  experienced.     The  circle  points  are  the 
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average  of  results  for  each  hour's  tests.       The  dash  line  curve  is  a 
smoothing  out  curve  of  these  points. 

It  is  interesting  to  note  that  these  curves  of  actual  word  count 
conform  very  well  in  general  shape  with  those  of  Figs.  11  and  12 
which  also  really  measure  receptiveness  although  in  a  less  direct 
manner.     Reception  is  best  during  the  late  night  and  early  morning, 
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Each  circle  is  average  of  all  tests  for  that  hour  including 
triangular  points.  The  latter  are  known  to  be  cases  in 
which  low  percentage  is  due  to  unnatural  causes. 


Fig.  13 


drops  off  during  the  day,  reaching  a  minimum  during  the  evening. 
Furthermore,  the  night  reception  is  shown  to  be  considerably  better 
for  the  January-February  period  than  for  the  February-March  period. 
The  curve  of  Fig.  14  corresponds  quite  closely  with  that  of  Fig.  12. 
The  curve  of  Fig.  13  does  not  show  as  much  of  a  peak  as  does  that  of 
Fig.  11  which  is,  of  course,  due  to  the  fact  that  above  a  certain  ratio 
the  percentage  of  words  understood  is  high  and  cannot  rise  above  100 
per  cent. 

Conclusion 

As  has  been  indicated  this  is  a  report  of  work  which  is  still  in  progress. 
To  date: 

A  new  type  of  radio  telephone  system  affording  important  ad- 
vantages for  transatlantic  telephony  has  been  developed  and  put 
into  successful  experimental  operation  across  the  Atlantic. 

Sustained  one-way  telephonic  transmission  has  been  obtained  across 
the  Atlantic  for  the  first  time  by  means  of  this  system. 
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The  advantages  of  this  system  which  had  been  anticipated,  par- 
ticularly, in  respect  to  economies  of  power  and  wave  lengths,  have 
been  realized.  Furthermore,  it  has  been  demonstrated  that  the 
high-power  water-cooled  vacuum  tubes  which  have  seen  their  first 
prolonged  operation  in  this  installation  are  admirably  adapted  for 
use  in  high-power  radio  installations  and  particularly  for  use  as  high 
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Feb  25 -April  9.  1923. 
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power  amplifiers,  in  the  type  of  system  we  have  described.  Also,  the 
method  of  reception  has  proved  itself  to  be  eminently  satisfactory  for 
use  with  the  single  side-band  type  of  transmission  and  to  possess 
important  advantages  for  radio  telephony  in  respect  to  selectivity  and 
amplification. 

Methods  have  been  developed  for  measuring  the  strength  of  the 
received  signals  and  the  strength  of  the  received  interfering  noise  and 
these  methods  have  been  successfully  applied  in  the  initiation  of  a 
study  of  the  variations  to  which  transatlantic  transmission  is  subject. 

The  results  of  the  transmission  measurements  show  that,  at  5000 
meters,  the  diurnal  variations  are  large,  as  was  to  be  expected,  and 
give  evidences  of  a  large  seasonal  variation  which  was,  indeed,  also  to  be 
expected.  The  results  indicate  that  it  will  probably  be  desirable  to 
use  a  wave  length  longer  than  5000  meters.  The  measurements  are 
now  being  made  to  include  the  longer  wave  lengths. 

APPENDIX  Added  September  23,  1923 
The  results  of  the  transmission  measurements  from  January  through 
August  are  now  available  and  are  summarized  in  the  curves  following: 
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Transatlantic  Radio  Transmission  Measurements 
Monthly  Averages  of  Diurnal  Variations  in  Signal  to  Noise  Ratio  for  1923.     Trans- 
mission from  Rocky  Point  to  London  on  57,000  Cycles  (5,260  Meters).    Measurements 
on  Loop  Reception.     Curves  Corrected  to  300  Amperes  Antenna  Current 


Physical  Measurements  of  Audition  and  Their 
Bearing  on  the  Theory  of  Hearing  * 

By  HARVEY  FLETCHER 

Synopsis:  The  author  states  his  purpose  to  be  the  presentation  of  cer- 
tain facts  of  audition  which  have  been  determined  recently  with  consider- 
able accuracy  and  the  discussion  of  the  theory  which  best  explains  these 
facts. 

Making  use  of  data  of  Knudsen's  as  well  as  his  own  measurements  of  the 
auditory  sensation  area,  the  author  estimates  that  the  normal  ear  can 
perceive  approximately  300,000  different  pure  tones.  This  is  taking  ac- 
count of  all  possible  variations  in  both  pitch  and  intensity.  Knudsen's 
data  show  that  for  considerable  ranges  the  minimum  perceptible  difference 
in  intensity  bears  a  constant  ratio  to  the  intensity  and  the  minimum  per- 
ceptible difference  in  frequency  bears  a  constant  ratio  to  the  frequency. 
These  relations  have  been  termed  by  psychologists  "The  Law  of  Weber 
and  Fechner." 

A  loudness  scale  is  proposed  such  that  the  difference  in  loudness  between 
two  tones  is  equal  to  ten  times  the  common  logarithm  of  their  intensity 
ratio.  A  pitch  scale  is  proposed  such  that  the  difference  in  pitch  is  equal 
to  one  hundred  times  the  logarithm  to  the  base  two  of  the  frequency  ratio. 
A  method  for  measuring  the  loudness  of  complex  sounds  is  mentioned  but 
is  to  be  discussed  in  a  later  paper.  A  method  is  proposed  for  expressing 
quantitatively  different  degrees  of  deafness. 

Reference  is  made  to  data  obtained  by  the  author  on  the  masking  of  one 
pure  tone  by  another.  The  minimum  audible  intensity  of  a  pure  tone 
depends  upon  the  presence  of  another  tone  of  different  frequency.  A  low 
pitched  note  will,  in  general,  exert  a  surprisingly  large  masking  effect 
upon  notes  of  higher  frequency.  The  masking  of  a  low  note  by  a  higher 
is  not  nearly  as  pronounced.  From  his  observations,  the  author  draws 
certain  interesting  conclusions.  For  example,  given  a  complex  tone  con- 
sisting of  three  frequencies  400,  300  and  200  cycles  with  relative  loudness 
values  of  50,  10  and  10,  respectively,  the  ear  would  hear  only  the  400  cycle 
tone  and  the  200  cycle  tone.  If  the  sound  is  now  increased  30  loudness 
units,  without  distortion,  the  400  cycle  tone  and  the  300  cycle  tone  only, 
will  be  heard. 

Binaural  masking  in  which  each  ear  receives  one  of  the  two  sounds  is 
considered  and  the  conclusion  reached  that  the  masking  effect  noted 
results  from  conduction  of  the  masking  tone  through  the  bones  of  the 
head  to  the  ear  receiving  the  masked  tone. 

It  is  stated  on  the  basis  of  data  obtained  by  YVegel  and  Lane  that  the 
oscillatory  system  of  the  ear,  comprised  by  the  membranes  and  little  . 
bones  of  the  middle  and  inner  ears,  does  not  obey  Hooke's  Law  regarding 
the  proportionality  of  stress  and  strain.  Consequently,  the  ear,  when 
stimulated  by  a  pure  tone,  introduces  harmonics  and  the  workers  cited 
have  observed  harmonics  as  high  as  the  4th  order.  The  non-linear  trans- 
mission characteristic  of  the  vibratory  system  of  the  ear  is  held  to  account 
for  the  greater  masking  of  a  high  frequency  by  a  lower. 

A  theory  of  hearing  is  advanced  which  pictures  the  basilar  membrane 
as  being  caused  to  vibrate  by  incident  sound  waves.  In  the  case  of  a  pure 
tone,  the  membrane  is  supposed  not  to  vibrate  uniformly  throughout 
its  length  but  the  region  of  maximum  amplitude  determines  the  pitch  of 
the  tone  as  interpreted  by  the  ear  and  the  maximum  amplitude  deter- 
mines the  intensity. — Editor. 

THE  question  of  how  we  hear  has  been  a  subject  for  discussion 
by  scientists  and  philosophers  for  a  long  time.     Practically  every 
year  during  the  past  fifty  years  articles  have  appeared  discussing  the 

*  Presented  at  the  meeting  of  the  Section  of  Physics  and  Chemistry  of  The  Franklin 
Institute  held  Thursday,  March  29,  1923,  and  published  in  the  Journal  of  the  Franklin 
Institute  for  September,  1923. 
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pros  and  cons  of  various  theories  of  hearing.  These  discussions  have 
been  participated  in  by  men  from  the  various  branches  of  science  and 
particularly  by  the  psychologists,  physiologists,  otologists,  and 
physicists.  During  the  past  two  or  three  years  this  discussion  has 
been  particularly  acute.  It  is  not  uncommon  to  pick  up  an  article  and 
read  in  the  beginning  or  concluding  paragraphs  statements  such  as 
the  Helmholtz  theory  of  audition  seems  to  have  sunk  beyond  recov- 
ery, 90' 65  f  and  at  the  same  time  an  article  written  probably  a  month 
later  will  have  the  conclusion  that  the  Helmholtz  theory  of  audition 
is  definitely  established  beyond  all  controversy.70"75 

There  is  apparently  a  great  deal  of  misunderstanding  between 
various  writers  because  of  different  points  of  view  due  to  different 
training.  To  the  physicist  it  seems  that  most  of  the  discussions  show 
a  profound  ignorance  of  the  dynamics  of  the  transmission  of  sound 
by  the  mechanism  of  the  ear.  Those  discussions  by  the  physicists 
are  frequently  open  to  criticism  by  the  otologist  and  psychologist,  due 
to  his  lack  of  knowledge  of  the  structure  of  the  ear  or  the  mental 
reaction  involved  in  the  process  of  interpretation.  I  think  it  is 
fortunate  that  some  of  these  scientists  from  the  different  branches 
are  now  cooperating  in  their  research  work  as  is  evinced  by  the  ap- 
pearance of  several  joint  papers.  (Papers  by  Dean  and  Bunch, 
Minton  and  Wilson,  Wegel  and  Fowler,  Kranz  and  Pohlman,  and 
others.) 

It  is  not  my  purpose  to  discuss  the  merits  of  the  various  theories  of 
hearing,  but  I  desire  to  present  some  of  the  facts  of  audition  which 
have  been  recently  determined  with  considerable  accuracy,  and  then 
discuss  the  theory  of  hearing  which  best  explains  these  facts. 

Hearing  is  one  of  the  five  senses.  It  is  that  sense  that  makes  us 
aware  of  the  presence  of  physical  disturbances  called  sound  waves. 
For  my  purpose,  sounds  may  be  classified  "into  two  groups,  namely, 
pure  tones  and  complex  sounds.  A  pure  tone  is  specified  psycho- 
logically by  two  properties,  namely,  the  pitch  and  the  loudness. 
These  sensory  properties  are  directly  related  to  the  physical  properties, 
frequency  and  intensity  of  vibration.  Mixtures  of  pure  tones  of 
different  loudness,  but  of  the  same  pitch,  fall  under  the  first  class, 
since  such  mixtures  give  rise  to  a  pure  tone.  The  complex  sounds 
are  varying  mixtures  of  pure  tones.  It  will  be  noticed  that  phase  has 
not  been  taken  into  account.  Except  when  using  the  two  ears  for 
locating  the  direction  of  sources  of  sound,  phase  differences  are  not 
ordinarily  appreciated  by  the  ear.* 

t  These  numbers  refer  to  the  bibliography  at  the  end  of  the  paper. 
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These  tones  are  usually  transmitted  by  means  of  air  waves  through 
the  outer  ear  canal  to  the  drum  of  the  ear.  From  here  the  vibrations 
are  transmitted  by  means  of  the  bones  in  the  middle  ear  to  the 
mechanism  of  the  inner  ear. 

Those  facts  of  audition  which  are  familiar  to  almost  everybody 
are  as  follows: 

1.  Pure  tones  are  sensed  by  the  ear  and  differentiated  by  means  of 
the  properties  pitch  and  loudness. 

2.  When  two  notes,  separated  by  a  musical  interval,  are  sounded 
together,  they  are  sensed  as  two  separate  notes.  They  would  never 
be  taken  for  a  tone  having  the  intermediate  pitch.  In  this  respect, 
hearing  is  radically  different  from  seeing.  When  a  red  and  a  green 
light  are  mixed  together,  the  impression  received  by  the  eye  is  that 
of  yellow,  an  intermediate  color  between  the  two. 

3.  There  is  a  definite  limiting  difference  in  pitch  that  can  just  be 
sensed.1"9 

4.  There  is  a  definite  limiting  difference  in  intensity  that  can  just 
be  sensed.10"14 

5.  There  is  a  minimum  intensity  of  sound  below  which  there  is  no 
sensation.16"31 

6.  There  is  an  upper  limit  on  the  pitch  scale  above  which  no  audi- 
tory sensation  is  produced.32"44 

7.  There  is  a  lower  limit  on  the  pitch  scale  below  which  there  is  no 
auditory  sensation  produced.45"51 

8.  The  ear  perceives  tones  separated  by  an  octave  as  being  very 
similar  sensations. 

Another  quality  of  audition  which  is  not  so  commonly  known  was 
pointed  out  by  A.  M.  Mayer.52  He  stated  that  high  tones  can  be  com- 
pletely masked  by  louder  lower  tones  while  intense  higher  tones  can- 
not obliterate  lower  ones  though  the  latter  are  very  weak.  Experi- 
ments to  be  described  later  in  the  paper  show  that  this  statement 
must  be  modified  somewhat.  Very  intense  low  ones  will  produce  a 
masking  effect  upon  still  lower  tones,  although  the  masking  effect  is 
very  much  more  pronounced  in  the  opposite  case.  Many  of  the  op- 
ponents of  the  Helmholtz  resonant  theory  of  hearing  claim  that  this 
fact  is  fatal  to  such  a  theory.52 

*  This  statement  may  require  modification  when  more  experimental  data  are 
available.  As  shown  later  in  the  paper  the  middle  ear  has  a  non-linear  response. 
Consequently  it  would  be  expected  that  phase  differences,  especially  between  tones 
which  are  harmonic,  would  produce  spacial  differences  in  nerve  stimulation. 
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Limits  of  the  Field  of  Audition 

The  new  tools  which  have  made  possible  more  accurate  measure- 
ments in  audition  are  the  vacuum  tube,  the  thermal  receiver  and  the 
condenser  transmitter.  When  connected  in  a  proper  arrangement 
of  circuits,  the  vacuum  tube  is  capable  of  generating  an  oscillating 
electrical  current  of  any  desired  frequency.  This  electrical  vibration 
is  translated  into  a  sound  vibration  by  means  of  the  telephone  receiver. 
Between  the  receiver  and  the  oscillator,  a  wire  network  called  an 
attenuator  28  is  interposed  which  makes  it  possible  to  regulate  the 
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volume  of  sound.  The  theory  54~55  of  the  thermal  receiver  has  been 
worked  out  so  that  it  is  possible  to  calculate  its  acoustic  output  from 
the  electrical  energy  it  is  absorbing.  In  this  way,  it  is  possible  to 
calculate  the  pressure  variation  produced  in  the  outer  ear  canal 
when  a  tone  is  being  perceived.  A  detailed  description  of  the  ap- 
paratus and  method  used  in  such  measurements  was  given  in  a  paper 
presented  before  the  National  Academy  of  Science,  November  14, 
1921.55  Such  a  combination  of  apparatus  which  has  been  calibrated 
is  called  an  audiometer  and  is  suitable  for  measuring  abnormal  as 
well  as  normal  hearing.  A  receiver  more  rugged  than  the  thermal 
may  b,e  substituted  when  its  efficiency  compared  to  the  thermal 
receiver  is  known  for  all  frequencies.  By  using  such  an  audiometer 
the  average  absolute  sensitivity  for  approximately  100  ears  which 
were  considered  to  be  normal  was  determined.     The  lower  curve  in 
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Fig.  1,  labelled  the  threshold  of  audibility,  shows  the  results  of  such 
measurements.  The  ordinates  give  the  amplitude  of  the  pressure 
variation  in  dynes  per  square  centimeter  that  is  just  sufficient  to 
cause  an  auditory  sensation  and  the  abscissae  give  the  frequency  of 
vibration  of  the  tone  being  perceived.  Both  are  plotted  on  a  loga- 
rithmic scale.  The  experimental  difficulties  made  it  impossible  to 
make  a  very  accurate  determination  for  those  parts  of  the  curve 
shown  by  dotted  lines.  More  work  needs  to  be  done  on  these  por- 
tions of  the  curve.  In  the  important  speech  range,  namely,  from 
500  to  5,000  cycles,  it  requires  approximately  .001  of  a  dyne  pressure 
variation  in  the  air  to  cause  an  auditory  sensation.  This  corre- 
sponds to  a  fractional  change  of  about  one-billionth  in  the  atmospheric 
pressure,  which  shows  the  extreme  sensitiveness  of  the  hearing  mechan- 
ism. 

In  order  to  obtain  an  idea  of  the  intensity  range  used  in  hearing, 
an  attempt  was  also  made  to  obtain  an  upper  limit  for  audible  in- 
tensities. When  the  intensity  of  a  tone  is  continually  increased,  a 
value  is  reached  where  the  ear  experiences  a  tickling  sensation.  Ex- 
periments show  that  the  intensity  for  this  sensation  is  approximately 
the  same  for  various  individuals  and  the  results  can  be  duplicated 
as  accurately  as  those  for  the  minumum  intensity  value.  It  was 
found  that  if  this  same  intensity  of  sound  is  impressed  against  the 
finger,  it  excites  the  tactile  nerves,  In  other  words,  the  sensation  of 
feeling  for  the  ear  is  practically  the  same  as  for  other  parts  of  the 
body.  When  the  intensity  goes  slightly  above  this  feeling  point, 
pain  is  experienced.  Consequently,  this  intensity  for  the  threshold 
of  feeling  was  considered  to  be  the  maximum  intensity  that  could  be 
used  in  any  practical  way  for  hearing.  The  two  points  where  these 
two  curves  intersect  have  interesting  interpretations.  At  these  two 
points,  the  ear  both  hears  and  feels  the  tone.  At  frequencies  above 
the  upper  intersecting  point,  the  ear  feels  the  sound  before  hearing 
it,  and  in  general  would  experience  pain  before  exciting  the  sensation 
of  hearing.  Consequently,  the  intersection  point  may  be  considered 
as  the  upper  limit  in  pitch  which  can  be  sensed.  In  a  similar  way, 
the  lower  intersection  point  represents  the  lowest  pitch  than  can  be 
sensed. 

There  has  been  considerable  work  32_51  in  the  past  to  determine 
the  upper  frequency  and  lower  frequency  limits  of  audibility,  but 
it  would  appear  that  without  the  criterion  just  mentioned,  such 
limiting  points  apply  only  to  the  particular  intensity  used  in  the 
determination.  Not  enough  attention  has  been  paid  to  the  intensity 
of  the  tones  for  such  determinations.     It  is  quite  evident  from  this 
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figure  that  both  the  upper  and  lower  limits  of  audibility  which  are 
lound  in  any  particular  experimental  investigation  will  very  largely 
depend  upon  the  intensity  of  the  tones  sounded.  For  example, 
if  the  intensity  were  along  the  .01  dyne  line,  the  limits  would  be 
200  and  12,600  cycles. 

The  area  enclosed  between  the  maximum  and  minimum  audibility 
curves  has  been  called  the  auditory-sensation  area  and  each  point 
in  it  represents  a  pure  tone.  The  question  then  arises:  How  many 
such  pure  tones  can  be  sensed  by  the  normal  ear? 

The  answer  to  this  question  has  been  made  possible  by  the  recent 
work  of  Mr.  V.  O.  Knudsen.14  In  this  work  Knudsen  made  determi- 
nations of  the  sensibility  of  the  ear  for  small  differences  in  pitch  and 
intensity.     In  Fig.   2,   the  average  results  of  his  measurements  for 
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changes  in  intensity  are  shown.  Each  ordinate  gives  the  fractional 
change  in  the  sound  energy  which  is  just  perceptible,  this  fractional 
change  being  called  the  Fechner  ratio.  The  abscissae  are  equal  to 
ten  times  the  logarithm  of  the  ratio  of  intensities,   the  zero  corre- 


PHYSICAL  MEASUREMENTS  OF  AUDITION 


151 


sponding  to  the  intensity  at  the  threshold  of  audibility.  For  in- 
tensities greater  than  104  times  the  threshold  of  audibility,  the  Fechner 
ratio  has  the  constant  value  of  approximately  one-tenth.  It  was 
found  that  this  ratio  is  approximately  the  same  for  all  frequencies. 
In  Fig.  3  is  shown  the  results  taken  from  Knudsen's  article  on  the 
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pitch  sensibility.  The  ordinates  give  the  fractional  change  in  the 
frequency  which  is  just  perceptible  and  the  abscissae  give  the  fre- 
quency on  a  logarithmic  scale.  The  meaning  of  the  pitch  scale  at 
the  bottom  of  this  figure  will  be  discussed  later.  For  frequencies 
above  400  this  fractional  change  is  a  constant  equal  to  .003.  This 
ratio  probably  becomes  larger  again  for  the  very  high  frequencies.  It 
was  found  that  it  varied  with  intensity  in  approximately  the  same 
way  as  that  given  for  the  energy  ratio. 

Using  these  values  in  connection  with  the  auditory-sensation  area, 
it  is  possible  to  calculate  the  number  of  pure  tones  which  the  ear 
can  perceive  as  being  different.  For  example,  if,  starting  at  the 
minimum  audibility  curve,  ordinate  increments  are  laid  off  along  a 
constant  pitch  line,  that  are  successively  equal  to  the  value  of  AE 
at  the  intensity  position  above  the  threshold,  then  the  number  of 
such  increments  between  the  upper  and  lower  curves  in  Fig.  1  is 
equal  to  the  number  of  pure  tones  of  constant  pitch  that  can  be  per- 
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ceived  as  being  different  in  volume.  If  the  minimum  and  maximum 
audibility  curves  were  plotted  on  an  energy  scale,  the  increment 
length  AE  near  the  maximum  audibility  curve  would  be  a  million 
million  times  longer  than  its  length  in  the  minimum  audibility  curve, 
whereas  when  they  are  plotted  on  a  logarithmic  scale,  this  increment 
length  remains  approximately  constant,  changing  by  less  than  a  factor 
2  for  90  per  cent,  of  the  distance  across  the  auditory-sensation  area. 
The  calculation  shows  (see  Appendix  A)  that  the  number  of  such 
increments  on  the  100-cycle  frequency  line  is  270,  that  is,  270  tones 
having  a  frequency  of  vibration  of  1,000  cycles  can  be  perceived  as 
being  different  in  loudness. 

What  has  been  said  of  the  intensity  scale  applies  equally  well  to 
the  frequency  scale.  The  calculation  (see  Appendix  A)  indicates 
that  the  number  of  tones  that  are  perceivable  as  being  different  in 
pitch  along  the  10-dyne  pressure  line  is  approximately  1,300. 

If  an  ordinate  increment  corresponding  to  AE  and  an  abscissa 
increment  corresponding  to  AN  be  drawn,  a  small  rectangle  will  be 
formed  which  may  be  considered  as  forming  the  boundary  lines  for 
a  single  pure  tone.  All  tones  which  lie  in  this  area  sound  alike  to  the 
ear.  The  number  of  such  small  rectangles  in  the  auditory-sensation 
area  corresponds  to  the  number  of  pure  tones  which  can  be  perceived 
as  being  different.  The  calculation  (see  Appendix  A)  of  this  number 
indicates   that   there   are   approximately   300,000  such    tones. 

One  might  well  ask  the  question  :  How  many  complex  sounds  which 
are  different  can  be  sensed  by  the  ear?  At  first  thought,  one  might 
say  that  this  number  is  represented  by  all  the  possible  combinations 
of  pure  tones.  Of  course,  such  a  number  would  be  entirely  too  large, 
for  some  of  these  would  sound  alike  to  the  ear,  since  the  louder  tones 
would  necessarily  mask  the  feebler  ones.  It  is  evident,  however, 
that  the  number  of  such  complex  sounds,  will  be  very  much  larger 
than  the  number  of  pure  tones. 

Scales  of  Loudness  and  Pitch 

It  is  seen  that  the  use  of  the  logarithmic  scale  in  Fig.  1  is  much 
more  convenient  not  only  on  account  of  the  large  range  of  values 
necessary  to  represent  the  auditory-sensation  area,  but  also  because 
of  its  scientific  basis.  Psychologists  have  recognized  this  since  Weber 
and  Fechner  formulated  the  relation  between  the  sensation  and  the 
stimulus.  Although  logarithmic  units  have  been  used  by  various 
authors  in  measuring  the  amount  of  sensation,  the  numerical  values 
have  been  quite  different.     It  seems  inevitable  that  there  will  be  a 
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greater  cooperation  in  the  future  between  men  in  the  various  branches 
of  science  working  on  this  subject,  so,  in  order  to  avoid  misunder- 
standing, it  would  be  very  advantageous  for  all  to  use,  as  far  as  pos- 
sible, the  same  units.  With  this  in  mind,  I  am  taking  the  liberty 
of  suggesting  for  discussion  units  for  both  loudness  and  pitch. 

In  the  telephone  business,  the  commodity  being  delivered  to  the 
customers  is  reproduced  speech.  One  of  the  most  important  qualities 
of  this  speech  is  its  loudness,  so  it  is  very  reasonable  to  use  a  sensa- 
tion scale  to  defin  \  the  volume  of  the  speech  delivered.  At  the  present 
time,  an  endeavor  is  being  made  to  obtain  an  agreement  of  all  the 
telephone  companies,  both  in  the  United  States  and  abroad,  to  adopt 
a  standard  logarithmic  unit  for  defining  the  efficiency  of  telephone 
circuits  and  the  electrical  speech  levels  at  various  points  along  the 
transmission  lines.  The  chief  interest  in  changes  in  efficiency  of  trans- 
mission apparatus  is  their  effects  upon  the  loudness  of  the  speech 
delivered  by  the  receiver  at  the  end  of  the  telephone  circuit.  So  it 
would  be  very  advantageous  to  use  this  same  logarithmic  scale  for 
measuring  differences  in  loudness. 

This  scale  is  chosen  so  that  the  loudness  difference  is  ten  times 
the  common  logarithm  of  the  intensity  ratio.  This  means  that  if  the 
intensity  is  multiplied  by  a  factor  10,  the  loudness  is  increased  by 
ten ;  if  the  intensity  is  multiplied  by  100,  the  loudness  is  increased  by 
20;  if  the  intensity  is  multiplied  by  1,000,  the  loudness  is  increased 
by  30,  etc.  It  was  seen  above  that  under  the  most  favorable  cir- 
cumstances a  change  in  loudness  equal  to  1/2  on  this  scale  could 
just  be  detected.  Knudsen's  data  indicate,  however,  that  when  a 
silent  interval  of  only  two  seconds  intervenes  between  the  two  tones 
being  compared,  a  loudness  change  greater  than  unity  on  this  scale 
is  required  before  it  is  noticeable.  So  the  smallest  loudness  change 
that  is  ordinarily  appreciated  is  equivalent  to  one  unit  on  this  scale. 
It  is  also  convenient  because  of  the  decimal  relation  between  loudness 
change  and  intensity  ratio.     This  relation  is  expressed  by  the  formula  : 

AL=L1-L2  =  10  1og1o7-or^=1010 

1-2  -12 

where  h\  and  L2  are  the  two  loudness  values  corresponding  to  the 
intensities  I\  and  72-  Since  intensities  of  sound  are  proportional  to 
the  square  of  pressure  amplitudes  this  may  also  be  written : 

AL=20  1og^ 

p2 

The  most  convenient  choice  of  the  intensity  or  pressure  used  as  a 
standard  for  comparison  depends  upon  the  problem  under  consider- 
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ation.  In  the  sensation  area  chart  of  Fig.  1,  the  intensity  line  cor- 
responding to  one  dyne  was  used  as  the  zero  level,  that. is,  p2  was 
chosen  equal  to  1  so  that 

AL=20  1og£ 

The  choice  of  the  base  of  logarithms  for  the  pitch  scale  is  dictated 
by  the  fact  mentioned  before,  that  the  ear  perceives  octaves  as  being 
very  similar  sensations.  Consequently  the  base  2  is  the  most  logical 
choice  for  expressing  pitch  changes.  If  the  logarithm  of  the  frequency 
to  the  base  2  were  used,  perceptible  changes  in  pitch  would  correspond 
to  inconvenientlv  small  values  of  the  logarithm.     It  is  better  to  use 

100.— 

the  logarithm  to  the  base  V2  which  is  100  times  as  large.  On 
this  scale  the  smallest  perceptible  difference  in  pitch  is  approxi- 
mately unity — somewhat  more  for  frequencies  greater  than  100  cycles 
or  somewhat  less  for  lower  frequencies,  according  to  Knudsen's  data. 
The  scale  on  the  charts  is  chosen  so  that  the  change  in  pitch  is  given  by 

AP  =  100  logo  N 

where  .V  is  the  frequency  of  vibration. 

It  is  now  evident  why  such  pitch  and  loudness  scales  were  used 
in  Fig.  1.  With  these  scales,  the  number  of  units  in  any  area  gives 
approximately  the  number  of  tones  that  can  be  ordinarily  appreciated 
in  that  area.  For  example,  there  are  approximately  2,000  distin- 
guishable tones  in  each  square,  there  being  more  near  the  centre  and 
fewer  near  the  boundary  lines  than  this  number. 

Experiments  have  shown  that  pure  tones  of  different  frequencies 
which  are  an  equal  number  of  units  above  the  threshold  value  sound 
equally  loud.  This  statement  may  require  modification  when  very 
loud  tones  are  compared,  but  the  data  indicated  that  throughout  the 
most  practical  range  this  was  true.  Consequently,  the  absolute 
loudness  of  any  tone  can  be  taken  as  the  number  of  units  above  the 
threshold  value. 

Loudness  of  Complex  Sounds 

In  the  measurement  of  the  loudness  of  complex  tones,  the  situation 
is  not  so  simple.  It  has  been  found  that  if  two  complex  tones  are 
judged  equally  loud  at  one  intensity  level  and  then  each  is  magnified 
equal  amounts  in  intensity,  they  then  may  or  may  not  sound  equally 
loud.  The  curves  shown  in  Figs.  4,  5  and  6  will  illustrate  this.  The 
first  (Fig.  4)  shows  the  comparisons  at  different  intensity  levels  of 
two  sounds  whose  pressure  spectra  are  shown  in  the  two  figures  at 


PHYSICAL  MEASUREMENTS  OF  AUDITION 


155 


the  top.  The  x-axis  gives  units  above  threshold  for  sound  A  and  the 
y-axis  gives  the  units  above  threshold  of  the  sound  B  when  the  two 
sound  equally  loud.     In  this  case,  the  spectra  are  somewhat  similar 
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and  we  have  a  straight  line  of  slope  45  passing  nearly  through  the 
origin.  The  two  sounds  are  thus  of  practically  equal  loudness  when 
they  are  the  same  number  of  units  above  threshold.  In  Fig.  5  we 
have  similar  data  for  two  sounds  which  have  quite  different  spectra 
as  is  indicated  by  the  two  charts  at  the  top.  The  curve  for  C  means 
that  it  was  a  practically  continuous  spectrum.  It  was  produced 
by  a  device  for  making  the  "swishing"  type  of  noises  which  are  usually 
so  prominent  in  office  rooms.  The  curve  representing  the  relation 
is  not  straight,  since  for  values  of  intensity  near  the  threshold,  the 
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loudness  increases  faster  for  the  C  sound  for  increments  in  the  in- 
tensity than  for  the  A  sound.  For  example,  it  is  seen  that  when 
the  sound  C  is  30  units  above  the  threshold,  the  sound  A  is  45  units 
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above  the  threshold  when  the  two  sound"  equally  loud.  In  Fig.  6 
a  comparison  is  given  between  the  loudness  of  a  pure  tone  of  700 
cycles  and  a  complex  sound  designated  by  A  in  the  last  figure.  In 
this  case  again  the  relation  is  expressed  by  a  curve.  The  technique 
of  making  such  loudness  measurements  is  rather  difficult  and  requires 
a  large  number  of  observations  before  the  values  are  reliable.  A  paper 
on  this  subject  which  will  soon  be  published  will  give  a  detailed  account 
of  this  wrork  on  loudness. 

Enough  data  have  been  given  to  show  that  in  order  to  give  loudness 
a  definite  meaning  for  complex  sounds,  a  more  precise  definition  is 
necessary.  It  has  been  found  convenient  to  define  the  loudness  of 
any  complex  or  pure  tone  in  terms  of  the  loudness  of  a  sound  standard. 
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This  standard  is  a  pure  tone  having  a  vibration  frequency  of  700 
cycles  per  second.  Its  absolute  loudness  is  defined  as  the  change  in 
loudness  measured  on  the  scale  defined  above,  from  the  loudness 
value  corresponding  to  the  threshold  pressure  for  normal  ears  which  for 
700  cycles  is  exactly  0.001  dyne.  This  frequency  was  arbitrarily 
chosen  as  a  standard  for  measuring  loudness  because  of  this  particular 
value  of  its  threshold  pressure,  and  because  it  is  close  to  the  frequency 
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at  which  the  loudest  tones  used  in  conversational  speech  occur. 
By  this  definition,  the  loudness  of  a  tone  of  frequency  700,  for  which 
p  is  the  pressure  variation,  expressed  as  a  root  mean  square  value, 

L  =  60  +  20  log  p 

and  the  loudness  of  any  other  sound,  pure  or  complex,  is  defined  as 
being  equal  to  that  of  a  tone  of  frequency  700,  seeming  equally  loud. 
Such   a   definition   implies  that  experimental   measurements  can   be 
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made  to  determine  when  any  complex  sound  is  equally  loud  to  a 
700-cycle  tone.  Such  measurements  can  be  made  although  the  ob- 
servational error  is  rather  large  and  the  judgment  of  various  indi- 
viduals is  sometimes  quite  different,  which  means  only  that  loudness 
as  measured  by  various  individuals  is  different.  For  use  in  engineering 
work,  however,  the  average  of  a  large  number  of  individuals  can  be 
taken  and  this  loudness  will  have  a  definite  determinable  value.  For 
example  in  Fig.  6,  the  loudness  of  the  A  sound  when  it  is  60  units 
above  the  threshold  is  72,  since  it  sounds  as  loud  as  a  700-cycle  tone 
which  is  72  units  above  its  threshold.  The  loudness  of  complex 
sounds  usually  increases  faster  with  increases  in  intensity  than  that 
of  pure  tones.  This  would  be  expected  since  the  threshold  is  de- 
termined principally  by  the  loudest  frequency  in  the  complex  sound 
and  as  the  intensity  is  increased  the  other  frequencies  begin  to  add 
to  the  total  loudness. 

Since  pure  tones  of  different  pitches  which  are  the  same  number 
of  units  above  the  threshold  sound  equally  loud  their  loudness  L 
can  be  represented  by  the  formula 

L  =Z,0+20  log /> 

where  p  is  the  root  mean  square  value  of  the  pressure  amplitude 
produced  in  the  ear  by  the  tone  and  Ln  is  the  number  of  units  from 
the  1-dyne  line  to  the  minimum  audibility  curve.  The  values  of  Lq 
can  be  read  directly  from  the  chart  in  Fig.  1. 

Measurement  of  Degree  of  Deafness 

The  choice  of  the  loudness  and  pitch  units  used  above  leads  to  a 
rational  definition  of  the  degree  of  deafness. 

The  number  of  possible  pure  tones  that  can  be  sensed  by  a  deaf 
person  is  considerably  smaller  than  that  mentioned  above  obtained 
from  the  normal  auditory-sensation  area.  'A  logical  way  of  defining 
the  amount  of  hearing  is :  To  give  the  per  cent,  of  the  total  number  of 
distinguishable  pure  tones  audible  to  a  person  with  normal  hearing, 
that  can  be  sensed  by  the  deaf  person. 

Some  definition  of  this  sort  will  be  very  helpful  in  clearing  up 
the  confusion  that  now  exists  in  court  cases  involving  the  degree  of 
deafness.  It  is  well  known  that  there  are  a  number  of  laws  which 
prevent  people  who  have  more  than  a  defined  amount  of  deafness 
from  doing  certain  classes  of  work.  For  example,  one  cannot  oper- 
ate an  automobile  if  he  has  a  certain  per  cent,  of  deafness.  At  the 
present  time,  there  is  a  large  variation  between  the  standards  set  up 
by  the  various  doctors  in  different  parts  of  the  country. 
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From  the  discussion  above  it  was  seen  that  the  number  of  tones 
corresponding  to  any  region  was  approximately  proportional  to  the 
area  of  that  region  when  the  logarithmic  units  were  used.  Conse- 
quently the  per  cent.*  of  hearing  can_be  taken  as  the  fractional  part 
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of  the  normal  auditory-sensation  area  in  which  tones  can  be  properly 
sensed.  The  per  cent,  of  deafness  is,  of  course,  100  minus  the  per 
cent,  of  hearing. 

To  emphasize  the  meaning  of  this  definition,  some  audiograms, 
that  is  minimum  audible  intensity  curves,  for  some  typical  cases  of 
deafness  will  be  given.     These  are  shown  in  Fig.  7.     The  first  chart 

*  This  assumes  that  the  Fechner  ratio  for  pitch  and  loudness  is  approximately  the 
same  for  one  having  abnormal  as  for  one  having  normal  hearing. 
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shows  a  common  type  of  deafness  in  which  the  sensitivity  to  the  high 
frequencies  suddenly  decreases,  as  is  indicated  by  the  rise  in  the 
minimum  audible  intensity  curve  when  the  frequency  exceeds  3,000 
cycles  per  second.  The  sensation  area  for  this  person  is  94  per  cent, 
of  that  for  the  average.  Consequently,  his  per  cent,  of  hearing  is 
04  per  cent.  It  is  also  convenient  to  speak  of  the  per  cent,  of  hearing 
for  each  pitch.  It  is  evident  that  the  logical  definition  for  this  is  the 
ratio  of  the  widths  of  the  sensation  area  for  the  person  tested  and 
normal  person,  measured  along  the  ordinate  drawn  at  the  frequency 
in  question.56  For  example,  in  this  audiogram  the  pers.cn  had  more 
than  100  per  cent,  hearing  for  most  of  the  pitch  range.  At  4,000 
cycles,  however,  the  per  cent,  hearing  was  only  60  per  cent.  This 
means  that  for  this  pitch,  the  person  when  compared  with  one  having 
normal  hearing  could  sense  only  60  per  cent,  as  many  gradations  in 
tonal  volume  before  reaching  the  threshold  of  feeling. 

The  second  chart  corresponds  to  a  type  of  deafness  that  is  not  so 
common.  It  shows  relatively  large  losses  at  the  lower  frequencies. 
The  per  cent,  hearing  in  this  case  is  seen  to  be  64  per  cent. 

The  third  type  is  very  common  and  corresponds  to  a  general  lowering 
of  the  frequencies  throughout  the  entire  pitch  range.  In  these  first 
three  cases,  the  deaf  persons  could  carry  on  a  conversation  without 
any  difficulty  whatever.  In  the  last  two  of  these,  difficulty  was 
experienced  in  understanding  a  speaker  at  any  considerable  distance. 
In  the  first  case,  the  person  could  not  hear  the  steam  issuing  from  a 
jet  or  any  other  high  hissing  sound.  However,  he  could  hear  and 
understand  speech  practically  as  well  as  anyone  with  normal  hearing. 

The  fourth  case  shows  a  falling  off  at  the  high  frequencies,  but 
this  loss  in  hearing  proceeds  gradually  as  the  pitch  increases  rather 
than  abruptly  as  in  the  first  case.  As  indicated  in  the  figure  the  per 
cent,  of  hearing  is  58  per  cent. 

The  fifth  case  is  one  of  extreme  deafness  and  is  typical  of  such 
cases.  The  per  cent,  of  hearing  is  only  12  per  cent.  The  last  case 
shows  not  only  the  minimum  audibility  curve,  but  the  quality  of  the 
sensation  perceived.  As  indicated  on  the  chart,  in  certain  regions 
noises  are  heard  when  the  stimulus  is  a  pure  tone.  When  computing 
the  per  cent,  of  hearing  in  such  cases,  it  seems  reasonable  to  take 
only  the  area  where  sensation  of  good  quality  is  perceived.  In  some 
cases,  this  poor  quality  extends  through  practically  the  whole  area 
and  although  the  person  hears  sounds,  he  is  unable  to  properly  in- 
terpret them.  Consequently,  from  a  practical  point  of  view,  his  per 
cent,  of  hearing  is  very  low.  For  such  cases,  deaf  sets  or  other  aids  to 
the  hearing  do  not  give  any  satisfactory  help. 
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-Masking  of  One  Pure  Tone  by  Another 

We  are  now  in  a  position  to  discuss  another  set  of  facts  concerning 
the  perception  of  tones,  namely,  the  ability  of  the  ear  to  perceive 
certain  sounds  in  the  presence  of  other  sounds.  Such  data  for  pure 
tones  have  been  obtained  in  our  laboratories  and  will  soon  be  pub- 
lished in  some  detail.  The  apparatus  used  consisted  simply  of  two 
vacuum  tube  oscillators  generating  the  two  tones  used  and  two 
attenuators  which  made  it  possible  to  introduce  the  tones  into  a  single 
receiver  with  any  desired  intensities.  In  other  words,  it  consists  of 
two  audiometers  with  a  common  receiver  for  generating  the  two 
tones.  The  curves  shown  in  Fig.  8  give  the  general  character  of  the 
results  of  this  work. 
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The  ordinates  show  the  amounts  in  loudness  units  that  the  threshold 
value  of  a  tone  of  any  frequency  called  the  "masked  tone"  is  shifted 
due  to  the  presence  of  another  tone  called  the  "masking  tone."  The 
frequency  of  the  masking  tone  is  given  at  the  top  of  each  set  of  curves. 

The  experimental  procedure  was  as  follows:  The  threshold  values 
for  the  two  tones  were  first  determined.  The  intensity  of  the  masking 
tone  (the  frequency  of  which  is  given  above  each  graph)  was  then 
increased  beyond  its  threshold  value  by  the  number  of  units  indi- 
cated just  above  the  curve.  The  masked  tone  was  then  increased 
in  intensity  until  its  presence  was  just  perceived.  The  amount  of 
this  latter  increase,  measured  on  the  loudness  scale  is  called  the 
threshold  shift  and  is  plotted  as  ordinate  in  Figs.  8,  9  and  10.  The 
frequencies  of  the  masked  tones  are  given  by  the  abscissae. 

For  example,  in  the  fourth  chart,  the  masking  effects  of  the  tone 
having  a  frequency  of  1,200  cycles  are  shown.  It  is  seen  that  the 
greatest  masking  effect  is  near  1,200  cycles,  which  is  the  frequency  of 
the  masking  tone.  A  tone  of  1,250  cycles  must  be  raised  to  46  units 
above  the  threshold  to  be  perceived  in  the  presence  of  a  1,200-cycle 
tone  which  is  60  units  above  its  threshold,  or  it  must  be  raised  to 
within  1-4  units  of  the  masking  tone  before  it  is  perceived.  This 
corresponds  to  an  intensity  ratio  between  the  tones  of  only  25.  A 
tone  of  3,000  cycles,  however,  can  be  perceived  in  the  presence  of  a 
1,200-cycle  tone  which  is  60  units  loud  when  it  is  only  8  units  above 
its  threshold.  This  means  that  the  intensity  ratio  between  these  two 
tones,  under  such  circumstances,  corresponds  to  52  units  or  to  a 
ratio  of  approximately  160,000  in  intensity.  However,  as  the  loudness 
of  the  masking  tone  is  increased,  all  of  the  high  tones  must  be  in- 
creased to  fairly  large  values  before  they  can  be  heard.  For  example, 
the  high  frequencies  must  be  raised  75  units  above  the  threshold  to 
be  heard  in  the  presence  of  a  1,200-cycle  tone  having  a  loudness  of 
100  units.  But  even  for  such  large  intensities  for  the  masking  tone, 
those  frequencies  below  300  are  perceived  'by  raising  their  loudness 
only  slightly  above  the  threshold  value.  It  should  be  noticed  that 
in  all  cases,  those  tones  having  frequencies  near  the  masking  fre- 
quency, whether  they  are  higher  or  lower,  are  easily  masked. 

It  is  thus  seen  that  Mayer's  conclusion,  that  a  low  pitch  sound 
completely  obliterates  higher  pitched  tones  of  considerable  intensity 
and  that  higher  pitched  frequencies  will  never  obliterate  lower  pitched 
tones,  is  true  only  under  certain  circumstances.  A  low  tone  will 
not  obliterate  to  any  degree  a  high  tone  far  removed  in  frequency, 
except  when  the  former  is  raised  to  very  high  intensities.  Also  a 
tone  of  higher  frequency  can  easily  obliterate  a  tone  of  lower  fre- 
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quency  if  the  frequencies  of  the  two  tones  are  near  together.  When 
the  two  tones  are  very  close  together  in  pitch  the  presence  of  the 
masked  tone  is  perceived  by  the  beats  it  produces.  This  accounts 
for  the  sharp  drop  in  the  curves  at  these  frequencies.  A  similar 
thing  happens  for  those  regions  corresponding  to  harmonics  of  the 
masking  frequency.  In  the  charts  for  the  200-  and  400-cycle  masking 
tones  these  drops  are  not  shown  inasmuch  as  they  were  small,  but 
in  an  accurate  picture  they  should  be  shown. 
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In  Fig.  9,  these  results  are  shown  plotted  in  a  different  way.  The 
abscissae  represent  the  loudness  of  the  primary  tones  whose  frequency 
is  indicated  at  the  top  of  each  of  the  charts.  The  amounts  that  the 
threshold  is  shifted  are  plotted  as  ordinates  as  in  the  previous  figure. 
For  example,  in  Chart  1,  the  results  are  shown  for  a  masking  tone  of 
200  cycles.  The  curve  marked  3,000  indicates  the  masking  effect  of 
a  200-cycle  upon  a  3,000-cycle  tone.  It  is  seen  that  the  loudness 
of  the  low  pitched  tone  can  be  raised  to  55  units  before  it  has  any 
interfering  effect  upon  the  high  pitched  tone.  For  louder  values 
than  this  it  has  a  very  marked  effect.  It  will  be  noticed  that  in  nearly 
all  of  the  charts  the  curves  for  different  frequencies  intersect.  This 
leads  to  some  rather  interesting  conclusions,  regarding  the  percep- 
tion of  a  complex  tone.  For  example,  consider  the  curves  for  a  mask- 
ing tone  having  a  frequency  of  400  cycles.  Assume  we  have  a  complex 
tone  having  three  frequencies  of  400,  300  and  200  cycles  with  relative 
loudness  values  of  50,  10  and  10,  respectively.     The  ear  will  hear  only 
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the  400-cycle  tone  and  the  200-cycle  tone  as  is  evident  from  the 
curves.  It  would  be  necessary  to  raise  the  300-cycle  tone  above  16 
units  for  it  to  be  heard  in  the  presence  of  400  cycles  of  loudness  50. 
However,  if  the  sound  is  magnified  without  distortion  30  loudness 
units,  so  that  these  three  frequencies  have  loudness  values  of  80,  40 
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and  40,  respectively,  then  the  400-cycle  tone  and  300-cycle  tone  only 
will  be  heard.  Under  such  conditions,  the  300-cycle  tone  could  be 
attenuated  approximately  15  units  before  it  would  disappear.  This 
means  that  the  sensation  produced  by  a  complex  sound  is  different  in 
character  as  well  as  intensity  when  the  sound  is  increased  or  decreased 
in  intensity  without  distortion.  In  general,  as  the  tone  becomes 
more  intense  the  low  tones  become  more  prominent  because  the  high 
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tones  are  masked.  It  is  a  common  experience  of  one  working  with 
complex  sounds  to  have  the  low  frequencies  always  gain  in  prominence 
as  the  sound  is  amplified. 

The  question  naturally  arises,  Does  the  same  interfering  effect 
exist  when  the  two  tones  are  introduced  into  opposite  ears  instead  of 
both  being  introduced  into  the  same  ear  ?  The  answer  is  No. 
Curves  showing  the  results  in  such  tests  are  shown  in  Fig.  10.  For 
comparison  the  results  for  the  case  when  in  tones  are  both  in  the 
same  ear  are  given  by  the  light  lines.  Take  the  case  of  1,200  and 
1,300  cycles.  It  is  rather  remarkable  that  a  tone  in  one  ear  can  be 
raised  to  60  units,  that  is,  increased  in  intensity  one  million  times, 
before  the  threshold  value  for  the  tone  in  the  other  ear  is  noticeably 
affected.  If  the  1,300-cycle  tone  were  introduced  into  the  same  ear 
as  the  1,200-cycle  tone,  its  loudness  would  need  to  be  shifted  40  units, 
corresponding  to  a  10,000-fold  magnification  in  intensity  above  its 
threshold  intensity  in  the  free  ear  before  it  can  be  heard.  It  is  seen 
that  if  one  set  of  curves  is  shifted  about  50  units  it  will  coincide  with 
the  second  set.  This  strongly  suggests  that  the  interference  in  this 
case  is  due  to  the  loud  tone  being  transmitted  by  bone  conduction 
through  the  head  with  sufficient  energy  to  cause  masking.  The 
vibration  is  probably  picked  up  by  the  base  of  the  incus  and  trans- 
mitted from  there  to  the  cochlea  in  the  usual  way.  There  is  other 
evidence  *  which  I  shall  not  have  space  here  to  discuss,  which  in- 
dicates that  the  effective  attenuation  from  one  ear  to  the  other  is 
approximately  50  units. 

Theories  of  Audition 

With  these  facts  in  mind,  we  are  now  ready  to  discuss  the  theory 
of  hearing  which  will  best  account  for  them.  I  will  refer  briefly  to 
just  a  few  of  the  principal  theories  of  hearing  which  have  been  pro- 
posed. The  sketch  shown  in  Fig.  11  gives  a  diagrammatic  picture  of 
the  internal  ear.  In  the  Helmholtz  theory,  as  first  formulated,  it  is 
stated  that  the  organ  of  Corti  located  between  the  basilar  membrane 
and  the  tectorial  membrane  act  like  a  set  of  resonators  which  are 
sharply  tuned.  Each  tone  stimulates  a  single  organ  depending  upon 
its  pitch.  Later  this  theory  was  somewhat  modified  as  it  was  thought 
that  the  resonant  property  might  reside  in  one  of  the  membranes 
in  the  cochlea. 

*  See  paper  by  Wegel  and  Lane  soon  to  be  published  in  the  Physical  Review 
entitled  "The  Auditory  Masking  of  One  Pure  Tone  by  Another  and  its  Relation  to 
the  Dynamics  of  the  Inner  Ear." 
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In  the  "telephone"  theory,  as  expounded  by  Voltalini,  Rutherford, 
Waller  and  others,  it  is  assumed  that  the  basilar  membrane  vibrates 
as  a  whole  like  the  diaphragm  of  a  telephone  receiver,  and  conse- 
quently responds  to  all  frequencies  with  varying  degress  of  amplitude. 
The  discrimination  of  pitch  takes  place  in  the  brain. 

Meyers  in  his  theory  states  that  various  lengths  of  the  basilar 
membrane  are  set  in  motion  depending  upon  the  intensity  of  the 
stimulating  tone.  As  in  the  previous  theory,  the  pitch  discrimina- 
tion is  accomplished  in  some  way  in  the  brain. 

In  the  "non-resonant"  theory  of  Emile  ter  Kuile  it  is  assumed 
that   the  sound   disturbance  penetrates  different  distances  into  the 
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cochlea  depending  upon  the  frequency  of  the  stimulating  tone.  The 
further  along  the  membrane  the  disturbance  reaches,  the  lower  will 
be  the  pitch  sensation.  A  low  pitch  tone  then  stimulates  all  of  the 
nerve  fibres  that  would  be  stimulated  by  tones  of  higher  pitch  plus 
some    additional   nerve   fibres. 
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The  theory  of  maximum  amplitudes  was  first  put  into  definite 
form  by  Gray  in  189ft.69  It  assumes  that  the  position  of  maximum 
amplitude  of  the  basilar  membrane  varies  with  the  pitch  of  the  stimu- 
lating tone.  Although  a  considerable  portion  of  the  membrane 
vibrates  when  stimulated  by  a  pure  tone,  the  ear  judges  the  pitch 
by  the  position  of  maximum  response  of  the  basilar  membrane. 
Roaf  has  shown  that  some  action  of  this  sort  must  take  place  due  to 
the  dynamical  constants  involved.61  It  is  an  amplification  of  this 
theory  that  I  desire  to  propose  as  the  one  which  most  satisfactorily 
accounts  for  the  facts. 

When  a  sound  wave  impinges  upon  an  ear-drum,  its  vibrational 
motion  is  communicated  through  the  middle  ear  (Fig.  11)  by  means 
of  the  chain  of  small  ossicles  (malleus,  incus  and  stapes)  to  the  oval 
window.  Here  the  vibration  is  communicated  to  the  fluid  con- 
tained in  the  cochlea.  If  the  pitch  of  the  tone  is  low,  say  below  20 
vibrations,  the  fluid  is  moved  bodily  back  and  forth  around  the 
basilar  membrane  through  the  helicotrema,  the  motion  of  the  mem- 
brane at  the  round  window  and  the  oval  window  being  just  opposite 
in  phase,  the  former  moving  inward  while  the  latter  moves  outward. 
For  very  high  frequencies,  the  mass  reactions  of  the  ossicles  and  the 
fluid  are  so  great  that  very  little  energy  can  be  transmitted  to  the 
cochlea.  For  example,  when  the  elastic  forces  are  negligible  it  re- 
quires a  force  10,000  times  as  large  as  produce  the  same  amplitude 
of  vibration  at  10.000  cycles  as  that  required  at  100  cycles.  For 
intermediate  frequencies  the  mass  reactions,  the  elastic  restoring 
forces  and  the  frictional  resistances  which  are  brought  into  play 
are  such  that  the  wave  is  transmitted  through  the  basilar  membrane 
causing  the  nerves  to  be  excited. 

It  is  thus  seen  that  the  upper  and  lower  limits  of  audibility  are 
easily  explained.  When  the  forces  upon  the  drum  of  the  ear  or 
walls  of  the  ear  canal  are  large  enough  to  excite  the  sensation  of 
feeling  and  the  pitch  of  the  tone  is  either  too  low  or  too  high  to  cause 
any  perceptible  vibration  of  the  basilar  membrane,  we  are  beyond 
the  lower  or  upper  limit  of  audibility  respectively.  At  frequencies 
between  these  limits,  the  vibrational  energy  is  first  communicated 
to  the  fluid  in  the  scala  vestibuli  and  then  transmitted  through  the 
two  membranes  into  the  fluid  of  the  scala  cochlea.  As  the  basilar 
membrane  transmits  the  sound  wave  it  takes  up  a  vibration  ampli- 
tude which  stimulates  the  nerve  fibres  located  in  it.  The  entire  mem- 
brane vibrates  for  every  incident  tone,  but  for  each  frequency  there 
is  a  corresponding  spot  on  the   membrane  where  the  amplitude  of 
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the  vibration  is  greater  than  anywhere  else.  Our  postulate  is  that 
only  those  nerves  are  stimulated  which  are  at  the  particular  parts  of 
the  membrane  vibrating  with  more  than  a  certain  critical  amplitude; 
and  that  we  judge  the  pitch  from  the  part  of  the  membrane  where 
the  nerves  are  stimulated.  According  to  this  conception,  the  varia- 
tion with  frequency  of  the  minimum  audible  intensity  is  due  prin- 
cipally to  the  variation  with  frequency  of  the  transmission  efficiency 
of  the  mechanical  system  between  the  auditory  meatus  and  the 
basilar  membrane.  Pure  tones  of  equal  loudness  correspond  either 
to  equal  amplitudes  or  to  equal  velocities  of  vibration  of  the  basilar 
membrane  or  to  some  function  of  the  two.  Whatever  is  assumed, 
the  dependence  of  the  minimum  audible  intensity  upon  frequency 
for  the  ear  can  be  explained  entirely  by  the  vibrational  character- 
istics of  the  ear  mechanism.  For  the  sake  of  clearness  it  will  be 
assumed  that  equal  amplitudes  of  vibration  of  the  basilar  membrane 
correspond  to  equal  sensations.  For  loud  pure  tones,  there  are 
several  regions  of  maximum  amplitude  on  the  membrane,  corre- 
sponding to  the  tone  and  to  the  harmonic  introduced  by  the  non- 
linear response  of  the  middle  ear,  the  latter  maxima  increasing  very 
rapidly  as  the  stimulation  increases. 

It  is  a  strange  thing  that  the  phenomenon  of  the  masking  of  tones 
which,  as  stated  in  the  beginning,  has  been  considered  by  some  to 
be  so  fatal  to  any  resonator  theory,  is  the  very  thing  that  has  fur- 
nished experimental  data  which  makes  it  possible  to  calculate  the 
vibration  characteristics  of  the  inner  ear.  Such  a  calculation  must 
be  based  upon  assumptions  which  will  be  uncertain,  but  will  seem 
reasonable.  It  is  not  my  purpose  to  discuss  those  here,  but  I  shall 
give  only  the  final  result  of  such  a  calculation  made  by  Mr.  Wegel 
and  Mr.  Lane  of  our  laboratories.  At  the  bottom  of  Fig.  11,  the  two 
curves  show  the  amplitude  of  vibration  of  different  portions  of  the 
basilar  membrane  for  the  two  frequencies  400  and  1,200  cycles.  For 
purposes  here  these  curves  may  be  considered  to  be  simply  illus- 
trative. This  membrane  has  a  length  of  31  mm.  and  a  width  of  .2  mm. 
at  the  base  and  .36  mm.  at  the  helicotrema  end.  The  x-axis  in  this 
figure  gives  the  distance  in  millimeters  from  the  oval  window  and 
the  v-axis  gives  the  amplitudes  of  vibration  in  terms  of  the  amplitude 
corresponding  to  the  threshold  of  audibility.  The  loudness  of  the 
stimulating  tones  in  both  cases  is  80  units.  It  will  be  seen  that  the 
maximum  response  for  the  high  frequencies  is  near  the  base  of  the 
cochlea,  while  that  for  the  low  frequencies  is  near  the  helicoptrema. 
It  will  be  noticed  that  the  amplitude  of  the  membrane  has  several 
maxima  corresponding  to  the  subjective  harmonics. 
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With  this  picture  in  mind,  it  is  clear  why  the  perception  of  one 
tone  is  interfered  with  by  the  presence  of  a  second  tone  when  their 
frequencies  are  close  together,  since  the  nerves  necessary  to  perceive 
the  first  tone  are  already  stimulated  by  the  second  tone.  Also  when 
their  frequencies  are  widely  separated,  entirely  different  sets  of  nerves 
carry  the  impulses  to  the  brain,  and  consequently  there  is  no  inter- 
ference between  the  tones  except  that  which  occurs  in  the  brain. 
Although  this  brain  interference  may  not  be  entirely  negligible, 
especially  for  very  loud  sounds,  it  is  certainly  very  much  smaller 
than  that  existing  in  the  ear  for  tones  close  together  in  pitch. 

It  is  also  seen  that  the  reason  why  the  low  tones  mask  the  high 
tones  very  much  more  easily  that  the  reverse  is  due  to  the  harmonics 
introduced  by  the  transmission  mechanism  of  the  ear.  Inasmuch 
as  these  harmonics  are  due  to  the  second  order  modulations,  they 
are  proportional  to  the  square  of  the  amplitude  and,  therefore,  be- 
come much  more  prominent  for  the  large  amplitudes.  When  two 
tones  are  introduced,  summation  and  difference  tones  as  well  as  the 
harmonics  will  necessarily  be  present  (see  Appendix  B).  With  the 
proper  apparatus  for  generating  continuously  sounding  tones,  these 
subjective  tones  are  easily  heard.  Their  frequency  can  be  quite 
accurately  located  by  introducing  from  an  external  source  a  fre- 
quency which  can  be  varied  until  it  produces  beats  with  the  subjective 
tone. 

Messrs.  Wegel  and  Lane  who  are  working  in  this  field  have  ob- 
served modulation  frequencies  created  in  the  ear  as  high  as  the  fourth 
order.  They  will  soon  publish*  an  account  of  this  work  on  the 
vibrational  characteristics  of  the  basilar  membrane.  It  is  seen 
that  the  quality  as  well  as  the  intensity  of  the  sensation  produced 
by  a  pure  tone  should  change  as  the  intensity  of  stimulus  is  increased 
due  to  the  increasing  prominence  of  the  harmonics.  This  is  in  ac- 
cordance with  one's  experience  while  listening  to  pure  tones  of  varying 
intensity.  The  non-linear  character  of  the  hearing  mechanism  is 
also  sufficient  to  account  for  the  falling  off  in  the  ability  of  one  to 
interpret  speech  when  it  becomes  louder  than  about  75  units.  The 
introduction  of  the  summation  and  difference  tones  and  the  har- 
monics makes  the  interpretation  by  the  brain  more  difficult.  Its 
action  in  this  respect  is  very  similar  to  the  carbon  transmitter  used 
in  commercial  telephone  work  or  to  an  overloaded  vacuum  tub. 
This  characteristic  of  the  ear  also  explains  why  we  should  expect 
departures  from  non-linearity  when  making  loudness  balances  for 
complex  tones.     It  also  suggests  that  a  similar  thing  might  be  ex- 

*  Wegel  and  Lane,  see  paper  already  cited. 
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pected  when  comparing  the  loudness  of  pure  tones  if  the  balances  are 
made  at  very  high  intensities.  No  such  balances  have  yet  been 
made. 

What  happens  to  the  ear  when  one  becomes  deaf?  This  question, 
of  course,  is  one  for  the  medical  profession  to  answer,  but  let  us  take 
one  or  two  simple  cases  and  see  if  they  fit  into  this  theory.  First 
assume  that  the  nerve  endings  are  diseased  for  a  short  distance  away 
from  the  base  of  the  cochlea  so  that  they  send  no  impulses  to  the 
brain.  Under  certain  assumptions  the  kind  of  an  audiogram  one 
should  obtain  can  be  calculated  from  the  vibrational  characteristics 
determined  as  mentioned  above.  Such  a  calculation  shows  that  an 
audiogram  similar  to  that  shown  in  Fig.  4,  which  has  a  rapid  falling 
off  in  sensitiveness,  can  be  accounted  for,  both  quantitatively  as 
well  as  qualitatively.  On  a  pure  resonant  theory  corresponding  to 
that  first  proposed  by  Helmholtz,  a  tone  island  would  exist  corre- 
sponding to  the  affected  region  for  such  a  case.  Although  we  have 
tested  a  large  number  of  cases,  no  such  islands  have  ever  been  found. 
When  the  intensity  of  the  tone  is  raised  sufficiently  to  bring  the 
amplitude  of  the  area  containing  the  healthy  nerve  cells  which  are 
adjacent  to  the  diseased  portion  to  a  value  above  that  corresponding 
to  the  threshold,  the  tone  will  then  be  perceived. 

Again  assume  that  due  to  some  pathological  condition,  the  tissue 
around  the  oval  window  where  the  stapes  join  the  cochlea  has  become 
hardened.  Its  elasticity  will  then  be  greatly  increased  so  that  vibra- 
tional energy  at  low  frequencies  will  be  greatly  discriminated  against. 
For  such  a  case,  an  audiogram  similar  to  that  shown  in  Fig.  7-B 
would  be  obtained. 

A  number  of  things  can  cause  a  general  lowering  of  the  ear  sensi- 
tivity, such  as  wax  in  the  ear  canal,  affections  of  the  ear-drum,  fixa- 
tion of  any  of  the  ossicles,  thickening  of  the  basilar  membrane,  affec- 
tions of  the  nerve  endings  or  loss  in  nervous  energy  being  supplied 
to  the  membrane,  etc.  However,  one  would  expect  that  each  type  of 
trouble  would  discriminate,  at  least  to  some  extent,  against  certain 
frequency  regions  so  as  to  produce  some  characteristic  in  the  audio- 
gram. Ear  specialists  are  beginning  to  realize  the  possibility  of 
obtaining  considerable  aid  in  the  diagnosis  of  abnormal  hearing  from 
such   accurate   audiograms. 

There  are  a  large  number  of  facts  obtained  from  medical  research 
which  necessarily  have  a  bearing  upon  the  theory  of  hearing,  but  as 
far  as  I  know  none  of  them  is  contrary  to  the  theory  of  hearing  given 
above.  It  was  seen  that  there  are  approximately  300,000  tone  units 
in  the  auditory-sensation  area.     According  to  the  anatomists,  there  are 
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only  4,000  nerve  cells  in  the  basilar  membrane  with  four  or  five  fibre 
hairs  for  each  cell.  Assuming  that  each  hair  fibre  acts  as  a  unit  there 
are  still  insufficient  units  for  each  perceivable  tone  and  according  to 
the  theory  given  above,  a  large  number  of  these  units  must  act  at 
one  time.  Consequently  the  ear  must  be  able  to  interpret  differences 
in  the  intensity  of  excitation  of  each  nerve  cell  as  well  as  determine 
the  position  of  each  nerve  cell  excited. 

Most  modern  neurologists  believe  in  the  "none  or  all"  excitation 
theory  of  nerve  impulses.59"60  They  also  claim  that  nerve  impulses 
can  never  be  much  more  rapid  than  about  50  per  second  and  cannot 
therefore  follow  frequencies  as  high  as  those  found  in  sound  waves. 
The  second  statement  only  emphasizes  the  necessity  of  assuming 
that  the  intensity  position  as  well  as  place  position  is  necessary  to 
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account  for  the  differentiation  of  pure  tones.  The  first  statement 
is  not  necessarily  in  conflict  with  such  an  idea  since  anatomists  are 
not  agreed  upon  the  number  of  nerve  fibres  radiating  from  each 
nerve  cell.  Since  each  nerve  fibre  can  serve  to  give  a  unit  nerve 
impulse,  the  intensity  of  stimulation  sent  from  a  single  nerve  cell 
can  increase  with  stimulation  depending  upon  the  number  of  nerve 
fibres  brought  into  action.     The  intensity  of  the  sensation  produced 
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is  then  directly  related  to  the  total  number  of  nerve  fibres  giving  off 
impulses.  It  seems  to  me  that  the  spacial  and  intensity  configura- 
tions which  are  possible,  according  to  this  theory,  are  sufficient  for 
an  educated  brain  to  interpret  all  the  complex  sounds  which  are 
common  to  our  experience. 

In  conclusion  then,  it  is  seen  that  the  pitch  of  pure  tones  is  de- 
termined by  the  position  of  maximum  response  of  the  basilar  mem- 
brane, the  high  tones  stimulating  regions  near  the  base  and  the  low 
tones  regions  near  the  apex  of  the  cochlea. 

A  person  can  sense  two  mixed  tones  as  being  distinctly  two  tones 
while  he  cannot  sense  two  mixed  colors,  since  in  the  ear  mechanism 
there  is  a  spacial  frequency  selectivity  while  in  the  eye  mechanism 
there  is  no  such  selectivity. 

The  limiting  frequencies  which  can  be  perceived  are  due  entirely 
to  the  dynamical  constants  of  the  inner  ear  as  is  also  the  dependence 
of  minimum  audible  intensity  on  frequency. 

The  so-called  subjective  harmonics,  summation  and  difference 
tones  are  probably  due  to  the  non-linear  transmission  characteristics 
of  the  middle  and  inner  ear. 

These  subjective  harmonics  account  for  the  greater  masking  effect 
of  low  tones  on  high  tones  than  high  tones  on  low  tones.  Due  to 
this  non-linear  characteristic,  the  quality  as  well  as  the  intensity  of 
the  sensation  produced,  especially  by  complex  tones,  change  as  the 
intensity  of  the  stimulus  increases. 

The  facts  obtained  from  audiograms  of  abnormal  hearing  are 
consistent  with  the  theory  of  hearing  which  has  been  outlined. 

Although  this  theory  of  hearing  involves  the  principle  of  reso- 
nance, it  is  very  different  from  the  Helmholtz  theory  as  usually  under- 
stood. In  the  latter  it  as  assumed  that  there  are  four  or  five  thousand 
small  resonators  in  the  ear,  each  responding  only  to  a  single  tone; 
while  in  the  former  it  is  assumed  that  a  single  vibrating  membrane 
which  vibrates  for  every  impressed  sound  is  sufficient  to  differentiate 
the  various  recognizable  sounds  by  its  various  configurations  of 
vibration  form. 

A  loudness  scale  has  been  chosen  such  that  the  loudness  change 
is  equal  to  ten  times  the  common  logarithm  of  the  intensity  ratio. 
A  pitch  scale  has  been  chosen  such  that  the  pitch  change  is  equal 
to  100  times  the  logarithm  to  the  base  two  of  the  frequency  ratio. 
The  loudness  of  complex  or  simple  tones  is  measured  in  terms  of  the 
number  of  loudness  units  a  tone  of  700  cycles  must  be  raised  above 
its  average  threshold  value  before  it  sounds  equally  loud  to  the  sound 
measured. 
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The  degree  of  deafness  is  measured  by  the  fractional  part  of  the 
normal  area  of  audition  in  which  the  sensation  is  either  lacking  or  false. 

Appendix  A 

The  calculations  of  the  number  of  pure  tones  perceivable  as  being 
different  in  pitch  at  a  given  intensity  or  being  different  in  loudness  at 
a  given  pitch  involves  a  line  integral.  The  calculation  of  the  number 
of  pure  tones  perceivable  as  being  different  either  in  loudness  or 
pitch  involves  a  surface  integral. 

Let  the  coordinates  used  in  Fig.  1  corresponding  to  &L  and  AP 
be  designated  a  and  /3,  respectively.  Then  the  relations  shown  in 
Figs.  2  and  3  can  be  expressed  by  the  equations 

AE 

—  =/(«—  a0)  and  (1) 

AN 

Jf=*(fi)  (2) 

where  a0  is  the  value  of  a  along  the  normal  minimum  audibility 
curve  shown  in  Fig.  1.  Knudsen's  data  indicated  that  the  curve 
shown  in  Fig.  3  held  only  for  values  of  a  —  a0  corresponding  to  the 
flat  part  of  the  curve  in  Fig.  2.  For  lower  intensities  the  pitch  dis- 
crimination fell  off  in  about  the  same  way  as  that  shown  for  the 
intensity  discrimination.  To  represent  this  mathematically,  <p{{i) 
can  be  multiplied  by  a  factor  which  is  unity  for  the  loud  tones  and 
which  increases  similarly  to  f(a  —  ao)  for  the  weaker  tones.     Such  a 

factor  is  10  /(«  —  an)  since  f  (a  —  an)  is  approximately  —  for  the  louder 


10 


AN 
tones.     So  the  corrected  formula  for  — r  is 

N 


^  =  KV(/3)./(a-a0).  (3) 

Let  dx  be  the  number  of  perceivable  tones  of  constant  intensity 
corresponding  to  a  in  the  pitch  region  between  /3  and  /3+d/3  and  let 
dy  be  the  number  of  perceivable  tones  of  constant  pitch  corresponding 
to  jS  in  the  region  between  a  and  a-\-da.     Then 

**=%  « 
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But  the  values  of  /3  and  a  are  given  by 
/3  =  100  1og2.V 
a  =  10  (logioE  -  logioEi) 


(6) 
(7) 


where  Ei  is  the  value  of  intensity  corresponding  to  a  pressure  am- 
plitude of   1   dyne. 

Substituting  values  of  dN  and  dE  in  terms  of  a  and  (3  we  have 


,   _J_  _iV,  log.  2  J/3 

A      100  AN     §e       P      1000  ^(0)  •/(«-«„) 

1     £  loge10        (/a 

*- 10  A£  Iogel0Ja  =  -10-/(^^- 


(4') 


(5') 


The  number  of  tones  of  constant  intensity  which  are  perceivable  as 
different  in  pitch  is  then 

dp 


l0&2 
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where  /3i  and  /32  are  the  points  where  the  particular  intensity  line 
cuts  the  boundary  lines  of  the  auditory-sensation  area.  For  ex- 
ample, the  limits  for  the  line  corresponding  to  1-dyne  pressure  ampli- 
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tude  are  500  and  1420.      Similarly  the  number  of  tones  of  constant 
pitch  which  are  perceivable  as  being  different  in  loudness  is  given  by 


_  log2 10  /*"»      da 
10     Jat  f(a  —  ai 


where  «i  and  a-2  are  determined  by  the  intersection  of  the  particular 
pitch  line  with  the  boundary  lines  of  the  auditory-sensation  area. 

The  values  of  these  integrals  were  computed  graphically.  Figs. 
12  and  13  show  the  results  of  these  calculations.  It  is  seen  that 
the  maximum  number  of  tones  perceivable  as  different  in  loudness 
is  in  the  frequency  range  700  to  1,500  which  is  also  the  important 
speech  range.     The  number  in  this  range  is  approximately  270. 

In  the  pressure  range  from  1  to  100  there  are  approxmiately  1,500 
tones  which  can  be  perceived  as  being  different  in  pitch. 

The  number  of  tones  AT  in  a  small  area  d(3  da  situated  with  one 

corner  at  the  point  (a,  /3)  is  given  by  dx  dy  or 

._     ,    ,       log,  2  log,  10        da  d0 
A 1  =  dx  dy  = 


T- 


10,000       <p{j3)P(a-a0)' 
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The  function 


1 


must  be  integrated  throughout  the  audi- 


tory-sensation  area.     This  was  done  by  graphical  methods  as  shown 
in  Figs.  14  and  15  with  the  result  that  T= 324,000. 

Appendix  B 

Let  the  pressure  variation  of  the  air  in  front  of  the  drum  of  the 
ear  be  designated  by  8p.     Since  the  pressure  of  the  air  in  the  middle 
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ear  balances  the  undisturbed  outside  air  pressure  this  change  in 
pressure  multiplied  by  the  effective  area  of  the  ear-drum  is  the  only 
effective  force  that  produces  displacements.  Let  the  displacement 
of  the  fluid  of  the  cochlea  near  the  oval  window  be  designated  by  X. 
If  Hookes  law  held  for  all  the  elastic  members  taking  part  in  the 
transmission  of  sound  to  the  inner  ear  then 

X  =  k8p  (1) 

where  k  is  a  constant. 

It  would  be  expected  from  the  anatomy  of  the  ear  that  Hookes 
law  would  start  to  break  down  even  for  small  displacements.  So 
in  general  the  relation  between  the  force  8p  and  the  displacement 
X  can  be  represented  by 

X=f(Sp)  =  a0+a1^+a2(W+a3(5/>)3  +  ....  (2) 
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where  the  coefficients  a0,  «i,  a3...  belong  to  the  expansion  of  the 
function  into  a  power  series.     Now  if  op  is  a  sinusoidal  variation  then 

op  =  p0  cos  ost  (3) 

where  —  is  the  frequency  of  vibration.     Substituting  this  value   in 

2lT 

(2),  terms  containing  the  cosine  raised  to  integral  powers  are  ob- 
tained. These  can  be  expanded  into  multiple  angle  functions.  For 
example,  for  the  first  four  powers 

cos2  oj/ =  |  cos  2  wt-\-\,  (4) 

cos3co/  =  J  cos  3  co/+f  cos  wt,  (5) 

cos4w/  =  |cos4o;/  +  ^cos2co/  +  f.  (6) 

It  is  evident  then  that  the  displacement  X  will  be  represented  by  a 
formula 

A"  =  6o+&icosa^  +  fr2cos  2  wt-\-b3cos3  wt-\-  .... 

In  other  words  when  a  periodic  force  of  only  one  frequency  is  im- 
pressed upon  the  ear-drum  this  same  frequency  and  in  addition  al! 
its  harmonic  frequencies  are  impressed  upon  the  fluid  of  the  inner  ear. 
If  two  pure  tones  are  impressed  upon  the  ear  then  hp  is  given  by 

dp— pi  COS  COi/  +  po  COS  w4 . 

If  this  value  is  substituted  in  equation  (2),  terms  of  the  form  cos"  wit 
and  cosm  w2t  and  cos"  wit  cos"1  wot  are  obtained.  The  first  two  forms 
give  rise  to  all  the  harmonics  and  the  third  form  gives  rise  to  the 
summation  and  difference  tones.     For  example,  the  first  four  terms  are 

ai5p=ai(pi  cos  wit-\-p2  cos  w-2t) 
a2(5p)2  =  a2[\  Pi  cos  2  ait-\-%  p\  cos  2  w2t-\-pxp2 

jcos(a)i-w2)^+cD&(w1-Fco2)<|+|fJ»?+i>l)] 

a3(Sp)3  =  a3  [  ( j  p\+ 1  pi  pi)  cos  utf+j  p\  cos  3  &M+ 

( 3  3  \  1  3 

[-T  P\+  '-^  P\  P2]  COS  0)2/  +  -r-  pi  COS  3  W2t  +  -j  p\  p2  COS  {w2t  +  2  Wit) 

3  3 

+  t  P\  Pi  cos  {wit  — 2  wit)  +  —  pi  p\  cos  (a»i/  +  2  wot) 


+  —  pipi  cos  (wit  —  2wot)     . 
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Therefore  unless  there  is  a  linear  relation  between  a  force  acting  on 
the  ear-drum  and  the  displacement  at  the  oval  window,  that  is  unless 
all  the  coefficients  in  equation  (2)  are  zero  except  alt  all  the  harmonics 
and  the  summation  and  difference  tones  will  be  impressed  upon  the 
fluid  in  the  cochlea  of  the  inner  ear. 
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